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ABSTRACT. A diffusive intraguild predation model with delay and Beddington-
DeAngelis functional response is considered. Dynamics including stability and
Hopf bifurcation near the spatially homogeneous steady states are investigated
in detail. Further, it is numerically demonstrated that delay can trigger the
emergence of irregular spatial patterns including chaos. The impacts of dif-
fusion and functional response on the model’s dynamics are also numerically
explored.

1. Imtroduction. Competition and predation are two fundamental ecological re-
lationships among species and have been widely studied [1]. Recently, it is been
recognized that intraguild predation (IGP), which is a combination of competition
and predation, has significant impacts on the distribution, abundance, persistence
and evolution of the species involved [2]. As a result, growing attention has been
paid to IGP models [3, 4, 5, 6, 7, 8, 9].

The general framework of IGP described below was established by Holt and Polis
[5]

R(t) = R(p(R) = p1(R.N, P)N — pa(R, N, P)P),

N(t) = N(eip1(R,N,P)R — ps(R,N, P)P —m,), (1)
P(t) = P(eap2(R, N, P)R + esps(R, N, P)N —my),
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where R(t), N(t), P(t) represent the densities of basal resource, IG prey and IG
predator, respectively. The quantities pa(R, N, P)R and p3(R, N, P)N are func-
tional responses of the IG predator to the resource and IG prey, respectively;
p1(R, N, P)R is the functional response of the IG prey to the basal resource; and
m1 and mo are density-independent morality rates. The parameters e; and e are
the conversion rates of resource consumption into reproduction for the IG prey
and IG predator, respectively; the parameter e3 denotes the conversion rate of the
IG predator from its consumption of IG prey; Ro(R) is recruitment of the basal
resource.

Functional response describes how the consumption rate of individual consumers
varies with respect to resource density and is often used to model predator-prey
interactions. For IGP models, several functional response functions have been stud-
ied. For instance, Velazquez et al. [10] and Hsu et al. [11] investigated the case
with a linear functional response. Abrams and Fung [12] considered Holling type-11
functional response. Verdy and Amarasekare [13] and Freeze et al. [14] investigated
Holling type-II and ratio-dependent functional responses, respectively. Kang and
Wedekin [15] considered Holling-IIT functional response.

Note that the reproduction of predator following the consumption of prey is
not instantaneous, but rather is mediated by some reaction-time lag required for
gestation. Time delay plays an important role in ecology and it can induce very
complex dynamical behaviors [16, 17, 18, 19, 20, 21, 22]. For IGP models, it has
been shown that a time delay greatly impacts their dynamics [23, 24]. In [24], Shu
et al. investigated the complex dynamics of the following IGP model

R(t) = rR@)(1 — B0) — e RON (1) — 2 REP(1),
N(t) = e1c1R(t — T)N(t — 7) — e3N(t)P(t) — miN(2), (2)
P(t) = eacaR(t)P(t) + e3cs N (t) P(t) — mo P(t),

where 7 is the growth rate of R in the absence of N and P, K is the carrying capacity
of resource. ¢ is the predation rate of IG prey for resource, cs is the predation rate
of IG predator for resource, c3 is the consumption rate of IG predator to IG prey
and all other parameters have the same meanings as those in (1).

Note that for each species, individuals tend to migrate towards regions with lower
population densities. Hence the species are distributed over space and interact with
each other within their spatial domains. To take spatial effects into consideration,
reaction diffusion equations become a natural choice [25, 26, 27, 28, 29, 30, 31, 32,
33, 34, 35, 36]. In this work, we consider a reaction diffusion IGP model with delay
and Beddington-DeAngelis functional response.

Suppose 2 C R™ is a bounded domain with smooth boundary 9. Let R(t,z),
N(t,x), P(t, z) represent the densities of basal resource, IG prey and IG predator
at time ¢t and location z, respectively. The basal resource is assumed to grow
logistically. We assume the basal resource is consumed by the IG prey at a rate
c1R(t,x)N(t,z), and the IG prey is consumed by the IG predator is cg N (¢, x) P(t, x)
at time ¢ and location x. In this paper, we will assume the functional response takes

the Beddington-DeAngelis (B-D) form, i.e., the consumption of the resource by the
caP(t,z)R(t,x)

a1 R(t,x)+a2P(t,x)"
from consuming the basal resource is e;c; R(t — 7, 2) N (t — 7, z), where the time-lag
parameter is introduced in a manner analogous to the treatment in [24]. We further

assume the populations cannot cross the boundary of 2. Our model then reads as

IG predator is characterized by

The reproduction of IG prey
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TABLE 1. Parameters definitions in model (3) and their units, where

[resource] indicates basal resource density, [IG prey] indicates IG prey

density, and [IG predator| indicates IG predator density

597

Symbol Parameter Definition Units
T Basal resource intrinsic growth rate [time] !
K Basal resource carrying capacity [Basal resource density]
c1 Predation rate of IG prey on resource [IG prey]™* [time] ™"
) Predation rate of IG predator on resource [IG predator] ™! [time]
c3 Predation rate of IG predaotr on IG prey [IG preys][IG predator]
[time] ™
e1 Conversion rate from resource to IG prey [IG preys][resource] ~*
€2 Conversion rate from resource to IG predator [IG predators|[resource] ™!
es Conversion rate from IG prey to IG predator [IG predators][IG prey] ™
ai [Half saturation constant] * [resource] ~*
as [Half saturation constant] ™! [IG predator] ™"
my Mortality rate of IG prey [time] ™!
ma Mortality rate of IG predator [time] ™
dy Diffusion coefficient of resource [length]?[time] ~*
da Diffusion coefficient of IG prey [length]?[time] ~*
ds Diffusion coefficient of IG predatior [length]?[time] ~*
L The size of spatial domain [length]
Q) — GAR+ R (r(1 - £) — N - %25 ) 1> 0,0 €0
aNa(z,x) = dy AN + ereiN(t —1,2)R(t — 7,2) —csNP —miN, t>0,2€Q,
L) — dyAP + P (28B4 + cacsN —mz) t > 0,2 € Q,
98 — 9N — 92 — 0.t > 0,z € 99,
R(t,x) = ¢1(t,z) > 0, (t,z) € [-7,0] x Q,
N(t,x) = ¢o(t,z) > 0, (t,z) € [-7,0] x Q,
P(t,x) = ¢3(t,z) > 0, (t,z) € [-7,0] x Q,

(3)

where Jl,gg, 673 denote the diffusion coefficients of the three species, respectively;
A is the Laplacian operator in the n dimensional space, v is the outward unit
normal vector on 9Jf2, and the homogeneous Neumann boundary conditions reflect
the situation where the population cannot across the boundary of 2. The meanings
and units of the parameters of model (3) are summarized in Table 1.

For rescalling, we let

R(t N(t P(t
’U,l(t,.f) = %7u2(t7x) = Cl#(7x)au3(tax) = Ma’h = %572 = %a

K K
ﬁlzGlCl ) 226202 704:6_376:%7[):0’11{70:%7

r Co Cc1 C2
CA[l 672 (73 R Tr .

d1:m7d2:m,d3 T—2,x:z,t:t7‘,T=TT,

o1(t,x 192(t, @ a3t
¢1(t,$):%,¢2(t, )_ ,5 )7¢3(t7 ): ,,E )
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Then model (1.3) becomes

6u1(t ) _ 4 1Auq (6, x) + fr(u,v),t >0,z € Q,

&%”’ do s (t,7) + fo(u,v), ¢ > 0,3 € 0
Qustht) — gy Aug(t, ) + f3(u,v),t > 0,z € Q,
( ) Buz(t z) 3u3(t z) _ 0,t>0,x ¢ 89, (4)
(t z) = ¢1(t r) >0, (t z) € [-7,0] x £,
us(t,x) = ¢o(t,x) >0, (t,z) € [-7,0] x €,
us(t,z) = ¢3(t,x) >0, (t,z) € [-7,0] x €,

where u = (uy(t,2), ua(t, ), uz(t, z)), v = (u1(t — 7,7),us(t — 7,7)) and

fila,v) =ui(t,2) (1 —ug(t,x) —ua(t,x) —

us(t, x) >

1+ buy (¢, x) + cus(t, x)

fo(u,v) = Brus(t — 7, 2)ue (t — 7, 2) — aus(t, 2)us(t, x) — yrusa(t, z),
Baui(t, )
) = walt,2) (e ) 2
Throughout the paper, we denote Q = QJ0Q, Dy = (0,T] x Q, Dy = [0, T] x €,
Qo=[-701xQQ0=[-7,01xQ, Q7 = [-7,T]| xQ,Qr = [~ TT]XQ Denote by
C7(Dr) the space of Holder continuous functions in D7 with exponent v € (0,1).
The space of continuous functions in Dy is denoted by C(Dy). For vector-value
functions we use the product spaces

C(DT) = O(DT) X O(DT) X C(DT),C’Y(DT) = O’Y(DT) X CW(DT) X O’Y(DT)

Denote

8’&1 8’(1,2 8’(1,3 -
ov ov ov Oon 89}

X = {(U17U27U3)T EH* Q) x H*(Q) x H*(Q): — = — = — =

with the usual inner product (-, -).

The rest of the paper is organized as follows. In Section 2, we study the existence
and uniqueness of solution of (4) and estimate the solution’s priori bounds. In Sec-
tion 3, we discuss the existence of nonnegative spatially homogeneous steady states.
In Section 4, we carry out stability analysis and Hopf bifurcation analysis about
the unique positive spatially homogeneous steady state of System (4). Numerical
simulations are presented in Section 5 to illustrate the impacts of delay, diffusion
and the functional response on the dynamics of our IGP model. We conclude this
paper with a brief summary and discussion in Section 6.

2. Existence of solution of System (4) and priori bound estimation.

Theorem 2.1. Consider System (), we have the following conclusions.
(i) Given any initial condition (¢1(t, ), d2(t, z), ¢3(t,x)) € C7(Qo) with

O§¢Z(t,$) SL’M (tvx) EQOa i:15273a (5)
where L;,1=1,2,3 are positive constants satisfying
L] fBaoLn

1<L <—L<—L>—7—bL—1,
R Yo — BLa !

System (4) admits a unique solution (ui(t,x),us(t,x),us(t,z)) satisfying
0 <wui(t,x) < L;, fort>0,z€Q,i=1,23.

(6)
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(i) For any solution (ui(t,x),us(t,z),us(t,z)) of System (4), it holds true that
limsup uq (¢, 2) <1, limsup/ usg(t, x)de < Jp, limsup/ us(t,x)de < Jo
Q Q

t—r00 t—00 t—o0

where J; = (ﬁ + 809, 2 = (f—i + %Jl + B2)|9| with k = min{y1,72}.

4’}/1 —
Furthermore, if dy = do = ds and T = 0, then for any x € €,

. Paax  B1, P Bacx

limsupus(t,z) < — + —(— + + —,

t_)oop 2(t, ) kB K (471 Br) 1)

. B2 BB, b1

1 t < =4+ —(— .

I?Ligpug( @) < 4K i ak (471 +B) + B

Proof. Note that f;(u,v) is mixed quasi-monotone in a subset A x A* of R3 x R?
for each i = 1,2, 3, we can apply [27, Therorem 2.2] to establish the existence and
uniqueness of solutions to System (4). To this end, we first need to construct a pair
of coupled upper and lower solutions of System (4), which we denote by (1, U2, u3)
and (U1, U, us), respectively. In view of [27, Definition 2.1], the required upper and
lower solutions should satisfy the boundary-initial inequalities and the following
differential inequalities

ou ~ ~ ~ -~ w
e 2 dlAUl +U1(1—U1 — Uy — Hbﬂul73+cﬂ3)

It
88—32 Z dQA’EQ —|— Blﬂlﬁg — Oéagag — 71172, (7)
s > d3 Atz + ﬁﬁ%ﬁm + Bugiz — Y2u3
and ~
% S dlAal + al(l - 171 —~'lf12 - Hlﬂzfgﬂﬂ@)
Gt < do Ay + frunliy — augliy — Y1z (8)
9s < dz Az + % + Bualiz — Yolu3.
Take (a1, 72, U3) = (0,0,0) and (a1, %z, u3) = (L1, Lz, Ly). Clearly, 9L =0 >
0>0= %. It follows from (5) and (6) that the pair (u1,us2,u3) = (0,0,0)
and (uy,ue,u3) = (L1, Le, L3) are coupled upper and lower solutions of System

(4). Tt is easy to check that f;(u,v) (i = 1,2, 3) satisfy the Lipschitz condition for
0 <wu; <M;,0 <w; < Lt =1,2,3, and we denote the Lipschitz constants by
K;,i = 1,2,3. By [27, Theorem 2.2], System (4) admits a unique global solution
(ur(t, ), us(t, x),us(t, z)), which satisfies

(0,0,0) < (ui(t,x), ua(t, ), us(t, z)) < (L1, Lo, L3), t>0, ze€.

This completes the proof of (7).
Next we establish the priori bound of solutions to System (4). To estimate
uq(t, x), we observe that uy (¢, z) satisfies

W < diAuy(t,x) +uy(t,2) (1 —uy(t,z)), t>0,2€Q,
duiltr) — t>0,2 €00
It follows from the standard comparison principle [37, Lemma 3.4.2] of parabolic
equations that limsup g (¢,2) < 1. Thus for any € > 0, there exists a T} > 0 such
t—o0
that ui(t,z) <14 ¢€ for t > T7.
To estimate the priori bounds of us(t, z) and us(t, z), we set

Ul(t):/gul(t,x)dx, Ug(t):/UQ(t,x)dx, Ug(t):/U3(t,$)d$.

Q Q
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—d:b—/dlAuld:E—i—/Q[ul(t,x)(l—ul(t,:v) — ug(t, z)—

us(t, x)
1+ buy(t, z) + cus(t, x)

d
U2 / %d:r = / doAuadr + / [Brui(t — 7, 2)ua(t — 7,2)—

aug(t,x)U3(t,x) Yruz(t, r)ldz,

dUg(t) - 6’11,3 /
i = o 8td d3AU3d$+

)lda,

Paua(t, x)
[ st 0) (e s + Bua(t ) = )

From the Neumann boundary conditions, we further obtain
AUy (t);;Uz(t-‘rT))
=P Jo Frdz + [ de
=1 [o(u1 —uf)dz — [, %dm
— Jo oua(t + 7, x)us(t + 7, x)de — [, viua(t + 7, x)dx
< 31|Q|+71ﬂ1(1+a)|9| Y (BiUL(t) + Ua(t + 7)), t>Th.

By the comparison principle, we have

limsup(1U3(0) + Uat + 7)) < ZI92]+ /1192 =

t—o0

Similarly, there exists T5 > T such that [, us(t, z)dz = Ua(t) < Jy + € for t > Ts.
Thus, for t > T5 + 7, we have

d(B2U1(t) + gUz(t) + Us(t))

dt

=0 / (w1 — u?)dx + @ul(t — 1, x)us(t — 7, x)dx — @/ uadx — 72/ uzdx

Q @ Jo Q

|Q| + —5(1 + a)/ wa(t — 7 2)dz — DUy — 4ol

Q @
sf|ﬂ| + 204 ) 4210 + Bam(1+ I — w(BaU) + DU+ ),
where k = min{vi,v2}. This implies that

B BB _
lim sup(B2Uy + — U2 +Us3) < —|Q| + —J1|Q| + 52| = T
t—o0

and hence limsup [, u3(t, z)dz = limsup Us(t) < Jo.
—00 t—o00
For the case with d; = do = d3 = d and 7 = 0, we can similarly show that for any

g > 0, there exists T3 > T} such that 0 < uy(t,2) < 14+eand 0 < us(t, x) < 47 L+ B
for ¢ > T5. Moreover, let S(t,z) = Bouq(t, z) + EUQ(t x) + uz(t,x). Then

gg =dAS + ﬂg(ul — ul) ﬁQUlUQ =+ %ulzm — m’U,Q — 72U3,t > Tg,.I S Q,

52 = 0,t> T3,z € 09,

S(T37 ) = Bour (T3, 2) + Lus(Ts, ) + us(Ts, ), 2 € Q.
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Thus for ¢t > T3, we have

Bo(u1 — u) — Bousus + %Uluz - %Uz — Y2u3
g% + %(1 + a)(% + 61 +¢)+ Per(l+e)—kS.

Consider the system
G = dAW + B2 + BE(1 4 ) (& + B1 +2) + Bor(1 + ) — W, t > T,z € Q
W —0, ¢>Tsxecd,
W(Tg,fb) = ﬂgul(Tg,{E) + g’UQ(Tg,{E) + U3(T3, I), x € Q.
It follows from [37, Theorem 2.4.6] that the solution W (¢, z) satisfies

: B2 B b1
ggjvmxy_L;+E;a+sxzﬁ+ﬁr+@+ﬁx1+@.
The comparison argument implies that
. . a o B1, B Baav
limsupus(t,z) < limsup =S(t,x) < — + —(— + + —
P 2(t,) P B (&) 4kf K (471 B B
and
limsup uz(t, z) < limsup S(t,z) < ] + M(ﬁ + B1) + Ba.
t—00 t—00 4k ak “4m
This completes the proof. O

3. Spatially homogeneous steady states of System (4). Same as in [24], we

denote by R; = Bi = el (i = 1,2) the reproduction numbers for the IG prey
Vi my

and IG predator, respectively. Consider (4), we easily have the following existence

results on trivial and semi-trivial spatially homogeneous steady states.

Proposition 1. (i) The trivial steady state Ey = (0,0,0) always exists.

(ii) There is a weakly semi-trivial steady state in the absence of IG Prey and IG
Predator E1 = (1,0,0).

(iti) The IG Prey-only strong semi-trivial steady state Ero := (7,1 — %, 0) exists
if and only if Ry > 1.

(iv) The IG Predator-only strong semi-trivial steady state Eoy := (G1,0, R2(1 —
G1)t1) exists if and only if Ro > 1+ b, where

_ —(R2—cRa—b)+4/(R2a—cRa—b)2+4cRa

al 2¢Ro
System (4) admits a positive steady state E* := (uf,u},u}) if E* is a positive
solution to the following three equations:
u3
v 1+ buy + cus ’ )
Prur —aug —n =0, (10)
Bau1
_— — 72 =0. 11
1+bu1+0u3+ﬁuz V2 (11)
It follows from (10) that
o
Ty, (12)
631 1

Combining (9), (11) and (12), we obtain
uz” + pui +q =0, (13)
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where
7288 + baBi(v2 — B) + afi(B — B2) + ¢BB1 (11 — B1) + BBE + 2bafn
n aB(ba + cfB) ’
_ Bi(v2 — B) + bBivi(v2 — B) + Bimi (B — Ba2) + B(by: — B)
q aB(ba + ¢fy) '

For the distribution of roots of Eq. (13), we have the following results.

Lemma 3.1. (i) If p < 0,p*> —4q > 0 and ¢ > 0, then Eq. (13) has two positive
T00tS Uz, = iy 4y ‘21)2_4(1.
(ii) If p < 0 and p? — 4q = 0, then Eq. (13) has a unique positive root u}, = .
(iii) If ¢ <0, then Eq. (13) has a unique positive root uy = uj, .

Remark 1. Set R3 = ,Y—i, then ¢ < 0 provided that Ry > b and Ro > R3 > 1.
According to Lemma 3.1, the following proposition is valid.

Proposition 2. (i) When p* —4q > 0,p < 0,q > 0 and
R, < min (batcBr)(=p+/p?—4q)+2(by1+P1)  (batcBi)(—p—/p?—4q¢)+2(by1+51)
a(—p+y/p2—4q)+2m ’ a(—p—/P2—49)+2m1 ’
System (4) has two positive constant steady states E% = (ui,,u3,,u3,) and
aui A,
EY = (uj_,u3_,u3_), where uj, = —2 Sub, = 5 - %x
auy, +vy1 * *PJF\/M _
GaTeBus, 1o iAo Us+ = 2 and uj_ =
aui_+v1 —p—y/pP>—4q
(bat-cpr)ul_+byi+pB1° 2 .

(ii) When p* —4q = 0,p < 0 and Ry < _(ba+cﬁl)p+2(b%+61), E% and E*

Q
g

i
+

2

=

Iy

*

|2

M
P

* —
ui_ =

2v1—ap
* * * * ko po 1 * o __ 72
merge, denoted by Ef = (uly, uby, u3y), where uy, = —35; t AUz = F —
B2 2v1—pa k. = —P
B 2(by1+B1)—(batcBr)p? 730 2°

— 2 __
(iii) When q¢ < 0 and Re < (botef)Crt v A)T2NEH) - gy pom, (4) has only
a(—p+y/p>—49)+2m
one positive constant steady state E* = (uj,u3,u3), where uj = uj, ,us =

* * __ ok
Uy, ,u3 = Uz, .

Remark 2. There exist parameter values such that Proposition 3.4 holds. For
example, choosing o = 0.68,8 = 0.9,8; = 1.9,8; = 1.8,7 = 0.2, = 0.76,,b =
2.5,¢ = 10. A direct calculation yields only one positive steady state

E* =(0.1891,0.7562, 0.2344).

4. Dynamics of System (4). Let 0 = u1 < p2 < pz < --- be the eigenva-
lues of —A on Q under no-flux boundary conditions, and FE(u;) be the eigen-
space corresponding to p; with multiplicity m; > 1,4 € N = {1,2,---}. Set
X;; = {e-¢; : e € R¥}, where {¢;;} is an orthonormal basis of E(u;) for
j=1,2,--- ,dimE(y;). For X := {w € C}Q) : % = % = % = Oonofl},
we have the following lemma from [37].

Lemma 4.1.
dimE ()

xzéx whereX; = P X,
i=1 j=1
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4.1. Stability of £y and F;. In the following, we consider the stability of Fy and
E.

Theorem 4.2. (i) The trivial steady state Ey is always unstable.
(i) The semi-trivial steady state Ey is locally asymptotically stable if Ry < 1 and
Ro < 1+ b and unstable if either Ry > 1 or Ro > 1+ 0.

Proof. Linearizing System (4) at a constant steady state u® = (u$, us, u$) gives

) . )
a—‘; = (DA + Ji)u + Jou,, (14)

where D =diag{dy, da,ds},u = (u1(t, z), ua(t, z), us(t, z)),ur = (us(t — 7, 2), us(t —
T,2),us(t — 7,x) and

r < 02 < i
— 2 — uf — —u? __Q+buug
. 1 2u1 Uz (1+bu§+cug)? Gt (1+bu§+cug)?
J1 = 0 —au§ — 7 —ous ;
Ba(1tcug)ug o Baul (14buf) o
i (TrbugTeug)? Bug  rpugtengyr TPUS — 02
0 0 0
Jo=| Bug Piuy O
0 0 0

From Lemma 4.1, we know that the eigenvalues of the System (4) is confined on the
subspace X;, and A is an eigenvalue of (14) on Xj if and only if it is an eigenvalue
of the matrix —u; D + J*,where J* = jl + jge*)”'. Then the characteristic equation
of (14) is

det(Als3 + ;D — J*) =0, (15)

where I3 stands for the 3 x 3 identity matrix.
(1) If u® = Ej, then we obtain the following characteristic equation

(A +dipi — 1)(N + dapri +71) (A + dsps +72) =0,

which gives three sets of eigenvalues, namely, \j; = —dip; + 1, Aoy = —dop; —
Y1, A3; = —dsp; —y2,4 = 1,2,---. Clearly, for ¢ = 1, \y; = 1 > 0. From [40,
Corollary 1.11], the trivial steady state Ej is unstable.

(i1) If u® = By, then we obtain the following characteristic equation

A+ dipgs + )N+ dopsi — Bre > +y1) (A + dap; — 1[3—_’?[) +92) =0,
which gives the eigenvalues \i; = —dip; — 1,33 = —dsp; + f—fb — 772 and Ag;
is determined by Ag; + doj; + 1 — Bre %7 = 0. Clearly, A\y; < 0 for all ;. If
Ro < 1+0b, we get A3; < 0 for all p;. If R1 < 1, then we have S < 1 + dop; for
all ;. Thus it follows from [24, Lemma 6] that the eigenvalues \o; have negative
real parts for all p;. It follows from [40, Corollary 1.11] that the equilibrium Ej is
locally asymptotically stable for Ry < 1 and Re < 1+ b. If Ry > 1 then there
exists p1 = 0 such that dapg + 1 < 1, so it follows from the [24, Lemma 6] that
at least one of the eigenvalues \o; has a positive real part. If Ro > 1+ b then there
exists 1 = 0 such that A3y > 0. From [40, Corollary 1.11], the steady state Ej is
unstable in either case. |

Theorem 4.3. Suppose that R1 < 1,Ro < 14+0b and 1 — % > % Then Eq is
globally asymptotically stable.
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Proof. Let (U1, Uz, us3) = (£,0,0) and (w1, ae, ug) = (Mg, M2, M3), where My = 1+
E< My =2 —e>0,My = LT —1) =1 (_52%;5) —b(l+e)— 1)
> 0 and ¢ is arbitrary small positive constant.

We claim that (41, Uz, us) = (£,0,0) and (uy,ug,us) = (Mg, Mo, M3) are also
coupled upper and lower solutions of System (4). In fact, it follows from 1 — 352 > %

that 1 — 32 > ﬁ—g,ﬁ, and thus we gete(l—e—(F —¢) - Hbzﬁfi%) > 0. Hence,
we obtain uq (1 — uy — us — H_ba“li':_c%) > 0. It is easy to check that (U, us, us) =
(€,0,0) and (u1,us,us) = (M, Mo, MNM3) satisfy the differential inequalities in (7)

and (8). Thus the claim holds. Define the iterated sequences (ﬁgm), ﬁém), ﬂgm)) and

(ﬂgm) ) H;m) ) Hgm)) as follows:

r (m—1)
_(m) _ (m-1) L | _(m-1) _(m—1) _ (m-1) U
=1u + — 1—-u U ,
1 1 Kl i 1 < 1 + bﬂgm 1) + Cﬂém 1) )]
r _(m—1)
(m) _ (m—=1) L | (m-1) (m—1) _ ~(m—1) 3
U U +— |u 1-u - )
K, _ 1 < 1 1+bu§m D 4 eglm 1))]
m —(m— 1 —(m— —(m— m
ﬂg ):ué D—I—E ué D (ﬂlug 1)—0@g )—7)} ,
m m— 1 m— m— —(m
U( ) g Y + 5, _g Y ([3125 Y au( b_ 71)} )
2 L
i _(m—1)
(m) _ _(m=1) , 1 | _(m-1) Batuy _(m—1)
uy ' =1u + +0 g )
0 i [ (e )|
r (m—1)
(m)  (m-1) , 1 | m-1 Bauy (m—1)
uy "’ =u +— |u + Bu =72 ||
3 3 Ks |7® <1 + bggm_l) + cggm_l) ? )]

where m = 1,2,---, (@, a{”, a) = O, My, M3), @V, 6, ul”) = (£,0,0)
and K;,i = 1,2, 3 are the Lipschitz constants in Theorem 2.1. It is easy to see that
f(u,v) = (fi(u,v), f2(u,v), f3(u,v)) is a C*! function of u,v and is mixed quasi-
monotone in a subset A x A* of R3 x R?. We can deduce from the induction method
that

a < H(m) < H(erl) < l—l(m+1) < l_l(m) < i (16)

It follows from (16) that the limits

lim o™ =4y, lim ad™ = ay, lim a{™ = us,
m—00 m—r 00 m—r o0
; (m) : (m) . (m) (17)
E R S
exist and satisfy the following equations
fi(ty,uy,u3) = 0, fa(ty, U2, u3) = 0, f3(tr, U2, u3) = 0, (18)
fl(glaﬁQ;ﬂG) = 05 f2(ﬂ1,ﬂ27123) - 05 f3(21722723) = Oa (19)

where

8= (@, 8s), u™ = (™ g™ ™), w™ Y = (g W),
Gt = (g{mHD g{m D gimtDy gom) — gm glm gimy G = (@, U, ).
Since ygo) =0 and ng) =0, we get gém) =0 and ggm) = 0. It follows from (17)
that uy, = ug = 0. Thus, it follows from the first equality of (18) that @; = 1
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Substituting 4; = 1 into the second equality of (18) and noting that R; < 1
yields 4z = 0. In view of the third equality of (18), we have g (mfaﬁ — 72) =

0. Since R2 < 1+ b, we obtain H—bﬁﬁ — 72 < 0. This implies that us = 0.
Hence, it follows from the first equality of (19) that u; = 1. Therefore, we have
(@1, u2,73) = (1,0,0) = (uy, Uy, us). It follows from [27, Theorem 3.2] that for any
initial function ¢ = (¢1(¢, ), d2(t, x), P3(t, x)) satisfying u < ¢ < U in Qo, the
solution u = (u1(t,x), ua(t, x),us(t, x)) of System (4) satisfies tlij?ou = (1,0,0).
This completes the proof. O

4.2. Stability of Fyyp and FEp;. Next, we consider the stability of the two strong
semi-trivial steady states: Ej9 and FEp;. For the IG prey-only strong semi-trivial
steady state E1p, we have the following result.

Theorem 4 4. Consider System (4) with R1 > 1.
(i) If — R1+b — B(1 = =) +72 <0, then Eyg is unstable.
(i) If — R1+b —-B(1— 7%) +v2 >0 and 1 <Ry <3, then Ey is locally asymptot-
ically stable for all T > 0.
(1) If — R - B(1— %1)4—’)/2 > 0 and Ry > 3, then there exists Too > 0 such that
Eg is locally asymptotically stable for T € [0, 7'00) and is unstable for T > Tyo.

Further there exists a sequence of delays, {TJ +°° fori=1,2,--- Ny, at
J

which FE19 undergoes Hopf bifurcations. Here, To0 and T are given in the

proof of this theorem.

Proof. For FEj, the characteristic equation is

mi(N)[g1(A) + b1 (Ne ] =0, (20)
with mq () = )\+d3ﬂi_%_ﬁ(1_%)+727 hy ()\) ()\'i‘dlllzz —)ﬁg—-f—g—ll(l—
7% ) and gl()‘) = ()‘+dlﬂz+7él)(/\+d2ﬂz+'71) Note that _73 +b B( _RL)+'72 < O
there exists p1 = 0 such that —dspy + R "o T AL — —) ~2 > 0 holds. Therefore,
m1(A) has at least one zero with a positive real part and the characteristic Eq. (20)

has at least one positive root with a positive real part. The proof of () is complete.
Denote

_ 1 _ - 1
Fi=dip;+— >0,L1 =dyu; >0, J1 = 1——)>0.
1 14 +R1 1 2 71( Rl)
Then we have
g (N)+hi(N) = A2+ (El + El)/\ + Ei Ly + Ji. (21)

Since By + Ly > 0 and Ey Ly +.J; > 0, it is easy to see that Eq. (21) has no positive
zeros for all ;.
Define

G(u) =] g1 (iVu) [P = | a(ivu) [
=u? + (L? + 201y + E})u+ EIL? + 2F3Lyy — J? + 2E1m J,.
Since L} + 2L1y1 + E7 is positive for all p;, if F(u;) = EFLY + 2Ef Ly — Jp +
2FE1v1J1 > 0 then G(u) has no positive zeros.

(22)

Next, we discuss the distribution of positive zeros of G(u). Clearly F(0) = ﬁ (1 -

7%1)(7% -1).If1 < Rl < 3, then F(0) > 0. Since F(u;) = (dipi + —)2d2,u1

2(dypi + R}l)nguzm + L(1- —)[ (dypi + Rl)ﬁ—ll - %(1 - %1)] is increasing in
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i, we obtain F(u;) > 0 for all p;. Thus, G(u) has no positive zeros for all p;. It
follows from [24, Lemma 11] that Ej is locally asymptotically stable for all = > 0.
This completes the proof of (i).
If Ry > 3, then F(0) < 0. Since F(u;) is increasing in p; and lim F(u;) = oo,
11— 00
there exists a constant n € N such that

F(wi) >0for 4> Ny, and F(u;) <0 for i < Njy.

This implies that (22) has no positive root for ¢ > Nj, has N positive roots for

. —Trit++/Tr?—46;
i < Ny, denoted by ug,ug, - ,un,. From (22), we get u; = w? = ——Yo—t

2
where Tr; = L1 + 2L1’yl + E1,5 = E1L2 + 2E1L1’yl J1 + 2E1J1”yl Similar to
the argument of [24], we obtain

o By
= —darccos | ———— | +2jmp, i=1,2,---,Ny, j=0,1,2,---,
wi { (\/Bfi +cfi> '

where
By _(R Yy i + % - %(1 - Ril)((dlui + Ril)(dzﬂi +71) —wi)+
lel 2(dypu; + dopu; + 7; +m),
Cui =~ (gt + gy = 0= e + g+ -+t
%wi((dlui + Ril)(dzﬂi +71) — wp).
Denote

Too = min {Tio}.
1=

It follows easily from —Rfib —p(1—- %)—i—wz > 0 that dgpu; — R 5 B(l—%)-‘r’}/g >
0 for all p;. Then all zeros of mq(\) have negative real parts. Since all zeros
of g1(A) + hi(X) have negative real parts, we conclude that all zeros of Eq. (20)
have negative real parts for 7 = 0. Since 7y is the minimum value of 7 so that
Eq. (20) has purely imaginary roots, applying Lemma 1.1 of [39], we get Ejq is
locally asymptotically stable for 7 € [0, 70) and is unstable for 7 > 79¢. From (22),
we obtain G’(u;) > 0 for i =1,2,--- , N;. Thus, Ejg undergoes a sequence of Hopf
bifurcations as 7 increases through TJ fort = 1,2,--- ,Ny,7 = 0,1,2,---. This

completes the proof of (¢i). O

For the IG predator-only strong semi-trivial steady state Ep;, we have the fol-
lowing result.
Theorem 4.5. Consider System (4) with Ro > 1+ b.

(i) If aRat1 (1 — G1) + y1 < Biiiy, then Egy is unstable.
(ii) If aRoty (1 —dq) +v1 > Brtin and b < @41 (Ra +b), then Eoy is locally asymp-
totically stable for all T > 0. Here Uy is defined in Proposition 3.1.

Proof. For u® = (41,0, Ra2(1 — 41)ty), we get the characteristic equation
ma(A)ga(A) = 0, (23)
with
ma(A) = (A + dop; + ovlis + 71 — ﬁlﬁle_)‘T),
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and
Bati1 (1 + bty

b1t
2)()‘+d3,ui + 72— m

(1 + buy + Cﬁg)
62’&1’&3(1 + b’&l)(l + C’&g)
(1 + bﬁl + Cﬁ3)4

g2(N) =N+ dyp; + 1 —

)

where

—(Ra— ¢Ra — b) + /(Rs — cRz — b + 4R
4 = R cRs >+x2/c(R22 Ro 2O FARs 40— Ryt — )i,

Since aRat1(1—111)+71 < Srty and G3 = Rotig (1 — ;) then there exists u; = 0
such that dopy + atis +v1 < P11 holds. Hence, it follows from [24, Lemma 6] that
ma(A) has at least one zero with a positive real part. The proof of (i) is complete.

Denote

3 i bily i 7 i1 (1 + bi
Ey = dipi + 01 — e 5> Lo = d3p; + 72 — (BQul( i)

(1 +bﬁ1 +Cﬁ3) 1 +bﬁ1 +Cﬁ3)27
j _ ﬂQﬁlﬂg(l + bﬂl)(l + Cﬂg)
’ (1+biy +cig)t

Then we have
92()\) =\2 + (EQ + Eg)/\ + EQEQ + jg.

Since Eg + I/Q =dyp;+dsp; +u1 — (1+bbgff2a3)2 +v2— (fi%il(lli_fg;))z and Eg[_/g + jg =

~ bl 4 i1 (14-bu 4103 (1+bty ) (14-ci .
(dy i+ — (i) (72 — () + 2RRE AR Obviously,
Yo = i > S Since b < d1(Ra + b), we have biy < R3a3.

Noting that Rouy = 1 + by + cug, we obtain > < 1. This implies

bil
L (lerﬁleﬁ:;)
Uy > erﬁl?%' Thus g2(A) has no nonnegative zeros for all 7 > 0. It follows
from aRot1(1 —41) + 71 > P14 that all roots of ma(\) have negative real parts.
Thus all zeros of Eq. (23) have negative real parts for all y;, and hence Ey; is locally

asymptotically stable. This completes the proof of (it). O

4.3. Stability of the unique positive spatially homogenous steady state
E*.

4.3.1. Stability and Hopf bifurcation. In this subsection, by taking 7 as the bifur-
cation parameter, we investigate the stability and the Hopf bifurcation near the
unique positive spatially homogeneous steady state E*. For this purpose, we always
assume

(Hl) q < 0 and RQ < (bat-cpr)(—p+ V p%—4q)+2(bv1+P1) .

a(—p+y/p2—49)+2m

The above assumption guarantees the uniqueness of the positive spatially ho-
mogeneous steady state £*. For the spatially homogeneous positive steady state
E* = (uj,ub,u}), the characteristic equation is given below:

A2 boi A2 biid 4 boi + e N (oA 4 i) + coi) = 0, (24)

where
ba; = dip; + dopti + dsps; +ul — bAs + fru] + cfaAs,
bii = (dipi +ui — bAz)(daps; + Bruy + dspi + cB2Az)+
(dapsi + Bruy)(dspi + cB2A3) + afusuy + Ay Az faujus,
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boi = (dipi +ui — bAs)(dap; + Brut)(dap; + ¢B2A3) + (dijp; + ui — bAz)afusus
—afaAsuiusus + (dop; + Brut) Ay Az fauius,

Cy = _ﬂluTa

c1i = Prujus — Srut(dyps + dap; +uj — bAz + ¢fB2A3),

coi = —drdsBruip? + dspifruiul — dipicBaAsBrut — dapi(uf — bAs)Bruf+
(cf2As + A1 Buz)Bruius — (uf — bA3)Cﬁ2A3ﬁ*1U’f — Ay AsBouiul fiul,

o 1+buf o 14cug . ujug
Al - (1+bu’l‘+cu§)2 ’ A2  (1+bui+cul)? A3 - (1+bu’l‘+cu§)2 .

Denote M1 = ’u,’{—bAg, M2 = ﬁlu’{, M3 = CBQA?,, M4 = aﬁu§u§, M5 = A1A262u1‘U§,
Ms = afyAsuiusul, M7 = Ay Pubus. Clearly, M; > 0 for i = 2,3,4,5,6,7.

Furthermore, we assume that

(HQ) My > 0.

(Hg) Mg — MyM7 > 0.

(H4) My My + MoMsus + MoM7 — Mg > 0.

(H.) Mg — MyMy < 0.

(H!L) Ml(MlMg + M5 + ’UJSMQ) + Mg(MlMg + My + M5) + Mg — Mo M7 > 0.

Theorem 4.6. (i) Assume that (Hy) — (Hy4) hold. Then the spatially homoge-
neous positive steady state E* of System (/) with 7 = 0 is locally asymptotically
stable.

(i1) Assume that (Hq) — (H2) and (H}) — (H}) hold. Then the spatially homoge-
neous positive steady state E* of System (4) with T = 0 is locally asymptotically
stable.

Proof. When 7 =0, (24) reduces to the following equation
N2 4 (bai + c2)A? + (b + c1i) X + bo; + coi = 0. (25)
Since M; > 0, a direct calculation yields
boi + co = (dy + do + ds)p; + My + M3 > 0.

bii + c1; =(dida + dids + dods) i + (Msdy + Msdo + Mido + Mds)p; + My Ms+
My + M5 + ’U,;Mz > 0.

boi + cos =dydadsp? + (Msdydo + Mydyds)u?+
(MQ’U,;dg + MlMng + M4d1 + M5d2),ul + M1M4 + M2M3u§—|—
MoMy7 — M.

(b2i + c2)(b1; + c11) — (boi + coi) =dapui(bii + c15 — dadspi — Madop; — M)+
dspi (b1 + c1i — usMo)+
dopi(b1; + c1; — Mydzp; — My M3z — Ms)+
My (byi + c1i — My) + Mz(b1;i + c1s — us Mz )+
Mg — My M.

Since by; + c1; — dgdgu% — Msdap; — My > 0,b1; + c15 — us Mo > 0,015 + c15 —
Mydsp; — MyMs — Ms > 0,b1; +c1; — My > 0,b1; + 15 — ’U,;Mg > 0, it follows from
(Hg) that (bQZ + 02)(1)11' + Cli) — (boz + COi) > 0 for all M -

It follows from (Hjz) and (Hy) that bg; + co; > 0 for all y;. Thus, by the Routh-
Hurwitz stability criterion, all the roots of (25) have negative real parts. This
completes the proof of part (i). Similarly, noting that (ba; +ca)(b1; +c1i) — (bo; + coi)
is increasing in p; under (Hsz), we can prove part (i4). O
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Next, we discuss the effect of the delay 7 # 0 on the stability of the positive
steady state E* . We first determine critical values of 7 at which a pair of simple

purely imaginary eigenvalues appears.
Let A = iw (w > 0) be a root of Eq. (24). Substituting A = iw into Eq. (24) yields

—iw? — bosw? + ibyjw + bo; + (—czoﬂ + iweq; + COi)e_i“T =0,
which implies that
boiw? — by = (coi — czw2) COS WT + ¢1;w Sin W, (26)
— W 4 b = (coi — czw2) Sin wT — ¢1;W COS WT. (27)
It follows from (26) and (27) that
WO (b3, — 2by; — c3)w* + (b3, — 2bgiba; + 2c0ica — 1) )w? + b3, — 5, = 0. (28)

Let w2 =S, and denote pPi = b%i—QbM—C%, q; = b%i_2b0ib2i+200ic2_ciy T, = bgz—cgl
Then (28) is reduced to

h(s) = s* 4+ pis® + qis +1; = 0. (29)
From (24), we get
pi =(di + d3 + d3)p? + 2(Mydy + Mady + Mads)pi+
M3? 4 M2 — 2My — 2Ms,
boi — coi =dydadsp? + (didaMs + dads My + 2dydz Mo) i+
(2dy1 My M3 + do My M3 + 2d3 My My + dy My + do Ms — dzu’ Mo) i+
2My My M3 + 2MoMs + My My — us My Mz — MyMy — M.

In the following, we need to seek conditions required for Eq. (29) to have at least
one positive root. For this purpose, we further make the following hypotheses: (Hj)
QM MoMs + 2MoMs + MMy — 'LL;MQMQ, — MMy — Mg < 0.

(Hﬁ) 2d1 MoMs + do My M3 + 2d3 My Ma + di My 4 doMs — dsus Mo > 0.

Since bg; — co; is increasing in p; under (Hz) and (Hpg), it follows from (Hs) that
there exists Ny € N such that

bOi_COi<O for 1 <7< Ny and bOi_COiZO for ZZN2+1, i € N.
According to the above analysis, we have the following lemma.

Lemma 4.7. (i) Assume that (Hz),(Hs) — (Hg) hold. Then Eq. (29) has at least

one positive root for each i € {1,2,--+, Na}.
(i) Assume that and (Hz), (HS) and (Hs) — (Hg) hold. Then Eq. (29) has at least
one positive root for each i € {1,2,---, Na}.

Proof. Tt follows from (Hz) and (Hy4) that bg; + co; > 0 for all 4 € N. Thus r; < 0

if and only if bg; — ¢o; < 0. It follows from (Hs), (Hs) and (Hg) that there exists

wi (i =1,2,---,Na) such that r; < 0. Since lim h(s) = oo for fixed p;, then (29)
§—00

has at least one positive root for each i € {1,2,---, No}. This completes proof of

part (). Similarly, we can prove part (ii). O

Remark 3. From Lemma 4.2, without loss of generality, for each i,1 < ¢ < Na,
we may assume that it has three positive roots, which are denoted by 1, 52, 3.4,
respectively. Then for each 7,1 < ¢ < Ny, (18) has three positive roots wy,; =
VSkisk =1,2,3. By (26) and (27), we get
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4
(Cu - bQiCZ)wk i (b21601 + boica — Clzblz)wk i bOzCM

COSW,iTk,i =
(COZ - ngk 1) + cllwk K
Let
c1i—baica)wi ;+(b2icoitboica—ciibii)wi ;—boico: .
arccos ( < )it — Jii + 25

. (coi—caw? ;)2 +ci,wi

P REGIE (30)

Tk.j
Wk, i

for1 <i< Ny, k=1,2,3,7=0,1,2,---. Then +iwy ; is a pair of purely imaginary
roots of (28) with 7 = 7 ;. Define

3 *
=7t min T W= Wk i - 31
o0 T k=1,2,3,0i=1,2, Ny 07 0,10 (31)

Lemma 4.8. Let A(7) = a(7)+i8(7) be the roots of Eq. (14) near T = 7 satisfying
a(rt*) = 0,B(r*) = w*. Suppose that h'((w*)?) > 0. Then +iw* is a pair of simple
purely imaginary roots of Eq. (24). Moreover, the following transversality condition

holds:
d
sign { d(ReA()) } 0.
dr T=7T* A=iw*

Proof. We denote P(\) = A3 + b A% + b\ + boi, Q(N) = caA? + ¢33\ + co;. Then
(24) can be rewritten as

P(A) +Q(N)e T =0. (32)
It is easy to know (26) and (27) are equivalent to the following equations
ReP(iw) = —ReQ(iw) cos wr — ImQ(iw) sin wr,
ImP(iw) = ReQ(iw) sinwt — ImQ(iw) cos wr.
Thus
h(w?) = (ReP(iw))? + (ImP(iw))* — (ReQ(iw))* 4+ (ImQ(iw))?). (33)
Differentiating both sides of (33) with respect to w yields
2wh’ (w?) = i[P'(iw) P(iw) — P'(iw) P(iw) — Q' (iw)Q(iw) + Q' (iw)Q(iw)].  (34)
Substituting iw* into (32) yields
|P(iw”)| = [Q(w")]. (35)
If iw* is not simple, then iw* must satisfy P’ (iw*)+[Q’(iw*) — 7*Q(iw*)]e~ ™" = 0.

Note that e 7" = — P(iw*)/Q(iw*), we obtain 7* = %((iij:)) ijgiji)) Using (34)

and (35), we have
Q) p]
Q(iw*) P(iw*)

Im7* =Im

=
. 9lQ
g
S
£
E*
]
g

Wlm [Q'(iw*)Q(iw*) — P’ (iw*) P(iw)]

_ Q(w")Q(iw") — P'(iw*) P(iw”) — Q"(Iw")Q(iw") + P'(iw”) P(iw”)
2i|Q(iw*)[?
B w*h’((w*)z)
QGw*)[>

This is a contradiction. Thus +iw* is a pair of simple purely imaginary roots of
Eq. (24).
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Since +iw™* are simple purely imaginary roots and
P/(") + (@ (1) — 7 Qe £ 0,

we may consider A = A(7) to be a differentiable function. Differentiating (22) with
respect to 7 yields

dA(7) AQA)

dr P'(AN)ed +Q'(A) —TQ(\)
Using (32) again, we obtain

@Mﬂ)*:_P@> QM)

dr
Thus, from (36), we have

wlt) | elel B

(36)

=sign {Re/_\ [Q/(/\)Q(/\) - P'(\)P /\)} },\:iw*
=sign {(w*)Qh'((w*)Q)} > 0.

This completes the proof. O

When 7 € [0,7*), we know that (24) has no roots on the imaginary axis. By
the eigenvalue theory of [39], the sum of orders of the zeros of Eq.(24) for 7 €
[0,7%) is equal to Eq.(25). Then Eq.(24) only has negative real part roots for
7 € [0,7*), which implies that (u},ub,u}) is locally asymptotically stable for 7 €
[0,7*). Combining Theorem 4.6, Lemma 4.7 and Lemma 4.8, we arrive the following
theorem.

Theorem 4.9. Assume that either (Hy)—(Hs) or (Hy), (Hs), (HY), (H}), (Hs), (He)
hold. We have the following results

(i) The spatially homogeneous positive steady state E* = (uf,us, u}) of System
(4) is locally asymptotically stable for T € [0,7*) and unstable when T > 7*,
where T is difined in (31).

(ii) Furthermore, suppose that h'((w*)?) > 0. Then System (4) undergoes Hopf
bifurcation at the positive steady state E* = (u},us, u}) when 7 = T]i)j, i.e., a
family of spatially periodic solutions bifurcate from E* = (uf,uj,u}) when 7
crosses through the critical values T]iyj, where T,i_’j is defined in (30).

Remark 4. There exist parameter values such that hypotheses (H;) — (Hg) hold.
For example, we choose parameter values a« = 0.7, 5= 0.9, 5, = 1.95,8, = 1.8,y =
02,72 =0.8,b =25,c=12,d; = 0.25,ds = 0.28,d3 = 0.2. Using any CAS, it is
easy to check that hypotheses (Hy) — (Hg) are satisfied.

4.3.2. Properties of Hopf bifurcations. In this section, we investigate the direction
of Hopf bifurcation and the stability of bifurcated periodic solutions by using the
normal form theory and center manifold reduction. For convenience, for fixed k €
{1,2,3},7=10,1,2,---, we denote 74 ;(1 <4 < Na) by 7, and denote wy, (1 <7 <
Ns) by @.

Let 7 = 74, pn € Rand uy(t, ) = ui(7t, ) —ui, ua(t, ) = ua(rt, ) —ud, us(t,-) =
us(7t,-) —ug and U(t) = (1 (L, -), Ua(t, ), Us(t, ) as ug — ul, ug — u3, us — uj, then
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drop the tildes for simplicity. System (1.4) can be rewritten in the phase space
C=C(-1,0],X) as
U(t) = #DAU () + L(7)(Ur) + F(Us, ), (37)
where D = diag{di,ds,ds},L(0)(-) : C = X and F : C x R — X are given by
buiuk « « bul)ul
((1+bu’{1+gu§)2 — u})¢1(0) — ujg2(0) — 7(155;#,)2“2)2 $3(0)
L(6)p =46 Bruzgr(—1) + Bruida(—1) — Bruid2(0) — auzs(0)
1+cul)us % clauiul
R 61(0) + Busde(0) — ety ¢3(0)
and

F(¢, ) = uDAG(0) + L(p)¢ + f(9, 1),

where

f(o, 1) =(F + p)x
[ (210) +u)(=610) - %200) — R aRTTD T |

ul bujul « «
1+bu’1‘3+cu§) - (( (1+bu’l‘l+2u§)2 - ul)d)l (0) - u1¢2(0)_
14+buy)uy
(1(+;;; ﬁiu—g)z ¢3(0))

B11(=1)pa(—1) — ap2(0)¢3(0)

* B2(¢1(0)+uy) Bau
(¢3 (502; “33(3+b(¢1(0§+J’{)+c($3(0)+u§) —; ﬁ?{(o) ~ Thbuiten)
L _( (lj-buf +2u§)32 ¢1 (0) + Bu;;(b? (O) - (1+bu2f 41_033)2 ¢3 (O))
for ¢ = (¢1,¢2,¢3) € C. Let A to be the infinitesimal generator of the semigroup
induced by the solution of the linearized equation of (37)
U(t) = #DAU(t) + L(7)(Uy).

Thus Eq. (37) can be written in the following abstract form

du,

d_tt — AUt + XOF(Ut, u),
07 AS [_15 0)7
1,0=0.
P, X;. In view of the Resiz representation theorem, there exists a 3 x 3 matrix
function n(0,7) (—1 < 6 < 0), whose entries are bounded variation such that

where X(0) = { Recall that the Banach space decomposition X =

0
Dpid(0) + L(#)(6) = / (8, 7)4(6).

-1
for ¢ € C([—1,0], R*). We can choose

bujuj * * (14+buj)uy

—dyp; + e Tz~ W —Uy T 04U +eup)?
n(6,#) =¢ 0 —dap; — Brul —ous
Ba(1+cus)us « cBauius
(e Tt Bug ~dsti = Wi teur?
0 0 0
<8(0)+7 | —Bruy —Buup 0 | 8(0+1),
0 0 0

where ¢ is a Dirac delta function.
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Let us define C* = C([0, 1], R?*), where R3* is the 3—dimensional vector space
of row vectors, A* with domain dense in C* and range in C*. Let P and P* be the
center subspace, that is, the generalized eigenspace of A and A* associated with
A* = {ioT, —iw7}.

For ® € C([-1,0], R?),¥ € C([0,1], R*), we define

deio) 0 € [-1,0),

A2(©) :{ 1 anto. 1100), 0=,

and

) s € (0,1]
* s — ds [t B
AT((s) { [0, (=) [dn(6,7)], s=1.

Then A* is the formal adjoint of A under the bilinear pairing

0 0
(4, &) =(0)(0) — / 1 / B(E — 0)dn(0, 7)]6(E)de

- 0 0 0 0
—5(0)6(0) + 7 / D | B Bui 0| d(e)ds
- 0 0 0

for ¢ € C([_17 0]7 Rg)u Q/J € C([O7 1]7 R3*)
In view of the definition of the two infinitesimal generators .4 and A*, we have
the following conclusions.

Lemma 4.10. Let
gy = ot + M)(G5 + H3) — Bu§(GrGo + Hh ) |
u} B2 A2 (G3 + H3)
i(@(G% + H3) — pui(GoHy — G1H3))
u3BoAs(G3 + H3) ’
. _ —ou3(GsGa + HyHy) — (dspi + Ms) (G + Hi)
ui A1 (GE + HY)
iaug(G4H3 — G3Hy) +@(G% + H3)
ui A1 (GE + Hf) ’
 G1Ga+ HiHy +i(G2H, — Gy Hy) = G3Gy + H3Hy +1(GyHs — G3Hy)

2 G2 + H? 112 G2 1 H? ’
where G;, H; (1 = 1,2,3,4) are defined as follows

G = Ms — @+ (dypi + My)(dzp; + Ms), Hy = &(dyjp; + My + dapu; + M),
G2 = Buzdyp; + BMyus — BaujuiAs, Hy = Busw,

Gz = —Ms—(dapi+Ms)(dypi+My)+(0)?, H3 = —0(d3pi+Msz)—w(dipi+My),
G4 = us A1 Ms cos w7 + aud(dyp; + My), Hy = —u3A; Mssin w7 + aujw.
Then

p(0) = ei‘;”ﬁﬁ(ﬁl, n2, 1)1 is the eigenfunction of A with respect to i7;
p*(s) = e (ny,m5, 1) is the eigenfunction of A* with respect to iw7.

Proof. The proof is standard and we omit it here. O

Clearly, from Lemma 4.10, we know the center subspace of Eq. (37) is

P = span{p(), p(0)}, P* = span{p*(s), p*(s)}.
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Then C can be decomposed as C =P & Q, where
Q={ypeC: () =0 forally € P*}.
It follows from Lemma 4.12 that
(0" (s),p(8)) =p*(0)p(0)+

0 o 0 0 0
7 / e WTE D (i p 1) | Biug Biut 0| (pr,me, 1)Te9TEdE
-1 0 0 0

i i

:77_’f771 + 77_;772 + 14 fruste” an_; + fruite” Mngn_;.

Thus we choose © = 1/(niny +n3n2 + 1+ Sruste " *Tnins + fruite “Tnan;). Let
@ = (p(0),p(0)), T = D(p*(s),p*(s))" = (a(s),q(s))", then (¥,®) = I, where I is
the identity matrix in R2*2.

In what follows, in order to determine the bifurcation direction and stability, we
compute the coordinates to describe the center manifold Cy. As the formulas to be
developed for the bifurcation direction and stability are all relative to p = 0 only,

we set 4 = 0 in Eq. (4.24) and obtain a center manifold

2 52

W(z,2)(0) = Wzo(e)% + Wi1(0)2z + Wo2(9)% +-- (38)

with the range in Q. The flow of Eq. (4.24) on the center manifold can be written
as

Up =@ - (2(t), 2(8))" + W(=(t), 2(t)). (39)
Moreover, from (39), z satisfies
. d
(1) == {a(s), Ur) = (a(s), AUz) + (a(s), XoF' (U, 0))
—iv7z + q(0) f(W (2, 2) + 2Re{2p(8)},0) (40)
=iwTz + g(z, 2),
where
7 22 _ 72 22z
9(2,2) = 9205 + 91122 + go2 5 +g217 +o
By the Taylor expansion
v+ v* v* bv*u (1+bu*)v

14 b(u+u*) + c(v+v*) T1tbut et (14 bu* + cv*)? + (14 bu* + cv*)?
+ C1u? + Crauv + Ci30% + Crauv + Crsuv’+
Cieu® + C17v° + O(4),
u+u* B u* (1+ cv*)u cu*v
1+b(u+u*)+eclv+v*) 14+bu*+cv*  (1+bu*+cv*)2 (14 bu*+ cv*)?
+ C1u® + Cosuv + ngv2 + Couui®v + 025u1)2+

Cau® + Co7v® + O(4),

(41)
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where
b2* bev* — b(1 + bu*) e(1 4 bu*)
Cn=r—F——3.Cin = ey R CIE B s S ey
(1 + bu* + cv*) (1 + bu* + cv*) (1 + bu* + cv*)
O = b2(1 + bu* — 2cv™) _be(2(1 4 bu) — cv) B —b3v*
YT 0w o)t T T T b+ et T T U but + o)t
A1+ bu*) b(1 4+ cv*) beu* — (1 4 cv*)
Cv=r—7—— 7 0n=—-""7—""7"-3Cn= 3
(14 bu* 4+ cv*) (14 bu* + cv¥) (14 bu* 4+ cv*)
Au* be(2(1 + cv*) — bu™) (1 + cv* —2bu*)
Cu=—F 73, Cou= ;G5 = ;
(14 bu* + cv*)3 (14 bu* + cv*)* (1 + bu* + cv*)*
b3 (1 + cv* Au*
Ca6 = ( ) o7 = —

(1 + bu* + cv*)?’ (1 4 bu* + cv*)t

Noting that (40), we get

9(z,2) =07, m5,1) f(W(z,2) + zp(0) + zp(60),0). (42)
Substituting (38) into (42) and combining (41) yield
920 =297[n} ((bAs/uj — Craui — 1)nf — mnz — Crsu; — (Ay + Croui)m) +
3 (Bimnze ™7 — ama) + 05 (u5 B2 Cornf + CasuiBa — Ms/uj+
(B2Az + B2Co2uz)m + Bnz)],

gu =070} (2(bAz/ui — Criui — Vym — (i + 1) — 2C13u7 —
(A1 + Crouy) (m +m)) + 13 (Br(miie + mie) — alne +1m2))+
05 (2ul B2Co1mm + 2(CozulfBe — Ms/ub)+
(B2A2 + B2Cozuz)(m +n1) + B(n2 + m2))],

= (1)
PP * * W. 0 _
g2 =207 (2(0As /ui — Cuvi; ~ D W{P(0) + B () - (P2 Wy
(2) (3)
w2 (0) . w0
WO + WO+ Y200 oy o) + L)

(1) (3)
Woo' (0 W5y (0
(41 + Craud) (PO L (0) + WP o) + T2 -

3(C11 + Cigul)mmm — (Crz + Craud) (mm +mm + mm) — 3C17u]—

* = 5 —ir s Wip(=1
(Ci3 + Crsu})(2m +m)) + 03 (Bim Wi (—1)e 7“7 + Bimre 202( )

S ON
2

+

iwr Wap(—1 —ioF _
e D g W (<16 — anWP(0) - o

w2 o - . _

o2 O (0)) 4 238001 (W Oy + LAY )+

W' (0)
2

2(CosuBa — Ma/uj) (W (0) + ) + (B2As + BaCozu)( +

Waa (0)
2

(3) @)
_ 0 W@
mWi (0) + 17 202( ) 4 w2 (0)) + B (0) 772%()
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Wi (0) ) . _ .
9 + W117(0)) + 3Ca6uz fommm + 3(CazfBa + u3B2Car)+

(Co1B2 + u5B2C24) (7 + 2mm) + (CozBa + usB2Cos5)(2m1 + 1))
go2 = 29209 /D.
Since W (z(t), z(t)) satisfies the following equation
W =AW + Xof(® - (2,2)T + W(z,2),0) — dU(0)f(P - (z,2)T + W(z,%),0)

52 52 (43)
:AW + HQO? + H1122—|— HOQ? —+ -
we obtain

(21&1% — A)Wgo = Hy,
- AW = Huq, (44)
(—2i07 — A)Wos = Hop.

Since A has only two eigenvalues +iw7, then Eq. (44) has only a unique solution
W%Ve first compute H;;(6),6 € [—1,0]. From (43), we know that for —1 <6 < 0,
H(z2,%2) = —0U(0)f(®- (2,2)T + W(z,2),0).
Therefore, by comparing the coefficients, and notice that
H(2,2)(0) = f(® - (2,2)" + W(2,2),0) — ®U(0)f(® - (2,2)" + W(z,2),0),
we obtain
Hy(0) =

—(g920p(0) + go2p(0)), 0 € [-1,0),
(bAs/ut — Craui — 1)ng — mne — Crzuf — (A1 + Crauf)m

27 BrmnaeH9T — amy
u3B2Co1m; + Cogub By — Ms/uj + (B2As + B2Ca2ub)m + B
—[920p(0) + go2p(0)], 6 =0.

Hy1(0) =

—(g911p(0) + g11p(9)), 0 € [-1,0),
(% — Cnuy — 1)mm — Re{mm} — Cizuj — (A1 + Ciaui)Re{n }

27 BiRe{mm} — aRe{na}
U§52C2177177E + Cosuifo — ]L/If + (B2 Az + B2Co0ul)Re{n } + fRe{n2}
—[9110(0) + g11p(0)], 6 =0.

It follows from (44) and the definition of A that
Wao(6) = 2iwn?Wao () + [g20p(6) + go2p ()], —1 < 6 < 0,
— W11(0) = —[g11p(0) + g11p(6)], =1 < 6 < 0.

Noting that p(6) = p(0)e'“™? —1 < 0 < 0, we have

Wao(6) = [L2p(6) + 222p(0)] + Exe™™,
i g (45)
Wi (6) = [—=22p(0) + 22 p(6)] + Eo.
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Utilizing the definition of A, (44) and (45) yields
(bAs/ui — Criuj — 1)nf —mnz — Crzuj — (A1 + Craui)m

E =2 Brmmze” 9T — oy X
u}B2Co1m7 + CogujBe — Ms/uj + (B2As + B2Corul)my + B
2 + dy 1 + My ut ut A !
—Bruse” T 200 + dop; + Ma(1 — e 29T au}
—ﬁ2A2u§ —Bu§ 2iw + d3Mz’ + M3
and
dllul- + ’Uﬁf — bAg Uf{ UTAI -t
E2 =2 —ﬂlu§ d2,ui au§ X
—ﬂQAQ’UJg —Bu§ dgluq =+ C/B2A3

(%2 = Cuui = Dmin — Re{mip} — Cisuf — (A1 + Crouj)Re{m}
BiRe{mmnz2} — aRe{n2}
u3B2Co1mm + Cozujfe — f—f + (B2As + B2Co0ul)Re{n } + fRe{n2}

Now, we can compute the following values

c1(0) = ﬁ(gzogn —2gn|? — |9032| )+ %,VQ _ _%7
By = MRe(c1(0)), Ty = —2(c1(0) : :zlm(k’(r)),

which determine the properties of bifurcating periodic solutions at critical value
7, that is, vo determines the directions of the Hopf bifurcation; $o determines the
stability of the bifurcating periodic solutions; T determines the period of bifurcating
periodic solutions. Moreover, by Hassard [41], we have the following result.

Theorem 4.11. Assume that the conditions of Theorem 4.5 are satisfied, we have
(i) If vo > 0(< 0), then the direction of the Hopf bifurcation is forward (back-

ward).

(i) If B2 < 0(> 0), then the bifurcating periodic solutions are orbitally stable
(unstable).

(i11) If Ty > 0(< 0), then the period of the bifurcating periodic solutions increases
(decreases).

5. Numerical simulations.

5.1. The spatiotemporal dynamics in one-dimensional space. In this sub-
section, we numerically explore the dynamic behavior of System (4) with one-
dimensional space, namely n = 1, A = 8‘9—;2 and we take 2 = (0, ).

For the choice of the parameter values in System (4), we refer to [10, 11, 12, 15]
and choose parameter values as follows
(P1):a=07,=0.9,8 =1.95,0: =1.8,71 =0.2,72 =0.8,b =2.5,c=5.5,dy =
0.4,dy =0.3,ds =0.2
and the initial conditions as
(ICy) : ¢1(t,x) = 0.1717 + 0.001 cosx, pa(t,x) = 0.7509 4+ 0.001 cosz, ¢3(t,z) =
0.1926 + 0.001 cos x.

With these parameter values, System (4) admits a unique positive spatially ho-
mogeneous steady state E* = (u}, ub, u}) ~ (0.1717,0.7509,0.1926). It is easy to
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FIGURE 1. Numerical solutions of (4) with 7 = 0.7 < 7* ~ 0.7895
(only the u; component is plotted here): the positive spatially
homogeneous steady state is locally stable.

08

Resource u ,(t,x)

2000

distance x 0 0

time t

FIGURE 2. Numerical solutions of (4) with 7 = 1.2 > 7* ~ 0.7895:
a periodic solution bifurcates from the positive spatially homoge-
neous steady state E*.

check that the hypotheses (H;) — (Hg) hold and A'((w*)?) = 0.0938 > 0. By
Theorem 4.9, local Hopf bifurcation occurs at 7* ~ 0.7859. We use the forward
Euler method to find numerical solutions to System (4) with 7 = 0.7 < 7* and
7 = 1.2 > 7%, respectively. As illustrated in Figures 1 and 2, when 7 = 0.7 < 7%,
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FIGURE 3. Numerical solutions of the temporal model (left) and
numerical solutions of the spatiotemporal model (right) with 7 = 1,
(Py) and (IC%). Here, for the spatiotemporal model (4), average
population density for each species is plotted.
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FIGURE 4. Numerical solutions of the temporal model (left) and
numerical solutions of the spatiotemporal model (right) with 7 =
1.5, (P) and (IC%). Here, periodic oscillations are observed for the
temporal model and chaotic behavior is observed for the spatiotem-
poral model.

solutions of (4) approach the steady state E*, while when 7 > 7%, sustained oscilla-
tions are observed. Calculations give ¢;(0) = —4.2942 — 30.9399i, 2 = 83.06, 52 =
—8.5884, T, = 185.7969. Thus the Hopf bifurcation is forward and the bifurcated
periodic solutions from E* are stable and the period of bifurcated periodic solution
increases in 7 for 7 > 7.

5.2. The spatiotemporal dynamics in two-dimensional space. Consider Sys-

tem (4) with u; = ui(t,2,y),us = ua(t, z,y),us = us(t,x,y) and A = 8‘9—;2 + 8‘9—;.
For this purpose, the domain of System (4) is confined to a fixed spatial domain
Q=10,L] x[0,L] C R? with L = 400. we solve System (4) on a grid with 400 x 400

sites by a simple Euler method with a time step size of 6t = 0.01 and a space step
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FIGURE 5. Snapshots of contour maps of the basal resource u;
for the temporal model (left) and spatiotemporal model (right) at
t = 2000 with 7 = 1.5, (P,) and (IC}).

size of dx = dy = 1. The discretization of the Laplacian term takes the form

Au|(l,]) :S_Q[Al(lv.])u(l - 17.]) + AT(Za.])u(Z + 17.])+

where (i,7) denote the lattice sites and s = 1 is the lattice constant. The ma-
trix elements of A;, A,, Aq, A, are unity except at the boundary. When (4, ) lies
on the left boundary, that is i = 0, we define A;(i,j)u(i — 1,7) = u(i + 1,7),
which guarantees zero-flux of individuals in the left boundary. Similarly we define
Ar(iyj), Aa(i, ), Au(i, 7) such that the zero-flux boundary condition is satisfied.

With the given Neumann boundary conditions, the eigenvalues of —A on §2 are
i = Z—z(nQ +m?2),n,m € Z, where Z represents the integer set. In order to discuss
the impacts of delay and diffusion on the dynamics of System (4), we will compare
the temporal model (that is, System (4) without diffusion) with System (4). We
take parameters as

(Py) : a=07,8=090 = 1958 = 1857 = 02,7 = 0.8,b = 2.5,c =
5,dy = 1,dy = 2,d3 = 4.

We consider two types of different initial conditions:
(IC3) : ¢1(t, z,y) = uf + 0.001 sinx siny, ¢2(t, x,y) = us + 0.001 sinx siny,
¢3(t,z,y) = ul + 0.001 sinx sin y,
and

up(t,x,y) = 0.1754 — e1(x — 0.1y — 225)(x — 0.1y — 675),
(IC) : 4 wslt, 2, ) = 0.7419 — ea(x — 450) — e5(y — 150),
us(t, z,y) = 0.2029 — e4(x — 350) — e5(y — 200)

for (t,z,y) € [-7,0] x Q. Here 61 =2 x 107 7,69 =3 x 107°,63 = 1.2 x 107 3,54 =
6 x 1075, e5 =3 x 1075,

Under (P,) and (IC5), it is easy to check that all conditions of Theorem 4.9 are
satisfied and there is a unique positive steady state E* = (0.1754,0.7419,0.2029).
The corresponding Hopf bifurcation value is computed as 71, ~ 0.8028.

Figure 3 depicts the population dynamics of the temporél model and the spa-
tiotemporal model at 7 = 1. Both the temporal model and the spatiotemporal
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FIGURE 6. Snapshots of contour maps of the time evolution of the
specie u; at t = 200, 500, 1000, 1200, 1500, 2500 with 7 = 1.5
under (P,) and (ICY).

model undergo periodic oscillations. However, the temporal model exhibits irregu-
lar transient oscillations initially.

If we increase 7 to 7 = 1.5 and use initial condition (IC%), as shown in Figure
4, the temporal model still exhibits regular oscillations, while the spatiotempo-
ral model exhibits irregular oscillations and the calculated Lyapunov exponent is
0.0011 > 0 (By the method proposed in [42]), which indicates the occurrence of
chaos.

Figure 5 depicts the snapshots of the contour maps of specie u; for the temporal
model and the spatiotemporal model at time t = 5000. The temporal model exhibits
the spiral wave pattern. However, the spatiotemporal model presents the chaotic
wave pattern. To have a better understanding on the evolution process of the
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FIGURE 7. Snapshots of contour maps of the time evolution of
the basal resource u; with different values of 7 at time ¢ = 1500
under (P2) and (IC%). (i) 7 = 0.86; (ii) 7 = 1; (iii) 7 = 1.2; (iv) 7 =
1.4;(v) T =1.6;(vi)T = 1.9.
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FIGURE 8. Snapshots of contour maps of the basal resource u; at
time t = 1500 with different diffusion coefficients, 7 = 1.5, under
(P2) and (IC%).

spatiotemporal pattern, in Figure 6, we present the snapshots of contour maps of the
basal resource u; at t=200,500, 1000, 1200, 1500, 2500, respectively. As pointed out
n [43], the spirals are usually observed under suitable parametric conditions near
Turing-Hopf bifurcation threshold. In addition, in the spatially extended system
the existence of a stable limit cycle normally results in the formation of chaotic
spatiotemporal patterns [44]. As can be seen from Figure 6, as time ¢ increases, an
chaotic wave spatial pattern is gradually formed starting from a regular spiral wave
pattern.

5.2.1. The effect of delay. To explore the impact of delay, in Figure 7, we take the
snapshots of the contour maps of specie u; at time ¢ = 1500 for several different
values of 7. As can be seen in Figure 7, the time delay can lead to the formation
of an irregular spatial pattern from a regular spiral pattern in the whole domain as
the time delay increases and surpasses some critical value.

5.2.2. The effect of diffusion. As seen from Figure 6, System (4) has a regular spiral
wave pattern when 7 = 1.5, dy = 1, do = 2 and d3 = 4 at t = 1500. To numerically
examine how the diffusion affects the pattern, we take the snapshots of contour
maps of uy at t = 1500 with several different choices of the diffusion coefficients. As
shown in Figure 8, spiral wave pattern emerges firstly when d; = ds = d3 = 0, then
as the three diffusion coefficients change to dy = d2 = 0.01,ds = 0.04, the spiral
wave structure disappears around the center of the spirals wave, with the increase
in these diffusion coefficients, it grows steadily, and eventually the chaotic wave
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pattern dominates the whole domain. Differing from the instability mechanism in
Figure 7, the spirals wave loses its stability due to the Doppler effect [45].

5.2.3. The impact of the prey saturation constant b. Figure 9 demonstrates how
the prey saturation constant constant b affects the pattern formation of the basal
resource up at time ¢ = 1500 with 7 = 1.5 : when b is small, we observe a pattern
with stripes firstly; as the constant b increases, the spiral wave pattern emerges, then
it grows steadily, as b goes beyond a certain value, chaotic wave pattern appears.

5.2.4. The impact of the predator interference constant c. To see how the predator
interference constant ¢ influences the spatiotemporal pattern, we numerically sim-
ulation (4) with different values of ¢ and plot the snapshots of the contour maps
of the basal resource u; at t = 1500 in Figure 10. It is illustrated in Figure 10
that the predator interference constatn ¢ can also lead to the formation of chaotic
wave spatial pattern, which can be preceded from the evolution of a regular spiral
patterns as the predator interference constant ¢ decreases.

6. A summary and discussion. In this work, we have investigated the spatiotem-
poral dynamics of a diffusive IGP model with delay and the Beddington-DeAngelis
functional response. we have established locally asymptotically stability results of
the trivial, semi-trivial and strong semi-trivial steady states. In the case that there
is a unique positive spatially homogeneous steady state E*, we have carried out
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the Hopf bifurcation analysis. Unlike competition models with monotone response
functions ([17]) where delay does not induce sustained oscillations, in our IGP mod-
els, delay promotes complex dynamics including bistability, and the emergence of
spiral wave pattern and chaotic wave pattern.

Compared with the temporal model in [24], we also observe bistability is possible
in System (4). In addition, the diffusion also has impacts on the formation of
spatiotemporal patterns as it can change the distribution of characteristic roots of
the corresponding characteristic equations, and hence has an important effect on
the dynamics for the constant steady state of System (4). This has been illustrated
via numerical simulations as well (See Figure 8). Moreover, we have observed that
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the functional response can also influence the formation of complex patterns. As
demonstrated in Figures 9 and 10, the functional responses can also trigger the
emergence of spiral wave pattern and chaotic wave spatial pattern.
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