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Abstract: To solve integrals in the absolute nodal coordinate method and address the difficulty in
applying it to an arbitrary-section beam, this paper focuses on two methods involving single integrals:

the invariant matrix method and the Gerstmayr method, with cross-section characteristics by applying
the interpolation of a discrete function. Such single integrals demonstrate that the nodal coordinate
method can be applied to an arbitrary-section beam. The Euler—Bernoulli beam used in engineering
structures is characterised by a symmetrical cross-section, small section size, zero odd integrals and
negligible high-order even integrals, which simplifies the single integrals of the two methods. Finally,
the Gaussian integration is adopted to improve the solving efficiency of elastic force and force Jacobian.
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1. Introduction

Large size, high precision, lightweight and multi-shape have become the inevitable demand of
future spacecraft, and flexible multi-body systems rich in large deformation components have been
widely used in the aerospace field [1]. For example, spacecraft solar panels [2], satellite expandable
antennas [3], space telescopes, etc. [4]. In order to obtain the mechanical mechanism of such
mechanisms with large deformation and large rotation [5—7], much work has been done in this field.

The dynamics of the flexible multi-body system focused on the dynamic behavior of a system
composed of a deformable object and rigid body when it experiences a wide range of spatial motions [8].
Turcic et al. [9] proposed Kineto Elastio Dynamic Analysis (KED) method firstly to deal with
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dynamics of flexible multi-body systems. This method decomposes flexible multi-body dynamics into
multi-rigid body dynamics and structural dynamics provides high analytical accuracy for multi-body
systems with low flexibility due to low-speed movement [10]. With the emergence of lightweight high-
speed mechanism, the dynamic equation constructed by the KED method could not explain the
coupling effect on the elastic deformation and large deformation caused by high-speed movements, so
the floating frame of reference formulation (FFRF) has been proposed [11,12]. This method constructs
the floating coordinate system on the flexible body and establishes the dynamic model by using the
rigid body coordinates of a floating coordinate system and the node coordinates (or modal coordinates)
with the flexible body. The geometrically exact formulation (GEF) can reasonably describe finite
rotation, but it has higher requirements for interpolation strategy and numerical integration method.
Shabana [13] proposed an absolute nodal coordinate formulation (ANCF) based on the finite element
and continuum mechanics theory. In this method, the generalized coordinates of element nodes were
defined in the global coordinate system, and slope vectors were used to replace the angular coordinates
in the traditional finite element method. The dynamic equation has the characteristics of a constant
inertia matrix, the absence of Coriolis force, and centrifugal force [14,15]. Compared with the
traditional method of FFRF [16], the GEF [17], ANCF can describe the flexible multi-body system
more accurately and plays an important role in dealing with the dynamics of flexible multi-body
systems [18,19].

The ANCF is widely used in flexible multibody simulations. Yakoub [20] applied the three-
dimensional beam element to simulate the wheel-rail contact dynamics problem, which applied the
ANCEF to practical engineering firstly. Li et al. [21] simulated the antenna reflector mesh based on the
slope deficient ANCF beam element and applied it to the form-finding analysis of the reflector with
the antenna. Tian et al. [22] introduced the ANCF in several types of deployable space structure and
proposed a parallel computational framework to improve the computational efficiency. Lan et al. [23]
used ANCF to model the multilayer beam with a circular cross-section. Wang et al. [24] studied the
dynamics of flexible multi-body systems with hybrid uncertain parameters by using the ANCEF, to
predict they are truly dynamic behaviors.

This paper mainly studied the flexible beam element, and briefly reviews the beam element based
on the absolute nodal coordinate formulation. Shabana et al. [25] considered a two-dimensional beam
element based on ANCF, which could efficiently solve the elastic force and force Jacobi. However, it
is impossible to describe the complex beam elements subjected to torsion and shear. For this reason,
Omar and Shabana and Omar [26] further proposed a two-dimensional shear deformation beam
element that could describe the shear effect. Garcia-Vallejo et al. [27] pointed out that the shear lock
problem existed in the two-dimensional shear deformation beam element, and a new locking-free shear
deformable finite element has been put forward. To accurately describe the force characteristics of the
flexible spatial beam, Shabana and Yakoub [28] proposed a three-dimensional beam element model
based on the absolute nodal coordinate formulation. Garcia-Vallejo et al. [29] proposed an invariant
matrix method to efficiently formulate the elastic force and the elastic force Jacobi, pointed out the
nonlinear stiffness matrix can be simplified using the invariant matrix. Based on the principle of
virtual work, Gerstmayr and Shabana [30] obtained the expression of the elastic force expressed by
the first Piola-Kirchhoff stress tensor and position gradient tensor, the calculation efficiency was
improved. Based on Gerstmayr’s research, Liu et al. [31] derived the analytical formula that could
accurately describe the elastic force Jacobian matrix, further improved the solving efficiency of the
elastic force Jacobian.
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However, it is difficult to apply a three-dimensional ANCF beam element, on the one hand, the
elastic force is derived from the volume integral of the elastic energy using Green-Lagrange strain and
Lame’s constants [32]. On the other hand, the ANCF fully parametritis beam element uses linear
interpolation at the transverse directions, therefore, the cross-section of the beam element must keep
rectangular. Therefore, what is the research emphases of this paper are to extend the applicability of
the ANCF on arbitrary section beams and its succinct solution form.

The contents of the paper are as follows. Section 2 introduces the absolute nodal coordinate theory
and the discrete form of its shape function and proposes a position gradient construction method that
takes initial configurations into account. Section 3 describes the single-integral form of the invariant
matrix obtained by applying the discrete form of the shape function in the Garcia-Vallejo method. The
other single-integral form is described in Section 4 by applying the discrete form of the shape function
in the Gerstmayr method. Section 5 proposes a high-order interpolation function for the Poisson
locking problem. Some numerical simulations are given in Section 6, and the correctness of the model
is verified. Section 7 provides concluding remarks.

2. Three-dimensional beam elements based on the ANCF
2.1. Absolute nodal coordinate formulation

In this subsection, the three-dimensional beam element for simplicity is shown in Figure 1. Three-

T

dimensional beam elements have 2 nodes, e = [e; e]-T]T. There are 24 degrees of freedom, each

node consists of three position coordinates and nine slope coordinates.

Centerline
~

Figure 1. Position vector of any point in the beam elements.
The co-ordinates of node i are represented as,
T
r, | (1)

where, the vector r denotes node i global position vector in the beam elements, described as,

r=[X Y Z]" (2)
And [r,T ryT r,T|T is position vector gradient, derivatives of the position vector r with

Mathematical Biosciences and Engineering Volume 18, Issue 4, 4603-4627.


javascript:;

4606

respect to co-ordinates x,y and z,

__or __or __or
rx—a, ry_aa rz_a (3)

Because the finite element is a continuous system, the global position vector r of an arbitrary
point p in beam elements is the function of the local parameters x,y and z. Using the shape
function as follows,

r, =S(Xe=[S;1 S;I S;I S, SgI SgI S,I Sglle (4)

And T is a 3X3 identity matrix and the shape functions are defined as [30],

Sy =1—38%+ 283, S; = L(§ —28*+¢&%)
{ Sz = L(n — ¢&n), S, = L({—¢&0) (5)
Ss = 3¢% —2&3, Se = L(=¢* +¢?)
\s, = Lén, Sg = L&
where,
_x. -y . _Zz
§=1s n=i (=7 (6)

L represents the beam element length. The shape function of the displacement field is composed
of the cubic interpolation of x and linear interpolation of y and z in the local coordinate system.

According to the theory of continuum mechanics, the position gradient tensor G is used to
describe the position relationship between the initial configuration 7 ofthe elastomer and the current
configuration r after movement. The local coordinate system fixed on the material is denoted as
ala =x,y,2).

or 0r Jda
~or,  dadr, ?
where,
ro =S(x,vy,2)ey,r =8(x,y,2)e (8)
And,
2_:( = W =[S,e S,e S.,e] 9

eo represents the generalized coordinates of the beam element nodes in the reference
configuration,

Ja ar
Ero (6_(:)_1 =Gy' (10)

Since ey and Gg' are constant, and the position gradient is written as,
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or
G = ﬁ651 (11)

In order to construct the subsequent invariant matrix, the position gradient tensor should be
rewritten here. Garcia-Vallejo et al. [29] proposed a position gradient construction method to introduce

the initial configuration, here, a new construction method was proposed, the position vector r,, can

denote as,

r, =esS (12)

S € R81 & € R3*8, the specific form is as follows.

§=[S1 S, 53 Sy 55 S6 S; SB]T
[31 €y €7 €19 €13 €15 €19 922] (13)

_ 0§ org_,
= —_—(—)"t = 14
G==¢ "< Ga eH (14)
and
a8 (0rg\ "
- (=0 (15)
H 60((60()

H € R®3 contains the reference configuration information of the beam element. According to
the expression, H is a constant matrix, and the Green strain tensor can be expressed as,

€] =5 (676~ ) (16)

The components of symmetric strain tensor are,

1. 7 S
E(G,i G;—1) (i=j,i,j=123)
gij = 1 ; (17)
EG'i G,] (l 7‘—'], l,] = 1,2,3)
G; represents the ith (i = 1,2,3) column of the position gradient.
G,i = éH'i (18)
H; isthe ith (i = 1,2,3) column of the matrix H, and,
Hi=T[hy hy hay hy hsg he hy hgl” (19)

Introduce H; € R3*%4,
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H; =[hyl hyl hyl hyl hgl hgl hyl o hgll (20)
Substitute into Eq (18), a new form of position gradient column vector is constructed.
G,=He 21)
Hence, the six different components of the symmetric strain tensor are,
£ = 1(eTlfllTI_ile — 1),:-:22 = 1(eTITIZTITIZe — 1),833 = 1(eTlflngflge — 1)
2 2 2

1 . 1t— 1 1~ 1 = 1 22
€12 =§eTH1 H,e, g5 ZEeTHl Hse ,¢&;3 ZEeTHz Hse

While, based on the principle of virtual work, the expression of the element elastic force can be
obtained.

Q(e) = —g—le] = —K(e)e (23)

2.2. Discrete shape function

Obviously, the shape function S, can be rewritten as follows,

S =f() +ng() +¢h($) (24)
here,

f(€)=[s1 S, 0 0 Sg S600]T

g =[00LA-& 000 LE O] (25)
hR(&)=[000 L(1—&) 00 0 L&T

I is a 33 identity matrix, O is a 3X3 zero matrix. f(£), g(&), h(¢) just the function of &,
have nothing to do with 1 and {. Based on Eq (24), the partial derivative of form function S to local
coordinates is,

oS
£=[f1(f) f28) f3(l+nlg:, 0, 04]+[hy O O] (26)

The detailed expressions of f1(§), f2(&), f3(&¢) and g,, h, are given in Appendix 1 Eq
(A3), 0, isa 8 x 1 zero vector. While, Eq (15) can be expressed as,

H = W1 + nwsp + {Wg (27)

Here, Wy, Wy, W3 € :R8><3’
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o1

wi =IO £ FH©O1(5)

9 -1

wa=lg, 0, 0,](52) (28)

(31‘0
(W3 = [hy O; O4] <E>

-1

And, H; (i =123)
H; =wy; +nwy; +{wsg; (29)
From Eq (20),

H; =wy; + nwy; + {wy; (30)

3. Application of discrete shape function to invariant matrix method

Garcia-Vallejo pointed out that the nonlinear stiffness matrix K(e) in Eq (23) can be divided
into two parts,

K(e) = K1 + K;(e)

3
3N+ 2 o
K, =— ”ZIHQTHQ dv
a=1

2
A+ 2 e ol 31)
Ky(e) = — ! J A,"H, ee"H,"H,dV
a=1
3 3 }\
Dy J G Hyee™Hy By + i, Hyee 8, Hy v
a=1p=1a#f

The constant stiffness matrix K, can be calculated and stored in the pre-processing process. The
nonlinear stiffness matrix K,(e), it can be solved by the invariant matrix, so the elements in the
K, (e) matrix is expressed by the invariant matrix,

(Kz(e))ij =e'Cy e

3
y A+ 2p — T— — T—
ij _ T
i, == z j (H, Hy)T (Ha Ha)j’ dv 32)
2 A
— T— — T— — T—= = T—=
+0 Y | GUES A )y + ;)Y
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By substituting the discrete form of the shape function of Eq (30), K; and K,(e) can be
obtained. Please refer to Appendix 2 for the specific derivation process.

3
K, = ANy pB.+CC, + 1D, +12E, + °F,) dV
1 a TNDgy (a n(arlaza

2
a=1
(33)
15 N¥ + nN% + (N% + n¢N% + n*NE&
(Ko@) = €™ [ M| +02NE+ngNE +120NE + NS + ONE, [av e
k=1 +n202NE + ni3NY, + n3IN%; + n*N¥, + (*NY

Orzechowski et al. [33] pointed out the ANCEF is valid theoretically for the arbitrarily shaped
beam elements. Change the integral form of K; and K,(e), and write it as,

3X+2p =L
Ky=-— Zfdxf(Aa+nBa+an+n€Da+n2Ea+€2Fa)dA
a=1 0

(K»(e))i; (34)
15 N¥ + N + (NK + ndN¥ + n?NE

=eT Zf dxfnk +{%N¥ + n¢?N¥ + n?¢NE + 3Nk + (3N¥, |dA;e
k=170 +n?02NY; + 33N, + n3ONfs + *NYy + (N

In practice, the beam element commonly used in engineering is the Euler-Bernoulli beam with a
symmetrical section and a small section size. Considering this situation, the cross-section integral can
be simplified, that is, the odd term integral is zero, even higher-order integral tends to zero. The greatest
advantage of this is that the stiffness matrix K, K,(e) issimplified to the single integral form which
is only related to the area and moment of inertia of the section.

3
31+ 2 L

Ky = “zf [AA, + LE, + 1,F,]dx
a=1"0

(35)

15
L
(Kz(e))ij =eT {Z jo I [AN¥ +1,N& +1,N¥]dx; e
k=1

A is the section area of the beam element with arbitrary section, I, is the moment of inertia
around the z-axis of the beam section, and I, is the moment of inertia around the y-axis of the
beam section.

The Jacobian of the elastic force can also be derived by the invariant matrix method,

dQ(e)
de

J(e) = (36)

And the element of the Jacobian can express as,

Mathematical Biosciences and Engineering Volume 18, Issue 4, 4603-4627.



4611

d(e’cy
Z(Kl)l, i Z(eTc” )3 Z < e ), G7)

4. Application of discrete shape function to Gerstmayr method

The Gerstmayr method is based on the first Piola-Kirchhoff stress tensor and position gradient
tensor [31], the virtual work of the elastic force is written as,

SW = f §:8&dV = f P:5GAV (38)

here, § is the second Piola-Kirchhoff stress tensor, € is the Green strain tensor, P is the first Piola-
Kirchhoff stress tensor, and the component of the elastic force can be expressed as,

of = [ (39)
Introduce,
e =6€g i=3(—-1)+r (40)
Equation (39) can be expressed as,
Qf = f?kl qul = _f?kl —5(521;1;%1) dv
(41)
_J?kl6kr6msHmldV = —jPﬂHsldV
Oy 1s Kronecker §, P can be represented by G and S,
Pri = GruSp = (&rcHen) E Dytab (Gac' Gep — 7ab)] (42)

here, D,;,p represents the component of the fourth-order elastic tensor, J,, represents the
component of the second-order unit tensor,

D = A6l]6klé)l®§)]®é)k®§)l + 2‘[151](6]161@6](@6]@61

Lo (43)
g = 5l'jel'®ej
Substituting Eq (42) into Eq (41),
B 1
- .[(erthn) [E Dnlab (GacTGcb - gab)] HsldV
(44)

1 _ _ _
- E f Djan (erthn) (eCfoaechvb ~ Jap)HsdV

Mathematical Biosciences and Engineering Volume 18, Issue 4, 4603-4627.
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1 o 1 _
- _EfDnlabeaHvathsldV €rtlcrlcey + EfDnlabjathanldV €rt

Lo, Yo o o o
= EKtsert - EKfvtsertecfecv

Introduce the discrete form of the shape function to Eq (27), and write w;(i = 1,2,3) as wi(i =
1,2,3) for convenience,

( Hfa = Wlfa + 77W2fa + (WBfa
4 H,, = leb + anvb + <W3vb

(45)
Lth = Wltn + antn + (W3tn
Hg = Wlsl + ansl + <W3sl
807
Hy,Hy = A+ nB + {C + n{D + n%E + {?F
HpoHypHinHgy = Ni + 0N, + {N3 + n{N, +1°Ns 6

+(2N6 + 77€2N7 + UZZNS + 773N9 + 63N10
+n2{?Ny; + n{3Ny, + n3INy3 + n*Nyy + {*Ny5

The specific derivation process can refer to Appendix 3. When the beam element is a symmetrical
cross-section and small section size, the Eq (46) can be simplified to,

Hi Hg = A + UZE + (ZF’ HfaHvathsl =N; + UZNS + (2N6 47)
and

l

KL = f DotapIap (A + 1°E + (2F)dV = f DniapIap[AA + 1 E + 1, F]dx
0

(48)
l

KfIII)tS = fDnlab (Nl + UZNS + {ZN())dV = j Dnlab [ANl + IZNS + IyN6]dx
0

KL and K},I,ts are constant stiffness matrices that can be stored in the computer during the pre-

processing, compared with the Garcia-Vallejo method, the storage scale of the Gerstmayr method is
significantly reduced. Jacobi of elastic force is often used in numerical analysis, Liu et al. [31] further
derived the Jacobi analytic formula for elastic force on the basis of Gerstmayr.

_oof

A—
i e 49
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Introduce,
e =€ j=3B-1+a (50)
The analytic formula is,
00t 0 (3Kier — 3 Kfhestrelirer)
dej 02,p 51)

1 1 o 1 _ _ _
= EKgsgra6tB - EK;‘IilJts6ra5tBecfecv - EKﬁitsert(6ca6fﬁecv + ecf66a6vﬁ)

5. Poisson locking

Since most of the interpolating polynomials into ANCF beam elements in the transverse direction
only use the first-order polynomial, the cross-section is still planar, thus prone to various locking
effects. What is worth mentioning is that using higher-order interpolation polynomial can avoid

locking effects [34].
ag + a1 x + ayy + asz + a,xy + asxz + agx?® + a,x3 + agx?y + agx?z

I = | by + byx + byy + b3z + byxy + bsxz + bgx? + b;x3 + bgx?y + bgx?z (52)
Co+ C1X + Y + C3Z + Cuxy + CsxZ + cgx? + c7x3 + cgx?y + cox?z
The position vector expressed in terms of the nodal coordinates is given by,
r==eS (53)
S € R19X1 & € R3*10, the specific form is as follows.
S = [S1 Sz S5 S4 S5 S¢ S7 Sg So 510]T
€1 €4 €7 €19 €13 €16 €19 €22 €25 €28 (54)
e@=162 €5 €g €11 €14 €17 €30 €33 €26 €29
€3 €¢ €9 €12 €15 €18 €21 €4 €27 €30
here,
S, =1-382+28%, S, =L(§— 28 +¢%)
Ss=L(1—§)n, Se=L(1-8§*¢
Ss = 3§% — 283, Se = L(=§*+&%) (55)
l57 = L&, Sg = L&*
So = (§ — &H)L%n, S10 = (€ — &A%
The discrete form of shape function is,
S =£(§) +n8(&) + {h() (56)
And;
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f(&)=[S; S, 0 0 Ss S; 000 0]T
g =[0 0 L(A-¢* 0 0 0 L& 0 L*@¢E—-¢&%) 07 (57)
h)=[0 0 0 L(1-¢%) 0 0 0 L& 0 L*(¢—¢D)]"

According to the research content of Sections 3 and 4, the solution forms of elastic force and force
Jacobi based on the Garcia-Vallejo method and the Gerstmayr method can be obtained by
reconstructing the H (as given in Appendix 4).

6. Numerical example

In this section, some numerical examples are used to verify the correctness of the proposed model.
6.1. Statics problem

A cantilever beam with a circular cross-section is shown in Figure 2. Geometry properties of the

beam are: the length is L = 1m, the radius of the circular section is v = 0.01 m. And its material
properties are: Young’s modulus E = 72 GPa, the Poisson’s ratio is v = 0.33.

F

Figure 2. Flexible pendulum.

Under the externally applied force F = 10N, the displacement of the cantilever beam endpoint
can be expressed as,

_FP
~ 3El (58)

The theoretical value of Ay is 5.8946 mm, the beam element is simulated by Method I (Modified
Garcia-Vallejo Method), Method II (Modified Gerstmayr Method), Method III (Modified Higher-
Order Element), and the calculation values are shown in Table 1.

According to the data in Table 1, when v = 0.33, the Poisson locking leads to the wrong results
from Methods I and II, while Method III is consistent with the theoretical results.

Ay

Mathematical Biosciences and Engineering Volume 18, Issue 4, 4603-4627.
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Table 1. The calculation values of F = 10N.

The theoretical value (mm) Method III (mm) Method II (mm) Method I (mm)

5.8946 5.7921 4.1328 4.1331

6.2. Flexible pendulum

Considering the motion trajectory of the right endpoint B of the flexible pendulum with circular
cross-section under the action of gravity, the length of the pendulum is 2 m, as shown in Figure 3.
The beam element section is a circle with a radius of 0.02 m, the elastic modulus of the material E =
720 MPa, the density is 7200 kg/m?, Poisson’s ratio v = 0 and the gravitational acceleration is 9.81
m/s?. In order to verify the correctness of the results, the same flexible pendulum model is established
in MSC.ADAMS and the iteration steps length are set to 0.001 seconds. The simulation results are
shown in Figures 3—6.

Figure 3. Flexible pendulum.

Figures 4 and 5 show the trajectory of the flexible pendulum right endpoint B in the X direction
and Y direction, it can be seen that the simulation results of MSC.ADAMS is almost consistent with
the absolute nodal coordinate formulation, Method I (Modified Garcia-Vallejo Method), Method 11
(Modified Gerstmayr Method), Method III (Modified Higher-Order Element). Figures 6 and 7 show
the velocity trajectory of the flexible pendulum right endpoint B in the X direction and Y direction.
Compared with the velocity trajectory of MSC.ADAMS, the velocity curve obtained by the absolute
nodal coordinate formulation shows that point B has a certain degree of jitter, indicating that the ANCF
can describe the flexible characteristics of three-dimensional beams perfectly. The results of MSC.
ADAMS demonstrated that Methods I, II and III proposed in this paper is reliable.

\ / —— ADAMS

-Lar / —--Method I

/ Method 1!

2 - Method Il

0 03 10 L3 20 25 3.0
nt

Figure 4. The trajectory of point B in the X direction.
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Figure 5. The trajectory of point B in the Y direction.

— ADAMS

—Method 1
Method 1T

-=--Method IIl

L\ e
-\ /

L I I
0 05 1.0 1.5 2.0 25 3.0
Timef(s)

Figure 6. The velocity trajectory of point B in the X direction.

6 1
——ADAMS

— Method T
Y Method 1T
M [~ Method 111

=)
T

Y-Velocity(m)

0 0.5 10 L5 2.0 2.5 3.0
Time(s)

Figure 7. The velocity trajectory of point B in the Y direction.
6.3. Spatial flexible double pendulum

Figure 8 shows the spatial flexible double pendulum with a circular cross-section and under the
effect of gravity, O and A are ball hinges. The length of OA and AB are 0.5 m and 0.8 m, respectively.
The beam element section is circular with a diameter of 0.02 m. The gravitational acceleration is 9.81
m/s?. The material elastic modulus E = 300 MPa, Poisson’s ratio v = 0, the density is 7200 kg/m?,
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and the simulation time is 3 seconds. Figure 9 presents the displacement of the endpoint B of the spatial
flexible double pendulum in the X-direction. Compared with the displacement results of Method I and
Method II, Figure 8, Method III shows the difference. As shown in Figure 10, the velocity curve of the
Modified Higher-Order Element has obvious jitter, especially in the later stage, the results show that
Method III makes the beam more flexible.

Figure 8. The spatial flexible double pendulum.

0.8

=== Method II

""" Method I
Method III

0.6r Vi \l

04 \ /
| *’A\\
02- i / \

E 1
3 /
R
S
2 / \
I
A-02
‘l
J
/
04 | Vi
s
s
\ ,'/
0.6 \ /
‘.\ /'/
\\ ”,r‘
B 1 T T S S S S T T S S S S S S S R S
05 0.5 1.0 15 20 25 3.0

Time (s)

Figure 9. The trajectory of point B in the X direction.
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Figure 10. The velocity of point B in the X direction.
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Run MATLAB on a laptop with an Intel Core 2.6GHz processor and 6GB of RAM, different
numbers of elements were used to divide the beam, and the CPU time necessary to solve the problem

as shown in Table 2.

Table 2. Computation time(s) spent by different methods.

Number of elements OA (2); AB (5) OA (4); AB (6)
Step size 1x107* 1x107*
Pre-processing 14.82 19.76
Method I Simulation 1371.2 1922.7
Total 1386.0 1942 .46
Step size 1x107* 1x107*
Pre-processing 9 11.98
Method II Simulation 573.74 906.59
Total 582.74 918.57
Step size 1x107* 1x107*
Pre-processing 34.03 49.79
Method Il Simulation 1210.5 1877.6
Total 1244.53 1927.39

Table 1 shows the calculation time of the three methods. Method II has better advantages, both
the pre-processing speed and the simulation speed are greatly improved. While the pre-processing
speed and the simulation speed of Method III are significantly reduced due to higher-order
interpolation polynomials and more nodal coordinates. What is worth mentioning is that, the invariant
of the modified Garcia-Vallejo method can be shared for elements with equal dimensions, it decreases
significantly the amount of data to compute in the pre-processing stage. Figure 11 shows the spatial
configuration of the flexible double pendulum.

Figure 11.

0.9s

Z(m)

[
f

X(m)

-0

TRo3s

Y(m)

The spatial falling flexible double pendulum at different time steps.
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7. Summary and conclusions

In this paper, the shape function describing the absolute nodal coordinate formulation is divided
into three parts, which are independent of the local coordinates in the floating coordinate system, the
advantage of this is that the absolute nodal coordinate method can be applied to an arbitrary-section
beam via the discrete form of the shape function. Moreover, considering the Euler-Bernoulli beam
used in engineering structures is characterised by a symmetrical cross-section, small section size, zero
odd integrals, and negligible high-order even integrals, hence the single-integral form reduces the
difficulty of applying the absolute nodal coordinate method. Furthermore, single integrals are more
efficient and improve pre-processing speed compared to volume integrals. Finally, the correctness of
the proposed methods is verified through simulation examples. By comparing the computational costs
of different methods, modified Gerstmayr Method obvious advantages in pre-processing speed and
computational efficiency.
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Appendix 1.

Discrete shape function,

§=f() +ng@) +h(®)

The partial derivative with respect to local coordinates,

s _  _ _
Fri Sx S, S.]
= a5 d
S,x=a—E£=f1(€)+ngl+Zh1
= as on
S,y=£5=f2(f)
= a5 d
L Sy =505y = F2(O)

here,

g.=0 0-1 0 0 0 1

\ h,=[0 0 0 -1 0 0 0
f6)=[0 0 (1-& 0 0 0
\ f:¢)=[0 0 0(@1-¢ 0 0

The discrete form of H,
H = w; +nw, + (w;

The specific expression form of w4, w,, w3 are,

(wi=[£© £0 fO1(Z)

4 wy=[g, 0, 0] (aro) 1
l wiz =[h; O; O] (aro) -

and,
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( 6 2 6 ” T
O =]-260-9 1-4+38) 0 0 2¢(1-§) (-2§+3¢%) 0 0

(A1)

(A2)

(A3)

(A4)

(A5)
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1;11 = Wy1 + Wy + (W,
I;Iz = Wy + Wy + {Ws, (A6)
H; = w3 + nwyz + (W

Appendix 2.

E is the material modulus of elasticity, v is the material Poisson’s ratio, then, the lamer constant
can be expressed as,
Ev E
A= U ==
A+v)(1-2v) 2(1+v)

1) Calculate K;
Hy H,
= Wiy Wiy +0[W1y Wy + Wy Wy | + Wiy W3y + Way Ty
+ 77([‘/_‘/21TV_V31 + VT/31TV_"21] + UZV_V21TV_VZ1 + (2W31TW31
=A, +nB,; +{C; +n{D, +772E1 + (2F1
H, H,
= Wiy Wiy + 77[‘/‘_/12TW22 + WZZTW12] + ([W12TW32 + W32TW12] B1)
+ n([szTV‘_kz + ‘/‘_’32TV_‘/22] + N Way Wy + (PWsy Wa,y
=A, +nB, +{C, +n{D, + n°E, + {*F,
H;' Hy
= Wiz Wiz + n|Wis" Was + Was Wz + {[Wi3" W3 + W33 W3]
+ U([V_‘/stV_V% + vT/33TvT123] + N2 Wys  Waz + (a3 Was

= A3 +1B3 + {C3 +n{D3 + n*E3 + {*F;

Substitute ITIaTITIa(a =1,2,3) into K,
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3N+ 21 % 2 2

Ki=——— ZI(Aa+nBa+(Ca+n{Da+n E,+{*Fy)dvV (B2)
a=1

2) CalculateK,(e)

Let,
— T—

@ku = (H, Hm);[:(Hp Hq)j,

= (A; + 1By + {C; + ni{Dy + nEy + {*F)! (A + nBy + (Cyy + n¢ Dy

B3
+n?Ey + {*Fy);, (B3)
=N; + N, + (N3 +n{N, + n?N5 + {®*Ng + n{*N; + n*{Ng + n>Ng + {*Ny,
+n?{?N1; + N3Ny, + 13N + 1*Nyy + {*Nys
Here, [,m,p,q = 1,2,3; Note: 1.when l #m,p=m,q=1[; 2.when [ =m,p =gq.
(A} = V_V1LTV_V1m
By = [W1, Wom + Wap Wy
< Cy = [W W + Wy Wy
D; = [WZlTV‘_’3m + W3mTW21]
E; = Wy Wop,
\F = W3, Wap,
(A = WlpTwlq
By = [WlpTV_"Zq + V_"ZqTV_"lp]
) Crp = [Wap Waq + Wag Wiy B4)
Dy = [VT’ZpTV‘_’Bq + V‘_’BqTV‘_’Zp]
Ey; = V_VZpTM_/Zq
\Fy; = WspTV_V3q
and,
N, = AIi,TAIIj,
N, =[Ay" By'|[By, Aul” (B5)

N:=[Ay"  Cy'|lCyj,  Aul”
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Ns=[Ay"  By' Ey'|[Ewj, By, Aul”
Ne=[Ay" G F'Fy,  Cuj,  Aul”

N,=[By," ¢, Dy Fy'lFuy, Duj, Cu Bul”

No=[By" Ey'] [Euj,  Bujl"
Ny =[c" Fy'] [Fi;,  Cujl”

Ny =[Ey" Dy' Fy'l [Fij, Duj Eu;l"
Ni; = [Dli,T Fli,T] [Fij, Du;l"
Nis=[Dy"  Ey"| [Euj,  Dujl”

Ny, = Eli,TElj,
Nis = Fy, Fyj,

The elasticity coefficient of the corresponding @ K may be denoted as I, and the invariant matrix

can be expressed as,

15
Cy, = zfnk@k” dv
k=1

(B6)
15 N¥ + 0N + INK + n{Nk + n?N§
= > | M| +ONE+ngNE +n7ONE + 0PN + ONE, | dv
k=1 +n23N%, + n{3NY, + n3IN%; + n*N%, + (*N%

and,
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15 N¥ + nN% + IN§ + n{N% + n2N§
(Ky(e);; =eT Z f M| +32NE +n¢2N% + n?(NE +n°NE + (3NK,  |dVie  (B7)
k=1 +n203N% + n{3NY, + n3IN%; + n*N¥, + (*N%

Appendix 3.
1) Calculate HqpHg

HnHg = (Wltn + antn + (WBtn) (Wlsl + UWZSz + <W351)

— 1 1 1 2 2 1 1 3 3 1
=WiapWig +7’[W tnWst +w tnW sl] +([W tnWsi +w tnW sl]

(C1)
+77{[W2tnwgsl + W3tnwzsl] + 772W2tnwzsl + (2W3th351
= A+ nB + {C + n{D + nE + {*F
2) Calculate HyoH,pHepnHg
HfaHvathsl
= (A; + nB; + {C; + niD; + n2E; + (*F) (A + 0By + {Cyy + n{Dy; + n?Eyy + {2Fy) ©2)
=N; + 7N, + (N3 + n{N, + n*N;5 + {*Ng + n{?N; + n*{Ng + 13Ny + 3Ny,
+772(2N11 + U(3N12 + U35N13 + 774N14 + {4N15
Here,f,v,t,s =1,---,8;a,b,n,l = 1,2,3.
(A = wleawlyp
By = [Wlfawzvb + szawlvb]
G = [WlfaW3vb + W3faW1vb]
) 2 3 3 2
Dy = [W faW vb +w faW vb]
E; = w?rw?y
\[F; = W3faW3vb
(C3)
(A =whwly
By = [Wltnwzsl + Wztnwlsl]
) Cy = [Wlth3sl + W3tnwlsl]
Dy = [Wzth3sl + W3tnwzsl]
En = Wztnwzsl
\Fpp = w3,w3g
and,
N; = AjAy
(C4)
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Ny = [A; B, El[Eg By A311]T
Ng = [AI G [FI][IFII Cy AII]T
N,=[B, ¢ Dy FlF; Dy C; Byl®
Ng = [[BI G Dy ]EI][[EII Dy Cy [BII]T
Ny = [B; E(][Ey ]BII]T
Nyjp = [(CI [FI][IFII (CII]T
Ny, = [E Dy Fi][Fy Dy IEII]T
Ny, = []D)I IFI][[FII ]DII]T
N3 = [DI IEI][[EII ]DII]T
Ny, = E(Ep
N5 = FiFy
Appendix 4.
S = £(8) +18() + Th(§)
The partial derivative with respect to local coordinates,
s o _
i [Sx S, S.]
(_  0S0¢
Six= 6_55 =1,(&) + g, () + hy(§)
_ aS on
S,,=——=f
_ S a¢
= —— = ﬂ:

here,

( 6

F©) =|-260-9 (1-4§+3¢9) 0 0
g(§)=[0 0 -2600 0 2¢& 01(1-2% 0]"
h,(§)=[00 0 =200 0 28 01(1-29]T

f,()=[0 0 (1-¢* 0 0 0 &201(E~-¢%) 0]

\ f3()=[00 0 (1-¢*) 0 0 0 & 01I¢—-¢A)]"

The discrete form of H,
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H = Wq + nwo + (W3 (D4)

The specific expression form of w;, w,, w3 are

a -1
wi=[6© 6O LO)(50)

-1

or
{w, = 0. O <_°) (D5)
wy = [g; 1 1] EP
6]1‘0 -1
(W3 = [h; ©O; O] <W)
and,
Hz]h = Wy1 + Wy + (W3,
H;HZ = Wiy + Wy, + {Ws, (D6)
Hsz = w3 + nwy3 + (W
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