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Abstract: Ultrasound computed tomography (USCT) has been developed for breast tumor screening.
The sound-speed modal of USCT can provide quantitative sound-speed values to help tumor diagnosis.
Time-of-flight (TOF) is the critical input in sound-speed reconstruction. However, we found that the
missing data problem in the detected TOF causes artifacts on the reconstructed sound-speed images,
which may affect the tumor identification. In this study, to address the missing TOF data problem, we
first adopted the singular value threshold (SVT) algorithm to complete the TOF matrix. The threshold
value in SVT is difficult to determine, so we proposed a selection strategy, that is, to enumerate the
threshold values as the multiples of the maximum singular value of the incomplete matrix and then
evaluate the image quality to select the proper threshold value. In the numerical breast phantom
experiment, the artifacts are eliminated, and the accuracy is higher than the accuracy of the compared
methods. In the in vivo experiment, we reconstructed the sound-speed image of the breast of a
volunteer with invasive breast cancer, and the SVT algorithm improved the image sharpness. The
completion of DTOF based on SVT gives better accuracy than the compared methods, but too large a
threshold value decreases the accuracy. In the future, the selection method of the threshold value needs
further research, and more USCT cases should be included in the experiments.
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1. Introduction

Ultrasound computed tomography (USCT) has been developed for breast imaging and tumor
detection [1,2]. Compared to the traditional B-mode ultrasound imaging technique with a handheld
transducer, USCT is an automatic system with a ring transducer or 3D transducer. USCT can provide
image modes, including reflection, sound-speed and attenuation parameters [3,4]. Sound-speed
imaging helps tumor diagnosis by providing quantitative sound-speed values. Usually, tumor tissues
have higher sound-speed values than normal tissues [5,6]; thus, sound-speed images can better assist
in breast tumor diagnosis.

A sound-speed image is reconstructed by modeling the wave propagation process, detecting the
time-of-flight (TOF) and solving the inverse problem. TOF is the travel time of the ultrasound wave
from the transmitter to the receiver, which is detected from the waveform. The image quality of the
sound-speed image is sensitive to the detected TOF. However, the missing data problem in TOF
detection brings artifacts to sound-speed images, which may disturb tumor recognition. The missing
data problem in TOF detection can be caused by several reasons, such as the low signal-to-noise ratio
(SNR) of the raw signals or damage to the data acquisition channels. Some efforts have been made to
enhance the SNR of the raw signals [7,8] or to improve the TOF detection methods under low-SNR
conditions [9,10].

In addition to solving the missing data problem by enhancing the SNR of the raw signals or
improving the TOF detection methods, how to complete the TOF after detection is also a critical
problem. In this paper, to address the missing data problem in TOF, the TOF matrix was completed
based on the singular value threshold (SVT) algorithm [11]. Considering that the threshold value in
SVT is difficult to determine, a selection strategy for the threshold value was proposed. The numerical
breast phantom experiment and the in vivo experiment were conducted. The effectiveness of the
completion algorithm was evaluated by reconstructing sound-speed images and calculating the accuracy.

2. Background and motivation
2.1. USCT

Ultrasound computed tomography (USCT) is a tomographic method that adopts ultrasound waves.
USCT usually contains an automatic transducer system, and the object to be imaged (e.g., breast) is
surrounded and scanned by the transducer immersed in the propagation media (usually water). Figure
1 shows a typical USCT system, which adopts a ring array transducer to acquire the slice data. When
one transducer element (transmitter) is activated, all the transducer elements (receivers) receive
ultrasound signals. All the transducer elements are activated in turn. Assuming that the number of
transducer elements is N, then the number of signals is N2. Through the 360° distribution of the
transducer array elements, the system can not only receive reflection signals but also transmission
signals that are difficult to be acquired by a traditional linear array transducer. By the movement of a
motor, the 3D slices are obtained. USCT has the characteristics of automation, no ionizing radiation,
3D visualization and multimodality.
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Figure 1. Illustration of USCT: (a) front view; (b) transmitting and receiving mode.
2.2. Sound-speed reconstruction

In USCT, sound-speed images are reconstructed from the transmission signals. The transmission
signals are the signals received by the receivers opposite the transmitter after propagating through the
breast. TOF is the arrival time of the transmission signals. At the position of the TOF in the waveform,
there is a sharp rise in amplitude, which means the first arrival of the ultrasound wave. The difference
of TOF (DTOF) is the time difference between the TOF at the reference signal and the object signal,
which is usually used as the input for sound-speed image reconstruction. In Figure 2, the reference
signal and the object signal are plotted, and DTOF is the time difference between the two signals.
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Figure 2. The definition of DTOF.

The propagation raypath of the transmission signal is formed by the following steps, as shown in
Figure 3. First, the imaging area is meshed into m X m grids. Then, for one transmitter-receiver pair,
a raypath equation y = kx + b is established through the coordinates of the transmitter (xy, y;) and
the coordinates of the receiver (xg,yr). After the raypath equation y = kx + b is determined, the
raypath length in each grid is the distance between the intersection points of the line y = kx + b and
the grids. The raypath in all grids forms a 1 x m? vector. For sound-speed reconstruction, receivers
in the 270< aperture opposite the transmitter are adopted. For all transmitter-receiver pairs, the
dimension of the raypath matrix is (3/4)N? x m2.

After the DTOF and the raypath matrix are obtained, the sound-speed image can be reconstructed
from the following formula [12]:
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LAS = AT, (1)

where L is the raypath matrix. AS is the variation in slowness compared to the reference media.
Slowness is the inverse of sound-speed. AT is the DTOF. AS can be obtained by solving the
minimization problem:

f = argmin||LAS — AT||*> + 1X|V(AS)], (2)
AS

where A)}|V(AS)| is the total variation regularization term. After AS is solved, the sound-speed of
the breast is:

vp = 1/(Sy +AS), 3)

where S, is the slowness of water, and v, is the sound-speed of the breast.
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Figure 3. Formation of the propagation raypath.
2.3. Motivation

As shown in Equation (2), DTOF is the critical input in sound-speed reconstruction. However, for
actual breast data, the DTOF may have some missing values for several reasons. For example, one
reason is that the raw signals are attenuated heavily by the breast, and another reason is that there are
damaged data acquisition channels. We found that the missing data problem in DTOF leads to artifacts
on sound-speed images, which may disturb tumor identification. To reduce the artifacts on the sound-
speed images caused by the missing data problem, we adopted the SVT algorithm as a post
processing method to complete the DTOF. Considering that the suggestion for the threshold value
from the original SVT algorithm was not effective, we proposed a selection strategy for the
threshold value selection.

3. Materials and methods
3.1. DTOF completion

To relieve the artifacts on sound-speed images caused by the missing data problem in DTOF, we
applied the SVT algorithm [11] for DTOF completion. In this study, M € R™*"2 is the incomplete

input matrix (i.e., the DTOF matrix before completion), and X € R™*"2 is the output matrix (i.e.,
the DTOF matrix after completion). n; and n, are the dimensions of the DTOF matrix, i.e., the
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number of transmitters and the number of receivers. Let Py be the orthogonal projector on (); then:

00 ={y o @
The completion problem may be expressed as:
min||X][.
s.t. Pp (X) = Po(M). (5)

D, is the soft-threshold operator, and 7 is the threshold value. Fix t > 0; then, starting with Y° =0
€ R™*™z_the algorithm inductively defines:

Xk =D (Y1) ©)

Yk =Ykl 4 §,Po(M — XK

until a stopping criterion is reached. For large values of 7, the sequence {X*} converges to a similar

solution of problem (5). According to the suggestions from the research [11], §; = 1.2 % , Where

p is the number of nonzero values in the input matrix.
The singular value decomposition (SVD) of a matrix X € R™*™2 ofrank r is:

X= U2v" X = diag({oi}1<i<r)- (7)
For t > 0, D, is defined as:
D (X) := UD; (2)V*, D;(2)=diag({o; — 7}4), (8)

where t, = max (0,t). D, applies a soft-thresholding rule to the singular values of X, effectively
shrinking these singular values toward zero.

Research [11] suggests that the iterations k,,,, are fewer than 200 to reach a convergence.
Meanwhile, the stopping criterion:

Pqo(Xk-M
g IPaEml,
IPoM||F

)

is also considered, where E 1is the completion error, and ¢ is a small value that is determined by
experience.

The threshold value 7 is an important parameter in SVT. The original paper [11] suggests
empirically setting T as 54/n; X n, . By testing, we found that the suggested threshold value was not
appropriate. In the SVT method, matrix completion is based on the singular values of the incomplete
matrix, so we propose a strategy to select the threshold value referring to the singular values of the
incomplete matrix. By the singular value composition of the matrix M of rank 1y, the distribution of
the singular values can be obtained:

M = UyZ,Vy", £y = diag( {Ui}1si5r0)- (10)

The proposed selection strategy is to establish an association with the maximum singular value of the
matrix M, which is denoted as a,,,,,. Perform the DTOF completion and sound-speed reconstruction
with T=y*0,,4, , T Is enumerated, e.g., y=1,2,4,8,16,32,.... Then, the completion
effectiveness is evaluated to obtain a relatively effective solution.
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3.2. Metrics

To quantitatively evaluate the completion effectiveness, a numerical experiment and an in vivo
experiment were conducted. To measure the accuracy, the residual between the sound-speed images
reconstructed from the uncompleted DTOF and the completed DTOF was defined as:

Res = ”vcomplete_vcompletedl|Za (11)

where Veompiete 1S the sound-speed distribution reconstructed from the original complete DTOF, and
Veompletea 18 the sound-speed distribution reconstructed from the DTOF completed by algorithms.
Res is used for the evaluation in the numerical experiment, in which the original complete DTOF is
available. The definition of Res by Equation (11) excludes the influence of the image reconstruction
model on the evaluation of the DTOF completion algorithms.

4. Experiments and results
4.1. Numerical phantom experiment

To evaluate the completion algorithm, a numerical phantom experiment was conducted first. The
open source acoustic toolbox K-wave [13] in MATLAB (R2013a, The Mathworks, Natick,
Massachusetts, United States) was used to generate the simulation data. Figure 4 shows the setup of
the numerical experiment. There is a circular breast phantom with nine circular lesions inside it. The
background of the phantom is set to mimic the normal breast tissue.

1560

Y (mm)

-40 -20 0 20 40
X (mm)

Figure 4. The setup of the numerical experiment.

The design of the nine lesions is given in Table 1, where v, is the designed sound-speed and D,
is the designed diameter. Lesion #1 to Lesion #6 are set to mimic tumors with higher sound-speed
values than normal breast tissue. Lesions #7 to #9 are set to mimic the cyst with lower sound-speed
values than normal breast tissue. The diameters of the ring array transducer and the phantom are 80
mm and 60 mm, respectively. The sound-speed of water is 1500 m/s.

The breast phantom is scanned by a ring array transducer immersed in water. The number of
transducer elements is 512, the center frequency of the transducer is 3.0 MHz. When one transducer
element transmits a signal, all the transducer elements receive signals. The number of numerical
ultrasound signals is 5122, In the data generation, the wavelength is set as 0.5 mm, and five sampling
points per wavelength are set to satisfy the requirement of the K-wave toolbox that at least three
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sampling points per wavelength.

Table 1. The design of the nine-lesion breast phantom.

Lesion Lesion Lesion Lesion Lesion Lesion Lesion Lesion Lesion

#1 #2 #3 #4 #5 #6 #7 #8 #9
vy (mfs) 1560 1560 1560 1540 1540 1540 1480 1480 1480
Dy (mm) 2 4 6 2 4 6 2 4 6

To mimic the missing data phenomenon, the detected complete DTOF matrix of the simulation
data is made sparse in the coordinates proportionally to the coordinates of the missing values in the
DTOF matrix of the DTOF matrix of the actual breast. The DTOF and the reconstructed sound-speed
images are shown in Figure 5. We find that the sound-speed image reconstructed from the original
DTOF is similar to the designed phantom model, and the image is free of artifacts. There are artifacts
on the sound-speed image reconstructed from the sparse DTOF, which interfere with the revealing of
the lesions. This result suggests that the missing data in DTOF causes image artifacts that interfere
with tumor recognition.
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Figure 5. The DTOF matrix and the reconstructed sound-speed images of the simulation
data: (a) the original DTOF; (b) the sound-speed image reconstructed from the original DTOF;
(c) the sparse DTOF; (d) the sound-speed image reconstructed from the sparse DTOF.
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The DTOF completion by the SVT algorithm with T =y *x0g,,, and y =1,2,4,8 was
performed, and the corresponding sound-speed images were reconstructed. The results are plotted in
Figure 6. ¥y = 1 eliminates the artifacts and gives a result similar to the result of the original DTOF.
However, with the increase in y, the results show that the larger y is, the more blurred the image.
The metrics of Res for different y values are summarized in Table 2, which shows that the accuracy
decreases with increasing y. We also plotted the completion error in Figure 7, which shows that the
larger 7 is, the higher the completion error. The intuitive observation, quantitative metrics of
accuracy, and completion error analysis all show that too large a threshold causes degradation of image
quality. An appropriate T may eliminate the artifacts, but the artifact elimination comes at the expense

of accuracy decrease.
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Figure 6. The reconstructed sound-speed images of the simulation data from the DTOF
completed by SVT with the enumerated y:(a) y =1;(b) y =2;(c) y =4;(d) y =8.

Table 2. Metrics of sound-speed images reconstructed from the DTOF completed by SVT

with different threshold values.

T 1 * Omax 2 * Omax 4 * Omax

8 * Omax

16 * Umax

Res 132.06 188.83

239.88

396.15

903.52

Mathematical Biosciences and Engineering
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Figure 7. The completion error of SVT with different threshold values for the simulation data.

To compare the completion effectiveness, the DTOF completion by the SVT algorithm with 7 =
54n; X n, and the average-value completion method were adopted as the compared methods. The
average-value completion method fills the missing values with the average-value of the incomplete
DTOF matrix. The DTOF and the corresponding sound-speed images are shown in Figure 8. We find
that T = 5y/n; X n, is too large for the SVT algorithm to complete DTOF in the numerical
experiment, while the average-value completion method even accentuates the artifacts. By comparison,
the SVT algorithm with T = 1 * g,,,4, gives the best result.

The metrics of the sound-speed images reconstructed from the DTOF completed by different
completion methods are summarized in Table 3, which shows that the SVT algorithm with 7 =1 *
Omax 9iVes better accuracy than the compared methods, and enhances accuracy compared to not
completing the DTOF, i.e., reconstructing from the sparse (uncompleted) DTOF.

Table 3. Metrics of the sound-speed images reconstructed from the DTOF completed by
different completion methods.

States/ Sparse The average- SVT, SVT,
Methods  (uncompleted) value completion 7 =5,/n; Xn, Proposed
Res 495.90 785.87 1175.20 132.06
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Figure 8. The completed DTOF and reconstructed sound-speed images of the simulation
data: (a) DTOF by the average-value completion; (b) sound-speed image by the average-
value completion; (¢) DTOF by the SVT; 7 = 5y/n; X ny,; (d) sound-speed image by the
SVT with 7 = 5yn; X n,; (¢) DTOF by the SVT with T = 1 * 0,,4,; (f) sound-speed
image by the SVT with 7 = 1 * 0,4,

4.2. In vivo experiment

To further validate the SVT algorithm, an in vivo experiment was conducted. The USCT system [14]
consists of a ring transducer, a bed and a water tank, as shown in Figure 9(a), and the volunteer is prostrate
on the bed and places the breast on one side in the water tank. The center frequency of the transducer
elements is 3.0 MHz, the number of transducer elements is 2048, and the radius of the ring is 110 cm.
The sample frequency is 25 MHz. When one transducer element transmits a signal, all the other
elements receive the signals. For the breast on one side, the data acquisition requires almost 30 seconds.
Figure 9(b) shows the appearance of the experimental system.

The medical ethics were approved by the Ethics Committee of Tongji Medical College, Huazhong
University of Science and Technology. Informed consent was prepared and shown to the volunteer.
The volunteer was 40 years old, and a substantial lesion was detected in her right breast by breast
magnetic resonance imaging (MRI). The lesion was identified as invasive breast cancer by
postoperative pathological examination analysis. Invasive cancer is a kind of malignant tumor in which

Mathematical Biosciences and Engineering Volume 19, Issue 10, 10160-10175.
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cancer cells have penetrated the basement membrane of the ducts or lobular acinus of the breast and
invaded the stroma. The MRI image of the volunteer’s breast is shown in Figure 10. The highlighted
lesion indicated by the arrow is invasive breast cancer.

Ring Transducer

7
J

N Bed

N —

Ring Transducer

Water tank

(@) (b)

Figure 9. Illustration of the in vivo experimental system: (a) System composition (b) The
appearance of the system.

Figure 10. MRI image of the volunteer’s breast with invasive cancer.

The USCT data of the volunteer were reconstructed, and the sound-speed images are shown in
Figure 11. Figure 11(a) is the detected DTOF with missing data problems, and the missing values are
filled by a large value for indication. Figure 11(b) is the sound-speed image reconstructed from the
uncompleted DTOF. There is a tumor (red) in the lower right corner of the breast, which coincides
with the MRI image. The image has some artifacts between the breast and the water, but the tumor is
still visible.

To reduce the artifacts, DTOF completion by the SVT algorithm with T =y * g,,4, and y =
1,2,4,8,16,32 was performed, and the corresponding sound-speed images were reconstructed. The
results are plotted in Figure 12. y = 1,2,4 gives similar but sharper image results compared to the
result of the uncompleted DTOF in Figure 11. Some distortions occur when y = 8,16,32 because
the larger y is, the higher the completion error.

As the true distribution of the breast is unknown, the metrics of Res by different y values
cannot be measured. Considering that a large T may give sharp image results but can also decrease
the accuracy and even introduce distortion, the selection of T needs to be based on the actual artifacts
and the requirements of the image sharpness. For this in vivo case, the SVT algorithm with y =
1, 2,4, 8 seems to be appropriate to provide acceptable results (Figure 12 (a)—(d)).
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Figure 11. The uncompleted DTOF and reconstructed sound-speed images of the in vivo
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Figure 12. The reconstructed sound-speed images of the in vivo data from the DTOF
completed by SVT with the enumerated y: (a) y=1;(b) y =2;(c) y =4;(d) y =8;
(e) y =16;(f) v = 32.
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Figure 13. The completed DTOF and reconstructed sound-speed images of the in vivo data:
(a) the DTOF completed by the average-value completion; (b) the sound-speed image
reconstructed from the DTOF completed by the average-value completion; (c) the DTOF
completed by the SVT with T = 5n; X n,; (d) the sound-speed image reconstructed
from the DTOF completed by the SVT with 7 = 5y/n; X n,.
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To quantitatively measure image sharpness, the average gradient g of the sound-speed image
was adopted:

——————
Dt \/(V(w) v(i+1,))2+w (0, )-v(i,j+1)) (12)

(m 1)2 2 '

where m is the grid size, and v is the sound-speed distribution. To some extent, a large g
represents high image sharpness. Considering that some artifacts can also result in a high gradient, the
average gradient g was adopted as a supplement to the intuitive observation of image sharpness rather
than a metric for artifact reduction.

Figure 12 shows that the SVT completion algorithm improves the image sharpness. The
measurement of g by the SVT algorithm with different y values is summarized in Table 4. y = 2
gives higher image sharpness than the other y values. Figure 13 shows the DTOF and the
corresponding sound-speed images by the compared methods. The compared methods give image
results similar to the result of SVT with small y. The measurement of g by different completion
methods is summarized in Table 5. The SVT algorithm with T = 2 * 7,4, gives higher image
sharpness than the compared methods and enhances image sharpness compared to not completing the
DTOF, i.e., reconstructing from the sparse (uncompleted) DTOF.

Table 4. Average gradient of sound-speed image reconstructed from the DTOF completed by
SVT with different threshold values.

T 1 * Omax 2 * Omax 4 * Omax 8 * Omax 16 * opay 32 * Omax
gJ 0.846 0.847 0.842 0.813 0.708 0.520

Table 5. Average gradient of the sound-speed image reconstructed from the DTOF
completed by different completion methods.

States/ Sparse The average- SVT, SVT,
Methods  (uncompleted) value completion 7 =5,/ny Xn, Proposed
gJ 0.824 0.773 0.834 0.847

From the numerical experiment and the in vivo experiment, we find that the SVT method with
the proposed threshold selection strategy has a larger adjustment space to reduce artifacts and obtain
higher accuracy and higher image sharpness. By adjusting the threshold value with the proposed
strategy, the artifacts caused by missing data can be reduced, and we can maintain high image
sharpness without obvious distortion.

5. Discussion and conclusions

Sound-speed images in USCT can help breast tumor diagnosis, while the missing data problem
in TOF brings artifacts to the image, which may disturb the identification of tumors. To address the
problem, we are the first to adopt the SVT algorithm to complete the DTOF matrix. As the threshold
value of the SVT is difficult to determine, we proposed a selection strategy for the threshold value,
that is, to select the threshold value by enumerating the multiples of the maximum singular values of
the incomplete DTOF matrix and evaluating the completion effectiveness.

In the numerical experiment, the results show that the proposed method eliminates the artifacts
and improves the accuracy compared to the other methods. However, the test also showed that too
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large a threshold value will decrease the accuracy. In addition, we conducted an in vivo experiment on
USCT breast data from a volunteer with invasive breast cancer. The results show that the SVT
algorithm with a relatively small threshold value improves the image sharpness, but too large a
threshold value brings distortion. Compared to the numerical experiment, the SVT algorithm with the
proposed strategy does not show a significant improvement on the image in the in vivo case, possibly
because the proportion (2.4%) of missing data in the in vivo case is lower than the proportion of
missing data of the numerical experiment (9.6%). The low proportion of missing data does not seem
to cause severe artifacts that disturb tumor identification. However, the numerical experiment showed
that the SVT algorithm with the proposed selection strategy can eliminate the artifacts caused by the
high proportion of missing data.

Here, we propose a selection method to determine the threshold value of the SVT algorithm by
enumeration, which can provide a feasible solution but not an optimal solution. In the future, the
selection method of the threshold value needs further research, and more in vivo USCT cases should
be conducted in the experiments.
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