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Abstract: In this paper, a delayed phytoplankton-zooplankton system with the coefficient depending
on delay is investigated. Firstly, it gives the nonnegative and boundedness of solutions of the delay
differential equations. Secondly, it gives the asymptotical stability properties of equilibria in the
absence of time delay. Then in the presence of time delay, the existence of local Hopf bifurcation
is discussed when the delay changes. In addition to that, the stability of periodic solution and
bifurcation direction are also obtained through the use of central manifold theory. Furthermore, he
global continuity of the local Hopf bifurcation is discussed by using the global Hopf bifurcation
result of FDE. At last, some numerical simulations are presented to show the rationality of theoretical
analyses.
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1. Introduction

Almost all aquatic life is based on plankton, the most abundant form of life, floating freely on well
known aquatic surfaces such as wells, lakes, rivers, estuaries and oceans. The studies on plankton
materials is an important area for the researchers who engaged in the field of marine ecology. The
phytoplankton, the plant forms of plankton enables to engage with the process of photo-synthesis
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when sunlight placed on them and serves as the fundamental food source. The zooplankton, the animal
forms of plankton consumes phytoplankton which is the most favorite food source of aquatic animals
such as fish, shellfish, molluscs and jellyfish. One of the merits of the phytoplankton is that it can
release oxygen by absorbing carbon dioxide, this process contributes to make a cleaner environment.
On the other side, some phytoplankton can release toxin substances which are hazards for the aquatic
animals, and even can kill the aquatic animals.

Under certain conditions, phytoplankton can develop rapidly. These bodies of water which are
enriched in phytoplankton may become red tide, while the predator of zooplankton will have a certain
impact on the number of phytoplankton, so it is of great significance to study their relationship for the
occurrence of phytoplankton bloom. Mathematical models have made considerable contributions to
the understandings of the relationship between phytoplankton and zooplankton [1-13]. Toxin
available in water sources impact on plankton materials and also can be used to suppress the growth
of plankton blooms. J. Chattopadhyay et al. [14] proposed a mathematical model to study the
behavior of toxic-phytoplankton (TPP) and zooplankton as well as study their interactions. The
general form of mathematical model proposed in [14] can be governed by the following two nonlinear
ordinary differential equations,

. X(1)
X() = rX(O(1 = —=) = BPXO)Y (1), (1

Y(1) = Bigp(X(@)Y (1) = vY (1) = pp(X ()Y (1),

where X(7) represents the density of TPP population and Y(z) is the density of zooplankton population
at time 7. In system (1.1), r represents the growth rate, and A is the environmental carrying capacity
for TPP. The functional response functions for zooplankton grazing phytoplankton and the toxin
distribution causing zooplankton death are denoted by ¥(X) and ¢(X), respectively. Further, 5 is the
maximum uptake rate and (; is the ratio of conversion satisfying 5; < . The natural death rate of
zooplankton is v. The parameter p represents the rate of toxin release of phytoplankton. All
parameters are positive.

We know that the delay caused by the maturity of TPP plays a crucial role on the dynamic behavior
of phytoplankton zooplankton system, which seems that delay could cause rich dynamics [15-19].
In phytoplankton zooplankton system, many researchers assumed that the releasing of toxin is an
instantaneous process, while the real case is that time delay may have an essential influence on the
dynamics of mathematical models. In [16], Chattopadhyay et al. analyzed the following delayed

system

oo X(1)
X() =rX(( - T) — BY(X()Y (), (1.2)

Y(1) = Bip(X@)Y (1) = vY (1) — pp(X(t = D)Y ().

In system (1.2), functions ¢ and ¢ are assumed to ¥(X) = X and ¢(X) = X/(y + X). The process of
toxin releasing follows a discrete variation and 7 is the maturation time of phytoplankton for releasing
toxin, the authors studied the oscillation behavior of phytoplankton and zooplankton populations
based on system (1.2) with a condition that helps the oscillatory behavior to be stable. By regarding
delay as the bifurcation parameter, Saha and Bandyopadhyay [20] modified system (1.2) by using
Holling type II function instead of ¥(X) and by discussed the oscillatory behavior of phytoplankton
and zooplankton. Moreover, the authors also established a set of conditions for the existence of
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globally periodic solutions. In the view of real ecological meaning, a gestation period of zooplankton
is likely to delay the contact with phytoplankton. Rehim and Imran [21] put on a more general model:

) X
X(1) = rX(n)(1 - %) — BX(OY (1), -
Y(1) = e B X(t — T)Y (1 — T) — vY (1) - ’%ﬁt:gm ~ ), '

where the first term and the final term with delay in the second equation of system define the
zooplankton’s gestation delay and TPP’s maturity delay, respectively. The authors obtained the
globally asymptotical stability properties of equilibria and established some conditions such that
occurring of local Hopf bifurcation at the positive equilibrium. Based on Rehim and Imran [21],
Wang et al. [22] introduced the harvesting term in zooplankton population, and the globally
asymptotical stability properties of equilibrium and occurrence of Hopf bifurcation are obtained.
They also established excellent result that the system had at least one positive periodic solution when
delay changes. Furthermore, Jiang et al. [23] replaced the functions ¥(X) and ¢(X) by Holling II type
functions with the different half-saturation constants. They established the globally asymptotical
stability properties of boundary equilibrium and the existence of local and global Hopf bifurcation
under certain conditions.

Motivated by the systems considered in [21-23] and in this paper, we formulated a generalized
system as shown below,

. X(1)
X(0) = rX()(1 = —=) - BX(OY (1), (1.4)

Y(t) = eBi Xt —1)Y(t — 1) = vY(t) — pe " d(X(t — 7)Y (t — 7),
where ¢(X) conforms to the following hypothesis:
#(0)=0, 0<¢'(X) <Bi/p, forall X > 0. (1.5)

The prototypes of response function ¢(X) can be found in the literatures [24-27], for example, ¢(X) =
X (Holling type I or Lotka-Volterra kinetics), ¢(X) = X/(m + X) (Holling type II or Michaelis-Menten
kinetics), ¢(X) = X?/(m + X?) (Holling type III) and, ¢(X) = 1 — e7@¥ (Ivlev’s functional response).

This paper is organized as follows. In section 2, it will give the positivity and boundedness of
solutions of system (1.4). In section 3, a special case of system (1.4) that is without considering time
delay will be properly studied and also the stability properties of each of the equilibria have been
extensively presented. In section 4, we obtain results related to stability of equilibria and existence
of Hopf bifurcation of system (1.4) with delay. In section 5, employing the center manifold theory
that are presented in scholar manuscript [28-30], the properties of Hopf bifurcation are derived. For
delayed systems, are there exist of large-scale periodic solutions when 7 increases from the first Hopf
bifurcation values? Authors [31,32] studied the global Hopf bifurcation of a delayed system by using a
the result due to Wu [33]. In the following, by using the global Hopf bifurcation result [33], we obtain
the results that are related the global existence of periodic solution with delay varying in section 6. In
section 7, numerical simulations are given with the purpose of verifying the theoretical results. At last,
some conclusions are given in section 8.
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2. Positivity and boundedness of solutions

Int R} = {(x1,x2,---,x,) € R",x; > 0,1 <i < n}. Fort > 0, denote the space C([-, 0], R?) with
the supermum norm. Let C2 = C([-7,0],R2) and Int C2 = C([-7,0], Int R?). For system (1.4), let us
take any initial function on Int C2 and it always assume that 8 > (3.

Let n be an integer, for any n > 1, define R} = {(x;,x2,---,x,) € R, x; > 0,1 < i < n} and

Lemma 2.1. Let X(0) := ¢1(0), Y(0) := ¢2(0) = 0 for 6 € [—7,0), and ¢,(0), ¢2(0) > 0. Then for some
o > 0, all solutions of system (1.4) uniquely exist on [0, c) when the initial function ¢ = (p;, ;)" €
Int C2, and all solutions are positive for t € [0, o).

Proof. By [34], solutions of system (1.4) with initial function ¢ € Int C? uniquely exist on ¢ € [0, o)
for some oo > 0. Suppose that (X(¢), Y(¢)) is the solution of (1.4) for t € [0,0). Without loss of
generality, it assumes that [0, o) is the maximum existence internal of solution. If the solution exists
for all > 0, then o = co. Integrating the first equation of system (1.4) gives

X(1) = ¢ (0)eh GAX@ YW 5 o4 [0, &),

Next, the proof by contradiction is used to show Y(r) > 0. Suppose that there exists * € [0, o) such
that
Y(£) =0,Y(t") <0and Y(¢) > O for any ¢ € [—T,t").

In the equation of Y(¢), exchanging ¢ for ¢*, it has

Y(*) = B1e"X(1" — DY (1" —17) —vY(1*) — pe T P(X(1* — )Y (" —T)
> e (B = pBi/pNX(E ~ )Y (" — 1) = 0.

It is a contradiction to Y(#*) < 0. So that, Y(¢) > 0 for all # € [0, o). This completes the proof. O

Lemma 2.2. The nonnegative solutions of system (1.4) are bounded on the interval t € [0, 0). Further,
lim sup X(¢) < A.
[—0o0

Proof. Let (X(6), Y(0)) be the solution of system (1.4). From the equation of X(#) in system (1.4), it
has that X() < %X(t)(A — X(1)), which yields that lim sup X(7) < A. Define
=00

W) = Y() + P ‘;w X(1 - 7).
Then )
W)= B Xt —1)Y(t—71)—vY(t)—pe”"p(X(t —1)Y(t —71)

+%e‘”X(t —TA-X(t-1) -1 Xt —-1)Y([ - 1)

= W) + '%le‘”X(t D+ — %X(t ~ 1)
—pe TP(X(t — 7)Y (¢ — 7)

< —vW(@) + '%le‘”X(t -)(v+r- %X(t - 7))

< —vW(@) + %e‘”(y + )2
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A
By the comparison theory [35], ‘W(¢) < F(r), where F(t) = F(0)e™ + fﬁl—e“”(v +1r)2(1 —e™) is the
rv

solution of initial value problem

BiA

F(t) = —vF(f) + =—e™"(v + 1), F(0) = W(0).
48r

BiA

Consequently, W(t) < W(0) + ——
4Brv

e (v + r)%. Furthermore, it has

Y() + %e‘”X(t —1)= W) < WO) + %Vﬁle"’(l +v)?

A
< ¢(0) + %e‘”cpl(—ﬂ + —fﬁ]rve‘”(r +v)%.
Up to now, it has obtained that the nonnegative solutions of system (1.4) are bounded on the interval
t € [0, 0). This completes the proof. i

According to the continuation theorem of solutions for FDE [34], we can get the following theorem.

Theorem 2.1. The solutions (X(1), Y(1)) of system (1.4) with the initial function ¢ € Int C? is uniquely
existent, nonnegative and bounded on [0, +00) and satisfies

lim sup X(¢) < A, lim sup Y(¢) < M,
t—+00 I—+00

where

M := ¢,(0) + ﬁ—le_"7<p1(—7') + Me“”(r +v)%

B 4Bry

The following result is given for our need.

Lemma 2.3. For the following system
(1) = an(z = 7) = by(),

if a < b, then the solution satisfies lim y(t) = 0, where a,b, 7 > 0 and y(t) > 0 for t € [-7,0].
—o0

3. The stability analysis of system(1.4) without delay

In this part, it investigates the stability of ODE system, that is, 7 = 0. When 7 = 0, system (1.4) has
three equilibria Ey(0, 0), E1(A,0) and E*(X*(0), Y*(0)), where X*(0) and Y*(0) satisfy r(A — X*(0)) —
ABY*(0) = 0, and B, X*(0) — pd(X*(0)) = v. The positive equilibrium E* is existent and unique if
B1A — pp(A) > v. We can obtain E is always a saddle point. If 8;A — pp(A) < v, then E is locally
asymptotically stable (LAS), and, if the inequality is reversed, then E;(A,0) is unstable and E* is
locally asymptotically stable. Furthermore, it has the global stability result of E;.

Theorem 3.1. If 1A — pd(A) < v, then E; is globally asymptotically stable (GAS).
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Proof. By the positivity of solutions, it has that X(r) < rX(f)(1 — X(¢)/A). This implies that
lim sup X(#) < A. Consequently, Y(¢) = —vY(t) + B1X(0)Y(t) — pp(X()Y(t) = [v + 51X () — pp(X)]Y (¥)
ts_mf—v + B1A — pd(A)]Y (). Let y(¢) be the solution of y(r) = [-v + B1A — pp(A)]y(¢). Since
B1A — pd(A) < v, it has y(r) — 0. Hence, Y(t) — 0. By comparison theorem, Y(¢) is bounded. Let
n € (0,A), then there exists T;, > 0 such that X > %X(t)(A —n— X(1) for t > T,, hence, we have
liminf X(#) > A — 7. Since n € (0,A) is arbitrary, tll}rg inf X(r) > A. We already have lim X(¢) < A.

t—00 f—o0

Then, lim X(r) = A. Hence E; is GAS. |
t—00
4. The dynamic analysis of system (1.4) with delay

Now let us return the case 7 > 0. System (1.4) has three equilibria Ey(0,0), E1(A,0) and
E*(X*(1), Y*(1)), where X*(1), Y*(7) satisfy r(1 — X*(1)/A) — BY*(1) = 0,5, X*(1) — pp(X*(1)) = ve'".
Therefore, we have that E* exists and is unique if 0 < 7 < 7. = (1/v)In[(1/v)(81A — pp(A))] and
E* # E,. If T > 7., then E* is not existent.

That is clear that Ej is always a saddle point. To E;, the characteristic equation of system (1.4) at
E, is given by

A+ D[ +v—e 7 (BA - pp(A))] = 0. 4.1)

Then we have the following theorem.
Theorem 4.1. If 0 < 7 < 1, then E| is unstable. If T > 7., then E| is GAS.

Proof. One of the roots of (4.1) is 4 = —r, and the other roots satisfy
H(2) = (1 +v)e"™" = 1A — pp(A). 4.2)

It has H(0) = ve’™, H(1) > 0, H(+0o0) = 0. Since T < 7., there exists a unique positive root A such that
(4.2) holds and (4.1) has at least one positive root 4. Hence, E; is unstable when 7 € [0, 7.).

Now, one proves E; is GAS when 7 > 7.. From the second equation, it has that Y(f) = —vY(¢) +
e B Xt —71)— pp(X(t —T)]Y(t —T) < —vY(t) + e 7[B1A — pd(A)]Y (¢t — 7). Let y(¢) be the solution
of y(t) = —vy(t) + e7[B1A — pp(A)]y(t — 7). Since T > 7., Lemma 2.3 guarantees that y(r) — O.
Hence, Y(#) — 0. Furthermore, it can get that X(f) — A, which implies the global stability of E;. This
completes the proof. O

Let
Py, 1) =2+ (r+v)A+rv, Q1(4,1)=—=e"(v+1[BIA — pd(A)],

then
P10, 1)+ 01(0,7) # 0, Pi(iw, 7) + Q1(iw, T) # 0.

Let 1 = +i0’(1) (w’(1) > 0) be a pair of simple pure imaginary roots of (4.1). The stability switches
may occur at the 7 values:
_02(10) + 2nm

(1) = ,neN,

w(7)
where |
(a)(i(‘r))2 = E{R2 — (VP 4+ - - R2|}

Mathematical Biosciences and Engineering Volume 16, Issue 5, 3807-3829



3813

and 6°(7) € [0, 27) satisfy
0
sin@%(7) = —w*‘éT), cos@2(1) = IZQ’
where R = ¢77[BA — pd(A)]. Hence, °(7) is infeasible; w!(7) is feasible if 7 € [0,7.) and 7/ (1) =
(1/ VR? =?){27 - arcos(v/R) + 2nr}; w(7) is infeasible for 7 > max{0, 7).
Define

Z,(t):=1-7/(1), neN, I°= {rj: 7;€[0,7.) and Z,(7;) = 0}.

Theorem 4.2. If 0 < 7 < 7, then +iw’(7) are a pair of simple pure imaginary roots of system (1.4),
and Z,(t.) = 0 for some n € N and some 7, € [0, 7.). This pair of roots cross the imaginary axis from

left (right) to right (left) if K(1.) > 0 (< 0), where

dReAd
If 1% is not empty. For all 7; € I°, if Z/(7;) # 0 holds, then system (1.4) undergoes Hopf bifurcations at
E, whent =1,

K(r,) = Sign{

} = Sign{Z,; (1)

=i (1.)

Remark 4.1. It has proved that there are only two equilibria E (unstable) and E| (GAS) when T > 1.
However if T € [0,1.) and 1A — pp(A) > v, then both Ey and E| are unstable, at the same time, E*
exists and is LAS.

For convenience, we denote X*(7) = X*,Y*(r) = Y". Let x = X — X",y = Y — Y”, then system (1.4)
becomes

5(1) = =2Xx(0) = BX(0) = 220 — By ()
) = —vy+e[BY = pd" (XY ]x(r = 7) + vy(r = 7)
+peT| = 4OV 7) = ¢ (X (e = (e~ ) e
+pe"| - 0" (Y (= 7) %c/)”(X*)xZ(t — )yt — 1) + 0(4),
whose characteristic equation is
A, T) =2+ pl+qg+(s—vde ¥ =0, 4.4)
where rX* rX*v rX*v
p= v g= 5= BB - pf (X)) - —
Equation (4.4) converts to the general form
P(A,7) + Q(A, 7)e ™ =0, 4.5)

where
P(A,7) = A2+ pl+gq, QU,7)=s—-vA

Equation (4.5) takes all the coefficients of P and Q depending on 7. We apply the criterion due to Bereta
and Kuang [36], let 1 = iw (w = w(T) > 0) be a root of (4.5), then w satisfies

scoswt —vsinwr = w? —gq,
YW COSWT + SSINWT = pw,
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and
—(w? = @)vw + wps (q — w?)s — w’py
, COSWT = — ) (4.6)
w2 + 52 wWv? + 52

By the definitions of P and Q, and applying the property (1), (4.6) becomes:

, _y (P(iw, 7) ) . (P(iw, T) )
sinwt = Im o) coswt = —Re D)’

sin wt =

which yields
F(w, 1) = w* + a;(n)w? + ax(1) = 0,

and its roots are given by

1
wi = 5[ —a(1)+ \/Z],
where
2 vx2
a(t) = VR 0, ax(1) = ¢* — 5%, A = aj(1) — 4ax(7).
Let

I={t€[0,7.):qg<s}= {T € [0,7.) : 2rve’™ < A,BY*[ 1 —pf’(X*)]}.

If I is non-empty, then w = w, and w_ is not feasible for all T € I, and w is not definited for 7 ¢ I.
Then, for 7 € I, let 8(7) € [0, 2r) be defined by

—(w? — @)vw + wps (g — wHs — w’pv

sinf(t) = , cosO(r) =

w*v? + 52 w*v? + 52
Hence, it can define the maps 7,(7) given by
0(t) + 2nm
Tn(T) = (—) ,neN, el
w

Next, let us introduce the following continuous and differentiable functions
S,(v)=7t—71,(1), T€l, neN.

Theorem 4.3. Let 1 = *iw, (%) be a pair of simple pure imaginary roots of Eq (4.5), and at some
T el
S,.(t) =0 for some n € N.

This pair of roots crosses the imaginary axis from left (right) to right (left) if k. (") > 0 (< 0), where

dReA ,
¢ } - Sign{Sn(‘r)' }
A=iw, (%) =T

Remark 4.2. For 7 € I, it has the following one sequence of functions:
0.(1) + 2nm

w(7)

k(%) := Sign{

S,(n)=1
Clearly S; () > S} (v)foralln €N, 1 € I.
Theorem 4.4. For system (1.4), if 1A — pd(A) > v, then it has the following conclusions.
(i) If I = 0 or non-empty set, but S ,(t) = 0 has no positive root in I, then E* is LAS for all T € [0, 7.);
(i)) If I # 0 and S, = O has positive roots in 1, denoted by 7, for some n € N. it assumes that
S7(13) # 0. Rearrange these roots as the set ] := (707", .t witht/ </, j=0,..,m—1. Then E*
is LAS for T € [0,7°) U (t", T) and unstable for T € (°, ™). Hopf bifurcations occur at E* when T = 1/.
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5. The direction and stability of Hopf bifurcation at E*

In section 4, we have obtained the sufficient conditions which ensure that system (1.4) undergoes
Hopf bifurcation at E*. In this section, using the center manifold theory presented by Hassard et al. [28],
we can establish an explicit formula to determine the bifurcating direction and stability of periodic
solutions at T = 7°. In fact, let w° = w(7°). Furthermore, let 7 = 7%+ y, then u = 0 is a Hopf bifurcation
value of system (1.4). We rewrite (4.3) as

X)) _ o, (X0 x(t—1)
(y'(f)) - (y(t)) wh (y(t - T)) tG (5.1)

where -
&:[j?-7?)’&:“@W—m%wmng)’
— (1) = Bx()Y(0)
B~ xtt = Dyt =) — pe 397 (XY 21 - )
+¢"(X*)x(t — T)y(t - T)] - pe‘”[é¢”’(X*)Y X0t —T)
+§¢%wau—r»a—rﬂ+OM)

and for ¢ € C, define

_ ¢1(0) o1(-7)
M@‘&@wy&@wﬁ'

By the Riesz representation theorem, there exists a matrix {(6, ) in 6 € [-7,0] whose elements are
bounded variation functions such that

0
Ly = f dZ (6, e(6).

T

In fact, it can choose
{0, 1) = Biu() — Bou(0 + 1),

where
@=1" ="
1% =
0, 6=+0.
Choose ¢ € C' = C([0, 7], (R?)") , define
¢(0), 0 € [-1,0),
Ay =
{fEAMmﬂm,e:Q
and
R(u)p = 0, 0 € [-1,0),
- F(u,¢), 6=0,

Mathematical Biosciences and Engineering Volume 16, Issue 5, 3807-3829
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where -
—X'¢1(0) = B1(0)2(0)
Pre” @1 (~T)pa(-T) - pe-W[%cb"(X*)Y*so%(—r)
+¢' (X1 (~T)pa(~7)| —pe‘”[éMX*)Y*so%(—r) '
+%¢“<X*>¢%<—r)<pz<—1>] +0(4)

Let u = (x,y)?, then system (5.1) becomes

1, = AQu, + R(uwu,.

F(u, o) =

For y € C!, define
—l/‘/(S), s € (07 T]’
AT =
- { [l ad" @0, s=0,

and a bilinear form

0 0
W @) = HO)p(0) - f fo U(E - O)ALOE)E.

(5.2)

Then A* and A are adjoint operators, and they have the same eigenvalues +iw’. By computation, we
obtain that the eigenvector of A(0) corresponding to i« is q(f) = (1, qz)e"“’og and the eigenvector of A*

_ T .
corresponding to —iw’ is q*(s) = D(l, q}) e’“’os, where

A +rX* . e (iwPA + rX”)

W= | = —
’ ABX* 2T A[BIY - pg(X)Y7]

Moreover,
(a°(s),a(0)) = 1, (a"(s),a(0)) = 0,

where

-1
— r X =% * ’ * * —(v+iw’)T —iw'T
D={1+quz+ZX*+,BX*Qz—q2[(,B1Y — pg (XYY )e N 4 gy (e ""—1)]} :

Let 1, be the solution of (5.1) with 7 = 7°. Define 3(r) = (q", w,), 11, = (x,, y,), then
30 = (0", 1) = iw’3() + TOFG, ),

where
F =TF(@0, W@, 3) + 2Re{3q}), W(3, 3) = 11, — 2Re{3q},
2 32

— 3 _ 3
W(?), 3) = WZOE + W33+ W025 oo

Rewriting (5.3) as
1, = iw’3(1) + 83, 3),

where ) R .
_ 3 - 3 33

,3) = G0 + + 8=+ 0G1— """ .
8(3,3) 92075 + 8133 + 9025 + %1

(5.3)
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Substituting (5.2) and (5.3) into W = 11, — 3q — 3q, it has
AW — 2Re{5*(0)Fq(6)}, 0 € [-1,0) g
_ @ OFAO), OEl-T0 wr o
AW = 2Re{q*(0)Fq0)} +F, 6=0

where ) R
- 3 - 3
HG.3.6) = Hao(0) 7 + Hin(0)35 + Hoa ()7 + - - . (5.4)
By comparing the coefficients, it yields

(A = 2iw’ HWa(0) = —Ha(8), AW,y = —H;,(6).

For
u = W@3,3,0) +3a(0) +3a(0),
then
) 32 i} 3 RV
(3,3) = %2075 + 8133+ G025 + - = 7 (0OFG, 3).
Notice that

x(H)= 3+3+ W(“(O)— + W<”(0)33 + W<”(0)—
YO = a3+ 83+ W<2>(0)— + W2 (0)33 + W<2><0>—
2
M-1) = @34 @4 W)L 5+ Wi (T35 +

2
0%+ Wﬁ><—r°)ag +oe

Yt =10 = qe @3+ §oe T3+ W (=T 5

Comparing the coeflicients, it can obtain
80 = 2D{—£ —Ba + 5 [B1a —P(%ff’"(X*)Y* + ¢ (X*)qp)]e 02Ty,
g = D{—% — B + Blfia —p<%¢"<X*>Y* + ¢/ (X*)ap)Je 02y,
g = 2D{ —i—’" — B + a) + BB - ¢'<X*>)e-”°(az + @) - pe—”°¢"(X*>Y*]},
g2 = 2D{—§[2W“>(0> + Wiy (0)] = BIW,(0) + w@)(()) + = W“>(0>a2
+W(0)q2] + F[Bre™ (e WP (—10) + ;e’w i W@( 70
+%eiw°f° Wi (=70 + e Wi (=7 )
_pe—vro(%(p//(x*)Y*(ze—iwo‘roW(l)( ) + 6P WD ()
+¢' (X)W (-1 + ;e"" TWE(-10) + ;e"” W (10
e IW (=10)2) — e <1¢"'<X*>Y* + 1¢"(X*)(q2 +2a)]}.
It still needs to compute W,(6) and Wy,(6). When 6 € [T, 0),

HG,3,6) = —2Re{d"(0)Fq(0)} = —5"Fa(8) — 3" (0)Fa(6) = —ga(8) — 53(6).
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By comparing the coeflicients with (5.4), it can yield that

Ho(0) = —8209(6) — §026(0), H11(6) = —g11a(6) — §110(0).

In addition,
Wao(0) = 2iw Wag(6) — Hag(0) = 2iw’ Wap(6) + 820a(6) + 3205(6).

Furthermore,
Wao(6) = @ a(0)e’ 920 0™+ &1,

and similarly

911

Wii(8) = —5-a(0)e™’ 101 3(0)e ™" + &,

where &, can be determined by setting 8 = 0 in H. In fact,

Hyo(0) = —a200(0) — §028(0) + Fo, H;1(0) = —a110(0) — §;15(0) + Fys,

where
. R 2 §2
]13:]1:*‘32‘2 + P35+ B2 Fo
Hence,
0 . -
[, dZ@)Wap(6) = AWx(0) = 2ie® W (0) + 820a(0) + §o2d(0) —
and
0 -
[ dZ@W11(6) = a11a(0) + §113(0) —
Notice that
0 0 i’
(i1 - [ e @) a@) = o,
(—inI -, e""“"*’d{(@)) 0 = 0,
hence,

(21 - f " i 4s(0))8 = F.

Similarly, it has
0
( f d(0))&, = -F;

Furthermore, we get

-1
o 2ie® + %X* BX*
(0@ (X*)Y* = B Y*)e #2020 4y — ye2ies!
r
—— —fBx
% A

1 .
Brax = p| 54" (XY + ¢/ (X e 02
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and |

’
& = A . A
—lper Xy - piytle” 0
2r _
7 + B0z + G2)
—[B1 = pg X)]e (2 + @) + e ¢ (XY
Then g»; can be computed. Hence each g;; can be determined by the parameters. Thus, the following
quantities can be computed:

X

921

i 1
C1(0) :ﬁ(gmgll - 2|911|2 - §|902|2) + 7

__Re{Ci(O)} ,
U=~ Rer0) > B = RGO,
Im(C,(0)} + s Im2'(0)
Ty =~ .

w0
Hence, we have the following theorem.

Theorem 5.1. If U, > 0 (< 0), the direction of Hopf bifurcation is supercritical (subcritical); if
B, < 0 (> 0), the bifurcation periodic solutions are orbitally stable (unstable); if T, > 0 (< 0), the
period increase (decrease).

6. Global existence of Hopf bifurcations

In this part, it will consider the global existence of periodic solution. Firstly, one gives some
notations [37].

Define
Jo ={t€l:So(r)=0}, I, :=T-1,,

A - { max({7r;:7; €1, 7; <7/ €L}, 1°n(0,7)) #0,
I 0, else,

B - { min{7;:7;€1% ;> 7/ €.}, I°N(x/,supl) # 0,
I sup 1, else,

Al =max{t' T elPUl, T <1/ e},
B =min{t’: 7 €l?Ul, >t/ e}

It assumes that J, # 0. In the following, the global existence of periodic solutions bifurcating
from (E*, 7/, %) for system (1.4) is investigated by using global Hopf bifurcation theorem [33], where
Wi = wt (1)) (‘;-’ € J*), and +iw7 is a pair of simple roots of (4.5) when 7 = 7/,

Next, it always assumes that 7 € [0,7.) and 5;A — p¢(A) > v are satisfied. For convenience, let
3: = (X, Y}), system (1.4) can be rewritten as the following FDE:

S(Z) = F(Bta Ta p)’ (61)
where 3,(6) = 3(¢ + 6). By the results in [33], it can define the following signs:

X = C([-7,0],R2),
¢ = ClQ,7p) € XXRXRY: iy = 34,
N {3, 7.p) : F(3,7,p) =0},
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and let C 3. ,; 2x, denote the connected component of (37, T/, 37’1) in €, and Proj_(3*, 7/, %) represents
Vet J J

its projection on 7 space, where 3* = E*. On the basis of Theorem 2.1, it has
Lemma 6.1. All periodic solutions of system (6.1) are uniformly bounded in R?.
Lemma 6.2. System (6.1) does not exist non-trivial T-periodic solution.

Proof. It can know that X-axis and Y-axis are the invariable manifold of system (6.1) and the
trajectories of system (6.1) are disjoint one another, which means that if there are the periodic
solutions in the first quadrant, then E* must be in its interior. Using the proof by contradiction,

It assumes that system (6.1) has non-trivial 7-periodic solution in the first quadrant, then the
following system has the non-trivial periodic solution:

X
Y

X
rX(1 - Z) - BXY =P,
e B XY —vY —pe"d(X)Y = 7.

(6.2)

For another, define Dulac function Q = 1/(XY), then

o(PQ) N I(ZQ) __r

-——<0.
X Y AY

Therefore, according to Dulac theorem, system (6.2) has no any periodic solution in the first quadrant,
which leads to a contradiction. O

Theorem 6.1. IfJ, # 0, 7 € [0,7,) and B1A — pd(A) > v hold, then for each 1/ € I,, there must be
7 € U — {1/}, such that system (6.1) exists at least one positive periodic solution when T varies
between ' and /.

Proof. Firstly, it will prove that Proj (3%, 7/, 37’;) is unbounded for each j. The characteristic matrix of
- — - J
system (6.1) at 3 = (3V, 3?) € R? satisfies:

r = -
A+ Zg(l) ﬁS(l)

Pt NG
e—(v+A)T[p¢/(3(1))3(2) _ﬁ13(2)] A+v(l —e™)

A, 7, p)(A) =

System (6.1) has three equilibria 31,3, and 3*. It knows from section 4 that (3,7, p) is not center
while (3,,7, p) and (3%, 7, p) are isolated centers. Base on Theorem 4.4 and the condition S’(7/) # 0,
there exist € > 0, v > 0 and a smooth curve A : (7/ — v,/ + v) — C, such that, det(A(A(1Y))) =
0,|JA(T)) - iw?| < eforall 7 € [t/ —v, 7/ +v] and A(7)) = iw?, dReA(7/)/dt # 0.

Let Q 2 ={(7,p) : 0 <5 <& |p— 2| < &}, then, on [/ —v, 7/ + V] XQ, 2=, AF", 7, D) (1 + 2?”i) =0

iff n = 0,7 = 7/, p = 2. Furthermore, define
J

) . 2
HE3', T, w—’j)(n, D) = AQ T £ v, ) + fi),

J
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then it has the crossing number:
-2 .2 . 2n
r(S*’ TJ’ E) = degB(W_(S*’ T]’ E)’ Qg,%) - degB(q—(+(;%*’ TJ’ E)’ Qg,j—’i)

J . J j J
-1, S/(/)>0,
1, S/(t/)<0.

Hence it has

Z 1(3,7,p) %0,

QrEC 1 2r,
J

where (3, 7, p) takes the form of either (3%, 7/, %) or (3,,7/, %). Hence the connected component
J J
C(3- +i,2x through (3%, 7/, 2£) in € is unbounded [33].
“j

> wh
J

By representation of 7/, there exists a j > 0 such that

7/ 2 o
- 1<—+<TJ, Tel,.
Jj+ w;

Therefore, it has that = < T < 7if (3,7, T) € Ci i, 2, which shows that the projection of

j+l
C(3+ i, 22 1s bounded onto the T-space. On the other hand, Lemmas 6.1 and 6.2 imply that the projection
“j
of C3 1 2 is bounded for 7 € Proj.(3*, 7/, Z)N(A;, B)) onto the 3-space. Therefore, either [A/, 7/] C
XD ot wj+_ (U/
Proj (3", 7/, 2)N (A, B)) or [1/, B/] C Proj (3", 7/, Z) N (A}, B) holds. If not, C,;. ., 2« is unbounded
J I “j

and Proj_(3*, 7/, 37’{) C (A}, Bj), which leads to a contradict. ]
7. Numerical simulations

In this section, we shall use Matlab to perform some numerical simulations on system (1.4). We
choose ¢(X) = X and the parameter values as follows:

r=2,A=50,5=1,8 =06, v=05, p=04. (7.1)

By computing, we obtain 7. = 5.9915. From Figures 1 and 2, we can see that, forn = 0, §,,(r) = 0 has
two roots and 6(7) intersects Tw, (1) twice at ° = 0.123 and 7! = 3.5462. Whenn > 1 and 7 € [0, 7.),
S ,.(t) = 0 has no roots and 6(7) + 2nm has no point of intersection with 7w, (7). We choose the initial
functions X(¢) =2 and Y(¢) = 1 for ¢ € [—7, 0].

Under the parameters (7.1), one can easily verify that £%(2.5, 1.9) is stable in absence of delay. For
a small delay (7 = 0.05), the equilibrium E* is stable (see Figure 3). However, when 7 increases to
70 = 0.123, E* becomes unstable because a Hopf bifurcation occurs at the moment. At the same time,
a periodic orbit surrounding E* produces (see Figure 4 for 7 = 0.13), and by computing in sections 4
and 5, we can obtain w° = 0.9415, ReC,(0) = —273.9906 < 0, hence, the bifurcation periodic solution
is stable. When 7 changes from 0.13, the periodic solution changes its shape slightly (see Figure 5). As
7 increasing, it returns to a periodic solution (see Figure 6). When 7 = 4, the periodic orbit disappears
and E” restores stability (see Figure 7) and remains stability until 7 = 5.9915. When 7 = 7 > 5.9915,
zooplankton population dies out (see Figure 8). It can find that these results are consistent with the
ahead theoretical analyses.

Mathematical Biosciences and Engineering Volume 16, Issue 5, 3807-3829



3822

L 51(‘[) i
_5 %
_'|o - .
5,
~15 /ﬁK ! I ! c{\ ! ! I
5
Figure 1. (7,5 ,(7)) plots,n = 0, 1, 2.

20 I

Figure 2. 6(7) + 2nm (n = 0, 1,2) and Tw, plots.
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(a) Time series plots.
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(b) Phase plots.

Figure 3. For 7 = 0.05, E” is stable.
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(a) Time series plots.
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(b) Phase plots.

Figure 4. For 7 = 0.13, E” is unstable and a stable periodic solution appears.
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Figure 5. For 7 = 0.5, a periodic-like solution appears.
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Figure 6. For 7 = 3.5, the periodic solution appears again.
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Figure 7. Periodic solution disappears and E* regains stability for 7 = 4.
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Figure 8. E* disappears and E; regains stability when 7 = 7 > 5.9915.
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8. Conclusions

In this paper, a system of describing the relationship between TPP and zooplankton is investigated.
The process of toxin liberation uses the general function ¢(X) with the restrictions (1.5). We induce
two discrete delays to the consume response function and distribution of toxin term to explore the
dynamical behavior as delay varying. By analysing the ODE system, we obtains the parameters
conditions for the asymptotical stability of equilibrium. At the same time, if the natural death rate of
zooplankton exceeds the threshold parameter, then zooplankton will die out ultimately and
phytoplankton will persist, which means that phytoplankton bloom may break out. On the contrary, if
the natural death rate of zooplankton is less than the threshold parameter, then phytoplankton and
zooplankton will persistent coexistence and the number remains at a certain level, which means
phytoplankton bloom can’t occur. In this situation, the natural death rate of zooplankton is an
important factor to the occurrence of phytoplankton bloom.

By analysing the system with time delay, we find that system (1.4) may occur the stable switches
as delay changing. And Theorem 4.4 shows that although system (1.4) undergoes stability switches,
system (1.4) is ultimately stable, which is significantly different from the stability switching
phenomenon of a time-delay system with coefficients without parameters. Moreover, the global
existence of periodic solutions is obtained, that is, under certain conditions, multiple positive periodic
solutions will exist as delay changing. The results show that the delay (gestation delay from
zooplankton and maturity delay of TPP) is a key factor to the periodic outbreaks of phytoplankton
bloom. If the delay is more than some value, then zooplankton will die out and phytoplankton bloom
can occur. If the delay is less than some value, then under the certain conditions, phytoplankton
number will have periodic oscillations, which means the periodic outbreaks of phytoplankton bloom.
System (1.4) generalize the system in [21-23] and these results obtained in this paper can also apply
to above systems.

Acknowledgments

Z. Jiang was supported by National Natural Science Foundation of China (Nos. 11801014 and
11875001), Natural Science Foundation of Hebei Province (No. A2018409004), Support Plan for
Hundred Outstanding Innovative Talents of Colleges and Universities in Hebei Province and Talent
Training Project of Hebei Province; T. Zhang was supported by SDUST Research Funds (No.

2014TDJH102) and Scientific Research Foundation of Shandong University of Science and
Technology for Recruited Talents.

Conlflict of interest
The authors declare that there are no conflicts of interest regarding the publication of this paper.

References

1. S. Jang, J. Baglama and L. Wu, Dynamics of phytoplankton-zooplankton systems with toxin
producing phytoplankton, Appl. Math. Comput., 227 (2014), 717-740.

Mathematical Biosciences and Engineering Volume 16, Issue 5, 3807-3829



3828

2. F. Rao, The complex dynamics of a stochastic toxic-phytoplankton-zooplankton model, Adv.
Difference. Equ., 2014 (2014), 22.

3. A. Sharma, A. Kumar Sharma and K. Agnihotri, Analysis of a toxin producing phytoplankton-
zooplankton interaction with Holling IV type scheme and time delay, Nonlinear Dynam., 81 (2015),
13-25.

4. B. Ghanbari and J. Gémez-Aguilar, Modeling the dynamics of nutrient-phytoplankton-zooplankton
system with variable-order fractional derivatives, Chaos Solitons Fractals, 116 (2018), 114—120.

5. T. Liao, H. Yu and M. Zhao, Dynamics of a delayed phytoplankton-zooplankton system with
Crowley-Martin functional response, Adv. Difference. Equ., 2017 (2017), 5.

6. J. Li, Y. Song and H. Wan, Dynamical analysis of a toxin-producing phytoplankton-zooplankton
model with refuge, Math. Biosci. Eng., 14 (2017), 529-557.

7. Z. Jiang and T. Zhang, Dynamical analysis of a reaction-diffusion phytoplankton-zooplankton
system with delay, Chaos Solitons Fractals, 104 (2017), 693-704.

8. T. Zhang, X. Liu, X. Meng, et al., Spatio-temporal dynamics near the steady state of a planktonic
system, Comput. Math. Appl., 75 (2018), 4490-4504.

9. T. Zhang, Y. Xing, H. Zang, et al., Spatio-temporal patterns in a predator-prey model with
hyperbolic mortality, Nonlinear Dynam., 78 (2014), 265-277.

10.X. Yu, S. Yuan and T. Zhang, The effects of toxin producing phytoplankton and environmental
fluctuations on the planktonic blooms, Nonlinear Dynam., 91 (2018), 1653—1668.

11.Y. Zhao, S. Yuan and T. Zhang, Stochastic periodic solution of a non-autonomous toxic-producing
phytoplankton allelopathy model with environmental fluctuation, Commun. Nonlinear Sci. Numer.
Simul., 44 (2017), 266— 276.

12.Y. Zhao, S. Yuan and T. Zhang, The stationary distribution and ergodicity of a stochastic
phytoplankton allelopathy model under regime switching, Commun. Nonlinear Sci. Numer. Simul.,
37 (2016), 131-142.

13.Z. Jiang, W. Zhang, J. Zhang, et al., Dynamical analysis of a phytoplankton-zooplankton system
with harvesting term and Holling III functional response, Internat. J. Bifur. Chaos Appl. Sci. Engrg.,
28 (2018), 1850162.

14.J. Chattopadhayay, R. Sarkar and S. Mandal, Toxcin-producing plankton may act as a biological
control for planktonic blooms-field study and mathematical modeling, J. Theoret. Biol., 215 (2002),
333-344.

15.J. Dhar, A. Sharma and S. Tegar, The role of delay in digestion of plankton by fish population: A
fishery model, J. Nonlinear Sci. Appl., 1 (2008), 13—19.

16.J. Chattopadhyay, R. Sarkar and A. El Abdllaoui, A delay differential equation model on harmful
algal blooms in the presence of toxic substances, IMA J. Math. Appl. Med. Biol., 19 (2002), 137—-
161.

17.T. Zhang, W. Ma and X. Meng, Global dynamics of a delayed chemostat model with harvest by
impulsive flocculant input, Adv. Difference. Equ., 2017 (2017), 115.

18.Y. Tang and L. Zhou, Great time delay in a system with material cycling and delayed biomass
growth, IMA J. Appl. Math., 70 (2005), 191-200.

19.Y. Tang and L. Zhou, Stability switch and Hopf bifurcation for a diffusive prey-predator system
with delay, J. Math. Anal. Appl., 334 (2007), 1290-1307.

20.T. Saha and M. Bandyopadhyay, @ Dynamical analysis of toxin producing phytoplankton-
zooplankton interactions, Nonlinear Anal. Real World Appl., 10 (2009), 314-332.

Mathematical Biosciences and Engineering Volume 16, Issue 5, 3807-3829



3829

21.M. Rehim and M. Imran, Dynamical analysis of a delay model of phytoplankton-zooplankton
interaction, Appl. Math. Model., 36 (2012), 638—647.

22.Y. Wang, W. Jiang and H. Wang, Stability and global Hopf bifurcation in toxic phytoplankton-
zooplankton model with delay and selective harvesting, Nonlinear Dynam., 73 (2013), 881-896.
23.7Z. Jiang, W. Ma and D. Li, Dynamical behavior of a delay differential equation system on toxin
producing phytoplankton and zooplankton interaction, Japan J. Indust. Appl. Math., 31 (2014),

583-6009.

24.X. Fan, Y. Song and W. Zhao, Modeling cell-to-cell spread of hiv-1 with nonlocal infections,
Complexity, 2018 (2018), 2139290.

25.M. Chi and W. Zhao, Dynamical analysis of two-microorganism and single nutrient stochastic
chemostat model with monod-haldane response Function, Complexity, 2019 (2019), 8719067.

26.N. Gao, Y. Song, X. Wang, et al., Dynamics of a stochastic SIS epidemic model with nonlinear
incidence rates, Adv. Difference. Equ., 2019 (2019), 41.

27.J. Ivlev, Experimental ecology of the feeding of fishes, Yale University Press, New Haven, 1961.

28.B. Hassard, N. Kazarinoft and Y. Wan, Theory and Application of Hopf Bifurcation, Cambridge
University Press, Cambridge, 1981.

29.7. Wang, X. Wang, Y. Li, et al., Stability and Hopf bifurcation of fractional-order complex-
valued single neuron model with time delay, Internat. J. Bifur. Chaos Appl. Sci. Engrg., 27 (2017),
17502009.

30.L. Li, Z. Wang, Y. Li, et al., Hopf bifurcation analysis of a complex-valued neural network model
with discrete and distributed delays, Appl. Math. Comput, 330 (2018), 152—-169.

31.Z. Jiang and L. Wang, Global Hopf bifurcation for a predator-prey system with three delays,
Internat. J. Bifur. Chaos Appl. Sci. Engrg., 27 (2017), 1750108.

32.Y. Dai, Y. Jia, H. Zhao, et al., Global Hopf bifurcation for three-species ratio-dependent predator-
prey system with two delays, Adv. Difference. Equ., 2016 (2016), 13.

33.J. Wu, Symmetric functional differential equations and neural networks with memory, Trans. Amer.
Math. Soc., 35 (1998), 4799-4838.

34.J. Hale and S. Lunel, Introduction to Functional Differential Equations, Springer-Verlag, New
York, 1993.

35.V. Lakshmikantham and S. Leela, Differential and Integral Inequalities (Theory and Application):
Ordinary Differential Equations, Academic Press, New York, 1969.

36.E. Beretta and Y. Kuang, Geometric stability switch criteria in delay differential systems with delay
dependent parameters, SIAM J. Math. Anal., 33 (2002), 1144-1165.

37.Y. Qu, J. Wei and S. Ruan, Stability and bifurcation analysis in hematopoietic stem cell dynamics
with multiple delays, Phys. D, 23 (2010), 2011-2024.

©2019 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0)

@ AIMS Press

Mathematical Biosciences and Engineering Volume 16, Issue 5, 3807-3829


http://creativecommons.org/licenses/by/4.0

	Introduction
	Positivity and boundedness of solutions
	The stability analysis of system(1.4) without delay
	The dynamic analysis of system (1.4) with delay
	The direction and stability of Hopf bifurcation at E*
	Global existence of Hopf bifurcations
	 Numerical simulations
	Conclusions

