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ABSTRACT. We propose an ultra-discretization for an SIR epidemic model with
time delay. It is proven that the ultra-discrete model has a threshold property
concerning global attractivity of equilibria as shown in differential and differ-
ence equation models. We also study an interesting convergence pattern of the
solution, which is illustrated in a two-dimensional lattice.

1. Introduction. Differential equations are used for modeling phenomena in many
disciplines e.g. economy, physics, engineering, biology and chemistry. Since exact
(analytical) solutions are not available in many cases if the mathematical model
is given as a nonlinear system, numerical solutions have enhanced our understand-
ing of the mathematical model [7]. Traditional numerical schemes such as Euler’s
method and Runge-Kutta method, however, may induce numerical instability, as
the discretization would change properties of solutions, such as stability and posi-
tivity, of the original model, thus numerical scheme should be carefully chosen to
preserve nature of the original system, see e.g. [4, §].

The authors in [10] propose a system of difference equations as a discrete coun-
terpart of a continuous epidemic model, describing disease transmission dynamics
in continuous time. Qualitative properties of the model such as positivity, bound-
edness and convergence of the solutions are investigated. As a continuation work
of [10] in [11] a general system of difference equations is analyzed. In both papers,
proving convergence of the solution, when a parameter called the basic reproduction
number is greater than one, seems to be a challenging problem, while it is known
that the corresponding continuous model has an equilibrium that is globally sta-
ble. A “good” discretization is found in [23, 24, 5] for a class of epidemic models
formulated by delay differential equations in [2, 3, 29]. The authors in [24] prove
uniform persistence of the solution, corresponding to a result in [29] for a continuous
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SIRS model. The authors in [5] prove global stability of the endemic equilibrium
by a Lyapunov function, corresponding to the result established in [14] (see also
[6]). The discretization used in [24, 5] is a variation of backward Euler’s method
and is indeed known as Micken’s nonstandard finite difference method [15]. See
also [12, 16] for the application of Micken’s nonstandard finite difference method
to ordinary differential equation models. It is also known that some discrete-time
epidemic models exhibit periodic and chaotic behavior [1].

Ultra-discretization is proposed as a procedure to obtain a discrete system, where
unknown variables also take discrete values, thus a cellular automaton is defined,
see [21, 19]. In [27, 22, 20] the authors study discrete and ultra-discrete models for
epidemic models. In those papers it is shown that simple ultra-discrete models can
capture the disease transmission dynamics, which is seen in the original differential
equation models. In [27] the authors find conserved quantities for some special cases.
Cellular automata have been used to model disease transmission dynamics, see e.g.
[25, 26] and references therein. Since cellular automata are computational models,
in general, it is not straightforward to perform a mathematical analysis, in order to
provide theoretical insights into simulation studies. Our analytical approach in this
paper for the ultra-discrete model may be used to complement numerical simulation
studies for some cellular automaton models.

In this paper we start with a special case of the model considered in [5, 24] for a
discrete analogue of an epidemic model formulated by a system of delay differential
equations in [2, 3, 29, 14]. As delay differential equation form an infinite dimensional
dynamical system [9], after discretizing the system, we obtain a system of difference
equations of higher order, which is slightly complicated compared to the model
considered in [27]. From such a model we derive an ultra-discrete model, which is
formulated as a couple of piecewise linear difference equations (see e.g. [13]). Due
to time delay, integrability can not be usually expected and the application of the
ultra-discretization to a non-integrable system is still limited, but see also [17, 18].
We here prove that the ultra-discrete model exactly has the same threshold property
regarding global attractivity as in [5, 14]. In Section 4 we visualize the convergence
of the solution in a two-dimensional lattice and observe some interesting convergence
patterns. For a special initial condition, we derive a simple recurrence relation for
the solution in Lemma 3. The relation can explain the illustrated convergence
pattern.

The paper is organized as follows. In Section 2 we introduce a system of difference
equations, which is a special case of the model studied in [5, 24] for discrete analogue
of continuous models. Applying a variable transformation together with taking a
limit, we derive an ultra-discrete model. In Section 3 global behavior of the solutions
is discussed. We prove that the model exhibits the threshold behavior, similar to the
difference equation studied in [5]. We here find that a subsequence of the solution
has a monotone property and this monotonicity is used for the proof. In Section
4 we illustrate the solution behavior in a two-dimensional lattice. To explain the
convergence pattern, we consider a special initial condition and derive a simple
recurrence relation. We summarize our results in Section 5.

2. Ultra discretization of an epidemic model. Our starting point is the fol-
lowing system of difference equations
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Sn+1 — Sn =M — MSn_;,_l — BSn+1In—W7 (1&)
In+1 — In = BSn+1In7w - MIn+1 - FI’rL+17 (1b)
Rn+1 - Rn = 1_‘In+1 - MRnJrla (1C)

with a positive initial condition. System (1) is a special case of the model considered
in [24, 5]. See also [6] for a model with nonlinear incidence. Here M, B and T" are
positive parameters and w is a positive integer. Let us define

B

M +T

One can prove that system (1) always has the disease free equilibrium given by
(1,0,0) and that there exists an endemic equilibrium given by

M+ M B 1 I B 1
B "B \M+T "B\M+T

if Ry > 1 holds. The authors in [5] prove the following threshold type behavior.

Ry

Theorem 2.1.

(i) If Ry <1 holds, then the disease free equilibrium of (1) is globally asymptoti-
cally stable.

(i) If Ry > 1 holds, then the disease free equilibrium of (1) is unstable and the
endemic equilibrium is globally asymptotically stable.

System (1) is proposed as a discrete analogue of the following disease transmission
dynamics model in continuous time:

S'(t)y=M — MS(t)— BSt)I(t—7), (2a)
I'(ty=BS@)I(t—71)— MI(t) —TI(t), (2b)
R'(t)=TI(t) — MR(t), (2¢)

where S(t), I(t) and R(t) respectively denote fraction of susceptible, infective and
recovered population at time t. The constant M > 0 denotes the death rate. The
constant B > 0 is transmission coefficient and the constant I' > 0 is the recovery
rate. The non-negative constant 7 > 0 can be interpreted as incubation period of
infection. This model was developed in [2] to describe transmission dynamics of a
vector-borne disease mosquito, see also [3]. In [14] it is shown that the continuous
model (2) exhibits the same threshold behavior as in Theorem 2.1 for (1).

Let us now derive an ultra-discrete model from system (1), following the same
procedure as in [27, 22, 20]. Since the third equation of (1) does not appear in
the first and second equations for S and I of (1), we focus on the first and second
equations of (1a) and (1b). For € > 0 we introduce variables = and y via

S, =e"/€ and I, = ey"/e,
and parameters p, S and 7 through
M =et B=¢P/¢and T = eV/e.

Notice that (1a) and (1b) are equivalently written as

S, + M
Spy1=—m— 7, 3
"1y M+BI_, (32)
I, + BSyi1l, o
In+1 _ + +1 (3b)

1+M+T
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Applying the variable transformation to (3) with letting ¢ — +0, we get the follow-
ing ultra-discrete model
Tp+1 = Max (ﬂ'a xn) — max (07 s 6 + yn—w) 5 (4&)
Yn+1 = mMax (yna B+ Tpn+1 + yn—w) — max (07 22 7) : (4b)

The key relation used here is the following limit

lim elog (eA/E + eB/e) = max(A4, B)

e—+0
for A, B > 0.
The initial condition of the system (4) is given as
zo and y_; € R for j € {0,1,--- ,w}. (5)

Moreover, parameters u, S and 7y are given as real numbers. For simplicity, we
assume that 0 < u < ~. From (4) we then get
ZTpt1 = max (u, ,) — max (i, 5+ Yn—w) , (6a)
Yn+1 = Max (yna B+ Tpt1 + ynfw) -7 <6b)

3. Global attractivity of equilibria. In this section, we study the global asymp-
totic behavior of the solutions of (6).

Lemma 3.1. For any solutions, there exists n € Ny such that x, <0 andy, < p—y
forn > n.

Proof. Let us assume that x,, > p for some n > 0. Then from (6a) one has that

Tpt1 = Tp—max (i, B+ Yn-w)
< Tn — W,

thus z,, is decreasing with respect to n as long as x,, > p. Therefore, there exists k
such that xx_; > p and x < p. Then from (6a), it follows

Tpyr = p—max (g, B+ Yr-w)
< 0.

we can set x, < 0 for all n > 0. Since we have

Thus we get that z,,, <0 for all m > k+ 1. So hereafter, without loss of generality

Tp4+1 = M —INax (Ma ﬂ + yn—w) )
from (6a)
B+ Tot1+Yn-w = p+B+Yn—w—max (B + Ynw)
<

follows. Therefore, from (6b), we have

Ynt1 < max(yn — v, 4 —7)- (7)

If y, < p then it is easy to see y,, < p—y for all m > n + 1. Let us assume that
Yn > i for some n > 0. Then we have that y,+1 < y, — 7, thus y, is decreasing
with respect to n as long as y,, > p. Therefore, there exists ¢ such that yp_1 > p
and yp < p. Then one obtains ypy1 < p — 7. According to the previous discussion,
there exists 7 > ¢ + 1 such that y,, < yu — -~ for all m > n. O
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From Lemma 3.1, without loss of generality, we can set the initial condition as
zo<Oandy_; <p—v<0, je{0,1,---,w}.
Note that Lemma 3.1 implies
{(z,9) eR?* |2 <0,y <p—~ <0} (8)
is an invariant set. To discuss global attractivity of equilibria, we now consider the
following system
Tnt1 = p— max (p, B+ Yn—w) , (9a)
Yn+1 = Max (Yn, B+ Tnt1 + Yn-w) — 7 (9b)
in (8).
Theorem 3.2. Let us assume that 8 < v holds. Then

r, =0forn>1and lim y, = —oc.
n— oo

Proof. Since for any n > 0 one has that 8+ y,—o, < 8+ g — v < p from Lemma
3.1, it follows

max (/1*7 B+ ynfw) = Q.
Therefore it follows that 2,11 = 0 for any n > 0 from (9a). Then, from (9b) we get
Yn+1 = IMax (yn -7 B -+ yn—w) . (10)
Let
Yo = Oréljagxw Ym(w+1)—j for m € N.

Note that ypmwt1)—;j < Y for j € {0,1,--- ,w}. We show
Ym+1)(w+1)—j <Y, + max (_’77 B— ’7) :
From (10), we have

Ym+1)(w+l)—w Ym(w+1)+1

max (Ym(wr1) =B =7 + Ym(wt+1)—w)
max (Yo, — v, —v+ Ym)

= Y, +max(—,5—7).

For some j € {1,2,--- ,w} suppose that

IN

y(m+1)(w+1)7j < Ym + max (_77 ﬁ - 7) . (11)
Then using (10) and (11) we obtain
Ym+1)(w+l)—j+1 = Mmax (y(erl)(erl)fj -7, B—=7+ ym(w+1)—j+1)
< Yyt max(—y,8-7).

By mathematical induction, it holds that y(m41)(wt+1)—j < Yo +max(—y, 8 —y) for
j€40,1,--- ,w}. Therefore we get

Y1 < Y, +max(—v,8—7).

Now it is obvious that lim,, .~ Y;;; = —o00 and hence lim,, o ¥, = —00. We thus
obtain the conclusion. O

If B > ~, z, and y, converge to a unique equilibrium. First we show that (9)
has a non-trivial equilibrium.
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Proposition 1. Let us assume that § > ~ holds. Then (9) has an equilibrium
(=B+7.m—7)-

Proof. Let 8 > 7 holds. We show that (9) has the constant solution (—8 + 7, u — 7).
From direct computations, one can see

p—max(p,B+pu—y)=p—B+p—7)=-B+,
max (u—7,8—=B+y+p—7)—y=max(u—y,pu) —7=p—"1.

Proposition 2. Let us assume that § > v holds. It follows that
Yni1 = w—"y lfyn—wZﬂfﬂ
max(yn_'%ﬂ_ly""ynfw) if yn7w</~5_ﬁ~

Proof. Assume that p < B + y,—,. Then it is straightforward to get z,11 =
i — (B4 yn—w) from (9a). Since we have y, < u — v (see Lemma 3.1), we get

Ynt1 = max(Yn — 7,4 —7)
= p-7
On the other hand, assume that g > 8 + yn—. Then x,11 = 0 follows from (9a).
Thus we immediately obtain the conclusion from (9b) with a, 11 = 0. O

We now show that every solution converges to the non-trivial equilibrium.

Theorem 3.3. Let us assume that 3 > . Then

lim z, = —f+~vand lim y, = — 7.

n—oo n—oo
Proof. Let

Ye = (yé(w-l-l)v Yo(w+1)—15" " 7y€(w+1)—w)
for £ € Ny. From Proposition 2 one can see that

Yo~k = B =7+ Yu—1)(w+1)—k
for k €{0,1,2,--- ,w} if yo—1)@w+1)—k < 1 — B. Therefore,
}l}ngo Yo(w+)—k = B — 7, ke {07 13 27 T ,UJ},

i.e. each component of y, converges to the equilibrium as £ — oo. Then, there
exists a sufficiently large integer m such that y,, = -+ = yp_o, = p — v for n > m.
For n > m we obtain

Tpyr = p—(B+p—7)
—B+7.

O

Corresponding to the first and second parts of Theorem 2.1, we show the thresh-
old behavior in Theorems 3.2 and 3.3 for the ultra-discrete epidemic model (9).

In Figures 1 and 2 we plot x, and vy, with respect to n. In Figure 1, we set
w = 0 so that the ultra-discrete model (9) has no time delay. The initial condition
is given as x¢p = —3, yo = —13. We set the parameters as p =1,y =6 and f =3
in Figure 1(a) while p =1, v = 6 and § = 9 in Figure 1(b). As in Theorems 3.2
and 3.3, one can see that y tends to —oo as n — oo in Figure 1(a) and that y tends
to u — 7 as n — oo in Figure 1(b).
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5 5

—‘ Numbers of x,, and y,, Numbers of z,, and y,

time n time n
0 0
-10 5 10 20 30 10
o Tn -5
-10 -y

" 10 o Tn

-15 - Yn
20 -15
-25 -20

(a) B <~ (b) B>~

F1GURE 1. Numerical experiments z,, and y, with w = 0.

Numbers of z,, and y,

(a) B<~

| Numbers of z,, and vy,

-20 -

(b) B>~

FIGURE 2. Numerical experiments z,, and y,, with w = 10.

In Figure 2, we set w = 10. The initial condition is chosen as ¢y = —3 and
y—j = —16+j for j € {0,1,--- ,w}. We set the same parameters as Figures 1(a)
and 1(b) in Figures 2(a) and 2(b), respectively. As in Theorems 3.2 and 3.3, again
one can see that y tends to —oco as n — oo in Figure 2(a) and that y tends to p—
in Figure 2(b). Comparing Figure 1 with Figure 2, it can be seen that the solution
is monotone for w = 0. In the ultra discrete model (9) time delay does not change
qualitative dynamics, but changes the solution behavior.

4. Monotone convergence in a two-dimensional lattice. We here visualize
the convergence of a solution using a two-dimensional lattice. We consider the case
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that §—~ > 0 holds, so the solution converges to the non-trivial equilibrium (—g+
v, 1t — 7y), according to Theorem 3.3. The two-dimensional lattice is constructed
using two variables: time step and time delay. More specifically, let

u:nj ‘= Ym(wt+1)—j for m € Ny and j € {0,1,--- ,w}

to set a sequence with two variables (j,m). From Proposition 2, we have

{u—v it upl > -

ud = ; s s
max (u;ﬂ‘l —vul  + 68— ’y) ifu? <p—B,

m

(12)

for j €{0,1,--- ,w—1} and

o {u—v if w2y > p— B

m —u oo (13)
max (ul,_y —v,u 1+ B8—7) ifu,’y <p—p.

U

In Figure 3, specifying parameters and the initial condition, we write a numerical
value of u,7 in the corresponding lattice. The black lattice represents that u,J =
@ — 7y i.e., the solution reaches the equilibrium. Of course, from Theorem 3.3, the
solution converges to the homogeneous equilibrium (with respect to j) as m — co.
Moreover, one may observe interesting stepwise shape representing the convergence
pattern of the solution.

To explain the pattern we consider a special solution and derive an explicit
recurrence relation for the solution in Proposition 3. For k € {1,2,---w— 1} set the
initial condition as

u(;j:pforje{ov]-a'“ 7w}\{k}a

ot (14)
with
p<qg<p-—p (15)
Lemma 4.1. Assume that
p+ky<g. (16)
Then it holds
ul=p+B—rforje{k+1,k+2,- w} (17a)
uil=q+B—v—(k—j)yforje{0,1,--- k}. (17b)

Proof. Firstly, we show (17a) by mathematical induction. From (14), (15) and (16),
one has u) = ug® = p < p— 3, then from (13) one has
up® = max(p—7,p+F-7)
= pth-n
Suppose that
uj? =p+pB—~forsomeje{k+2k+3,--,w}.
From (12) one can see

—j+1
Uy

max (p+f—2v,p+5—7)
= ptph—n.
Therefore we get (17a).
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| 6] 5| #4820 :’\L_]—IO 9 -8 -7 6 5 -4 -3 -2 -1 0
0 |-70|-70|-12/-70)|-70 -70|-70|-70|-70| 70|70 0 |-40 -40 -40 -40 -40 -40| -40 16| -40 —-40 -40

~13]-19|-25|-31|-37| 43| -49 | -55 1 |-35 -35 -35 -35 -35 -35 -35 -11

2 |-30/-30 -30 -30 -30|-30 -30 -6 -12 -18 -24

a) Solution uin with an initial condition u> % = (b) Solution v?n with an initial condition v,
0 0
—12 and u}) = —70 for j € {—10,--- ,0}\{—8} —16 and u) = —40 for j € {-10,---,0}\ {-3}

(c) Solution w, with an initial condition wo

12, wy® = —16 and wj = —40 for j €

{-10,---,0}\ {-8,—-3}

FIGURE 3. A solution w?, is constructed by two solutions v/, and vJ,
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k—1

Next we show (17b) by mathematical induction. From (14) one canseeu; " " =p
and ug® = g, then from (12) and (15) one also has
uy® = max (ufkfl —yug" 4 B — 7)
= max(p+B—7-74¢+8-7)
= q+B8-7.
Next suppose that
ul_j =q+8—v—(k—j)yfor some j € {1,2,--- ,k}.
Then from (12), one can see
w " = max(¢+ B -y (k—j+1yp+B-7)
= q+(B-7)-(k-i+1y
We note that
g+ B=7—(k=j+Dy=(p+B8-7) = qg-p—(k—j+1)y
> q—p—ky
> 0
holds by (16). Therefore, we get (17b). O
Proposition 3. Assume that (16) and
q<p+B—-—v+(k+1n (18)

hold. Then it holds that
Upd = B =y +ugly if uyl <p— B, (19)
form>1andje{0,1, - - ,w}.

Proof. Note that (19) with m = 1 follows from Lemma 4.1. Firstly, assuming
uy? < p— B, we show that (19) holds for m = 2 i.e.

uy? =B —y+u’. (20)
Here from (14) one has that u7% < u7* <y — 8. Then from (13) one has

6 = max (u — 70+ B )
= u'+p-n
Here using (17a), (17b) and (18), we know that
u“+B-y— (-7 = p—q+B—y+(k+17y>0. (21)
Next suppose that
u;j:ufj—i—ﬂ—vforsomeje{1,2,~-~,w}. (22)

From (12) and (22), one has
uy 7t = max (u;j —yul 4+ 8- ’y)
= max (ul_j +B8—v—myutt +ﬁ*’y>
= max (ul_J -, ul_j+1) +(B—").
Let us show that
ul_j+1—(u1_j—'y> >0forje{1,2,-,w}, (23)
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so that

up = =y +u (24)
holds. For j € {k+2,k+3,--- ,w}, one has u;? = u] ™! by (17a). So we get (24).
For j =k + 1, from (17a) and (17b) one can see

u’l =y = p+(B-7 -7
= g+ (B-).
Thus we have u;? —~ < uy/t! from (15). So again we obtain (24). For j €
{1,2,--- ,k}, from (17b) one has u;? —y = u;?’"'. We thus obtain (24). Conse-
quently, (19) follows when m = 2.
Finally, assuming u,” ; < 1 — 3, we show that (19) holds for m > 3 by mathe-
matical induction. Suppose that for m > 2
ud = u;];1+ﬁ—fyforje{0,1,---,w} (25)

and u,7 < g — 8 hold. From (13) one has

um‘j_l — max (u?n —v,u 4+ p— 'y) .
Note that from (25) and (21), one can see

U + B =y — (u), —7) =ui® +5—v— (uf —7) >0.
Therefore we get

Ut = U+ 8-
For some j € {1,2,--- ,w} suppose that
Unlpy = upd + B =7 (26)
holds. From (12) one has
= (s~ 8 -).

Note that from (26) and (25) one can see

Uy = = u +m(B—v) =,
u;]#l +B8—y = ul—]-‘rl +m(ﬂ —’Y)-
Then from (23) one can see
w4 B =y = (updy =) = = (w7 = 9) 2 0.
Therefore we get (19) for m > 2 and j € {0,1,--- ,w}. O

When m = 0 the k-th component is the biggest component, i.e., ugk = MaXo<j<w
Ug J. In Lemma 4.1 we show that this relation is preserved when m = 1. It is also
shown that
—j+1 _

Uy up? —y <uy? for je{1,2,--- ,k}.

In this way ufj is ordered for j € {0,1,---,k}. Furthermore, from Lemma 3,
one can see that the monotone ordering is preserved for m > 1. Consequently,
the stepwise shape appears as the convergence pattern illustrated in Figures 3(a)
and 3(b). In Figure 3, we set u = 1, 8 = 11, v = 6 and w = 10. Figures 3(a)
and 3(b) have different initial conditions: k = 8, ug® = —12 and uy? = —70 for
j # 8 in Figure 3(a) while k = 3, ug® = —16 and uo_j = —40 for j # 3 in Figure
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3(b). In both Figures 3(a) and 3(b) one sees that the k-th component reaches the
equilibrium firstly and then other components reach the equilibrium, according to
the ordering.

Although here we consider a special solution such that the initial condition is
given as in (14), we can show that linear combination of two solutions can produce
a complicated pattern for the convergence of the solution. Consider two solutions
u,J and v, of (12) and (13). Then

w,? :=max (u,/,v,7) (27)

is shown to be a solution of (12) and (13) as follows. Assume that u,,” | and v, ,
are less than p — 8, then w,,” ;| < u— (. Using (12) one can compute
w!), = max {max (uin_l -, ufn,l + 8- 7) , max (vfﬁn_l — v+ B 7)}
= max (U%Jl — vl o+ Byl =y, + B *7)

— j—1 ,5—-1\ _ J J _
= max(max(um i) V,max(um_l,vm_l)-i-ﬁ ’Y)

max (wfn_l — ol _ B 7) .

Assume that either u,? | > pu— B or v, | > pu— . Then w,” | > yu— . In this
case one can prove w,J = j — 7.

Let the solution depicted in Figure 3(a) be u and the solution depicted in Figure

3(b) be v. Convergence pattern of the solution w, which is given by (27), is illus-
trated in Figure 3(c). From our discussion, the convergence pattern in Figure 3(c)
appears as the composition of the stepwise convergence pattern which is observed
in Figures 3(a) and 3(b).
5. Conclusion. In this paper we consider an ultra-discrete model with time delay.
The model is derived from a discrete epidemic model studied in [5, 24]. In Theorems
3.2 and 3.3, we show that the ultra-discrete model also has the threshold property
concerning global attractivity of equilibria, similar to the discrete epidemic model
[5] and the continuous epidemic model [14]. For the proof of global attractivity of
the non-trivial equilibrium in Theorem 3.3, we reduce the system (9) to the scalar
difference equation in Proposition 2 and then use a certain monotone property of
the solution, which is our important finding,.

In Section 4 we further derive a simple recurrence relation for the solution, assum-
ing a special condition for the initial condition. The relation derived in Proposition
3 clearly shows that each component monotonically increases towards the equilib-
rium. Two-dimensional lattice seems to be an informative tool to illustrate such a
convergence patten.

For the ultra-discrete model (9), a linear combination of two solutions is shown
to be a solution. It would be interesting to investigate the structure of the solutions
of ultra-discrete models. Figure 3 may remind of an elementary cellular automaton
(see e.g. rule 252 in [28]). Exploring a possible connection to elementary cellular
automaton is our future work.
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