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Abstract: The continuous predator-prey model is one of the main models studied in recent years.
The dynamical properties of these models are so complex that it is an urgent topic to be studied. In
this paper, we transformed a continuous predator-prey model with modified Leslie-Gower and Holling-
type III schemes into a discrete mode by using Euler approximation method. The existence and stability
of fixed points for this discrete model were investigated. Flip bifurcation analyses of this discrete
model was carried out and corresponding bifurcation conditions were obtained. Provided with these
bifurcation conditions, an example was given to carry out numerical simulations, which shows that
the discrete model undergoes flip bifurcation around the stable fixed point. In addition, compared
with previous studies on the continuous predator-prey model, our discrete model shows more irregular
and complex dynamic characteristics. The present research can be regarded as the continuation and
development of the former studies.

Keywords: flip bifurcation; Euler approximation method; discrete predator-prey model; stability;
center manifold theorem

1. Introduction

In biological systems, the continuous predator-prey model has been successfully investigated and
many interesting results have been obtained (cf. [1-9] and the references therein). Moreover, based on
the continuous predator-prey model, many human factors, such as time delay [10-12], impulsive
effect [13-20], Markov Switching [21], are considered. The existing researches mainly focus on
stability, periodic solution, persistence, extinction and boundedness [22-28].
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In 2011, the authors [28] considered the system incorporating a modified version of Leslie-Gower
functional response as well as that of the Holling-type III:

1
50 = y(ar - 2, W

v iy’
{ﬂn:xuu—bx—ﬂw_

With the diffusion of the species being also taken into account, the authors [28] studied a reaction-
diffusion predator-prey model, and gave the stability of this model.

In model (1) x represents a prey population, y represents a predator with population, a; and a,
represent the growth rate of prey x and predator y respectively, constant b represents the strength of
competition among individuals of prey x, ¢; measures the maximum value of the per capita reduction
rate of prey x due to predator y, k; and k, represent the extent to which environment provides protection
to x and to y respectively, ¢, admits a same meaning as c;. All the constants ay, as, b, ¢, ¢2, ki, ko are
positive parameters.

However, provided with experimental and numerical researches, it has been obtained that
bifurcation is a widespread phenomenon in biological systems, from simple enzyme reactions to
complex ecosystems. In general, the bifurcation may put a population at a risk of extinction and thus
hinder reproduction, so the bifurcation has always been regarded as a unfavorable phenomenon in
biology [29]. This bifurcation phenomenon has attracted the attention of many mathematicians, so the
research on bifurcation problem is more and more abundant [30—40].

Although the continuous predator-prey model has been successfully applied in many ways, its
disadvantages are also obvious. It requires that the species studied should have continuous and
overlapping generations. In fact, we have noticed that many species do not have these characteristics,
such as salmon, which have an annual spawning season and are born at the same time each year. For
the population with non-overlapping generation characteristics, the discrete time model is more
practical than the continuous model [38], and discrete models can generate richer and more complex
dynamic properties than continuous time models [39]. In addition, since many continuous models
cannot be solved by symbolic calculation, people usually use difference equations for approximation
and then use numerical methods to solve the continuous model.

In view of the above discussion, the study of discrete system is paid more and more attention by
mathematicians. Many latest research works have focused on flip bifurcation for different models, such
as, discrete predator-prey model [41,42]; discrete reduced Lorenz system [43]; coupled thermoacoustic
systems [44]; mathematical cardiac system [45]; chemostat model [46], etc.

For the above reasons, we will study from different perspectives in this paper, focusing on the
discrete scheme of Eq (1).

In order to get a discrete form of Eq (1), we first let

b C1
Uu=—x,v=—y1T=dt,
a ap

and rewrite u, v, T as x, y, t, then (1) changes into:

{HO=XU—X—§ﬁ)’ @)

. _ B2y
3(1) = ay(l - 22,
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_ b? _ hzkl _ _ b _ bk
where,Bl = _c1a1’h1 = , = Z,ﬁZ = claz’h2 =
|

Next, we use Euler approximation method, i.e., let

d_XN Xn+l — X @Nyrwl_yn
dt At dt At

b

where At denotes a time step, x,,y, and x,.1, y,+1 represent consecutive points. Provided with Euler
approximation method with the time step At = 1, (2) changes into a two-dimensional discrete
dynamical system:

xX2+h (3)

Bayn )‘

2
Xn+1 = Xp + xn(l - Xp — M)?
Yn+1 = Yn + (Y}’n(l - m

For the sake of analysis, we rewrite (3) in the following map form:

By’
A x+x(1—x—x2+h1) @
) yray - 22 )

)C+h2

In this paper, we will consider the effect of the coefficients of map (4) on the dynamic behavior of
the map (4). Our goal is to show how a flipped bifurcation of map (4) can appear under some certain
conditions.

The remainder of the present paper is organized as follows. In section 2, we discuss the fixed points
of map (4) including existence and stability. In section 3, we investigate the flip bifurcation at equilibria
E, and E”. It has been proved that map (4) can undergo the flip bifurcation provided with that some
values of parameters be given certain. In section 4, we give an example to support the theoretical
results of the present paper. As the conclusion, we make a brief discussion in section 5.

2. Existence and stability of fixed points

Obviously, E;(1,0) and E,(0, h—z) are fixed points of map (4). Given the biological significance of
the system, we focus on the existence of an interior fixed point E*(x*,y*), where x* > 0,y > 0 and
satisfy

|- = B
- = —
(x*)? + hy

i.e., x" is the positive root of the following cubic equation:

,x* + h2 = ﬁZy*’

Bax® + (B — Ba)x* + (Bohy + 2B1hy)x + Bih3 — Bk, = 0. (5)

Based on the relationship between the roots and the coefficients of Eq (5), we have
Lemma 2.1 Assume that 845 — f5h; < 0, then Eq (5) has least one positive root, and in particular
(i) a unique positive root, if 81 > 53;
(ii) three positive roots, if B < 33
The proof of Lemma 2.1 is easy, and so it is omitted.
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In order to study the stability of equilibria, we first give the Jacobian matrix J(E) of map (4) at any
a fixed point E(x, y), which can be written as

_ _ ﬁl)’z(hl—xz) _ 231 xy
J(E) _ 2-2x -2(x2+h1)2 X2Ah '
e l+a-E2
x+hy) x+hy
For equilibria E;, we have
0 O
E) = .
HED (o 1+ a)

The eigenvalues of J(E;) are 4; = 0,4, = 1 + @ with 4, > 1 due to the constant @ > 0, so E1(1,0) is a
saddle.
For equilibria E,, note that

1-«

ﬂ1h§
J(E2>=(2 g 0 ]
ﬁ

2

2
then the eigenvalues of J(E,) are 1y =2 — g—;’?, Ay =1 — @, and so we get
2

Lemma 2.2 The ﬁxed point E,(0, }2) is

(1) asink if 1 <ﬂ2h <3and 0 < a < 2;

(i) a source 1f£;h <lor 2‘ >3and a > 2;

(iii) a a saddle if 1 <ﬁ2h <3and a > 2, or, gzz <lo r/321 >3and 0 < a < 2;
2 2

(iv) non-hyperbolic if 2 ﬁzh =1or ﬁ;hz =3ora=2.

3. Flip bifurcation

In this section, we will use the relevant results of literature [38—40] to study the flip bifurcation at
equilibria E, and E*.

3.1. Flip bifurcation at equilibria E,

Based on (iii) in Lemma 2.2, it is known that if @ = 2, the eigenvalues of J(E,) are: 4y = 2 —

Bl o
th],/lz— 1. Define

Fl={(B1,B2,h.,hy, @) : a =2,B1,B2,h1,hy > 0}.

We conclude that a flip bifurcation at E,(0, h—z) of map (4) can appear if the parameters vary in a small
neighborhood of the set F1.
To study the flip bifurcation, we take constant « as the bifurcation parameter, and transform E, (0, h—z)

2
into the origin. Lete =2 — i 2, and

h
u(n) = x(n), v(n) = y(n) — —,
B

Mathematical Biosciences and Engineering Volume 17, Issue 3, 2003-2015.



2007

then map (4) can be turned into

28,h
e —it = L2 ol + M+ D)
2 , P 22]}31 4
| —u—-v——u" - —Vv + —uv+—u—av—- ——u |. (6)
( v ) B> Bohy hy hy B U Bohs
LW 2 Ol + ]+ )
hy hy
Let
1+e O
Tl = 2 1 )
B2

then by the following invertible transformation:

¢)-ri2)

map (6) turns into

( vsv ) 5 [ es— (1 +e)s* Zﬁilhl?s(z—j +w)+ Os| + Wl + ) ] -
—w + Fh(s,w,aq)
where
_2 2 2By 25 2 20 225 o 4d+e) 2s
Fy, = ﬁ2[(1 +e)s  + Bl s(ﬁ2 + w)] ﬁzhz(l +e)°s I (ﬁz +w)” + I s(ﬁ2 +w)
(1+e)a; 2s (1+e)la; , a)y 2s )
+ﬁ—2s_al(E+W)_ By h (E+W)
2 (25 ol + wl + )
hy B

Provided with the center manifold theorem (Theorem 7 in [40]), it can be obtained that there will exist
a center manifold W¢(0, 0) for map (7), and the center manifold W¢(0, 0) can be approximated as:

We(0,0) = {(w, s, ;) € R® : s = aw? + bwa, + c(a1)? + O(w| + |a])?).

As the center manifold satisfies:

s=a(=w+ Fy)? + b(—w + Fy))a; + c(a))?
= e(aw? + bwa, + c(a))?) — (1 + e)(aw? + bwa; + c(a))?)?
— 2 (aw? + bway + c(@))(Z(@w? + bway + (1)) +w)
+O0(Is| + Wl + lan])?,

it can be obtained by comparing the coefficients of the above equality thata = 0,5 = 0,c = 0, so the
center manifold of map (7) at E»(0, h—z) is s = 0. Then map (7) restricted to the center manifold turns
into

_aif

hwwnowwumw
2

wn+1)=-wh)—awh)-— %wz(n)
2
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éf(W,lel)-

Obviously,

£0.0)= 1, £(0,0) = %

SO
(fine(0,0))? , Jwn(0.0)
2 3

#0,  fue,(0,0)=-1+#0.

Therefore, Theorem 4.3 in [38] guarantees that map (3) undergoes a flip bifurcation at E5(0, h—;).

3.2. Flip bifurcation at equilibria E*
Note that

A BIODM =D 281Xy
2-2x P hE )+
1 -«

J(E") =

@

B
then the characteristic equation of Jacobian matrix J(E*) of map (3) at E*(x*, y¥) is:
A -A+a-a)l+ (1 —a)ay—na =0,
where

B (hi = (x)?) p=— 2B x"y"
()2 +h)r 7 Ba((x*)? + h)’

(1’0:2—2)6*—

®)

Firstly, we discuss the stability of the fixed point E*(x*, y*). The stability results can be described as
the the following Lemma, which can be easily proved by the relations between roots and coeflicients

of the characteristic Eq (8), so the proof has been omitted.
Lemma 3.1 The fixed point E*(x*,y") is

(i) a sink if one of the following conditions holds.
(1) 0 <ag+n<1,and £ o),
. sorao—l 2(1+ap)y.
(1.2) -1 <ayp+n<0,and a < mlriflaoﬂg, 1MW]},
+ap) .
(i.3)ap+n<-1,and 22— o > Tragry’
(i1) a source if one of the following conditions holds.
1201
(ii.1) 0 < g +7 < 1,and @ < min{2%e, FEely,
0{0 1 <a< 2(l+(lo)
1+ap+n?’
1231
(ii.3) ag+1n < —1,and a > maX{ng’ %}
(ii1) a saddle if one of the following conditions holds.
(iii.1) =1 <@g +7n < 1,and @ > 720,
(iii.2) g+ < —1,and a < H;—o?n
(iv) non-hyperbolic if one of the following conditions holds.

v.) ap+n=1;

<a<

(11.2) -1 < ay+1n <0, and

(iv2)ap+n# —l;anda = —fil;ro‘?;
(iv3)ap+n+#0,a = Z?,;l; and (1 + ap — )2 < 4((1 = @)ag — ).
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Then based on (iv.2) of Lemma 3.1 and @ # 1 + @, 3 + a, we get that one of the eigenvalues at

E*(x*,y*) is —1 and the other satisfies |1| # 1. For «, 81,82, hi, h, > 0, let us define a set:
Fl = {(ﬁ],ﬁg,h],hz,a’) La= M,a’o +n# —l,a #1 +a0,3 +a0}.
I+ap+n

We assert that a flip bifurcation at E*(x*,y*) of map (3) can appear if the parameters vary in a small
neighborhood of the set Fl.

To discuss flip bifurcation at E*(x*, y*) of map (3), we choose constant « as the bifurcation parameter
and adopt the central manifold and bifurcation theory [38—40].

Let parameters (a1, 51,2, hi, hy) € Fl, and consider map (3) with (a1, 81,82, hi, h»), then map (3)
can be described as

_ 1— _ B1y2
Xp+l = X + -xn( Xn X+ )a (9)
Yt = Yu + @ry(l — L2,

Obviously, map (9) has only a unique positive fixed point E*(x*,y*), and the eigenvalues
are 4, = — 1,4, =2+ a9 — @, where |1,| # 1.

Note that (a1, 81,82, hi, hy) € Fl, thena; = ?i::ﬁ; Let |o*| small enough, and consider the following
perturbation of map (9) described by

x%+h1

Boyn )

(10)
Yni1 = Yn + (@1 + @)y,(1 — X +ho

2
{xn+l =X, + xn(l - Xn — BIA),

with @* be a perturbation parameter.
To transform E*(x*, y*) into the origin, we let u = x — x*,v = y — y*, then map (10) changes into

aju + arv + azu® + aguv + asv® + agi’ + a7u’v
+aguv? + agv® + O((|u) + V)Y
( ) — | biu+ byv + byu® + bauv + bsv? + ciua” + cova” + e’ |, (11
+equvat + eV et + bgi® + bou®v + bguv* + bov?
+O((Jul + | + l&")*)

where
a1 =2 =20 = By A0 - B (O @ = =212y fO);
ay =1 =B O = B GV O: = 2By f0) - 2815y f1O);
as = 13" f(0); a5 = =351V 7(0) = L1 0P S (O):
a7 = —Bixy f7(0) =281y f/(O):  as = —B1f(0) = Bix F(0), ap = O;
f(O) _ 1 f/(O) _ —2x* fu(o) _ 6()6*)2—2]‘[] f///(o) _ 24x*(h]—(x*)2)
T (x)+hy? )2+ P T+ T+t
by = a1fr(") . by=1+a, — aifoy” . by = (). by = 2a18y" .

T o(x+h)? X*+hy ? (x*+hy)3 ? T (x+h)??
_ _ @B, _ B0 . _ 1 _ By . _ B0 .
b5 - X+l ? Cl - (x*+h2)2’ CZ - 1 X+hy? C3 - (x*+h2)3’
_ 2By . _ _ B . _ a0, _ _2a1By" .
C4 = (x*+hy)2° Cs = Y thy b6 - (+hy)* ° b7 - (x*+hy)3
@13,
by= —P2 . py =0,
(X + ]’lg)

Mathematical Biosciences and Engineering Volume 17, Issue 3, 2003-2015.



2010

Now let’s construct an matrix

_ ap a
T2 h (—1 —da; ).2—(11).

It’s obvious that the matrix 7} is invertible due to 4, # —1, and then we use the following invertible

translation
( X ) B Tz( S )
\% w

( S )|—>( —s+ fi(s,w,a”) )’ (12)

map (11) can be described by

w Lw + fH(s,w,a)
where
#\ _ (d—apaz—azbs 2 | (la—ai)as—azby (Ap—ap)as—azbs .2 | (La—ap)as—azbs 3
flsw,en) = =00 + = Wt oy VT a4
(—ap)a;—arb7 2 (—Dag—arbs . -2 | (b—anay—asby 3 _ _ asci *
T = awmn WVt Tome Wt T B+ U
_ aycy * acs 2 * aycy * acs 2 %
o )VY T LY T oWV T SV @
4
+ O((Is] + [w| + |a™])"),
x\ _ (aj+Daz+arbz 2 (a1+1)ag+arby (a1+1)as+arbs 2 (a1+1)ag+arbg . 3
fls,w, @) = S E U arh) W T o Y o) U
(a1+1)a7+a2b7 2 (a1+1)ag+a2bg 2 (a1+1)a9+a2b9 3 axcl *
wrh) EVT T W T VT G U
axcy * axcs 2 % arcy % arcs 2 %
ey L L ey LA iy s
4
+ O((Is] + w| + |a*)),
with

u=ays+w),v=_UA,—a)w-(a; + 1)s;

u? = (ax(s + w)*;

uv = (ax(s + w)((A2 —apw — (a; + 1)s);

V= ((A —apw — (a1 + 1)s);

w = (ax(s + w))s

u*v = (ax(s + w)*(( — a)w — (a; + 1)s);

uv? = (ap(s + W) (A2 — ap)w — (ay + 1))

V= (A —a)w—(a; + Ds)’.

In the following, we will study the center manifold of map (12) at fixed point (0,0) in a small
neighborhood of @* = 0. The well-known center manifold theorem guarantee that a center manifold
W<(0, 0) can exist, and it can be approximated as follows

We(0,0) = {(s,w,a") € R® : w =d|5* + dysa™ + d5(a”)* + O((Is] + |*])*)},

which satisfies
w=di(=s+ fils,w, @)’ + do(=s + fi(s,w, @) + ds(a*)
= 1(ds* + dasa” + dy(@*)?) + fols, w, ).
By comparing the coefficients of the above equation, we have

ax((a) + Das + axb3) _ (a1 + D)((a1 + Day + arbs) 4 (a1 + 1)*((a; + 1)as + azbs)
1- /lg 1- /lg 1- /l%

d1:

b
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c(ar + 1) —axcy
(1 + 2,)? ’
So, restricted to the center manifold W¢(0, 0), map (12) turns into

dy = d; = 0.

S —S+e15° + ersa” + e35°a” + egs(@)? + ess® + O((Is] + @)Y

2 Fy(s,a”), (13)

where

e = Alai —Agaz(al + 1) +A3(611 + 1)2;

ey = —Agasr + Ag(a + 1);

ez = 2A1d2a§ + Azagdz(ﬂz —2a;-1)- 2A3d2(ﬂz —a))a; +1) - Agard,
—Ag(Ay —ay)d; — Amd% +Anax(ar + 1) — App(ar + 1)%

ey = —Agard, — Ag(Ar — ay)ds;

es = 2A1a5d) + Arard (A — 2a; — 1) — 2A3d\ (A — ay)(a) + 1) + Asa;
—AS(II%(al + 1) +A6Clz((11 + 1)2 —A7((11 + 1)3,

with
_ (h—apaz—axbs, _ (A—arp)ag—azby , _ (h-apas—azbs . _ (h—ap)as—azbs .
Ap = oL+ Ay = w0 Az = w(bL+l) Ay = oL+l
_ (h—ap)az—aby . _ (—Dag—azbs . _ (—ap)ay—azby , _ _ac
AS - az(/12+1) ’ A6 - az(/12+1) ’ A7 - az(/12+1) ’ AS - lea(/12+l)’
axcy . — acs . — axc4 . — 2Cs5
Ag = & (L+1)’ Ay = a(h+1)’ A = w(b+1)’ Ap = w(+1)"

To study the flip bifurcation of map (13), we define the following two discriminatory quantities

[ O°F, L 1ok OF,
H= dsda* 2 0a ds? |

and
168°F, (18°F,\
H=5a8 (aa—) o)

which can be showed in [38]. Then provided with Theorem 3.1 in [38], the following result can be
given as

Theorem 3.1. Assume that x; and u, are not zero, then a flip bifurcation can occur at E*(x*, y*) of
map (3) if the parameter " varies in a small neighborhood of origin. And that when u, > 0(< 0), the
period-2 orbit bifurcated from E*(x*, y*) of map (3) is stable (unstable).

4. Example

As application, we now give an example to support the theoretical results of this paper by using
MATLAB. Let 8y = 1,8, = 0.5,h; = 0.05,h, = 0.1, then we get from (5) that map (3) has only
one positive point £*(0.0113,0.2226). And we further have y; = e; = 0.1134 # O,u, = es + e% =
—4.4869 # 0, which implies that all conditions of Theorem 3.1 hold, a flip bifurcation comes from E*
at the bifurcation parameter @ = 2.2238 , so the flip bifurcation is supercritical, i.e., the period-2 orbit
is unstable.

According to Figures 1 and 2, the positive point £%(0.0113,0.2226) is stable for 2 < o < 2.4
and loses its stability at the bifurcation parameter value @ = 2.2238. Which implies that map (3) has
complex dynamical properties.
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0.02
0.24

0.018

0.22
0.016

x 0.014F 1 > 0.2

0.012
0.18

0.01f
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0.008 -

0005, 205 21 215 21(2 225 23 235 24 2 205 21 215 2.{2 225 23 235 24
A A
Figure 1. Flip bifurcation diagram of Figure 2. Flip bifurcation diagram of
map (3) in the (@, x ) plane for B; = map (3) in the (@, y ) plane for B, =
1B, = 05,h = 0.05,h, = 0.1. The 1,Bo = 05,h = 0.05,h, = 0.1. The
initial value 1s ( 0.0213 , 0.2326 ). initial value 1s ( 0.0213 , 0.2326 ).

5. Conclusions

In this paper, a predator-prey model with modified Leslie-Gower and Holling-type III schemes is
considered from another aspect. The complex behavior of the corresponding discrete time dynamic
system is investigated. we have obtained that the fixed point E; of map (4) is a saddle, and the fixed
points E, and E* of map (4) can undergo flip bifurcation. Moreover, Theorem 3.1 tell us that the
period-2 orbit bifurcated from E*(x*,y*) of map (3) is stable under some sufficient conditions, which
means that the predator and prey can coexist on the stable period-2 orbit. So, compared with previous
studies [28] on the continuous predator-prey model, our discrete model shows more irregular and
complex dynamic characteristics. The present research can be regarded as the continuation and
development of the former studies in [28].
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