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Abstract: In this paper, we propose and analyze a two-species Lotka-Volterra competition model
with random perturbations that relate to the inter-specific competition rates and the coexistence equi-
librium of the corresponding deterministic system. The stochasticity in inter-specific competition (be-
tween species) is more important than that in intra-specific competition (within species). We pose
two assumptions and then obtain sufficient conditions for coexistence and for competitive exclusion
respectively, and find that small random perturbations will not destroy the dynamic behaviors of the
corresponding deterministic system. Moreover, if one species goes extinct, the convergence rate to zero
is obtained by investigating the Lyapunov exponent. Finally, we provide several numerical examples
to illustrate our mathematical results.
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1. Introduction

The classical two-species Lotka-Volterra competition model takes the form

{Xa) = X(0)(ay — b1 X () — b Y (1)), 0

Y(t) = Y(t)(ay — byY (1) — by X(1)),

where all parameters are positive with clear biological meanings in literature. It has been one of the
most popular models in ecology and its dynamic behaviors have been fully studied as summarized in

bin a by by ap bip . .. egeq . % Uk .
[1]. In fact, only when 72 < 7 < 7 or 7~ < = < 32, the unique positive equilibrium (X", Y') exists.
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In reality, population dynamics are inevitably affected by environmental noises. Different kinds
of random perturbations have been considered in literature, such as [2, 3, 4, 5, 6, 7, 8, 9, 10, 11] and
references therein. Persistence and extinction of a competitive system with linear random perturbations
have been studied in [4, 9].

In particular, a Lotka-Volterra competition system with nonlinear random perturbations

{dX(t) = X(t)(a1 = biX(1) = 1Y (1))dt + an X*()dB () + BL X ()Y (1)dBa (), )

dY (1) = Y(t)(az = brY (1) = :X(0)dt + ar Y ()dB3(1) + BoX(1)Y (1)dBa(0),

was studied in [8], where B;(r) (i = 1,2,3) are three independent Brownian motions. The authors
constructed two threshold values A; (i = 1,2) that only depend on the coefficients of (1.2) by using
the invariant probability densities of diffusions on the axes, and obtained that the signs of 4; (i = 1,2)
determine if the two species could coexist or one species excludes the other, and additionally estimated
the Lyapunov exponents.

In [12], a stochastic competition model with time-dependent delays

dX(t) = X(0|r1 = anX(®) — anX(t = 71(0) — aisY(t = 12(t) |dt + o1 X(O(X (1) — X")dBy (1),
dY (1) = Y(0)|ra = an Y (1) — an¥(t = 73(0) — ayX(t = T4(t) |dt + 2 Y (Y (1) = Y*)dBa(2),

was considered, where the random perturbations were related to the coexistence equilibrium state
(X", Y") of the corresponding deterministic system. Here the intrinsic rates r; (i = 1,2) are subject
to the environmental noises, and clearly (X*, Y™) is also the equilibrium of the above stochastic system.
The sufficient conditions of the asymptotic stability of its positive equilibrium were obtained by using
the method of Lyapunov function.

In [13], we studied the following stochastic system

{dX(t) = X(t)(a1 — biX(8) = b Y(0))dt + o X(B)(Y (1) - Y*)dBy(2), w3

dY(t) = Y(t)(ay = brY (1) = by X(1))dt + o2 Y ())(X(1) = X*)dBy(0),

which was obtained by perturbing b, and b;; in (1.1), and investigated the asymptotic stability of its
positive equilibrium by constructing an appropriate Lyapunov function. However, due to the limitation
of methods, the case of competitive exclusion had not been considered in [13], and we will investigate
this case completely in this paper.

In fact, the two-species Lotka-Volterra competition model (1.1) can be simplified as

(1.4)

X(1) = X(0)(1 = X(1) — ky Y (1)),
Y(t) = rY(5)(1 = Y(£) — k: X (1)),

where r is the ratio of the intrinsic rates of the two species, and ki, k, represent the abilities of their
competition between each other. Clearly, only when k;,k, < 1 or k;,k, > 1, the positive equilibrium
exists, and the corresponding results are showed as follows:

(i) if k1, ky < 1, all positive solutions (X(¢), Y(¢)) to (1.4) converge to the unique positive equilibrium

* *®Y l—kl l—kz .
XY = (k- g )
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(i1) if ky,k; > 1, there is an unstable manifold (called the separatrix) splitting the interior of the
positive quadrant R> into two regions. Solutions above the separatrix converge to (0, 1), while
solutions below the separatrix converge to (1, 0).

In this paper, for simplicity we assume r = 1 and consider the following stochastic system

dX(t) = X(O(1 - X(t) = k Y(0))dt + o X()(Y (1) - Y*)dBy (1),

1.5
dy(t) = Y(O(1 = Y(1) = ko X(0)dt + 02 Y ())(X(2) — X" )dBa(2), (>

where (X*,Y") = ( 11_;’1‘}(2 11_7(11‘]2(2) is the coexistence (or positive) equilibrium of the corresponding de-
terministic system (1.4), and the inter-specific competition rates ki, k, are subject to white noises. In
reality, the stochasticity in inter-specific competition is more important than that in intra-specific com-

petition. In fact, system (1.5) is a special case of system (1.3).

In this paper, we consider a Lotka-Volterra competition model with special stochastic terms related
to its positive equilibrium, which implies that system (1.5) makes sense only for ky, k, < 1 or ki, ky > 1.
Above all, (X*, Y™) is also the unique positive equilibrium of the stochastic differential equation (1.5),
which is the main difference between our model and other stochastic models. Thus it is significant to
investigate whether and how the existence of such environmental noises regulates the dynamic behav-
iors of the deterministic system.

We first pose an assumption (Hj) about the restriction on o; (i = 1,2), which guarantees that all
solutions to system (1.5) remain positive and non-explosive in any finite time. Subsequently, we use
the main ideas in [8] to consider the equations on the two axes and calculate two critical values A,
and A, via these coeflicients of (1.5) under another assumption (H;). We obtain that if they are both
positive, the two species coexist, and moreover all solutions converge to the coexistence equilibrium
(X*,Y"), and while they are both negative, the two species go extinct with positive probabilities and
these two probability values add up to one. Moreover, if Y(¢) (or X(¢)) converges to zero, its Lyapunov
exponent is exactly A, (or A,), that is also the rate at which the corresponding species goes extinct.

Following the same logic in [8], we obtain quite different results due to the special stochastic terms,
that 1s, (X*, Y*) is also the positive equilibrium of the stochastic system (1.5). In this paper, we just
consider the stochastic system under the two cases of the corresponding deterministic system in which
(X*, Y*) is globally asymptotically stable or the bistability occurs. Here the intensity of noises o; (i =
1,2) cannot be too strong (the assumption (Hy) is a restriction), otherwise the solutions to system
(1.5) make no biological sense. Moreover, assumption (H;) guarantees the existence of 4; (i = 1, 2),
which have precise expressions. Different from that in [8], 4,4, < 0 should not happen according to
many numerical trials, and we find that the dynamic behaviors of the deterministic system will not be
destroyed if the random perturbations are relatively small, which will be discussed in the final part.

The rest of the paper is organized as follows. Some preliminaries and the main ideas are presented
in Section 2, and the main results in this paper are listed in Sections 3. In Sections 4 and 5, the
cases of coexistence and competitive exclusion are considered, respectively. Finally in Section 6, some
discussions about this model and some numerical examples are provided to illustrate our mathematical
results.
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2. Preliminaries

Let (Q, 7, {F}1»0, P) be a complete filtered probability space with the filtration {¥},>o satisfying the
usual condition, i.e. it is increasing and right continuous while % contains all P-null sets. Throughout
this paper, we denote R>’ = {(x,y) : x > 0, y > 0} and let Z.(¢) = (X.(¢), Y.(¢)) be the solution to system
(1.5) with initial value z = (x, y).

First of all, we pose an assumption under which all solutions to system (1.5) are reasonable in
biological sense, the similar proof can be found in [13] and we omit it here.

Lemma 2.1. Under the assumption (Hy) : o1 < V2, 0» < V2, there is a unique global positive
solution (X(1), Y(t))T to system (1.5) on R> for any given initial value (Xo, Yo) € R*° a.s..

Therefore the rest of this paper is carried out under this assumption and below we provide some
important properties of the solutions to system (1.5). In fact, they are based on the results in Lemma
2.1 and the detailed proofs are similar to that in [2].

Corollary 2.2. Foranye >0, H> 1, T > 0, there is an H = ﬁ(a, H,T) > 1 such that
P{ﬁ“ <X.(t)<H, te]0, T]} >1-¢, ze[H ', H %[0, H],

and
P{ﬁ_l <Y.()<H,tel0, T]} >1-¢ z€[0,H] x[H", H].

Now we consider the equations on the boundary. On the x-axis,

de(t) = ()[1 — @®)]dt — o1 Y o(t)dB, (¢). (2.1)

Let & = In (), where &, is a function of ¢, then
1
dé, = [1 - Eaf(y*)2 - eff] dt — o Y*dB(?).

According to the method in [7], if oy < }—E the diffusion (2.1) has a unique invariant probability
measure 7r; in (0, co) with density

pre 2
£1@) = cigri™ exp(—(f%(y*)zab),

where ¢ is the normalizing constant and

1 P a2 2
— = f u’" " exp (—2—2u) du.
o 0 o (Y")

According to the Ergodic Theorem in [14, 15], for any measurable function g(-) : R, — R satisfying
that [” 2(d)| /7 (¢)d¢ < co, we have

1 T 00
P{Tlgg; fo gl = f g<¢>f1*<¢>d¢}=1, x>0, (2.2)

0
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where ¢,(?) is the solution to (2.1) starting at x. In particular, for any p € (-0, 3),

T—o0

T 00
P{lim %f PP(D)dt = Q, = f & 1 ($)dep < oo} —1, x>0. 2.3)
0 0

In fact, Q; and Q, can be calculated directly by the expression of c7, that is,

Y e i 2
0 =£ ¢[01¢ e GXP(—Wfl’)]CM
=t foo (’%(zy*ﬂ_lexp(— 2 ¢)d¢
' Jo THY")?

~ 2 (Y)Y [° 2o 2
_Cl(fr%m)z_l) 2 fo"bl eXp(_a%<Y*)2¢)d¢

1
=1- za%(Y*)Z.

Analogously, Q, = 1 — 07(Y*)*. Define

A = j; (1 = 503X = (ke = 53X") 6 - E(ricpz)ﬁ(@m

1, . . 1

:1—505()( )2—(k2—o-§X)Q1—§(T§Q2

_ 12 #\2 2 vk 12 #\2 12 12 %32 (24)
=1 - 50300 ~ (ko — o3X) L= Soi(V'?) - 503 |1 = 5oi(r")

1 1 1
=1- Eaé(X*f - (kz - 03X + Eff%) (1 - EU%(Y*)Z)-

Similarly, the diffusion equation on the y-axis is

dy(t) = Y()(1 — Y (0))dt — o X Y (H)dBs (1),

which has a unique invariant probability measure 7 in (0, 00) if 07, < ;(_Fz Likewise, define

1 1 1
=1- 5aﬁ(w)2 —~ (kl — oY + Eaﬁ) (1 -~ 5ag(x*)z).
Below we explain the definitions of A; (i = 1,2) and how to use them. To investigate whether

Y,(#) converges to zero or not, we consider the Lyapunov exponent of Y,(f) when Y,(¢) is small for a
sufficiently long time. Therefore, we consider the following equation

T
In¥(7) Iy 1 f [1 - %‘f% (Xo(0) = X = Yi(0) = ko Xo(0) |dt
0

g Tl o (2.5)
o1 f o> (X.(1) = X*) dB (1),
T Jo
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which is derived from It6’s formula. Moreover, it can be rewritten as

InY.(T) Iny 1 (7 1 . . 1
=t ﬁ [1 = 503X = Yi0) = (k= 03X7) Xe(t) = 503 XE(0)

T
i1 f o2 (X,(1) = X) dBs().
T Jo

(2.6)

When T is sufficiently large, on the right side of (2.6), the first term tends to zero, and the third term
is also very small according to the strong law of large numbers for martingales. Intuitively, if Y,(7) is
small in [0, T'], then X,(¢) is close to ¢,(f). By the ergodicity, In YTZ(T) is close to 4;.

In order to study the relationship between the two values 4; (i = 1,2) and the survival situation of

the two species, the assumption

2 V2
(H1)10'1<F, o2 < 5,

should be satisfied, because it guarantees the existence of 4; and 1,. Moreover, the following assump-

tion
/k k
(Hy) : 0 < Y_l*’ oy < Xz*

is essential in the latter sections.

3. Main results

Recall that (X*, Y*) = (11_;’1‘]‘(2, 11_;’1‘12), then X, Y* < 1 whether ki, k, < 1 or ki, k, > 1. Obviously, as-
sumption (H;) implies assumption (H), which implies that A; (i = 1,2) can exist with assumption (Hy).
Interestingly, we find that assumption (H;) also implies assumption (H,), but there is no relationship
between assumptions (Hy) and (H;).

From now on, we always assume that assumptions (Hy) and (H,) are satisfied. In addition, we use

the definitions of stochastic coexistence and competitive exclusion in [8] as follows.

Definition 3.1. The populations of two species modeled by (1.5) are said to stochastically coexist if for
any € > 0, there is an M = M(g) > 1 such that

lim ian{M—‘ < X(1), Y(t) < M} >1-e

t—00

The competitive exclusion is said to take place almost surely if

P{lim X(5) = 0 or lim Y(f) = 0} -1
—o0

[—00

Below we present our main results of the coexistence and the competitive exclusion of the two
species in system (1.5), the detailed proofs are provided in the next two sections, respectively.

Theorem 3.2. Under assumptions (Hy) and (H,), if 41 > 0 and A, > 0, then the two species coexist.
Moreover, all solutions converge to the positive equilibrium (X*, Y™).
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Theorem 3.3. Under assumptions (Hy) and (H,), if 11 < 0 and 1, < 0, then X(t) or Y(t) goes extinct.
For any z € R*°, we have

In X, (¢ InY,(¢
P{lim - ;() :az}:pz, P{lim n () :ﬂl}:qz,

t—o0 t—o0 t

where p, > 0, g, > 0 and p,+ q, = 1. Moreover, if Y,(t) converges to zero, then the distribution of X,(t)
converges weakly to i}, and the other case is analogous.

Remark 3.4. We remark that since A, and A, can be rewritten as

-

(1, 1 1 ]
A = A(o1,03) = (1 = k) — 03 5(X*)2 + (E -~ X*) (1 -~ 5(,-%(1/*)2)

-

1 1 1
A= (o1,03) = (1 - k) — o} E(Y*)Z + (E - Y*) (1 - §ag(x*)z)

then when o; (i = 1,2) are relatively small, ki, k, < 1 leads to A,,1;, > 0, while ki,k, > 1 leads to

Ay, Ay < 0. Therefore, relatively small random perturbations will not destroy the dynamic behaviors of
the deterministic system.

4. Stochastic coexistence

In this section, we consider the stochastic coexistence of system (1.5) and prove Theorem 3.2.
Define the stopping time
77 =inf{r > 0: Y. (1) > o}.

Lemmad4.1. ForanyT > 1, € >0, 0 >0, thereisa 6 = (T, &,0) > 0 such that
P{t7 > T} >1-¢, z€(0,00) % (0,6].

Proof. By the exponential martingale inequality, we have P(Q)}) > 1 — &, where

! 1 1 !
Q= {f 02(X,(5) — X*)dBy(s) < In . + Ef U%(XZ(S) - X*)zds, t> O}.
0 0
In view of (2.5), for any w € Q] we have

1 ! 1
lnYZ(t)<lny+ln—+fds:lny+1n—+t,tZO.
£ 0 &

By choosing § = oge™”

, moreover if y < 0, then Y.(f) < o forany t < T and any w € €. O
Lemmad4.2. ForanyH > 1, T > 1, >0, v > 0, there isa o > 0 such that for all z € [H™", H]x(0, o],

7|

0 =X <V, 0<t<T AT} 2 1 -6
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Proof. According to Corollary 2.2, there is an H = H(H, T, &) sufficiently large such that

o) V(X)) <H, 1<T)> 1~ g Ze[H, H x (0,1].

It follows from It6’s formula that
d((px(l) - Xz(t)) = [(‘px(l) - Xz(t)) - (So)zc(t) - Xzz(t)) + kIXz(t)Yz(t)]dt
— |1 X DY) + 01 Y (00 = Xe(1) |[dB1 (1),

which leads to

|ox(t) - X,(0)] < fo |ox(u) = X, (w)|du + fo |2 (u) — X2(w)|du + ky fo X, ()Y, (u)du

+ 07 +O'1Y)k

f X ()Y (w)dB (u) f (ox(w) = Xo(w))dB: ()
0 0

2
Together with the elementary inequality (Z ai) < 2"y a?, we have
i=1 i=1

E sup (gox(s ANE) =X (s A fz))2

s<t

INE;
<328 f
0

t/\é"z
+32E ( fo () — X, ()| (o (ut) + Xz(u))du)

INE;
(1) — X.(u)| du + 323K f X2(u)Y2(u)du
© 4.1)

2
+ 3207E sup

s<t

2
+ 3207 E sup

s<t

9

SAE; SAE;
fo X, ()Y, (u)dB; (1) fo (o) — X.(u))dB, (u)

where &, := 77 A inf{u () V (X (0) > ITI}.
For any 7 € [0, T'], it can be estimated that

SAE; 2 INE, 2 IAE,
E sup f X.(u)Y.(u)dB(u)| <4E f X.(w)Y.(u)dB;(u)| <4E f X2u)Y?(wydu, (4.2)
s<t 0 0 0
SAE, 2 INE, 5

E sup f (@.(u) — X.(u))dB (u)| < 4E f |ox(u) — X.(w)|"du, (4.3)

s<t 0 0

INE .
E f X2(w)Y?(w)du < H 0T, 4.4)

0

where (4.2) and (4.3) follow from Martingale inequality. By Holder’s inequality,

INE;

INE 2
E( f |0 (1) — X, ()| (x(20) + Xz(u))du) < 4H'TE f @ (1) — Xz(u)|2du. (4.5)
0 0
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Applying (4.2), (4.3), (4.4) and (4.5) to (4.1), we obtain that

2 tAE:
E sup (‘,0x(S A fz) - Xz(s A fz)) < ﬁ(o-z + Ef |‘10x(u) - Xz(u)|2dl/l)
0

s<t

s<u

< m(az + f Esup (¢(s A &) — X.(s A fz))zdu), te[0,T]
0

for some m = m(H, T) > 0. Then it follows from Gronwall’s inequality that

Esup (pu(s A &) — X(s A &)Y < o exp(mT).

s<T

Hence

mo2e™ g
P {sup (px(s AE) =X (s NE)) 2 vz} S—5n <3

s<T

for sufficiently small o. Equivalently,

s<T

P {sup |<px(s NE)—X.(s A gz)| < v} >1- g

In fact,

P{s NE =sAT], Vs €O, T]} >P {sup {(gox(s)) v (gox(s))} < E} >1- g

s<T

Applying (4.7) to (4.6), we have

s<T

P {sup |<px(s ATT) = X(s A T?)l < V} >1-g,

which yields the desired result.

Lemma 4.3. Forany H> 1, T >0, € > 0, there is an M = M(s, H,T) > 0 such that
P{

T
f O-Q(Xz(t) - X*)de(l)
0

T
f o (X, () — X*)dBs (1)
0

M
S—\/T}Zl—s.
£

Proof. Since )

T
E =E f o2(X.(r) — X*) dt,
0

together with Corollary 2.2, for H= ﬁ(s, H,T)> 1, we have
T —
]Ef O'%(XZ(Z‘) - X*)zdt < 0'%(H + X*)ZT.
0

Then

y oX(H + X*)'Te
< = :

T
[ atxan - xyap0
0

|

2%\/7}

(4.6)

4.7)
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By choosing M > o»(H + X*), we have

|

Thus the above result is proved. m|

T
f U'z(XZ(l) - X*)de(l)
0

M
2—\/7}<8.
&

Proposition 4.4. Assume that A; > 0, then for any € > 0, H >A1, there are T = T(g,H) > 0 and
8o = 6o(&, H) > 0 satisfying that for any z € [H™', H] x (0, 6], P(Q%) > 1 — 4¢, where

_ 1
o = {1n Y.()-Iny > ?IT}

Proof. By the definition of A;, for sufficiently small v,

1 A
fo (1__ 2XY = (ks - §X*)<¢+v>—5<r§<¢+v>)f1<¢>d¢>71

Let M be in Lemma 4.3 and by the ergodicity of ¢.(?) [see (2.2)], thereisa T = T(g, H) > 25521?22 such
1
that
34

1 (T 1
P{Tfo (1 — Eai(X*)Z - (kz — 05X )(¢H(t) +v)— —0'2(<pH(t) +v) )dt > ?} >1—¢.

In fact, ¢, (¢) < @y (1) a.s. forall x € (H™', H). Otherwise there is a f; € (0, +00) such that ¢, (t)) = @g(to)
because of the continuity of ¢(#), which contradicts the uniqueness of solutions. Hence, according to
assumption (H,), we have P(Q2}) > 1 — &, where

. 1 31
By Lemma 4.2, there is a o = o(g, H) > 0 such that o < & U and P(Q3) > | — &, where

= {|‘Px(t) - Xz(l‘)| <y, 0<t<TA To'}.

Accordlng to Lemma 4.1, for definite o, there is a 69 = do(e, H) > 0 satisfying that for all z €
[H™', H] x (0,61, P(Q}) > 1 — &, where & = {r7 > T}. Since T > M it follows from Lemma 4.3

2/12 B
that P(Q) > 1 — &, where
- |

/11}
<-T;.
5

Hence, for any z € [H™!, H] X (0,5¢], w € Q= ﬂfzzﬂf, we obtain

T
f o2 (X.(8) - X*)dBa1)
0

r 1 1
InY.(T)—Iny > fo (1 - SO3X) - (ky = 3X") X.(0) - E(rng(r)) dt

T
- f Y,(H)dt —
0

T
1
> j; (1 - 50‘§(X*)2 - (kz - 0'§X*) (px(1) +v)

1 1 2
__Uz(SDx(t) +v) )dt - ?T — ?IT > ng

T
f o2 (X.(8) - X*)dBa1)
0
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The proof is completed by noting that P(ﬁz) =P(N,0) > 1-4e. O
Proposition 4.5. Suppose that 1, > 0, then for any p > 0, thereisaT = T(p) > 0 and a 6, = 6,(p) > 0
such that
n—1
1
limsup — > P{Y.(kT) < 6} < p, z € R2".
oo TS

The above result indicates that if 4; > 0, then Y(#) will not go extinct in finite time. The similar
proof can be found in [8], thus we omit the details here.

Proof of Theorem 3.2. Similar to that in [8], for any € > O and 7 € R_z;o, thereisaT =T(¢) >0and a
sufficiently large M, such that

nT

1
lim inf — PIM™ < X.(f), Y.() < M}dt > 1 - &.

n—oo n 0
Then

t—00

1 !
liminf;f P{M™' < X(s), Y(s) < M}dt> 1 —¢,
0

which implies the existence of an invariant probability measure . and indicates that the two species
coexist. Moreover, (X", Y*) is also the unique positive equilibrium of the stochastic system (1.5), it has
invariant Dirac measure, thus u, = d(x- y+, which implies that all solutions converge to (X*, Y") and
remain unchanged afterwards. O

5. Competitive exclusion

In this section, we consider the competitive exclusion of system (1.5). If one species goes extinct,
we estimate the corresponding Lyapunov exponent of the population, and analyze the behaviors of the
other one. For example, if Y,(7) converges to zero, we can obtain the difference between X, (¢) and ¢, ()
by estimating |ln @) — In Xz(t)| fort > 0.

Lemma 5.1. ForanyH > 1, T > 1, € >0, y > 0, there is a & > 0 such that for any z € [H™', H] x
0,71,
P{llng(n)-InX.()| <y, 0<t<T AT} 21~

Proof. In view of Corollary 2.2, there is an H = H(e, H,T) > 1 sufficiently large such that for any

z€[H',H] x [0, H],
PH <o), X() <H, t<T)>1- g

It follows from H < (1), X.(f) < H that

H |pud) - X.(0)| < | Ingu(t) —In X.(0)| < H

o) — X.(1)|-

Thus the desired result is obtained from Lemma 4.2. O
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Proposition 5.2. Assume that A, < 0. Forany H > 1, £ >0, y > 0, and 1 € (0,-2,), there isa é > 0
such that for any z € [H™', H] x [0, 8],

InY, (¢
P({lim sup 1 tZ( ) < —/l} N {| Inp, (1) — lnXZ(t)| <y, t2> O}) >1-4e.

—o0

Proof. From the definition of A;, we have

~ (1 1
j; (50'%()(*)2 + (k2 -~ agx*)¢ + §a§¢2) fi(@)dp =1 - A < 0.

For any 4 € (0,-2y), letd = _Ajl_ﬂ, then by the continuity of integration there are 1y,1,,173 € (0, 1)
sufficiently small such that

f (53020 = 1)+ (ko = 3X) @ =) + 50301 = 1)@ = 0 )y @)
m

>1-A1—-d=1+A4+3d,

f (Edg(X*)z(l —m3) + (ke = 3X) (@ — m) + 7021 =) - m)z)f]*(cb)doé <d.
7'

By the ergodicity in (2.2), there is a T} = T(g, H) such that with a probability greater than 1 — & we

have | .
” f l{sonl(s)znl}(E(T%(X*)z(l -m)+ (kz - 0'§X*) (or-1(s) —m)
0

! 1 (5.1)
+50'§(1 —1n3)(pg-1(s) — nl)z)ds >1+A+2d,t>T,

1 t 1 2 %12 2 v

7, 1{¢H<s>2ngl}(§%(x (1 =m3) + (k2 = 53X") (@r1(5) = 1) 52

1
+§0'§(1 —n3)(gu-1(s) — m)z)ds <2d,t>T).

The uniqueness of solutions implies that for any x € [H™!, H], ¢y-1(s) < ¢,(s) < @u(s) a.s. s > 0.
According to assumption (H;), with a probability greater than 1 — &, we have that ¢,(¢) also satisfies
(5.1) and (5.2). Then for any t > T, P(€X) > 1 — &, where

1 [ 1 . ;
Q= {az - fo l{nls%(t)g,,;}(;r%(X (1= 13) + (ko = 3X7) (u(s) — 1)

1
#3030 = )(ls) = 1)’ s < -a}.
In fact, x > (¢ — 7)1y, <yt if [In ¢ — In x| < 1717,. Define the stopping time

9, = inf{t >0: |ln ©(t) — lan(t)| >Yi=YA (7717)2)}.
Consequently, for any w € Q¢ N {#}, > T} and ¢ € [T}, ], we have

1

P 1
: fo (1 = ST = 1) = (fo = 03X Xe(s) - 5031 n3)X§(s))ds <-1 (5.3)
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Recall that

InY.(f) = Iny + f (az - %ag(x*f —byYi(s) = (bar — 02X X(s) — —0'2X2(s))
0

. (5.4)
+ [ s - X
0
It follows from exponential martingale inequality that
P 1 I A )2
0'2(X (s) — X*)dB,(s) > — ln -+ = > o5(X.(s) — X*)ds} < &,
0 0
which implies that P(Q2%) > 1 — &, where
F = t * 1.1 2 2 22
: o2 (X.(s) — X*)dBy(s) < n—ln— ) ( THX7) + o3 X2(s))ds .
0 0
From (5.3) and (5.4), for any w € Q¢ N Q5 N {, > T}, we have
1.1
InY,(t)<Iny+ —1In—-—Aat, t € [T, 9,]. (5.5
nm £
In particular, if y < 1, putting 71, = exp( Linl 2) = M , then
Y.(t) < myexp(=A), t € [T1,9.], w e QN N{H, > T} (5.6)

Next we estimate | Inp, () — In Xz(t)| for a larger time interval. It follows from It6’s formula that

d(Ingy(t) = In X(0)" = flpu), Xo(1), Yo(0)dt + g(epx(1), Xo(0), Yo(1))d By (D),

where

f(@.x,y) := =2(¢ - x)(Ing — Inx) + [2 (ks = 7 ¥") y + 307y*|(In ¢ — In x)
< [2 (k1 - O'%Y*)y + 30'fy2]| Ing —In x|,

and
g(d,x,y) := -201y(In¢ —Inx) < 20'1y| Ing —In x|,

which implies that
d(ng - Inx) < [2(k — o7Y")y + 301y’ ||Ing — In x|ds + 207, y|Ing — Inx|dBy(1).  (5.7)
Set U = | Ing —In x|2, then (5.7) becomes
dU < [2(ky = o1Y")y + 30y? | VUdr + 20y VUAB, (0).
Let V = VU, it follows from Itd’s formula that

1
o y - —0'1y ]dt + o1 ydB(1).

av < |(k - o )y+3 5

2
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In fact, V = |In¢ — In x|, thus
d|ing,() - X.(0] < [ (ki - 1Y) V.00 + O'IYZ(I)]dt + 0 Y,(dB (1)

By exponential martingale inequality, P(€25) > 1 — &, where
t ,yo 1 1 1
Q= f o1Y.(s)dB(s) < = + —1In — f o1Y2(s)ds, t >0} .
0 2 vy ¢€do
Thus for any w € QF, we have

[lng,() - In X.(0)| < 22 + f [ [ (ki = 3Y*) Yols) + maY2(5)]ds, (5.8)

0

where /i, = 02 (3 +-L1n 1).
1\2 Y0 &

By assumption (H,), there is a T, = T»(g, H) > T, sufficiently large such that
! ! ,y
(k1 - O'%Y*)f e Yds + rhzf ﬁz%e‘usds < ZO t>T, 5.9
T> T,
and a & = (¢, H) < 1 sufficiently small such that

ki — oY) G + i |1, < 2. (5.10)
It ) < 5

In view of Lemma 4.1 and Lemma 5.1, there is a 6 = §(¢, H) so small that

~ 1 1
Ino6+ —In—-—-AT, <Ing, (5.11)
m &

and
P(Q) > 1-¢, ze [H ', H] x(0,6], where Q5 = {{, := 9, A77 > T»}.

Set O = N?_ %, then P(C¥) > 1 — 4e. For any w € (¥, t > T,, by using (5.6), (5.9) and (5.10) we
obtain
A
f [(k1 — oY) Yo(s) + m2Y§(s)]ds
0
e
<| (ki = o}Y") G + imaG?| T, + f [ (ki = 3Y*) Y(s) + i Y2(s)|ds
T>

< Yo, fm{z [(k - 0'2Y*)ﬁ1 e +in ﬁfzze_z’l“]ds
4 7 1 1 1 21

Yo Yo Yo

— 4 ==

4 4 2
Therefore, together with (5.8), we have

|Ing.(t A ) — In Xt A L] < vo.
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As a result, in QF, t A /. < O, for any t > T,, which implies that Q° ¢ {/. < ,}. Notice that
& =9, A7, then & {7 < ¥,}. Forany z € [H™', H] X (0,6] and w € €%, it follows from (5.5) and
(5.11) that

s 1 1 s
InY,tAT])<Iny+ —In——-A(tAT]) <InG, t > T,
m &
which means that t A 77 < 77 forany t > T, z € [H™',H] x (0,6] and w € Q. In other word,

F_9 =
77 =1, = o0.

Hence, for any z € [H™!, H] x (0, 6],

P({lim sup In I;Z(t) < —/l} N “ Ing, () — In Xz(t)| <y, t> 0}) > P(Y) > 1 — 4e,

—00

which completes the proof. O

Proposition 5.3. Assume that 3, < 0. Forany H > 1, &€ > 0, there is a 6 > 0 such that for any
z€[H', H] x(0,6],

P({lim %f X.(s)ds = Ql} N {lim %f Xzz(s)ds = QQ}) >1-e
t—o00 0 t—o0 0

Proof. For any € > 0, let 7,7, € (0, 1) be sufficiently small such that

7!
f G- Tf(G)dp > O -

€
i 1V b

According to Proposition 5.2, there is a 6 > 0 such that for any z € [H~!, H] x (0, 6], P(ﬁzl' )>1-e
where

— . B

Q, = {tlig Y.(r) = 0} N {|Ing () - In X.(0)] < 7,75 1 2 0}.

Similar to (5.3), for w € ﬁj, we have

€

1V b

1 !
liminf—f X.(s)ds > Oy — (5.12)
0

t—00 t
On the other hand, it follows from Itd’s formula that

X5 1 1 1
n ;( ) _ %c 1=ty f o1(Y.(s) — Y*)dBy(s)
0

_ % fo" [Xz(s) + (k1 - a%y*) Y.(s) + %aﬁyf(s)]ds

and )

Ing(H 1 1 L !
ne® _Inx Ly L f o\ Y dBy(s) — ~ f @x(s)ds.
t t 2 t Jo r Jo

By the ergodicity of ¢,(f) and the strong law of large numbers for martingales, we have

1 (! 1 [ 1
lim [—f o1 Y'dB;(s) + —f (px(s)ds] =0, =1- —a%(Y*)2 a.s.
t Jo t Jo 2

t—oo
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which implies that
In ¢.(1)
lim =

t—00 t

0 a.s

Notice that for any w € ﬁzl | Ing, () — In Xz(t)| < m1,, then In X.(#) > In ¢.(¢) — 17,7,. Therefore

In X (¢ —
1iminf“TZ() >0 a.s. forwe Q..

—oc0

4
Moreover, Y. () converges to zero in Q,, then

. 1 ! 0'% —z
lim sup ;f X.(s)ds <1-— 5 = Q) a.s.forw e Q.
0

1—o0

Together with (5.12), for w € ﬁi, we have

liml tXZ(s)ds = Q) = lim 1 f[ ©.(8)ds. (5.13)
= o = 1 Jo
Recall that
d(p(t) = X() = [ (9at) = X(0)) = (92(0) = X2(0)) + ka Xo() Vo) |t
— | XY.0) + 1 Y (1) = X(0) |dB (),

which implies that
1 1 (! 1 (! 1 (! ) )
;(()Ox(t) -X.(1) = " (¢x(s) = X (5))ds + " ki X.(s)Y.(s)ds — 7 (¢i(s) = XZ(s))ds
0 0 0
1 1
-7 f o1 X (8)Y.(s)dB,(s) — 7 f o1 Y (@x(s) — X.(5))dB;(s).
0 0
Let t — oo, then it follows from (2.3) and (5.13) that

1 !
lim= | XZ(s)ds = Q.
0

t—00

P({lim % f X.(s)ds = Ql} n {lim % f X2(s)ds = Qz}) >PQ)) > 1 -6
—00 0 1—00 0

Proof of Theorem 3.3. Similar to that in [8], if 4 < 0, A, < 0, then for any £ > 0 and z € Ri"’ we
obtain

Hence

O

P {lim X.() = 0 or lim Y.(t) = 0} >1-s
1—00 t—o0

Since ¢ is taken arbitrarily, and according to Proposition 5.2, we claim p, + g, = 1, where

In X_(¢ InY, (¢
P{lim n Z():,12}:;9Z>O,IP>{lim n Z():/11}:qz>0.

t—o0 t t—o0 t

If for some z € R_z;”, Y,(#) converges to zero, by Propositions 5.2 and 5.3, we obtain that |Xz(t)—gox(t)|
is sufficiently small and the distribution of X(#) converges weakly to 7rj. More details can be found in
[8], thus we omit here. O
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6. Discussion

In this paper, we consider a stochastic Lotka-Volterra competition model (1.5) and analyze the
cases of coexistence and competitive exclusion, respectively. Firstly, the model makes sense under the
assumption that the positive equilibrium (X*, ¥*) of the corresponding deterministic system exists, and
it is obtained by perturbing inter-specific competition rates b, b,;, therefore this model is reasonable
mathematically. Secondly, (X*, Y*) is also the coexistence equilibrium of the stochastic system (1.5),
which implies that there is an invariant Dirac measure, and which is the biggest difference between
our model and other stochastic competitive models. Therefore, the survival analysis for model (1.5) is
significative.

Recall that only if ky,k; < 1 or ky,k, > 1, the unique positive (coexistence) equilibrium (X*, Y™)
of system (1.4) exists, which guarantees the rationality of the stochastic system (1.5). Therefore, we
consider system (1.5) in the above two cases.

Firstly, we provide an example to demonstrate the mathematical results of the deterministic system
(1.4) by choosing many different initial values.

Example 1. Consider the deterministic system (1.4) with » = 1 and parameters k; = k, = 0.5
and k; = k, = 2, respectively. Many solutions are obtained by choosing different initial points from
either side of the diagonal line. Moreover, the same set of initial points are used in both cases, which
is more convenient for comparison. In the former case, (X*,Y*) = (%, %), and it can be seen from the
left panel of Figure 1 that all solutions converge to (X", Y*). In the latter case, (X*,Y") = (%, _%), and
solutions with different initial values converge to (1,0) or (0, 1), which can be seen clearly from the
right panel of Figure 1.

y(®
N

i i i i i
25 3 35 4 0 0.5 1 15 2.5 3 3.5 4

0 0.5 1 1.5 2 2
X(t) x(t)

Figure 1. Phase portraits of the solutions to the deterministic system (1.4) in the two cases,
respectively.

In this paper, we construct two values A;, A, that can be directly calculated via those coefficients
of system (1.5), and obtain that if they are both positive, all solutions to system (1.5) converge to the
unique positive (coexistence) equilibrium (X*, Y*), and if they are both negative, X(¢) or Y(¢) goes
extinct. Below we present two examples to illustrate the main mathematical results in this paper by
choosing appropriate parameters, and obtain corresponding figures according to the method in [16].
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In addition, we just consider the two cases k;,k, < 1 and ki, k, > 1, and choose some relatively small
values for o1, 0, such that assumptions (Hy) and (H,) both hold.

Example 2. Consider system (1.5) with parameters k; = 0.4, k, = 0.5, then k;,k, < 1 and
(X", Y") = (0.75,0.625). Let oy = 0, = 0.5, it can be easily verified that assumptions (Hy) and (H>)
both hold. Moreover, by direct calculation, 4; = 0.51 > 0, 4, = 0.61 > 0. According to Theorem 3.2,
the two species coexist, moreover the solution converges to (X, Y*) and keeps on it afterwards, which
can be seen clearly from Figure 2.

2

——x0
18y v,0]

161
14r
121

1
0.8

W

0.6
0.4}
0.2

0
0 20 40 60 80 100
Time

Figure 2. Sample paths of X,(7) and Y,(¢) of Example 2 with initial value z = (1.2,0.1), and
green lines represent 0.625 and 0.75, respectively.

Example 3. Consider system (1.5) with parameters k; = 2, k, = 3, then k,k; > 1 and (X*,Y") =
(0.2,0.4). Let o7y = 0 = 0.5, clearly assumptions (H,) and (H,) are both satisfied, and 4; = —=2.02 <
0, 1, = —1.03 < 0. By Theorem 3.3, X(¢) or Y(¢) goes extinct, and below two trials with initial values
71 = (1.2,0.2) and z; = (0.2, 1.2) are provided, respectively. Here the two initial values are chosen
symmetrically, which makes it easier to be compared. See Figure 3 and Figure 4.

2 . . . : 10
— X0

v,

In X,
Y0 []

18

16

14
12
1n
0.8
0.6
0.4

0.2

0

0 200 400 600 800 1000 0 20 40 60 80 100
Time Time

Figure 3. Phase portraits of the solution and sample paths of In X, (¢), In Y, (¢) in Example 3
with initial value z; = (1.2,0.2), and the green line in the right panel has the slope k = —2.02.
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2

In X (t)

— X0 H
InY (0

18} — v
_10}
16

1.4F

12

1

0.8

0.6

0.4

0.2|

0 . . . . . . . .
0 200 400 600 800 1000 0 20 40 60 80 100
Time Time

Figure 4. Phase portraits of the solution and sample paths of In X_,(#), In Y,,(#) in Example 3
with initial value z, = (0.2, 1.2), and the green line in the right panel has the slope k = —1.03.

InY., (1)

From Figure 3 we can see that Y, (r) converges to zero and lim —
t—o0

= A;, and X, (?) keeps floating
InX,, (1)

up and down around one. Similarly, Figure 4 shows that X, (#) converges to zero and lim

1—00

= Ao,
and Y, (¢) keeps floating up and down around one.

After many trials, we find that if o; (i = 1,2) satisfy assumptions (Hy) and (H»), ki,k, < 1 will
lead to A;, 4, > 0, while k;,k, > 1 leads to A;, 1, < 0. In other words, in either case, we cannot find
appropriate o, 0, satisfying these two assumptions such that 1,4, < 0.

According to the results in [13], if the noise intensities oy, 07, satisfy assumption (H) and

1 1
kik, < (:—? - EO’%Y") (l]i_; — EO'%X*) ,
then the positive (coexistence) equilibrium (X*, Y*) of the stochastic system (1.5) is globally asymptot-
ically stable. In this paper, similar results are obtained if 4;, A, > 0. The two kinds of conditions must
have some connections although there is no obvious relationship between their expressions.

Especially, if oy = 0, = 0, system (1.5) actually becomes the deterministic system (1.4), and
A = 1-ky, A) = 1—ky. As claimed before, if ki, k> < 1, then 29, 2 > 0, and the positive (coexistence)
equilibrium (X*, Y*) is globally asymptotically stable; if ki, k, > 1, then 17,49 < 0, and the case of
bistability occurs. It implies that our mathematical results for the stochastic system (1.5) can go back
to that of the corresponding deterministic system.

According to the above statements, we obtain that if the random perturbations are relatively weak,
the dynamic behaviors of the stochastic system (1.5) are similar to those of the corresponding determin-
istic system (1.4). However, the conjecture that there is no appropriate oy, 0, satisfying assumptions
(Hy) and (H,) such that 1,4, < 0 has not been rigorously proved mathematically, and that will be our
future work.
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