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Abstract: In this paper, we investigate a diffusive viral infection model in a spatial heterogeneous
environment with two types of infection mechanisms and distinct dispersal rates for the susceptible
and infected target cells. After establishing well-posedness of the model system, we identify the basic
reproduction number R, and explore the properties of R, when the dispersal rate for infected target
cells varies from zero to infinity. Moreover, we demonstrate that the basic reproduction number is a
threshold parameter: the infection and virus will be cleared out if Ry < 1, while if Ry, > 1, the infection
will persist and the model system admits at least one positive (chronic infection) steady state. For the
special case when all model parameters are spatial homogeneous, this chronic infection steady state is
unique and globally asymptotically stable.
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1. Introduction

The population dynamics of in-host viral infection models has been studied intensively in the
literature [1-8]. Through rigorous mathematical analysis, numerical explonation, and data fitting, the
greatly enhanced understanding of viral dynamics can provide us with guidance and support for
proposing feasible and effective control strategies to clear viral infections [4, 5,9, 10]. Much of the
existing mathematical modelling has been focused on the cell-free infection modes only [4, 5, 10]. In
cell-free infection, only newly released free virions could infect susceptible target cells. On the other
hand, most of the existing works are grounded on ordinary or functional differential equations with
constant parameters, and do not consider the spatial heterogeneity, which may induce deficient
understanding of the spatial spread of viral infection. So far as we know, only very few works; see for
example, [11, 12], have taken into account spatial heterogeneity in viral infection modelling.

Assume that cells and virus particles live in a spatially heterogeneous but continuous environment.
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Let Q be the spatial habitat with smooth boundary dQ. Denote by u(x,1), us(x,t) and uz(x,t) the
populations of susceptible target cells, infected target cells and virus particles at location x and time ¢,
respectively. Wu et al. [12] considered a diffusive viral infection model with heterogeneous parameters
and distinct dispersal rates for the susceptible and infected target cells:

0

% = diAuy + a(x) = Br(uuz — p(u;, x € Q,t>0,

Guz

i drAuy + Bi(X)uuz — po(ua, x € Q,1> 0, (1.1)
0

ﬁ = k(xX)uy — u3(X)uz, x € Q,t >0,

with nonnegative initial conditions and the homogeneous Neumann boundary condition. Here,
di,d, > 0 are the diffusion coefficients of susceptible target cells and infected target cells,
respectively; A is the Laplacian operator; cell-free infection mode is modelled by the mass action
mechanism with ;(x) being the cell-free transmission rate; a(x) is the recruitment rate of susceptible
target cells; ui(x), uo(x) and ps(x) are the death rates of susceptible target cells, infected target cells
and virus particles, respectively; k(x) is the rate of virus production due to the lysis of infected cells.
All these parameters are positive and continuous functions on Q. In [12], the authors showed that
model (1.1) possesses a global attractor, and identified the basic reproduction number R, and proved
its threshold role.

Note that in [11, 12], only the cell-free infection mode was considered for the viral infection. It has
been recognized that there is another major viral infection mode, namely, the cell-to-cell infection
mode [13, 14], which allows viral particles to be transferred directly from an infected source cell to a
susceptible target cell through the formation of virological synapses [15]. It has been revealed that
more than half of viral infections are due to cell-to-cell transmission [15], and even during an
antiretroviral therapy, viral particles can be transferred from infected target cells to uninfected ones
through virological synapses, and the direct cell-to-cell infection affects the mechanism of HIV-1
transmission in vivo.

Motivated by the previous works, we consider the following general viral infection model
incorporating spatial heterogeneity and two infection modes:

0

% = V- (di (Vi) + a(x) — flur, ) — gl us) — py (Xuy,

0

% = V- (da(0)Via) + flur, ) + gty u3) — pa(X)utz, (12)
0

ﬁ = k(s — p3 ()3,

for x € Q, ¢t > 0, with nonnegative initial conditions
ui(x,0) = ¢;(x) >0 for x€Q, i=1,2,3,

where V - (d;(x)Vu;) describes the divergence of d;(x)Vu; and d;(x) is the diffusion rate; f(u;,u,) is
the cell-to-cell transmission function; and g(u,;, u3) is the cell-free transmission function. Here, we
consider an isolated habitat €, revealed by the Neumann boundary condition

Vu,-v=0, i=1,2, x€dQ, t>0. (1.3)
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Throughout this paper, we assume that the diffusion rates d;(x) with i = 1, 2, the recruitment rate a(x),
the cell-free transmission rate §;(x), the cell-to-cell transmission rate $3,(x), the virus production rate
k(x), and the death rates y;(x) with i = 1,2,3 are positive and continuous functions on Q. We also
make the following biologically motivated assumption.

(H)) f,g € C'(R, x R,) are strictly increasing with respect to both variables, and f(v,w) = 0 (resp.
g(v,w) = 0) if and only if vw = 0. Moreover, d*f(v, w)/ow? < 0 and 6°g(v, w)/Ow? < 0.

In this paper, we will define the basic reproduction number R, with a clear biological meaning, and
further prove that Ry is a threshold parameter for the global dynamics of model (1.2). As we shall see
later, the main challenge is caused by the different dispersal rates of the susceptible and infected target
cells and partial degeneration of the model system.

The rest of this paper is organized as follows. In Section 2, we show that our model system admits a
unique solution, which exists globally and is ultimately uniformly bounded. In Section 3, we identify
the biologically meaningful basic reproduction number R, for the model using the standard procedure
of next generation operator, and further explore the properties of Ry when the dispersal rate for infected
target cells varies from zero to infinity. Section 4 is devoted to the global dynamics of the model for the
cases of Ry < 1 and Ry > 1, respectively. In Section 5, we consider a special case when all coefficients
are spatial homogeneous, and give the global asymptotic stability of the unique chronic infection steady
state when Ry > 1.

2. Well-posedness

Denote by X := C(Q, R?) the Banach space of continuous functions on Q with the supremum norm.
The nonnegative cone of X is denoted by X* = C(Q,R?), then (X, X*) is a strongly ordered space [16].
For any nonnegative initial condition

u(x,0) = ¢(x) := (¢1, 2, 3) € X,

we define T3(t)¢s = e*'¢;. For each i = 1,2, let T;(f) be the Cy semigroups generated by the
second-order linear differential operator V - (d;V) — y; with Neumann boundary condition. It then
follows from [16, Corollary 7.2.3] that T;(#) is compact and strongly positive forall > O and i = 1, 2.
Moreover, T(t) := (T(t), T»(t), T5(¢)) is a Cy semigroup on X with an infinitesimal generator Ay [17].
Then the system (1.2) can be written as an abstract differential equation

u' (1) = Aou(t) + F(u(?))

with nonnegative initial condition u(0) = ¢ € X*, where the nonlinear operator F = (Fy, F5, F3) :
X" — X is defined by

Fi(p)(x) = a(x) = f(@1(x), p2(x)) — g(p1(x), p3(x)),
Fa(p)(x) = f(@1(x), p2(x)) + g(p1(x), p3(x)),
F3(@)(x) = k(x)p2(x),

for any ¢ = (¢1,¢2,¢3) € X*. On account of (H;), there exists ¢ > 0 such that f(¢(x), p2(x)) +
201 (%), e3(x)) < coy(x) for all x € Q. Itis easily seen that

0(x) + €F(@)(x) 2 (@1(0)(1 = ce), a2(x), 3(x))" for x € Q.
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By choosing € > 0 sufficiently small, we have 1 > ec and ¢ + €F(¢) € X*. Particularly,
1
lir(r)l —dist(¢ + €F(¢),X") = 0.
e—0" €

Thus, by using [16, Theorem 7.3.1] or [18, Corollary 4], we establish the existence of the solution
to the system (1.2). Note that the nonlinear operator F' is mixed quasimontone, then all solutions are
nonnegative due to the comparison principle. To summarize, we obtain the following lemma on the
existence and nonnegativity of the solution to (1.2).

Lemma 2.1. For every initial condition ¢ € X*, system (1.2) with Neumann boundary condition (1.3)
has a unique solution u(x,t) on a maximal interval of existence [0,t,4,). If tpax < 00, then
lim sup |lu(:, t)||x = o0. Moreover, u(x,t) > 0 for all (x,t) € Q X [0, t,,,0x).
l_’lmax
To prove that ¢,,,, = co, we need to show that the boundedness of solutions for system (1.2). Before
stating this result, we need the following lemma.

Lemma 2.2. For any positive and continuous functions d(x), I(x) and u(x) on Q, the scalar reaction-
diffusion equation

ow(x,1) _ B
e V- dx)Vw(x, 1)) + [(x) — u(x)w(x, 1), x € Q, t >0, 2.0

Vw(x,t)-v=0, x€dQ, t>0

admits a unique and strictly positive steady state w*(x), which is globally asymptotically stable in
C(Q, R,). Moreover, if d(x) = d,l(x) = | and u(x) = u for all x € Q, then w*(x) = I/u for all x € Q.

Proof. In view of the standard theory of parabolic equations [19], we obtain the existence of a compact
semiflow P, for (2.1) in C(Q, R,). Denote

[ = max I(x), [ = minl(x), fi = max u(x) and p = min p(x).
xeQ xeQ) xeQ - xeQ

It then follows from the comparison theorem and maximum principle [19] that ¥, has a global compact

attractor K C (I/f1,1/u). This implies that K contains a positive steady state w*(x) due to Theorem 3.1

in [20]. By using strang maximal principle [21] and the monotonicity of /(x) — u(x)w(x, t) w.r.t w, we

can easily obtain that the positive steady state of (2.1) is unique. According to [20, Theorem 3.2], w*(x)

attracts all solutions of (2.1) with nontrivial initial condition ¢ € C(Q,R.). This ends the proof. O

Theorem 2.3. For every initial condition ¢ € X*, system (1.2) has a unique global solution u(x,t) > 0
fort > 0. Moreover, there exists a constant M > 0 independent of ¢ such that lim sup u;(x,t) < M for

allxe Qandi=1,2,3.

t—o00

Proof. To establish the solutions of (1.2) exist globally on [0, ), it suffices to show that the
boundedness of the solutions. For any initial condition ¢ € X, it follows from comparison principle
and Lemma 2.2 that u;(x,t) < w(x,t) for all ¢t € [0, t,,..), Where w(x, t) is the solution of (2.1) with
l(x) = a(x), u(x) = puy(x) and initial condition w(x,0) = ¢;(x). Note that w(x, ) — w*(x) ast — oo,
which implies that

lim sup u;(x, 1) < w*(x) uniformly for x € Q. (2.2)

t—00
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Thus, there exists K; > max w*(x), depending on ¢, such that ||u; (-, 7)|| < K; forall r > 0.
xeQ)

From the last two equations of (1.2) and the definition of 7;(¢) with i = 2,3, we have

ur (-, 1) = To(H) () + fo Tt = 5) (f(ui (s 8), ua (-, 9)) + g(us (5 9), us(-, 5))) ds,
us(-, 1) = Tx(H)ps(-) + f T5(t — $)ku, (-, s)ds.
0

Let —1, < 0 denote the principal eigenvalue of V - (d,V) — u, with Neumann boundary condition,
and A3 = min{minu3(x), A,/2} > 0. We have ||T,()|| < e~ and ||T3(1)|]| < e™*'. By (H;) and the
xeQ

boundedness of u;(x, t), there exists m; > 0 such that

S, 8),uz(c, ) + g(ui (-, ), uz (-, 8)) < my (|luz (-, )| + s, 9NN

for all s € [0, t,,4,). It then follows that

!
lua (-, )l < e ||all + my f e (lua G, I + llus (-, 8l ds,
0 (2.3)

!
-4 7 —A3(t—
lusC, Dl < e 3’II¢3|I+/’<f€ Nua (-, 9)lids,
0

where k = max k(x). Substituting the second inequality into the first one gives
xeQ)

t
-1 = (1
2 (-, Dl < e 2t||<1)2||+m1fe XNuy(-, 5)lld's
0

t N
+m1fe‘”2(’_“') (6‘””|I¢3|I+7<f e‘““")lluz(',r)lldr)ds
0 0

! f
-1
< |lgll + my f itz (-, )l + my sl f e ds
0 0
_ ! !
+m1ke_h’fehrlluz(-,r)llfe(ﬂz_’“)sdsdr
0 r
!
<€+ [ ol
0

where C; = ||¢]| + mill¢sll/A3 > 0 and C, = my + mik/(1> — A3) > 0. Thus, Gronwall’s inequality
implies that
lluz (-, Dl < C1e%" for 1 € [0, tyna)-

This together with the second inequality in (2.3) yields

e for t € [0, tyar).

kC
s, Ol < Nl + =
2

On account of Lemma 2.1, t,,,, = oo and the solution u(x, t) exists for all # > 0.
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Next, we will prove that the solution is ultimately bounded with the bound independent of initial
conditions. It follows from (2.2) that there exist a constant M;; > 0, independent of ¢, and #; > 0 such
that u,(x, ) < My, for ¢t > t;. This together with (H;) implies that there exists m, > 0 such that

S (x, 1), up(x, 1) + g(uy(x, 1), u3(x, 1)) < mo(ua(x, 1) + uz(x, 1), x € Q.1 > 1. (2.4)
Denote @ = max a(x), i = min{u;(x) : i = 1,2,3} and |€Q] is the volume of Q. By integrating (1.2) for
- xeQ)

xeQ
uy and u, and adding up, we obtain

0
— f(ul + uy)dx < |Qla —ﬁf(ul + uy)dx.
ot Q —JQ

It then follows from comparison principle that limsup ||[u,(-, 7)||; < |Qla/f. Particularly, there exist

t—o0
t, > t; and My, > 0, such that |lus(+, 2)||; < M, for t > t,. Similarly, we can easily obtain

0 -
—fu3dx < kM, —u3fu3dx for t > 1,

where p3 = minus(x). Thus, there exist t3 > t, and M3 > 0, such that |lus(-, 1)} < M3 for t > t.
- xeQ)
Consequently, lim sup(|luz (-, H)|l1 + |luz(-, HIl1) < My, where My = My, + M3 is independent of initial

t—00

conditions.
Assume that ¢ > 3, we now estimate the upper bound of ||u,(:, #)||> + ||lu3(:, ?)||>. By multiplying the
equation for u, (resp. u3) of (1.2) by u, (resp. u3), and integrating on €, it then follows from (2.4) that

10
—— u%dx < —d, f Vo> dx + m, f(u% + Upuz)dx — i f u%dx,
20t Jg —Ja Q —Ja

10 -
Eafgugdxskfguzmdx—;_lfgugdx,

where d; = miglzl d>(x). Adding the above two inequalities, together with Young’s inequality
— X€

K +k
< — u% e u%,
4(my + k) -

0 3
—f(u%+u§)dxs—dzfIVuzlzdx+ngfuédx—ufugdx——ufugdx,
ot Jo —Jao Q —Ja 4= Ja

k 2 . . . . . . . .
where Cy, = m; + @ Making use of the Gagliardo-Nirenberg interpolation inequality: there exists

Urus

we have

| =

¢ > 0 such that |[w]|? < ellVwli3 + ce™2|lwl|? for any w € W'*(Q) and small & > 0, we obtain
19 2, 2 2 2, 2
29 Q(u2 +uz)dx < ByMy - 6, Q(u2 + uz)dx,

where B, = Coce™?, 5, = 3u/4 and & € (0,d»/C»y). Therefore,

lim sup(|luz (-, D)II5 + s, D)II5) < BaM7 /6.

t—00
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Especially, there exist #, > t3 and M, > 0 such that ||ju,(-, t)||§ + lus(-, |12 < M, for t > 1.
Denote L, = lim sup([lua(-, D)lI; + [lus(-, H)II5). We multiple the equation for u, (resp. u3) of (1.2) by

t—o00
2%u3" " (resp. 2*u2~') and integrate on Q, using a similar argument as in the estimation of [luy(-, |2 +
llus (-, D13 to obtain that

?%(lluz(', DIB: + lusC. OI2) < 25€VBllun( DI = 6lua . DI + llus - DIE
where B and ¢ are constants independent of of k and ¢. Since Ly_; < My_;, there exist ty_; > 0
such that ||u, (-, t)||§::} + |lus(-, t)lléi:} < Ly_y + 1 forall t > ty_;. By comparison principle, we obtain
Lot < 25%DC(Ly_, + 1)%, where C is a constant independent of k and ¢.

Finally, according to the method of induction, we prove that Ly < oo forall k = 0,1,2,---. Define
an infinite sequence a.; = (C + 1)*" 22 g, with ay = L, + 1 for nonnegative integer k. It is easily

seen that Ly < aik and ]}im Ina; =InC(L; + 1) + nln2/2. Therefore, we have

limsup 3Ly < lim @, = C(L; + 12"

k—o0

Thus we obtain lim sup u;(x,) < M := C(M, + 1)2"? + M, for all x € Q and i = 1,2, 3. That is, the

t—00

solution semiflow associated with (1.2) O(¢) for ¢t > 0 is point dissipative. This completes the proof. O

We are now in the position to address the persistence of u;(x, 7).
Proposition 2.4. Let u(x, t) be the solution of (1.2) with initial condition ¢ € X*.

(i) uy(x,t) > 0 forallt > 0 and x € Q. Furthermore, there exists a positive constant my independent
of ¢ such that
liminf u;(x, 1) > my uniformly for x € Q.
—00

(ii) If there exist some xo € Q and ty > 0 such that either uy(xo,ty) > 0 or usz(xg,t9) > 0, then
ui(x,t) >0 foralli=2,3,t>tyand x € Q.

Proof. (1) By using the strong maximum principle [21], it is easily seen the positivity of u(x, ) for
t > 0 and x € Q. We then prove the persistence of u;(x, ). From Theorem 2.3, there exist 7y > 0 and
M > 0 such that u;(x,t) < M for all t > t5, i = 1,2,3 and x € Q. Then the first equation of (1.2) and
(H,) imply that
Oouy(x,1)
ot
for all ¥ > fy and some positive constant ¢y. Thus, Lemma 2.2 and comparison principle yield that

uy(x, t) is ultimately bounded below by a unique and strictly positive steady state w*(x) of (2.1) with

d(x) = di(x), I(x) = a(x) and u(x) = u;(x) + co. Denote my = min w*(x), which is a positive constant.
xeQ

2 V- (di(0)Vuy(x, 1) + a(x) — pi(uy (x, 1) = cour (x, 1)

Then lim sup u;(x, ) > my for all x € Q.

1—00

(i1) Assume that either u,(xo, f)) > 0 or usz(xo, ty) > 0 for some xy € Q and 7, > 0. Then from the
third equation of (1.2), we have

73
uz(x, 1) = e POy (x 10) + f e MO (XY (x, s)ds > 0

1o
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for all x € Q and t > ;. We then apply strong maximum principle to the second equation of (1.2) and
obtain u,(x, 1) > 0 for all r > ty and x € Q. |

3. Basic reproduction number

Note that Lemma 2.2 implies that (2.1) with d(x) = d,(x), [(x) = a(x) and u(x) = u;(x) has a unique
and strictly positive steady state w*(x). Thus, system (1.2) has a unique infection-free steady state
(w*(x), 0, 0). For simplicity, we denote

_ 0fw'(%),0)

dgw*(x),0)
8u2 )

s (3.1

Ba(x) , Bix) =
Linearizing system (1.2) for (ux(x, 1), us(x, 1)) at (w*(x), 0, 0) gives the following cooperative system for
the infected cells and free virus,

%2 =V - (dy(X)Vitz) + Ba(us + Bi(xX)us — po(N)uz, x € Q, £ > 0,
8o = k(x)uy - p3(Nus, x € Q, >0, 3.2)
Vu, - v=0, xe€oQ, t> 0.

The suitable functional space for the above system is ¥ := C(Q, R?). The associated linear operator of
system (3.2) can be decomposed as A = F' + B, where

LB BOV (V@Y ) 0
F‘( 0 0 ) B‘( k() —u3<~>)'

It then follows from [22] that the basic reproduction number R, is defined as the spectral radius of
—FB7!, that is, Ry = r(—FB™"). We can easily check that B is resolvent-positive with s(B) < 0, F is
positive and A is also resolvent-positive. Then it follows from [22, Theorem 3.5] that Ry — 1 has the
same sign as s(A), where s(A) = sup{Red, A € o(A)} is the spectral bound of A.

Let €5 be the semigroup generated by B. Then the next generation operator is —FB~! = fow FePdt.
Wang and Zhao [23] proved local asymptotic stability of infection-free steady state when Ry, < 1.
Here, we shall prove global asymptotic stability of infection-free steady state when Ry < 1. To derive
an equivalent formula for Ry such that the direct and indirect transmission mechanisms are clearly
separated in the expression, we need to make use of the following result.

V- d,V)-V; 0

Fi, F
Lemma 3.1. Let F = ( 1 12) be a positive operator, B = (
Vi —Vn

0 O
positive operator with s(B) < 0. Then we have

) be a resolvent-

F=FB™") = r(Fn(Viy = V- (dyV)) = FiaVil Vo (Vi) = V- (V) ). (3.3)

Proof. Note that B is lower triangular and s(B) < 0. This implies that both V;; — V - (d,V) and V;, are
invertible. Moreover, we can calculate that

_pl = ( (Vi =V - (d,V))! 0 )
_V2—21 Vor(Vii = V- (daV)) ™! V2—21 .
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Consequently, we obtain

Fii(Viy =V - (V) = FioV Vo (Viy = V- (o V)™ F12V2_21)

—_ _l:
FB ( 0 0

which implies that (3.3) holds. This ends the proof. m|

By using Lemma 3.1 and a standard variational method, we have an equivalent formula for the basic
reproduction number

Joy (Ba0) + Bi(0ua5" COk()) Y2 (1) x
Ro=r(Ay+A;)= sup , 3.4)
per @20 [, ((OIVY)P + o ()y?(x)) dx

where A; = By(u, — V - (d,V))7! is the next generation operator for cell-to-cell transmission, and
A; = Bius ' k(uy — V - (d2V))™! is the next generation operator for cell-free transmission. In the absence
of cell-free transmission, the basic reproduction number for cell-to-cell transmission is

2(x)d
Rg =r(Ay) = sup leBd(x)lﬁ (x)dx |
weH (Q),y#0 fg(dz(x)lvlﬂ(x)P +/12(X)lﬁ2(x)) dx

On the other hand, if only cell-free transmission is taken into consideration, the basic reproduction
number for cell-free transmission is given by

sup Jo, Bilus (k) (x)dx
vern @0 [, (dy(IVYOP + pa(x)y(x)) dx’

Clearly, Ry < Rg + R{,. We then study the dependence of R, on the diffusion coefficient d,.

Ry = r(A) =

Theorem 3.2. (i) Ry is a principal eigenvalue of Ay + A; associated with a positive eigenfunction.

(ii) Assume that d, is a constant on Q, then Ry is a monotone decreasing function of d,, Moreover, we
have

Ry — Ry :=max {ﬁd(x) + Bi(x0)k(x)
xeQ ,LLQ(X) ﬂz(x)ﬂg(x)

o (Ba) + Biow (0k()) dx
’ [ Ha(x)dx

Proof. (1) Since A; and A; are compact and positive, it then follows from Krein-Rutman theorem that
Ry is a principal eigenvalue of A, + A; with a positive eigenfunction, denoted by ¢*(x); namely,

k(x)
H3(x)

} as d, — 0,

Ry — R, as d, — oo,

Ba(ita = V - (dx2V)) ' 9" + Bi(x) (U2 = V- (d:V) 9" = Rogp", x€Q,

Vo' (x)-v =0, x € 9Q.

Denote y* = ¢* /(B4 + ,8,-,u§1k), then the above eigenvalue problem can be rewritten as

PR
Ba(x) + Bi(x)u; (0)k(x) w(x) =0, x€Q,

V- (da(0) V(X)) — pa () (x) + Ro (3.5)

Vy-v=0, x€0Q,
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(ii) Assume that d, is a constant on Q. It is easily seen that R, is a decreasing function of d5, and
the eigenvalue problem (3.5) can be reduced as

LAY — . =0, Q,

Vyi(x)-v =0, x € 0Q.

Ba+Bis'k
R

We first claim that Ry < Ry, otherwise we have —y + (B + ﬁi,uglk) /Ry < 0 and the principal eigenvalue
of dbA -y + (By + ,Bi,uglk) /Ry is negative. This contradicts to (3.6). Thus }imo R, exists. We next prove
2>

that lim Ry = R,. Assume to the contrary, then there exists g > 0 such that Ry < R, — €, for all positive

dr—0
d,. It follows from the continuity of coefficient functions that there exists a x, € Q and a 6 > 0 such
that ‘
P | BOKD) _m € gt € forall xe Byxy),
Ha(X)  po ()3 (x) 2 2

which implies that the positivity of S,(x)/u(x) +B;(x)k(x)/[2(x)u3(x)] on Bs(xp). Due to compactness
of continuous functions on a bounded domain, there exists € > 0 such that

Ba(x) + Bi(x)u3" (x)k(x)
Ry

- (x) + > ¢ forall x € Bs(xp).

The above inequality together with (3.6) yields —Ay™* > ey*/d,. Denote ¥, (x) = ¥*(x)/ rgi(n )t//*(x).
xebs(xo

Then we have —Ay, (x) > ey (x)/d, and ¥ (x) > 1 on Bs(xp). Let 7 > 0 be the principal eigenvalue of
—A on Bs(xp) under Neumann boundary condition and _(x) the corresponding eigenfunction, we can
further normalize _(x) such that ¥_(x) < 1 on Bs(xy). Then we have —Ay_(x) = ny_(x) < ey_(x)/d,.
Thus, ¥, (x) and ¥_(x) are the super- and sub-solutions of —Ap = €p/d, with Neumann boundary
condition. Thus, €/d, is an eigenvalue of —A on Bs(xy) with Neumann boundary condition, which
contradicts the facts €/d> > 17 and 7 is the principal eigenvalue of —A. Therefore, Ry — Ry as d» — 0.

It is easily seen from (3.4) that Ry > R, for all d, > 0. Thus, Ry is uniformly bounded for d> > 0
and lim R, exists. Then we divide both sides of (3.6) by d, to obtain

d2—>o<>

N Ba + Bipt; 'k — Ropta
Rod,

AY* =0, xeQ.

It then follows from elliptic regularity [24] that, there exists a positive constant ¢ such that * — ¢ in
C(Q) as d, — oo. Integrating (3.6) by parts over € yields

+ Bips 'k
Q Q Ry

Letting d, — oo, we obtain Ry — R,,. This completes the proof. O
From the above theorem, we have a direct application on basic reproduction number.

Proposition 3.3. (i) If Bs(x)/u2(x) + Bi(x)k(x)/(ua(x)uz(x)) < 1 for all x € Q, then Ry < 1 for all
d, > 0 and Q is an infection-free environment.
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(ii) Ifo(Bd(x) +,8,-(x),u§1(x)k(x)dx > fQ,uz(x)dx,, then Ry > 1 for all d, > 0 and Q is a favorable
environment for the viral infection.

(iii) If fg(ﬂd(X) + Bi(0us (Ok(x)dx < Lﬂz(X)dx and B(x)/pa(x) + Bi(x0)k(x)/ (ua(x)us(x)) > 1 for
some x € L, then there exists a d; > 0 such that Ry < 1 if d, > d; and Ry > 1 if d, < d.

4. Global dynamics of the viral infection model

4.1. Existence of a global attractor

Define the continuous semiflow {O(?)},50 : X* — X for the system (1.2) by

ONe(:) :=u(,t,¢), t > 0.

It follows from Theorem 2.3 that the semiflow ©(¢) of system (1.2) is point dissipative and the orbit
y"(U) = U y"(¢) is bounded for any bounded set U ¢ X*. To apply the theory in [25], we have to
[

show that ®(f) is asymptotically smooth. Since ®(f) is not compact, we introduce the weak
compactness condition called k-contraction, and Kuratowski measure of the noncompactness defined
by [25]

k(U) :=inf{r > 0 : U has a finite cover of diameter less than r} 4.1)

for any bounded set U c X*. Clearly, «(U) = 0 if and only if U is precompact. We need to show that
O(?) is a k-contraction, that is, there exists a continuous function g(¢) € [0,1) : R, — R, such that
k(O()U) < q(t)k(U) for any bounded set U c X* and ¢ > 0. To achieve this, we need the following
lemma. The proof is similar to that in [12, Lemma 2.5] with some minor modifications.

Lemma 4.1. For any bounded set U < X' and t > 0, {u(-,t,¢) : ¢ € U} and
{fot e MOy (-, 5, 9)ds : ¢ € U} withi = 1,2 are precompact in C(Q).

Theorem 4.2. The semiflow O(t) is a k-contraction and asymptotically smooth. Moreover, system (1.2)
admits a connected global attractor in X*.

Proof. For any initial condition ¢ = (@1, $>, ¢3) € X*, we have O(t)¢p = O1(£)¢ + O,(¢)¢ for all t > 0,
where

!
©1(t)¢ = (ul(-, @), u2(,1,9), f e NI(ua (-, s, ¢)ds),
0
@x(1)¢ = (0,0, 7V ¢3)
For any bounded set U c X™, it follows from (4.1) that
k(©,(NU) < [l Ik(U) < e™'k(U) forall >0,

where By = min y3(x). Note that Lemma 4.1 implies that ®,(#)U is precompact in C (Q) for any ¢ > 0,
- xeQ

that is, k(®,(#)U) = 0. Hence, for any # > 0, we have
k(OOU) < k(®(HU) + k(Or(HU) < e B'k(U).

Therefore, O(?) is a k-contraction. It then follows from [25, Lemma 2.3.4] that ®(¢) is asymptotically
smooth. Therefore, by Theorem 2.4.6 in [25], system (1.2) admits a connected global attractor in
X+, |
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4.2. Global stability of infection-free steady state

It follows from Theorem 3.1 in [23] that the infection-free steady state (w*(x),0,0) is locally
asymptotically stable when Ry < 1. To establish global asymptotic stability of infection-free steady
state when Ry < 1, we shall first develop the following approach to show local asymptotic stability of
infection-free steady state not only when R, < 1, but also for the critical case Ry = 1.

Denote A as the linear operator of (3.2) and e’ the semigroup generated by A. The exponential

growth bound of e’ is defined as

In [l

w(e) := lim

t—o0 t

Lemma 4.3. Assume that Ry < 1, then s(A) < 0, w(e?") < 0, and there exists a constant M, > 0 such
that ||e*|| < M,.

Proof. By Theorem 3.5 in [22], s(A) < 0if Ry < 1. It follows from [26] that
w(e™) = max{s(A), wey(e™)},
where w,,(e?") is the essential growth bound of ¢ defined by

1 At
Wess(€™) 1= lim nat(e ).

—o0

Here, o(e*") denotes the distance of e*’ from the set of compact linear operators in ¥ = C(Q,R?). To
prove that w(e?) < 0, it is sufficient to show that w,(e*’) < 0. For any ¢ := (¢, ¢3) € Y, the solution of
the linear system (3.2) is e*’¢ = W, ()¢ +¥5(1)d, where ¥»(1)d = (u2(-, t, ), fo’ e MOy (-, 5, P)d's)
and ‘P3(t)$ = (0, e p3). Note that Lemma 4.1 implies that W,(¢) is a compact linear operator, that
is, o(¥,(¢)) = 0. Thus, we have o(e?’) = o(W(t) + P5(1)) = o(V5(2)) < ||[¥3(1)|| < e*'. Therefore, we
compute

Wess(e™) < —H, < 0.

This implies that the there exists a constant M, > 0 such that |le?|| < M,,. O

Theorem 4.4. Assume that Ry < 1, then the infection-free steady state (w*(x),0,0) of (1.2) is locally
asymptotically stable.

Proof. Given any small 6 > 0, let u(x,t) be any solution of (1.2) with initial condition satisfies
lur (x,0) = w* Il + llua(x, Ol + |lus(x,0)l < 6. Denote wi(x,7) = wu(x,) — w'(x) and
B, = miggl ui(x) > 0 which satisfies

- X€E!

ow . .
a—; = V- (d,Vwy) — uwi — fwy +w*,u2) — g(wy + w*, u3)

<V-: (d]VW]) _Elwl'

Let —1; < 0 be the principle eigenvalue of T1(t), where T,(¢) is the C, semigroup generated by V -
(d\V) - K, with Neumann boundary condition. It then follows from comparison principle that

wi(x, 1) < [Ty (6w (x, )| < e |luy (x, 0) — w* ()| < S
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for all x € Q and ¢t > 0. Thus, we have u;(x,7) < u;(x,1) := w*(x) + Se~1 on Q X [0, ). By (H;), we

obtain

, ,0
fglz u, and g(uy,us) < g(uy, u3) < gng )

We obtain from the definitions of 8, and §; in (3.1) and the second equation of (1.2) that

flur, uy) < fluy,up) <

3
g <V - (da () Vi) + Ba(x)t + Bi(x)us — g (xX)uy + p(x, 1)

for x € Q and t > 0, where

plx, 1) = (@ —ﬁd) uy + (M _,Bd) us.
175} 0u3

It follows from system (1.2) and comparison principle that

(-, 0\ a (20 0) f Alt=s) (p(-,s))
(u3(_,t))Se (u3("0))+ ) e 0 ds,

Recall K; > max w*(x) and ||u;(x, 1)|| < K; for all ¢ > 0 in the proof of Theorem 2.3. Denote
xeQ

f = max
u1€[0,K1]

& f(u1,0)

a2g(u] 5 O)
aulauz ’

8”1 8143

’

" mel0.K]

(4.2)

We then have p(x,1) < 5e‘z"(fu2 + gus). Set E(t) = max{m%x uy(x,1), m%x usz(x, 1)}. By Lemma 4.3

and inequality (4.2), we obtain
- t Y
E(t) < M, + SM,(f + 3) f e MSE(s)ds.
0
Then Gronwall’s inequality yields

5Ma(f+é’)

E(t) < oM, el M Frpeds oM,e ©  forall t>0.

Thus ||tz (-, O] + ||luz(-, 0)|| = O6) as & — 0. We next show that ||u; (-, £) — w*(x)|| = O(5) as 6 — 0. Note

that (H;) implies that
0f(K;,0 Of(K,0 Ma(f+2)
flu,up) < f(Ky,up) £ ——— J(Ky ) MéMae o,
(9 175} (9112
0g(K;,0 0g(K;,0 SMa(F+2)
guy,uz) < g(Ky,u3) < Mus < MCSM& R
us aug

It then follows from the above inequalities and the first equation of (1.2) that

ou
6—; > V- (dy(x)Vuy) + a(x) — g6 — p (X)uy,

4.3)
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where g = (8f(K\,0)/0us + 0g(K;, 0)/0us) M,e®Ma+9/A is positive and finite. By Lemma 2.1, for any
small 6 > 0, the following reaction-diffusion equation

P
6—V: = V- (d,(x)VW) + a(x) — g6 — i (x)w, x € Q, t >0,

Vw(x,t)-v=0, x€dQ, t>0

admits a unique and strictly positive steady state w°(x), which is globally asymptotically stable in
C(Q,R,). Moreover, |[w*(x) — w’(x)|| = O() as 6 — 0. Thus, it follows from (4.3) and comparison
principle that

uy(x, 1) = w(x) > w*(x) + 0(6) as 6 — 0.

Recall that u;(x, 1) < w*(x)+(5e‘:i" on Qx[0, 00). Therefore, ||u; (-, )—w*()||+|ua (-, Ol +||u2(-, )| = O(6)
as 0 — 0, thus proving local stability of (w*(x),0,0) if Ry < 1. O

We are now in the position to establish global attractivity of infection-free steady state by
constructing a suitable Lyapunov functional and LaSalle invariance principle.

Theorem 4.5. If Ry < 1, then the infection-free steady state (w*(x),0,0) of (1.2) is globally

asymptotically stable.

Proof. We establish the global asymptotic stability of (w*(x), 0, 0) by proving the following two claims.
Define aregion D = {¢p € X* : ¢(x) < w*(x)}.
Claim 1. For any initial data ¢ € X*, the omega limit set of ¢ is contained in D.

Clearly, for any x € Q, if u;(x,t)) < w*(x) for some #, > 0, then u;(x,t) < w*(x) for all t > ¢,.
Then we divide the domain Q into two sub-domains Q; := {x € Q : u;(x,t) > w*(x) for all r > 0} and
Qy ={xeQ:ulxr1 <w'(x)forsomet > 0}). Here, £, is closed in 2, and there exists ¢, > 0 that
uy(x,t) < w*(x) for all x € Q,. Without loss of generality, we assume ¢, = 0.

For any x € Q,, Lemma 2.1 and the first equation of (1.2) imply that du;(x,t)/0t < 0, that is, u;(x, t)
is a decreasing function in ¢. It then follows from u;(x, ) > w*(x) for x € Q, that ,li,m u;(x, t) exists, and
tlirg ui(x,t) > w*(x). Moreover, if ;lgg u1(x,t) > w*(x), then we obtain from the ﬁrogt equation of (1.2)
that 0 = tll)m Ouy(x,1)/0t < 0. This is a contradiction. Therefore, lim u;(x, ) = w*(x), which implies
that the om::oga limit set of ¢ is contained in D. o
Claim 2. The infection-free steady state (w*(x), 0, 0) attracts all initial profiles in D.

We consider the solution semiflow restricted on the invariant set D and construct a Lyapunov
functional V| : D — R given by

Vi(uy, uo, u3) = jl;(u%(x, )+ [Z’((;))u% X, t)) dx.

Taking the derivative of V| along the solution, we obtain

av,

- f (Mz [V (daVu) + f(ur, up) + g(uy, uz) — poun ] + &M(kuz - /l3u3)) dx.
t D k
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Note that u;(x,1) < w*(x) in D, it is readily seen from (H,) that f(u,u;) < f(W*(x),up) < Byu, and
g(uy,u3) < gw*(x),us3) < Bius. These inequalities and Neumann boundary condition yield that

dv
i f (~ebl Vil = s = B + 2By ~ P12, )
D

dt
< f [ Vol = (o — Baus + ﬁ - @(( Uz — \pm]

f ( VP —(m—ﬁ@uﬁﬁ; )dx.
D M3

We next prove

Py s [ (@vol + o -pow?)dr (4.4)
3 Q
holds for any y € H'(Q) if Ry < 1. We make another decomposition of the linear operator A = F; + B,
associated with the linear system (3.2), where

0 ,81'(')) (V (daV) = () = BaC)) 0 )
F, = , B = . 4.5

: (0 o) P KO —150) (%)
Note that Theorem 3.2 implies that u, > B; when Ry < 1. Thus the operator B, is resolvent-positive
with s(B;) < 0. Then it follows from [22, Theorem 3.5] and Ry < 1 that s(A) < 0 and

Bik

r(—FlB;1)=r( (U2 —Ba — V - (d2V))" )

sup o, Biows Ok (x)dx .
YeH" (Q).y+0 fQ (d> (VPR + (ua(x) — Ba(O))W2(x)) dx

Hence, we obtain (4.4) for any € H'(Q) if Ry < 1. This implies that dV, /dt < 0 if Ry < 1. Moreover,

= {(w*(x),0,0)}, where K is an invariant set on which dV;/dt = 0. Note that (W*(x), 0, 0) is the
unique point in the largest invariant set on which dV;/dt = 0. By the LaSalle invariance principal,
(w*(x),0,0) is globally attractive in D.

Finally, it follows from Lemma 1.2.1 in [27] that the omega limit set of any initial data ¢ € X
is internally chain transitive. The above two claims and [27, Theorem 1.2.1] yield (w*(x),0,0) is
globally attractive in X*. This, together with the local stability result in Theorem 4.4, implies the
global asymptotic stability of (w*(x),0,0) in X* when Ry < 1. This ends the proof. O

4.3. Persistence of infection when Ry > 1

By using the same idea in [12, Lemma 3.7], we show that s(A) is actually the principal eigenvalue
of Awhen Ry > 1.

Lemma 4.6. If Ry > 1, then s(A) is the principal eigenvalue of A with a strongly positive eigenfunction.
Proof. The eigenvalue problem of A is given by
Apx(x) = V - (dr(0)V2(x)) + Ba(X)p2(x) + Bi(x)3(x) — 2(X)2(x), x € Q,

Ap3(x) = k(x)p2(x) — p3(X)p3(x), x € Q, (4.6)
Vo (x)-v =0, x € 0Q.
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Then we define a one-parameter family of linear operators with Neumann boundary condition on C(Q):

ik
L=V @)+ o+ L
T3

Let T,(¢) be the semigroup generated by L,. Since B, + ﬁﬁ; — Uy is cooperative and irreducible for

all x € Q, it then follows from Theorem 7.5.1 in [16] that T(¢) is a compact and strongly positive
operator for all # > 0. By Krein-Rutman theorem, s(L,) is a principal eigenvalue of L, with positive
eigenfunction ¢ (x). Clearly, s(L,) is decreasing and continuously with respect to 4, and s(L;) is finite
when A is large.

According to Lemma 2.3(d) in [28], we obtain that Ry — 1 and s(A) have the same sign as A,, where
Ay 1s the principal eigenvalue of L. This yields that s(Ly) = Ao > 0. Thus, there exists a unique A* > 0
such that s(L,-) = A*. Note that the problem (4.6) can be written as L,¢,(x) = Ag,(x). Therefore,
if Ry > 1, then s(Ly-) = A* > 0 is a principal eigenvalue of A with a strongly positive eigenfunction

(5(x), ¢5(x)), where ¢3(x) = #cpﬁ(x). Finally, we can further obtain A* = s(A) by using Theorem

X
p3(x

2.3 in [23]. O

To establish the existence of the chronic infection steady state when Ry, > 1, we now apply the
permanence theorem in [29, Theorem 3] and use an argument similar to that in the proof of [11,
Theorem 2.2] to obtain the following persistence result.

Theorem 4.7. If Ry > 1, then system (1.2) is uniformly persistent in X*, that is, there exists an > 0
such that for any ¢ € Xy, we have

liminf u;(x,t,¢) > n, (i = 1,2,3) uniformly for all x € Q.
—00

Moreover, system (1.2) admits at least one chronic infection steady state (u}(x), u5(x), u3(x)).

Proof. Denote X, := {(¢1, ¢z, 93) € Xt 1 ¢,(-) # 0 and ¢5(+) # 0} and

0Xo 1= X"\Xo = {(¢1,¢2,¢3) € X* : ¢a(-) = 0 or ¢3(-) = 0}.

Obviously, Xo N dXy = 0, Xy U Xy = X*, X, is open and dense in X*, and O(1)0X, C 0X,. Note that
Proposition 2.4(i1) implies that O(#) Xy € X, for all # > 0. Denote M} as the largest positively invariant
set in 0X,. It follows from Proposition 2.4(ii) that

My = {(¢1,¢2,03) € X" : ¢, =0and ¢35 = 0}.

For any initial data ¢ € My, we can easily obtain that u;(x,¢,¢) = 0 for all i = 2,3, x € Q and
t > 0. Then in view of Lemma 2.1, the limiting system when u; = 0 for i = 2,3 has a unique
globally asymptotically stable steady state u;(x, r) = w*(x). We then obtain from [30, Theorem 4.1] that
(w*(x),0,0) is globally attractive in M. We now define a generalized distance function p : X* — [0, o)
by

p(¢) = min{¢x(x), ¢3(x)} forany ¢ € X™.

From strong maximum principle, we have p(®(f)¢) > 0 for all ¢ € X,. Since p~'(0,00) C X, the
condition (P) in [29, Section 3] is satisfied.
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Denote W*((w*(x),0,0)) as the stable manifold of (w*(x),0,0). We next verify that
WS ((w*(x),0,0)) N p~'(0, 00) = 0. It suffices to show that there exists a 17, > 0 such that

limsup |©,¢ — (w"(x),0,0)l| = 19 forany ¢ € p~'(0, ).

t—0o

Suppose, to the contrary, for any 77y > 0 there exists ¢ € p~'(0, o) such that

lim sup 16,6 — (w*(x), 0, 0)| < 1o 4.7)

t—o00

In view of Lemma 4.6, 4o = s(A) > 0 is the principal eigenvalue of A = F + B with a strongly positive
eigenfunction if Ry > 1. For any sufficiently small £ > 0, we consider a small perturbation of F’:

_ Bi—¢ Bi—¢
]

Similar as in the proof of Lemma 4.6, one can show that the eigenvalue problem

Apy =V - (daVo) + (Ba — €)pa + (Bi — €)p3 — plar, X € L,
Ap3 = kpa — 33, x € Q,
Vg, -v=0, x € 0Q.

has a principle eigenvalue A, with strongly positive eigenfunction (¢5,¢5). By continuity of the
operator, we have 1, — Ay > 0 as € —» 0". We then choose a small £ > 0 such that A, > 0. It follows
from (4.7) and (H,) that there exists a 7 > 0 such that

f(uy,un) > (By — €)uy and g(uy,u3) > (B; — )uz forall t > 7.
Thus, for all £ > 7, (ux(x, t, d), u3(x, t, ¢)) satisfies

22 >V - (dr (Vi) + By — &)y + (Bi — &)z — oy, x € Q, 1> 1,

B = k(x)uy — pa(x)u3, xeQ, t>1, (4.8)

Vu, -v =0, xXeEOQ, t>1F.

Since u;(x,1,¢) > 0 forall x € Q, > 0 and i = 2,3, there exists § > 0 such that u(x, 7, ) > 5¢5 and
uz(x, f, ) > 0¢5. It then follows from (4.8) and comparison principle that

(ur(x, 1, ), uz(x, 1, )) > (6eA£(’_i)¢,0‘§, 66’15(’_’79@) for xeQ, t>1.

Therefore, u;(x,t,$) — oo as t — oo for i = 2,3, which contradicts to Theorem 2.3. Thus, we prove

Wo((w*(x),0,0)) N p~1(0,00) = O. Then by applying [29, Theorem 3], there exists 17, > 0 such that

liminf p(O(¢)¢p) > n for any ¢ € X*. This, together with Proposition 2.4 implies that lim inf u;(x, ) >
t—o0 t—o00

foralli = 1,2,3 and x € Q, where 1 = min{n,, mg)}.
Furthermore, in view of [31, Theorem 4.7] and Theorem 4.2, system (1.2) admits at least one
positive steady state. This ends the proof. O
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5. Spatially homogeneous case

In this section, we consider the special case where all the coefficients in (1.2) are independent of the
variable x, that is, d;(x) = dy, a(x) = a, p;(x) = p; (j = 1,2,3), do(x) = da, k(x) = k for all x € Q. We
further assume that

(C) fur,uz) = h(uy)fi(up) and g(uy,uz) = h(uy)g(u3), where h, fi, g1 € C'(R,. x R,) are increasing
functions, and h(v) = 0 (resp. fi(v) = 0, g;(v) = 0) if and only if v = 0. Moreover, d° f;(v)/dv* < 0
and d’g;(v)/dv* < 0.

System (1.2) becomes homogeneous, that is,

ou

a—; = diAuy + a — h(uy) fi(2) — h(uy)g1 (u3) — pyuy,

ou

8_t2 = dyAuy + h(uy) fi1(uz) + h(uy)g1(u3) — paua, (5.1)
ou

6_1‘3 = ku2 — M3U3,

for x € Q,t > 0 with the homogeneous Neumann boundary condition and nonnegative initial
conditions. It then follows that w*(x) = a/u,. By applying Krein-Rutman theorem, A; + A; is a
compact and positive operator with a positive eigenfunction 1 corresponding to a positive principle
eigenvalue

Ro = ﬁ—d + IBlk s

Mo Hol3

where B, = h(a/u,) f]/(0) and B; = h(a/u,)g;(0) are constants. This implies that the basic reproduction
numbers for system (5.1) and the corresponding diffusive-free (d; = d, = 0) system are same. Denote
(uy, u3, u3) as the positive constant steady state, which satisfy the following equilibrium equations

a—uy = h@y) (fi(uy) + g1(u3)) = pou; = 'L%ug (5.2)

Since the existence of constant steady state for system (5.1) same as for the corresponding ODE system.
This, together with Theorem 3.1 in [8], yields the following lemma.

Lemma 5.1. If Ry > 1, then system (5.1) has a unique positive constant steady state (u7, us, u3).

We next establish that R, is a threshold role for the global dynamics of system (5.1), and further
give the global stability of the positive constant steady state.

Theorem 5.2. (i) If Ry < 1, then the infection-free steady state (a/u1,0,0) for system (5.1) is globally
asymptotically stable in X™.

(ii) If Ry > 1, then system (5.1) admits a unique chronic infection steady state (uy, u;,u3), which is
also homogeneous and globally asymptotically stable in X,.

Proof. Theorem 4.5 implies that (i) holds. We next prove the local asymptotic stability of the positive
constant steady state (uj, u;,u3;) when Ry > 1. Linearizing system (5.1) at (u], u5, u3), we obtain
dU(1)

7 dAU(t) + L(U(1)),
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where U(1) = (u1(x, 1), us(x, 1), uz(x, )7, b = B (u)(fi1(43) + 1 (u43)) > O,

dA 0 0 =b—w  —h@)f{(wy)  —h(u))g(u3)
dA=1 0 dA 0|, L(¢p) = b hu) f{(wy) — 2 h(up)g (u3) |,
0 0 0 0 k —u

and dom(dA) = {(uy, ux)" : u; € WA(Q), % = 0 for i = 1,2.}. Then the characteristic equation for the
above linear system is
Ay —dAy — L(y) = 0 fory € dom(dA), y # 0.

It is well known that the eigenvalue problem

Ay =y, x € Q,
Z—f:O, X € 0Q),

has eigenvalues 0 = {y < ¢} < & < --- < & < &uiy < - - - ,with the corresponding eigenfunctions i, (x).

Substituting y = Y y,/,(x) into the characteristic equation gives

n=0
A+Db+pu +di8)A+ po + drl,)(A + p3) = (A + py +di4,)P ()

forn=0,1,2,---, where ®(1) = (A+u3)h(u}) f{ (u;) + kh(uy)g| (u3). The above characteristic equation
is equivalent to

A A2,
(A+Db+u + dlfn)('u—2 +1+ ;—f)(ﬂ +u3) = (A + g + di14,)D2(A) (5.3)
where i W) fae) k(g (i)
u u u)g (u
Do) = 1 11Uy RN
= g @y 3)( o

We claim that all eigenvalues of (5.3) have negative real parts. Otherwise, suppose that 4 = o + wi is
an eigenvalue satisfying o > 0. Then for any nonnegative integer n, we have

A d>(,
Wt b4+ dial > A4+ dil 125+ 14 25
M2 )25%)

| > 1.

It follows from (C) and (5.2) that

h(uy) f (u3) N kh(uy)g'| (u3) - h(uy) fi(u3) N kh(uy)gi(u3)
J25) Mol Uy Hopisity

1,

which implies that |®,(1)| < |4 + u3|. Therefore, we obtain

d2§n
H2

A
(A +b+py + dlfn)(lu—2 +1+ YA+ w3)l > (A + uy + di£,)D2()]

for all integer n > 0. This is a contradiction. Hence we proved the claim, and (u}, u3, u3) is locally
asymptotically stable when Ry > 1.
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Denote g(z) = z— 1 —Inz. Clearly, g(z) > 0 for z > 0, and ¢(z) = 0 if and only if z = 1. We next
prove global attractiveness of (u], u3, u3) in Xq by constructing a Lyapunov functional V; : Xy — R as
follows.

V2(ul,u2,u3):fW(ul»MZ,u3)dX,
Q

“h(uy) . (u h(uy)g(uy)uy (u
W(ul,ug,u3):u1—f h() s+u2q(u—i)+lkT“q u—i .
u 2 2 3

It follows from Theorems 2.3 and 4.7 that the solutions of system (5.1) are bounded and uniform
persistent, which implies that V, and W are well-defined. Making use of the equilibrium equations
(5.2), the time derivative of W along a positive solution of system (5.1) after a tedious calculation, is
given by

where

*
1

aw h(u})
o =M

JAuy + d(1 - —)Auz — i —u )(1 )

= hg ) g (292 (uzu3 (w1 @)\ (uphGu)gi(us)
e h(u) U3 I u381(u3) 7 urh(uy) g (u3)

e B e R e )|

h(bt‘[))

us f1(uz) urh(uy) f1(u3)
giuz) (w5 &1(u3)
+ h(uy)g(u 3)— 1) )(;3 - gl(us))
uy fl(uz)) (fl(”;) B 1)
uy  fi(us) )\ fi(uz) .

B f1() (

Note from the Green’s identity and Neumann boundary condition that

h(uy) _ h(uph’ (uy) _ -
fgdl (1 - h(ul))Auldx = dl fg; —h2(u1) |VM1| dx < 0,

Uy Uy 2
fdl (1 - —)Auzdx = —dzf = |Vu,lPdx < 0.
Q U Q Uy

Since h, f; and g; are increasing functions, f; and g; are concave down, then we have (u; — uj)(1 -
h(u})/h(u;)) > 0 and

(gl(”3) - 1)(5 - g_‘(”p) <0, (@ - fl(”2))(fl(”3) - 1) <0.
g1(u3) us  gi1(u3) wy,  fiws) )\ fi(uz)

Thus, dV,/dt = fQ(a’W/dt)dx < 0. The largest invariant subset of dV,/dt = 0 is the singleton
(u}, uy, u3). By LaSalle-Lyapunov invariance principle, the positive constant steady state (uj, u3, u3) is
globally attractive in X,. The uniqueness of chronic infection steady state follows immediately from
the global attractivity. This, together with the local asymptotic stability, yields that the global
asymptotic stability of the positive constant steady state (u], u5, u3) in Xo if Ry > 1. O
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