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ABSTRACT. The competitive exclusion principle means that the strain with the
largest reproduction number persists while eliminating all other strains with
suboptimal reproduction numbers. In this paper, we extend the competitive
exclusion principle to a multi-strain vector-borne epidemic model with age-
since-infection. The model includes both incubation age of the exposed hosts
and infection age of the infectious hosts, both of which describe the different
removal rates in the latent period and the variable infectiousness in the in-
fectious period, respectively. The formulas for the reproduction numbers ’Rg
of strain j,j = 1,2,--- ,n, are obtained from the biological meanings of the
model. The strain j can not invade the system if ’Rg < 1, and the disease free
equilibrium is globally asymptotically stable if man{Ré} <1. If R%O > 1,
then a single-strain equilibrium &;, exists, and the single strain equilibrium is
locally asymptotically stable when 7360 > 1 and Rg“ > Rg,j # jo. Finally,
by using a Lyapunov function, sufficient conditions are further established for
the global asymptotical stability of the single-strain equilibrium correspond-
ing to strain jo, which means strain jo eliminates all other stains as long as
RL/RY < bj/bj, < 1,5 # jo, where b; denotes the probability of a given
susceptible vector being transmitted by an infected host with strain j.

1. Introduction. In many infectious diseases, such as HIV, schistosomiasis, tuber-
culosis, the infectiousness of an infected individual can be very different at various
stages of infection. Hence, the age of infection may be an important factor to con-
sider in modeling transmission dynamics of infectious diseases. In the epidemic
model of Kermack and Mckendrick [9], infectivity is allowed to depend on the age
of infection. Because the age-structured epidemic model is described by first order
PDEs, it is more difficult to theoretically analyze the dynamical behavior of the
PDE models, particularly the global stability. Several recent studies [10, 11, 18]
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have focused on age structured models, and the results show that age of infection
may play an important role in the transmission dynamics of infectious diseases.

In our pervious work [4], we formulated an infection-age structured epidemic
model to describe the transmission dynamics of vector-borne diseases. The model
includes both incubation age of the exposed hosts and infection age of the infectious
hosts, both of which describe the different removal rates in the latent period and the
variable infectiousness in the infectious period, respectively. The results in [4] show
that the basic reproduction number determines transmission dynamics of vector-
borne diseases: the disease-free equilibrium is globally asymptotically stable if the
basic reproduction number is less than 1, and the endemic equilibrium is globally
asymptotically stable if the basic reproduction number is greater than 1. However,
the vector-borne epidemic model formulated in [4] only incorporates a single strain.
In reality, many diseases are caused by more than one antigenically different strains
of the causative agent [15]. For instance, the dengue virus has 4 different serotypes
[6], and bacterial pneumonia is caused by more than ninety different serotypes of
Streptoccus pneumoniae. Therefore, it is necessary to study infection-age structured
epidemic models with multiple strains.

In this paper, we will extend the model with a single strain to the model with
multiple strains, and obtain the following infection-age-structured vector-borne epi-
demic model with multiple strains:

dSU _ U ZS / ﬂ] IJ a t) S

J
dI Sv/ BI(a) I (a, t)da — (ju, + )7,
Zoﬂp
dSh j j
- = Ay — jzlﬂibsh[g — [nSh,
OE? Tt OE! T, j
h( ) + ( ) (,Uh + mh( ))Ei(ﬂ t)? (1)
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E}(0,t) = B].SnI]

aI) (a,t) N oIl (a, t) _
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170, 1) / mi (1)E} (7, t)dr,
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In the model (1), Si(t), EfL(T, t),Ii(a, t), Ry (t) represent the number/density of the
susceptible hosts, infected hosts with strain j but not infectious, infected hosts with
strain j and infectious, and recovered hosts at time ¢, respectively. S, (¢), I7 () and
R,(t) denote the number of the susceptible vectors, infected vectors with strain j
and infectious, and recovered vectors at time ¢, respectively. A,, A, are the birth
/recruitment rates of the vectors and hosts, respectively; p.,, un are the natural
death rates of the vectors and hosts, respectively. The parameter mi(T) denotes
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the removal rate of the infected hosts with strain j of incubation age 7 from the
latent period; o (a) is the additional disease induced death rate due to the strain
j at age of infection a; o denotes the recovery rate of the infected vectors with
strain j; T{L(a) denotes the recovery rate of the infected hosts of infection age a with
strain j; 37(a) is the transmission coefficient of the infected host individuals with
strain j at age of infection a, and B,Jl is the transmission coefficient of strain j from
infected vectors to healthy host individuals.

The dynamics of the epidemic model involving multiple strains has fascinated
researchers for a long time (see [3, 5, 6, 7, 17] and the references therein), and one
of the important results is the competitive exclusion principle. In epidemiology,
the competitive exclusion principle states that if multiple strains circulate in the
population, only the strain with the largest reproduction number persists and the
strains with suboptimal reproduction numbers are eliminated [13]. Using a multiple-
strain ODE model Bremermann and Thieme [2] first proved that the principle of
competitive exclusion is valid under the assumption that infection with one strain
precludes additional infections with other strains. In 2013, Maracheva and Li [13]
extended the competitive exclusion principle to a multi-stain age-since-infection
structured model of SIR/SI-type. The goal of this paper is to extend this principle
to model (1).

As we all know, the proof of competitive exclusion principle is based on the
global stability of the single-strain equilibrium. The stability analysis of nonlinear
dynamical systems has always been an important topic theoretically and practically
since global stability is one of the most important issues related to their dynamic
behaviors. Due to the lack of generically applicable tools proving the global stability
is very challenging, especially for the continuous age-structured models which are
described by first order PDEs. Although there are various approaches for some
general nonlinear systems, the method of Lyapunov functions is the most common
tool used to prove the global stability. In this paper, we will apply a class of
Lyaponuv functions to study the global dynamics of system (1) and draw on the
results to derive the competitive exclusion principle for infinite dimensional systems.

This paper is organized as follows. In the next section we derive an explicit
formula for the basic reproduction number R} of strain j for j = 1,--- ,n, and
then we will show that strain j will die out if its basic reproduction number is
less than one. In section 3, we will define the disease reproduction number Ry,
and then prove that the disease-free equilibrium (DFE) of the system is globally
asymptotically stable if Ry < 1. In Section 4, we will investigate the existence
of single-strain equilibria and their local stabilities. In section 5 we will devote to
prove the principle of competitive exclusion. Without loss of generality, we assume
that strain one has the maximal reproduction number and R} > 1. Under the
assumption, we will show that strain one is uniformly strong persistent while the
remaining strains become extinct. In Section 6, we use a class of Lyapunov functions
to derive the global stability of the strain one equilibrium under the condition that

§/RE < bi/by < 1,i # 1, where b; denotes the probability of a given susceptible
vector being transmitted by an infected host with strain j, which implies that
complete competitive exclusion holds for the system. Finally, a brief discussion is
given in Section 7.

2. The reproduction numbers and threshold dynamics. In this section, we
mainly derive the reproduction numbers for each strain, and show that the stain
will die out if its basic reproduction number is less than one.
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Since the equations for the recovered individuals and the recovered vectors are
decoupled from the system, it follows that the dynamical behavior of system (1) is
equivalent to the dynamical behavior of the following system:

ds - (T
v — Av _ Y J IJ — Uy Sy
o ;S /0 B (a)I}(a, t)da — p1y Sy,
drj e y -
dt =95, quj(a)lh(avt)da - (Mv + a%)LJ“
0
dsSy to
= = Ap — ;ﬂisﬂi — WnSh,
aEljzl(Tv t) aEi(Ta t) o J J (2)
87’ 815 - _(,uh + mh(T))Eh(Tv t)y
E}(0,t) = BShT},
oIl (a,t) Il (a,t) ; ; :
LB 4 SRS = + (@) + (@) ),
0.0 = [ mi (0B ndr.
0

Model (2) is equipped with the following initial conditions:
SU(O) = Svov IZ(O) = Igo’ Sh<0) = Shm E}{(T’ O) = wj(T)v Ii(avo) = 1/13‘(0,).

All parameters are nonnegative, A, > 0, A, > 0, and p, > 0, pp > 0. We make
the following assumptions on the parameter-functions.

Assumption 2.1.

1. The function Bi(a) is bounded and uniformly continuous for every j. When
Bi(a) is of compact support, the support has non-zero Lebesque measure;

2. The functions mj (1), af(a), 1, (a) belong to L°°(0,00);

3. The functions @;(T), ¥;(a) are integrable.

Let us define
X =Rx HR x R x H(Ll(O,oo) x L'(0,00)).
j=1 j=1

It is easily verified that solutions of (2) with nonnegative initial conditions belong
to the positive cone for ¢t > 0. Adding the first and all equations for I7 yields that

d

- (sv(t) + iﬁ(t)) < Ay — pho (Sv(t) + ili(t))

Hence,

lim sup <Sv(t) +y 1 (t)> < Ay

= o

Similarly, adding the equation for S;, and all equations for Ei, I ,{ , we have

i(sh(t) + JE: /Ooo Ej (7, t)dr + JE: /Ooo Ii(a,t)da>
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< Ap— (Sh(t) + Z/ El (7, t)dr + Z/ I,{(a,t)da),
=io =iJo
and it then follows that

lim sup <Sh(t)+2/ Ei(T,t)dTﬁLZ/ I,i(a,t)da) < &
j=170 j=170

t—+o00 Foh

Therefore, the following set is positively invariant for system (2)

0= {(SU, I, - 1", Sy, B, IL, -, ERIM) € X
sv(t)+§n:p‘(t) <A
=) T (3)

(Sh(t)—ki/ooo Eg(T,t)dHi/ow Ig(a,t)da> < 2:}

In what follows, we only consider the solutions of the system (2) with initial condi-
tions which lie in the region Q2. As we all know, the reproduction number is one of
most important concepts in epidemiological model. Next, we will express the basic
reproduction numbers for each strain. To simplify expression, let us introduce two
notations.

Definition 2.1. The exit rate of exposed host individuals with strain j from the
incubation compartment is given by wj, +mj, (7), the probability of still being latent
after 7 time units, denoted by 7] (7), is given by

(1) = e~hnTem o mi(@)do (4)
Definition 2.2. The exit rate of infected individuals with strain j from the infective
compartment is given by p5, +a7 (a)+77 (a), and it then follows that the probability
of still being infectious after a time units, denoted by 73 (a), is given by

ﬂg(a) — e Hhap— foa(ai(a)-&-rﬁ;’(a))dg. (5)

Then we can give the expression for the basic reproduction number of strain j

which can be expressed as
J 0 0o
R) = [Tyl [ sl ©)

tottn (o +a) Jo 0

The reproduction number of strain j gives the number of secondary infections pro-
duced in an entirely susceptible population by a typical infected individual with
strain j during its entire infectious period. R% gives the strength of strain j to

invade into the system when rare and alone. The reproduction number of strain j
consists of two terms:

g A [T i BaAn iy
Ry, = — Bl (a)m3(a)da, Ry = ——"—= my, (1) (7)dT.
o Jo pn (o + ) Jo
The first term Rib represents the reproduction number of human-to-vector trans-
mission of strain j, and the second term R is the reproduction number of vector-
to-human transmission of strain j.
Now we are able to state the results on threshold dynamics of strain j:
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Theorem 2.3. If R{) < 1, strain j will die out.
Proof. Let
BiE(t) = EZ(O’t)v Bi(t) = I}]i(OJ)'

Integrating along the characteristic lines of system (2) yields

B%‘(t_T)ﬂ-i(T)’ t>T,
Ei(r,t) = J
w(n1) gpj(r—t)M, t<r,
, ™ (1 — 1) (7)
Bl(t — a)mi(a), t>a,
I(a,t) = J
n(a 1) wj(a—t)M, t <a.
ia—t)
From the first and the third equations of system (2), we obtain
A A
limsup S,(t) < =2, limsup Sp(t) < —2. (8)
t—+oo Ho t—+oo Hh
Thus, from system (2) and inequalities (8), we have
dIJ o
< [ Bl . 0da - (. +
EJ(T t) = EJ 0,t—7)mi(r), t>r (9)

I(a,t) = IL(0,t — a)m)(a), t>a.
From the first inequality of (9), we obtain that

. , ; A, [t ; oo .
I (t) g15(0)6—<“v+a%>f+u—” / e~ (otad)(t=s) / B(a) I (a, s)dads
v 0

. A W : s ,
< I3 (0)e (koten)t 4 N—”/ e~ (Hoton)(t=s) </ Bi(a)1}(0,s — a)my(a)da
v JO 0

t j o
+ [ sltanesta =90 dos [ o o, oo
Notice that

t _ s , ,
limsup/ e_(““+ai)(t_s)/ B(a)I](0,s — a)m)(a)dads
0 0

t——+oo

t v o , ,
< (limsup/ e_(““"’("z’)(t_s)ds)/ 6$(a)7r§(a)da<limsupI,JL(O,t)) (11)
t—=+o0 JO 0 t——+o0
1 0o , ,
= / Bi(a)w%(a)da(limsup[,i(O,t)),
Ly +ad Jo t—+oo
' m5(a)
limsup/ —(kotal)(t=s / Bl (a a)yj(a — s)——=———dads
t—=+oo Jo mh(a — s)
< Blimsup / o~ (o-tad)(t—s) / W(a — s)e™ Fa el @ @Ddo gq g
- t—+o0 Jo s
t v t
< Blimsup/ e_(”lr'i‘%)(t—s)/ Pi(a—s)e " dads
0 s

t——+oo
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. t . t—s
 lim sup (e_(”“'“)‘i)t / eHv o —pn)s Y (a)dads)
0 0

t—4o00
j (Hqua-Z]—p,h)t _1 12
- ﬂ/ 7/13 a)dalim sup ( —(potad)t€ . ) (12)
treo Moy + af, — Wy
and
lim sup/ e*(uwra;i)(tfs)/ Bl (a)I](a, s)dads = 0. (13)
t—+oco JO s

It then follows from (11), (12) and (13) that

lim sup I7 (¢)
t—+o0
< / Bi(a da(hmsup I »(0, t))
uv + ozv t—+oo
< 71). / B (a)m) (a)da(lim sup/ m{l (T)Ei(T, t)d7>
poo (pto + ) t—+oo Jo
t
< / B9 (a)m)(a)dalim sup (/ my (7)Ej (1, t)dr
,Uv( v+ od) t—>+o0 \ Jo
—|—/ mi (1) B} (r, t)dT)
= / Bi(a (hmsup/ m) (1)E}(0,t — 7)) (T )dT>
uv + ozv t—+oo
< / B(a / mi (7Yl (1 )dT(hmsup Ei(0, t))
o (o + av t—+o00
; ALA
< B h / Bi(a da/ mh Yl (7)dr lim sup I7 ()
Mvﬂh My + av t—+oo
< R} limsup I (t).
t—+oo
, (14)
Since R} < 1 and IZ(t), j =1,--- ,n, are all bounded, the above expression implies
that
limsupIZ(t) =0, j=1,---,n. (15)

t—+oo

Hence, we have

limsup E3 (0,¢) = 0, limsup EJ (r,t) = limsup B, (0,t — 7)7} (1) =0.  (16)

t—+oo t—+oo t——+oo

By using the same argument, we have

limsup I} (0,t) = 0, limsup I} (a,t) = 0. (17)

t—+oo t——+oo

Therefore, (I7(t), Efl (1,1), I,Z(a, t)) — 0 as t — co. This means that strain j will die
out. The proof of Theorem 2.3 is completed. O
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3. Global stability of the disease-free equilibrium. In this section, we mainly
define the disease reproduction number and show that the disease free equilibrium
is globally asymptotically stable if the disease reproduction number R is less than
one, where

Ro = max{RJ, -+, Ri}.

System (2) always has a unique disease-free equilibrium &y, which is given by

50 = (S:;Ov 07 5207 07 0)7

where
A A
Sio==t S =1
Hoy Hh
and 0 = (0,---,0) is an n-dimensional zero vector.

Now let us establish the local stability of the disease-free equilibrium. Let
Su(t) =Sy, +xu(t), I(t) =yi(t),  Su(t) = S;, +zn(t),
Ej(r.t) =z (r. 1), Ij(a.t) = yj(a,1).

Then the linearized system of system (2) at the disease-free equilibrium & can be
expressed as

day(t) S 0 I (a)yl (a,t)da — pya,(t),

dt ;
Jj=1
dyd (t . . o
0l) _ g, [ i)y a.da — (o + od)ud0),
0
dzp(t C
) S RS — (),
j=1
9zl(r,t) | 0z (r.t) p p (18)
87' + at - _(/J/h + mh(T))Zh(T7 t)a
2(0,t) = BLSh v (1),
ayj (a7 t) ayj (au t) j 1 j
e T 5 =~ +an(a) +ri(a)y;at),
yfl(O,t) :/0 m{L(T)ZZL(T,t)dT.
Let
yi(t) = gheM, 2 (1) = Z(r)e, yl(a,t) = g (a)e™, (19)

where ﬂ%,ii(T) and gi(a) are to be determined. Substituting (19) into (18), we
obtain
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=85, [ @ ada - o+ o,

1T (0t g+ (1)),

#(0) = 815, 7 20)
dyh( )

—(A+ i + oy (a) + 1, (a) 7], (a),

/mhifld

Solving the differential equation, we obtain
z,(r) = 2,(0) e (1) = 815, 5 e Tl (7).

Substituting the expression for Zi(r) into the equation for gi(O), expressing gi(O)

in term of 2{;(0), and replacing gjfL(O) in the equation for gZ(a) we obtain
g3 (a) = 3,(0) e *my(a) = B).Sh, 7l e mh( mij,(7) e ] (7)dr.
Y Yn 7Sy € n(T T

Substituting the above expression for yh (a) into the first equation of (20), we can
obtain

Aty + ol = 5;;5;‘057;0/ mi (1)e Ml ( dT/ Bi(a)e 7w (a)da.  (21)
0
Now we are able to state the following result.

Theorem 3.1. If
Ro = max{R},--- ,Ri} < 1,

then the disease-free equilibrium is locally asymptotically stable. If Rg > 1, it is
unstable.

Proof. We first prove the first result. Let us assume Ry < 1. For ease of notation,
set

LHS Y\ + py + o,

def

22
RHS =Gi(\) = stzos;;o/ 7 (T)e M ml( dT/ B (a)e ) (a)da. (22)
0

We can easily verify that
|LHS| > ju, +O‘{n

|[RHS| < G1(RN) < G1(0) Sho/ mh A(T)dT /000 ﬁ{;(a)wé(a)da

_ il / min)mar [ B ada

=R} (o +al) < |LHS),

for any A\, RA > 0. There is a contradiction. The contradiction implies that the equa-
tion (21) cannot have any roots with non-negative real parts. Hence, the disease-free
equilibrium is locally asymptotically stable.
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Next, let us assume max{R}, - , Ry} = ’R%O > 1. We rewrite the characteristic
equation (21) in the form
G2(A) =0, (23)
where
Ga2(N) -
= (A +py+ad)—pls: oSho / mi (1)e Nl (1 )dT/ BP0 (a)e 270 (a)da.
0

It is easily verified that

Gu0) = (o) AT, S / et rir [ it o
= (o + @) (1 — RY)

and
lim Go(A) = 4o0.

A—+oo
Hence, the characteristic equation (23) has a real positive root. Therefore, the
disease free equilibrium & is unstable. This concludes the proof. O

We have proved that the disease-free equilibrium is locally stable if Rg < 1. Tt
also follows from Theorem 2.3 that strain j will die out if R} < 1. Therefore we
have the following result.

Theorem 3.2. If
Ro = max{Ry, -, Ry} < 1,
then the disease-free equilibrium &y is globally asymptotically stable.

4. Existence and stability of boundary equilibria. In this section, we mainly
investigate the existence and stability of the boundary equilibria. For ease of nota-
tion, let

B Ap Ay
Hh by ,U/v + Olv

b—/ mh )l (1 dT/ B (a)m(a (24)
:/0 mi (7)e Tl ( dT/ B (a)erd(a)da.

From Theorem 2.3, it follows that strain j will die out if R% < 1. Thus in later
sections we always assume that Rg > 1 for all 5,57 = 1,2,--- ,n. If Rf) > 1,
straightforward computation yields that system (2) has a corresponding single-strain
equilibrium &; which is given by

& = (82%,0,---,0,I7*,0,--- ,0,8.*,0,--- ,0, Ei* (1), I;*(a),0,- - ,0).

sty o

A=

The non-zero components I{)*?E,{* and I}{* are in positions j + 1,n + 25 + 1 and
n + 275 + 2, respectively, and
e = Potn(RG = 1)
B7,(Anbj + 1)
Ay — (po + )T B Av(po + Anbs) — propin (o + o) (R — 1)

Sy = :
2% BZMU (/1411 + Ahbj)

)
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Sj* _ Ap _ Ah(,uv + Ahbj)
"Bt (R Arby)

Ej*(r) = BI* (O)ri(r),  EI*(0) = LSy 1", (25)

I (a) = ;" (0)m3(a),  I;°(0) = E}(0) /0 : mj,(r)m] (r)dr.

The results on the local stability of single-strain equilibrium &;, are summarized
below:
Theorem 4.1. Assume R%O > 1 for a fized jo and

R < RY forall j# jo.
Then single-strain equilibrium &;, is locally asymptotically stable. If there exists ig
such that '

Ry > Ry,

then the single-strain equilibrium £;, is unstable.

Proof. Without loss of generality, we assume that R} > 1 and R}y < R} for i =
2,---,n. Let

Su(t) = Sy +mu(t), Su(t) =Sk +a(t),
[$(t> = Ig* + yzl)(t)’ E}17,(T7 t) = Eflz* (T) + Z}L(T’ t)7 Iilz(a7t) = Illz* (a) + yfll(a’t)’

Izi;(t) = yqi;(t)’ E;lz(ﬂ t) = Z;L(T7 t)7 Ili(aa t) = y;z(a7t)7
where ¢ = 2,--+ ,n. Then the linearization system of system (2) at the equilibrium
&y can be expressed as

dxv Sl*/ Ba)yi (a,t)da — x,(t / BL( Ih

_ Z S / Bi(a)yi (a,t)da — pyw,(t),

dyv Sl*/ ﬁ (a,t)da + z,(t / ﬁ Ih (a)da — (o + )yv( ),

dyv Sl / ﬂZ (a,t)da — (po + )yql} (t),

d * * n . . .

xfl}( )= Gt w0 — Bl 1) - Z BiSh i (t) — pnwn(b),
ozl (r,t) 9 t .

A0 D (sl (r)sd )

2(0,1) = BLSk yu(t) + Bran()I)
2(0,t) = By Sk i (1),
ayi(a t) 0@/?;(@ t) _

~(un + o (a) + 1} (a))y (a, 1),

Ot / mh Tt)d

(26)
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An approach similar to [14] (see Appendix B in [14]) can show that the linear
stability of the system is determined by the eigenvalues of the linearized system
(26). In order to investigate the linear stability of the linearized system (26), we
consider exponential solutions (see the case of the disease-free equilibrium) and
obtain a linear eigenvalue problem. For the whole system, we only consider the
equations for strains i,7 = 2,--- ,n, and obtain the following eigenvalue problem:

b _ g1 / Bi(a)yh(a t)da — (p, + b )y (1),

dt

0z (T, t) 028 (7,t) B ; i
aT + at - _(,LLh + mh<7-))zh(7-7 t)a

7,(0,) = B1.Sk v (8), (27)

82/2(@ t) 592 (a t) _

—(pn + a(a) + 73, (a)yh (a, 1),
1(0,1) /mh T)zp (7, t)dr.

For each 4,7 # 1, by using the same argument to equation (21), we obtain the
following characteristic equation

A+ py +al ﬁhsl*sh/ m (T)e i ( dT/ Bi(a)e xi(a)da.  (28)

Notice that S7* and SJ* satisfy
. . . S .
B,JLS%*S’%*/ my (7)m dT/ BI(a)mh(a)da = p, + o, (29)

for j =1,--- ,n. It then follows from (6) and (24) that we have

w1k My + al Ay Ay
Sl sl = v = . 30
4 Bibi Ry (30)

Substituting (30) into the equation (28), we get the following characteristic equation

i 1 AvAh

where b;(A) is defined in (24).
First, assume that Ry® > R} for some i, and set

Ay Ay
Giy() b )

de, i
< (At o+ o) = By

Straightforward computation yields that

AyAp : R
bi = v 2;0 1-—

Furthermore, for A real, G;, (\) is an increasing function of A such that lim G;, (\) —

+00 as A = +oo. Hence Intermediate Value Theorem implies that the equation (31)

has a unique real positive solution. We conclude that in that case &; is unstable.
Next, assume R} < R} for all i = 2,--- ,n, and set

def 6 AvAh

Gio (0) = (1o + @) — By <0.

Gs(N) Y A+ py+al, G Y bi(M). (32)

" popnRE
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Consider A with RA > 0. For such A, following from (32), we have
G5V = po + O‘ia

_ AyAp [ i i > i
G4(N)] < Ga(RA) < G4(0) = éﬂh ol /O mj, (7)my (7)dT /0 B (a)my(a)da

i

Rl (,Uw +0‘1;) < |Gs(N)].

This gives a contradiction. Hence, the equation (31) have no solutions with positive
real part and all eigenvalues of these equations have negative real parts. Therefore,
the stability of £ depends on the eigenvalues of the following system

- / B1(a)yl(a)da — z, / B (@)L (a)da — poe,
M = 51/ B( da+xv/0 B (@)} (@)da — (s + o)y,
Az, = —2,(0) — pnn,
dl
) (0t mh (), (33)
2,(0) = BLSh s + BrL
1
WD (3t + b (@) + 7 (@) (a),
0) = . Lr)dr.
) / mh (72 (r)dr

Solving the differential equation, we have
24 () = 2,(0) e (1),

yh(@) = yh(0) e md(a) = 21(0) e Pom) / ml(r) el (r)dr.

Substituting the above expression for y; (a) into the first and the second equations
of (33) yileds that

(A + oy + /OO BLa)I} (a)da)z, + S b1(N)z}(0) =0,

/B MIF (a)da+ (A + o+ ab)yl — SY by(X)2(0) = 0,

(34)
(A + pn)xn + 21 (0) = 0,
—Bady wn = BLS) yy + 2,(0) = 0.
Direct calculation yields the following characteristic equation
(o)
(bt [ BH@IE @A)+ i+ @)+ g+ 5L -
0

=BrSh 83 b\ A+ o)A+ o).
Dividing both sides by (A + gy ) (A + pn) gives

Gs(\) = Gs(N), (36)



914 YANXIA DANG, ZHIPENG QIU AND XUEZHI LI

where
6o _ O+ fi Bi@) (@)da)(A+ po + o)A+ + BLY)
’ (A po) (A A+ pan) ’
Go(\) = BrSh S bi(N) (37)

=St s [ mh e alrar [ s @,
0
If X is a root with A > 0, it follows from equation (37) that
1G5 (A > [A+ po + | > p + . (38)

From (29), we have
9601 < 6, < Go(0) = A5 81 [ mhryad(ryar [ ol

= po + 0, < [G5(V)].
(39)

This leads to a contradiction. The contradiction implies that (36) has no roots such
that ®A > 0. Thus, the characteristic equation for strain one has only roots with
negative real parts. Thus, the single strain equilibrium &; is locally asymptotically
stable if R} > 1 and R} < R}, i =2,--- ,n. This concludes the proof. O

5. Preliminary results and uniform persistence. In the previous section, we
proved that if the disease reproduction number is less than one, all strains are
eliminated and the disease dies out. Our next step is to show that the competitive
exclusion principle holds for system (2). In the later sections, we always assume
that Rg > 1. Without loss of generality, we assume that

Ry = max{RJ, -~ , R4} > 1.

In the following we will show that strain 1 persists while the other strains die
out if Ry/Ry < b;i/bi < 1,i # 1, where b; denotes the probability of a given
susceptible vector being transmitted by an infected host with strain j. Hence,
the strain with the maximal reproduction number eliminates all the rest and the
competitive exclusion principle will be established for system (2).

Mathematically speaking, establishing the competitive exclusion principle means
establishing the global stability of the single-strain equilibrium &;. From Theorem
4.1 we know that if R{/R} < 1,i # 1, the equilibrium &; is locally asymptotically
stable. In the following we only need to show that & is a global attractor. The
method used here to show this result is similar to the one used in [1, 12, 13, 20].

Set

fx)=z—-1—Inz.
It is easy to check that f(x) > 0 for all x > 0 and f(z) reaches its global minimum
value f(1) =0 when & = 1. Next, let us define the following Lyapunov function

n n

U(t) = Ui (t) + Us(t +ZU2 +Us(t) + UL () + > Ui(t) + Us () + > UL(L),

=2 =2
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where
1 Sy
U= Lo oo (&)
Ube) = : ()
Sl a0) [y ;ﬂi(T)W%(T)dT v\ )
O S T
Us(t) = S{f(sslli),
1 " E} (7,1 (41)
L) = =— EY (r Sl ASEALAN IS
U0 = 7 [ ) (0f (T o
i = 1 - (TE? (1 T
O = S e, MO0
1 > " Il(a,t))
Uk(t) = I} h da.
0= e @ @ (7 o
Ht) = ! - (a) i (a a
RO = T Jy 0
and -
gi(a) = [ Bi(s)e Ja el ()tri@)do g,
¢ 50 . (42)
pi(7T) = quj(O)/ mfl(s)e_ J7 (untmi, (0))de g o
Direct computation gives ’ ‘
bj (0) = Rg)v
and ) ) )
q;(a) = =B} (a) + (un + aj (a) + 14, (a))g; (a),
(43)

Pi(7) = =8jg; (0)my, (1) + (pn + my, (7))p; (7).
The main difficulty with the Lyapunov function U above is that the Lyapunov
function U is well defined. Thus in the following we first show that strain one
persists both in the hosts and in the vectors as the other strains die out. Let

X, = {(pl € L1 (0,00)|3s >0 / m}, (T + 8)p1(T)dT > O},
0

%= {wl e L0352 0: [ Bl 9a)da > 0},
0

and define

n n
Xo =Ry x [JRy x Ry x X1 x Xy x [J(L'(0,00) x L'(0,00)),
j=1 i=2
Qo = 2N Xo.
Note that g is forward invariant. This is because (3) show that Q is forward
invariant. To see X is forward invariant, we firstly demonstrate that X5 is forward
invariant. Let us assume that the inequality holds for the initial condition. The

inequality says that the support of 3!(a) will intersect the support of the initial
condition if it is transferred s units to the right. Since the support of the initial
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condition only moves to the right, the intersection will take place for any other
time if that happens for the initial time. Similarly, X, is also forward invariant.
Therefore, €2y is forward invariant.

Now let us recall two important definitions.

Definition 5.1. Strain one is called uniformly weakly persistence if there exists
some 7 > 0 independent of the initial conditions such that

(o) (o)
lim Sup/ E}(r,t)dr >~ whenever / p1(1)dr >0,
0

t—o0

limsup/ I}(a,t)da >~y whenever / ¥1(a)da > 0,
0 0

t—o0
and
limsup I} (t) >~y whenever I} >0,

t—o00

for all solutions of system (2).

One of the important implications of uniform weak persistence of the disease is
that the disease-free equilibrium is unstable.

Definition 5.2. Strain one is uniformly strongly persistence if there exists some
~ > 0 independent of the initial conditions such that
oo oo
lim inf/ E}(r,t)dr >~ whenever / p1(T)dT > 0,
0 0

t—o0
lim inf/ I}(a,t)da >~y whenever / Y1 (a)da > 0,
t—oo  Jq 0
and
liminf I;(t) > v whenever I} >0,
t—o0 0
for all solutions of model (2).

It is evident from the definitions that, if the disease is uniformly strongly persis-
tent, it is also uniformly weakly persistent.
Now we are able to state the main results in this section.

Theorem 5.3. Assume Ry > 1 and RE < Ry for i = 2,--- ,n. Furthermore,
assume that the other strains except stain 1 will die out, i.e.,

limsup I} (¢) = 0, limsup/ E}(r,t)dr =0 and limsup/ I} (a,t)da = 0,
t—4o0 t—+4oo t—+4+oco Jo

fori=2,--- ,n. Then strain 1 is uniformly weakly persistent for the initial condi-
tions that belong to g, i.e., there exists v > 0 such that

lim sup BAI.(t) > 7, hmsup/ mp (7)Ep (7, t)dr > v,hmsup/ Ba(a) I} (a,t)da > ~.

t—+o00 t——+o0 t——+o0

Proof. We argue by contradiction. Assume that strain 1 also dies out. For any
€ > 0 and every initial condition in 2y such that

limsup SAI. (1) < e, hmsup/ mh T)EL (7, t)dr < €, hmsup/ Ba(a)In(a,t)da < e.

t— o0 t——+oo t——+o0

Following that there exist 7' > 0 such that for all ¢t > T we have

ﬁf;]g(t) <&, /0 mi(r)Ei(T, t)dr < g, /0 Bg(a)li(a,t)da <& j=1,---,n
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We may assume that the above inequality holds for all ¢ > 0 by shifting the dynam-
ical system. From the first equation in (2) we have

S;(t) > Ay, —neSy, — 1ySy, S;L(t) > Ay — neSyp — upSh.

Exploiting the comparison principle, we have

Ay A
limsup S, (t) > liminf S, (¢) > Y limsup Sy (¢) > liminf S, (t) > h
t—+00 t—+00 NE + [y t—+4oo t—+00 ne + pp
Since By (t) = Ei(0,t), Bi(t) =1}(0,t), it then follows from system (2) that
A
By (t) = E(0.1) = BRSuI(1) > B—"—I}(1),
ne + pp (44)

dI, (t)
dt

A, e
> e [ AT da— (g + a1

By using the equations in (7), we can easily obtain the following inequalities on
BL(t), B(t) and I1(t):

A
By() 2 B 1),
[e’e] l t
B = [ mi@Er0dr> [ mhn)Bh( - nel(rar, (45)
0 0
dr! A, t
5> e [ @B - amdda— (n, + o))

Let us take the Laplace transform of both sides of inequalities (45). Since all
functions above are bounded, the Laplace transforms of the functions exist for
A > 0. Denote the Laplace transforms of the functions B (t), Bi(t) and I}(t) by
BL(\), BE()\) and I!()), respectively. Furthermore, set

() = /0 Tl (el (DeNdr, Ra(h) = /O T Bl (@)l (@)eda. (46)

Using the convo}ution property of Ehe Laplace transform, we obtain the following
inequalities for BL(\), Bi(A) and I}(\):

Bi(\) = Ki()BE(\), (47)

Eliminating B}(\) and I!()\) yields

BEAL ALK (N\) K2 (N)
(ne + po)(ne + pn) (A + po + )

BLA 1
1:(0).
(e 1m) Ot g+ aty o)

(48)

BLO) > Bp(\) +

This is impossible since

BLAL ALK (0)K(0)
P oy (f + 03

=Ry > 1,



918 YANXIA DANG, ZHIPENG QIU AND XUEZHI LI

we can choose € and A small enough such that
DAL ALK (V) Ko (N)
(ne + po)(ne + pn) (A + po + o)

The contradiction implies that there exists v > 0 such that for any initial condition
in g, we have

o0
limsup BAI.(t) > 7, hmsup/ mp (1) Ep (7, t)dr > 'y,hrnsup/ Ba(a)I}(a,t)da > ~.

t—+o00 t——+o0 t——+o0

In addition, the equation for I} can be rewritten in the form

ar} Ay 11
s> = ( I,
TR (b + )1,
which implies a lower bound for I!. This concludes the proof. O

Next, we claim that system (2) has a global compact attractor ¥. Firstly, define
the semiflow ¥ : [0,00) x Qy — Qg generated by the solutions of system (2)

(t Svmjiof" ) ’L)(]?Sho’(pl() 1#1()’ 79071()7’(/}71())
= (Sv(t%I&(t)v"' aIg(t)vSh(t%E/}L(T’t)vI}%(a?t)’"' 7E}71L(T)t)’l}?(a7t)>'

Definition 5.4. A set ¥ in ) is called a global compact attractor for ¥ if ¥ is a
maximal compact invariant set and for all open sets 4l containing ¥ and all bounded
sets B of Qg there exists some T > 0 such that (¢, B) C il holds for ¢t > T.

Theorem 5.5. Under the hypothesis of Theorem 5.3, there exists %, a compact
subset of Qq, which is a global attractor for the semiflow ¥ on Qy. Moreover, we
have

U(t,z°) €T for every 2°€ T, Vt>0.

Proof. We split the solution semiflow into two components. For an initial condition
2% € Qo, let W(t,2%) = U(t,20) + (¢, 2°), where

<t S’an IQ];07 ) 1)07 Shoa (101( ) ,(/11(')5 T a@n()7wn())

(49)

= (0,0, 0,0, BL (T, ), I} (ayt), - -+ ER (T, 1), }Z(a,t)),

(t Svo,]goa"' ) v07Sh07901() 1/)1()7 7@”()7"/%())

= (SO I+ 0510, B 0.0, B 0. T e,

(50)

and Ei(r,t) = fL(T t) + EJ(T t), I}{(a,t) = fi(a,t) + fi(a,t) for j =1,---,n
EAZ(T, t), fi(a,t) E( t), I 7 (a,t) are the solutions of the following equations

oF!  OE} () B
aith 877-}1 = —(/Jh + m%(T))E‘}?L(T7 t)a

BI(0,1) =0, (51)

B} (r,0) = (7).
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oI oI} : Ty
(’Tth + 67; = _(Mh + a%(a) + Ti(a)) }]L(a7t)’
(0,4) =0, 2
f,{(a, 0) = %‘(a%
and . _.
aEJ aEJ . ~ .
Tth + 377'}1 = _<Mh + m%(T))Ez(Ta t)’
EI(0,t) = 818,17, (53)
El(1,0) =0,
oL, oI, _ TN
S+ 5 —(pn + af,(a) + ()]} (a,t),
]J 0.4) / mi p (r.1)dr. (54)
0
I,]l(a, 0)=0.

We can easily see that system (51) and (52) are decoupled from the remaining
equations. Using the formula (7) to integrate along the characteristic lines, we
obtain

0, t>T,
El(1,t) = 7w (7) (55)
(pj(T_t)w{(i'—t) t <,
0, t>a,
Ia,t 56
() wj(a—t)L@ t < a. (%)
a—1)’

Integrating EAfL with respect to 7 yields

/too%(r—t)f“)dfz/ooo@j(ﬂ(j*ﬂd - _#ht/o(")(pj(T)dT_}O

m (T — 1) m(7)
as t — oo. Integrating _fj with respect to a, we have
/ pila —t)—"——— / ¥;(a )d < _“ht/ ¥;(a)da — 0
7 (a — t (a)

as t — oo. This implies that \Il(t, 2%) — 0 as t — oo uniformly for every z° € B C
Qp, where B is a ball of a given radius.

In the following we need to show (¢, z) is completely continuous. We fix ¢ and
let 20 € Q. Note that €y is bounded. We have to show that the family of functions
defined by

U(t,2") = (Sv(t)»fi(t)w L} (), Su(t), By (r,0), i (a, t), -+ Ej(7.t), ~IZ(aﬂt))

is a compact family of functions for that fixed ¢, which are obtained by taking
different initial conditions in €y. The family

{(t,2°)|2° € Qo, t — fixed} C Qo,
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and, therefore, it is bounded. Thus, we have established the boundedness of
the set. To show that \i/(t,x) is precompact, we first see the third condition of
limy o0 [, E(1,t)dr = 0 and lim;_, = I} (a,t)da = 0 in the Frechet-Kolmogorov
Theorem of [21]. The third condition in [21] is trivially satisfied since £} (7,t) = 0
for 7 > t and fi(a, t) = 0 for a > t. To use the second condition of the Frechet-
Kolmogorov Theorem in [21], we must bound by two constants the L!-norms of
OE] /ot and 9I] /da. Notice that

B (t — m)mi(r), t>T,
[J _
Ej(r.t) = 0, t<T,
_ , (57)
. Bl(t — a)m)(a), t>a,
Pan=4 " ?
0, t<a,
where
BL(t) = BLSh(t) I (1),
(58)

Bi(t) = /0 Oom{l(T)E;;(T,t)de /0 mi (1) Bl (t — 7)) (1)dr.

BJ,(t) is bounded because of the boundedness of Sy, and I7. Hence, the B%(t)
satisfies _
BL(t) < k.

Therefore, we obtain

Bi() = [ mi (Bt = r)d (e

. t .
Skg/ B?E(t—r)dT:kg/ Bl(T)dr
0 0

< kykqt.
Next, we differentiate (57) with respect to 7 and a:
‘8Ei(r,t)' - (B (t = 7)) () + Bt —7)|(x] (7))'], t>r,
or B 0, t<T,
oLl (a,t) |(Bi(t — a))'|m(a) + By (t — a)|(m3(a)'], t>a,
‘ da ’ B 0, t < a.

We see that |[(BL(t — 7))'|, |(Bi(t — a))| are bounded. Differentiating (58), we
obtain

(BL0) = 3 (S 080 + S0 )
_ o e | (59)

(B0)) = mi,(OBLO)l(0) + [ mi () (B =)' ()
Taking an absolute value and bounding all terms, we can rewrite the above equality
as the following inequality:

(BL(®))' < ks, [(BI(#))'] < ka
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Putting all these bounds together, we have

| 6,E || < kg/ w{(T)dT—l—kl(uh—i—fnh)/ m (7)dr < by,
0 0

10.07 || < k4/ W%(a)da+k1k2(,uh+6zh+?h)t/ 73 (a)da < by,
0 0

where my, = supnj{mi(T)}, ap = supavj{ozib(a)}, Tp = supavj{r{b(a)}. To complete
the proof, we notice that

Oo B ~ ~

[ 1B+ i)~ G0l <) 0.5 | 4] < b1
0

| 1R+ b0 = Fa.lda <) 0,5, | 1] < baln,
0

Thus, the integral can be made arbitrary small uniformly in the family of functions.
That establishes the second condition of the Frechet-Kolmogorov Theorem. We
conclude that the family is asymptotically smooth.

(3) means that the semigroup ¥(¢) is point dissipative and the forward orbit of
boundedness sets is bounded in Q. Thus, we prove Theorem 5.5 in accordance
with Lemma 3.1.3 and Theorem 3.4.6 in [8]. O

Now we have all components to establish the uniform strong persistence. The
next proposition states the uniform strong persistence of I, E} and I}.

Theorem 5.6. Under the hypothesis of Theorem 5.3 strain one is uniformly strongly
persistent for all initial conditions that belong to Qq, that is, there exists v > 0 such
that

lim inf /j'hI ) > ~,lim 1nf/ mh Eh T, t)dr > 7, hmlnf/ Bl (a)];ll(a, t)da > .

t——+oo t—+o0 t——+oo

Proof. We apply Theorem 2.6 in [19]. We consider the solution semiflow ¥ on Q.
Let us define three functionals p; : Q9 =R, I =1,2,3 as follows:

pL(¥(t,2°)) = B, (8),

pa(U(t,z%)) = /000 mi(r)E;ll(T, t)dr,

pa((t, 1)) = / " B (@)} (a,t)da

Theorem 5.3 implies that the semiflow is uniformly weakly p-persistent. Theorem
5.5 shows that the solution semiflow has a global compact attractor ¥. Total orbits
are solutions to the system (2) defined for all times ¢ € R. Since the solution
semiflow is nonnegative, we have

BLIL(t) = BLIL(s)e~ (motan)(t=s),
> ~ ~
/ m} (T)E}(r,t)dr = B} ( / ml (r BE(t — yrl(r)dr
0
- ’“/ Bt ryir =4 [ B
v 0

t t
=it [ aisunnmar = 2 [ 1
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t
_ 2 / I} (s)e—lmtad)(7=5) g
0

271
— me(#ﬂrai)s(l — ef(l—Lv+O‘11))t)7

e+ ad
[e'e) N t N t N
/ B (a)TMa,t)da = / B1(a) B} (t — a)rl(a)da > K / Bl(t - a)da
0 0 0

¢
= k3/ B}(a)da
0

21371 t

> k“k°T, (S) e(uv+0z11))s/ (1 _ e—(uv+a}))a)da7
T ety 0

for any s and any t > s. Therefore,

BLINE) > 0, / Tl (D) EL(r t)dr > 0, / " 8 a) T (0, t)da > 0
0 0

for all t > s provided 1:1} (s) > 0. Theorem 2.6 in [19] now implies that the semiflow
is uniformly strongly p-persistent. Hence, there exists v such that

. . 141 > . . > 1 1 > . . > 1 1 .
ltlgﬁgof Bul, (t) >, ltlg1+1£1of ; my (T)Ey (1, t)dT > 7, 13&;215 ; By (a) I (a,t)da > ~
O

According to Theorem 5.6, we obtain that for all initial conditions that belong
to Qo, strain 1 persists. Furthermore we had verified that the solutions of (2) with
nonnegative initial conditions belong to the positive cone for all ¢ > 0. All the
solutions are in a positively invariant set. Therefore we can obtain the following
Theorem 5.7 from Theorem 5.6.

Theorem 5.7. Under the hypothesis of Theorem 5.3, Vt € R, there exists constants
¥ >0 and M > 0 such that

9 < Su(t) < M, < Sh(t) <M,

and

9 < ,8,11[3(15) <M, 9< / m}L(T)E}L(T, Hdr <M, 9 < ﬂi(a)[ﬁ(a,t)da <M,
0 0

for each orbit (S,(t),IL(t), -, I7(t), Sn(t), Ei(T,t), I (a,t), -, Ex(r,t), I (a,t))

of U in %.

6. Principle of competitive exclusion. In this section we mainly state the main
result of the paper.

Theorem 6.1. Assume R} > 1,Ry/R} < bj/by < 1,i = 2,--- ,n. Then the
equilibrium &, is globally asymptotically stable.

Proof. From Theorem 4.1 we know that the endemic equilibrium & is locally asymp-
totically stable. In the following we only need to show that the endemic equilibrium
& is global attractor. From Theorem 5.5 there exists an invariant compact set T
which is global attractor of system (2). Furthermore, it follows from Theorem 5.7
that there exist £y > 0 and M; > 0 such that

I} E}L(T, t)
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for any solution in W. This makes the Lyapunov function defined in (40) well
defined.

After extensive computation, differentiating U(t) along the solution of system
(2) yields that

AUy (t)
dt

B 1 ( - S
~SEqu(0) fyT mi () (r)dr S

—S/ B(a)I}(a,t)d qu—ZS/ B (a)I} (a,t)d }

_ fo (S *S%*V
53 Spq1(0) [y mi (7)mt(T)dr

1 ~ . S S,Ia,t) I}L(a,t))
I — — _ - d
+q1<o>f0°°m}l<f>w%<7>m/o 5”(““(“)(1 S, ST (@) 1) )™

Sy [° Bi(a)I(a,t)da — SE [° Bi(a)I}(a,t)da
Z 0 5 0

) [SE‘ | st @da + st
0

i—2 5 q1(0 fo mh( )i (r)dr 7
(60)
AU (t)
dt
(1- (s 1 BL(a) I} (a, t)da — o S5 11‘1)[” (“)d“g)
- S q1(0 fo my (7)mi (7)dr
. - 1 (61)
(1= 40)ST 5 Bia)T} (a )(5( o Iﬁf’»«)da
N SE a1 (0) J5= mi (Tl (r)dr
oo * S, I} (at) N S, I} (a )1l
Jo~ Bo@)l (“)(m ~ T S 1)da
- 0) Jo~ mp(r)mi(r)dr ’
dUQi() Sy fo- Bila)I}(a,t)da — (u, + i) IE (62)
dt S (0 fo mh( )i (7)dr '
dU?)(t) Sl* 1* 1* 1 - 1 1
w1 th Ep, (0) + pnS, — E3(0,8) — punSh — ;&&%
al*y\2 i 1*
=S (o) - g0, - S gy o) + S Bl
Sh S Sh

-> (Ei(o, t) — B;;Si*ff;)
1=2

(63)
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and

dUL (t)

dt N
:R%l)/op( < :El aE’Z’)tTt
il

- R[ [p1 (gﬂwg) /o/f(%l(( )) ( (E( %}
— 7 |p1(0 hl (0) mi(r Eh LTt "
) E} 0 t) hfo )f(];q(zt;)dr (1)

_ ( ; ) fO mj, (7)mi(7)dr
B0y o mhOEL ()G i
By () J5S mp (r)wl(r)dr

= Ei(0,t) — By (0) — Ej, (0)In

The above equality follows from (24) and the fact
PT)EL (1) + pi(T) (B} (7))

= [ — A (0)my, () + (pn + mi(T))pl(T)] By () = pa(7) (n + mij, (1) B}, (7)
= —A1qu(0)mp(7)EL (7).
We also have

g ()1 (@) + qi(a)(I (@)’
= {—Bi(a)Jr(thrah( ) +r(a))ai(a )]Ih (@) = qi(a)(pn + @k (a) + h(a) T (a)

= —Bul@)i (a).
Similar to the differentiation of U} (¢), we have
dU3 (t)
dt

— 1 > 1* 1 I%(a,t)) 1 alé(aat)
— T O @r (B ) e
_ 1 > 1* I}L(a7t)>
" T O (G

a(0)I4 (0)£( ia“’(g; =I5 By @) (a) f (357 )da

fo mh( )T ( )dr

I L GOD 1B 1)1 (0) (2 )da
T mi ()l (rydr 0 (0) [T m (i ()

(65)
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Noting that (43), we differentiate the last two terms with respect to ¢, and have

dU(t)
dt
= ! RGOS
B A;q1(0) fooo m}ll(T)’]T%(T)dT/O pi(7) ot d
T A f°°nlz ()T )dT/ Pilr) {fwﬂﬂﬁmi(ﬂ)%(m) dr
v 0 h

fo pi(T dEh 7,1) +f0 NhJth(T)) i(T )Eh(T t)dr
Az‘ll fo mh( ) ( ) _ _
pi(T)EL(m 05 = [~ B (r,t)dpi(7) + [g (a4 mj, (7))pi(7) Ej (7, )dr
Aiq1(0) [y~ mj (r)ml (1)dr
pi(0)E;(0,8) — Aigi(0) fg~ mj, (1) B} (7, t)dr
2an®) o mh(m (dr
RYE;(0,t) _ ¢:(0)17,(0,t)
Aiq1(0) fy~ my(r)mi(r)dr  qu(0) fy~ my (r)mi(r)dr
b ¢:(0)I; (0,¢t

I n) )
b EL©,1) 0) fooo m}L(T)W}(T)dT'

Similarly, we have

dUL(t)
dt

S aila) | 258D 4 (4 oy (a) + 74, ()T} (a.t) | da
a 0) [ m} (r)rl (r)dr
¢;(0)I%(0,1) fo Bi(a)I} (a,t)da

0) fooomilz(T)W%(T)dT fo mh( )™ 1( )dT.

Adding all five components of the Lyapunov function, we have

U't)y=U"+U?
where
U(t)
B f1o(Sy — SE)?
37801 (0) Jg~ mj, (r)wi(r)dr
i by @ (1= 5 - S0 e )

S I (a) 11" (a)
0) fooo my (7)mi(T)dr
oo * SuIt(a, Ii Su1; (a, Ii*
J5° Aoy (S — A — A 1) o
0) Jo mj(r)mi(r)dr
1 1 Sil; S}L*
+ | By (0) — EL(0,t) — S, B (0)+ S, 2 E3(0,1)

_|_

pn(Sh = S})?
Sh
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. . Sy mi (B () f (8
+ER00) B (0 - B (0 R - e ’( i 0
%) 1* n 1,(0,t Ih
+f0 ( )E ( )([1(())_1_1n11’£(0)))d7- f() v ) (Il*()) a
Jo mi,(r)mi(T)dr ql()f B () (T)dr
(68)
and
U*(t)
_ Sy Jo° Bi(a) I} (a,t)yda — SL [ Bi(a)I} (a,t)da
LZZ S5 q(0 fo my, (7)1 (T )dT
Sy [5° Bi(a)I(a,t)da — (p + o) B i ol* i
+; SEa(0) fy- mE(D(r)dr Z (siton -sisi'r)
— (bi _ ¢i(0)1;,(0, t)
+;(b B0 00 e mi ()t <>dT>
0)I} (0 t) B fo Bi(a)Ii(a,t)da
+Z( fo mh( )i (7)dT fo mh( )i (T )dT).

Canceling terms, (68) can be simplified as
U'(t)
o (Sy — SE)?

pn(Sh = S} )

- Szl;*Sv(h

f(;)o BL(a)l
+

fo my, ()]

S1* It
I il

Sh

S, I} (a,t)IL" I} (a,t)

+In

ST I (a)I1 1™ (a) )da

0) fooo my (7)m}

1
Sh

Si Ei(0,1)

E (0)(_ S0 T SEN (0)

1:(08)

—In .
E,7(0)
E,ll('r,t)

(r)dr
)

EL(0,1)
E}(r,t) I} (0)

+ In

o 1 1~
+f0 mh(T)Eh (T)([}IL* (0)

By (1)

B () o047

fooo m}L(T)W% (r)dr

Direct computation yields that

Ei(T, t) dr

Nt

1,(0,1)
1,"(0)
I1(0,1)
1,7 (0)

I;; (0)

E}(r,t) I} (0)
| @ )(E'a*( Frixy

I, (0)
11 (0, t)
1, (0) ,

11 Lo,0)"

fim

I,(0,t) —

X (0) = 0.

- Iill(oa t) = Oa

( )Eh(T t)dr — m}L

)

Ey ()

| s @ar = [ ko8 ar

)

oo

(1B, (r)dr
0
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By using (71), (70) can be simplified as

H?J(Sv - Sl*)2 .uh(Sh - S}ll*)2
S1Suq1(0) fooo my (T)mi (7 Sh

Jdr
5 A@ >[f<S )+ F(7) + T (G iy da

RRAY s e
(0) fo~ mp ()t (7)dr
1
_fo mh( T)mi (T dT/ mh ™) }ll E}L*(T)I}%(Oat)
s S1EL(0,1)
i (0){”(5 >+f< ShEL () ﬂ

Noting that E}(0,t) = BLSpIt, E} (0) =SS IL, we get

Utt)y =-—

Sk Ep0.8) _ Sk BAShly L

_ v

SpEL(0)  SpBiSiTIr I

Furthermore, from (25) and (42) we have

B @I @f(f=)da [ pi @) (a)da s
(0) fooo my, (1) ()dT a 71(0) fooom},l(T)W}(T)dT I
S ORI -
S mi (ol (rydr T I

1
= B 0)7(7%).

Finally, simplifying (72) with (73) and (74), we obtain
. fo (Sy — S;*)Q :“h<sh - S}L*)Q
S3"Suqi(0) fg my (1) (r)dr Sh
I3 BH@IE @ (3) + F(EEEL ) da
(r

@1(0) [~ my (1) (T)dr
0o 1 1* EL(r,t)I}" (0)
fo my, (T)E), (T)f<m>d7
o 1
1

Ut(t)

( i Sy
Ty (r)dr ~ B (O (sh>

Canceling terms, (69) can be simplified as

U(t)

1=

Simplifying (76) with (25), we get

1=

r( B t)f{@))dT

_ - bi i i ol* fo + i
= 22 |:<b1 1) E;(0,t) + (5h5h ST 0 (0) fooo mi(T)Tl’%(T)dT)Iv:|'

. ; ﬂzAh(uv+Ahbl)( Ré@-) }
— —1)Ej0,t) + 1— 921,
Z K > w(0:1) o (R + Apby) Rib1
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(73)

(74)

(75)

(76)
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Hence, by using (75) and (77) we obtain
_ MU(SU - S%*>2 . ,U/h(sh - S}ll*)2
SE*qul(O)J§o7nh( ) i(r)dr Sh
I BN @G + £ da
%@Ufmﬂ)l(WT
o0 . B (r)1, (0)
Jo"mi (B (DI B it >d7 . f(s;j>
Jo~ mi(r)mi(r)dr " Sh
Bi An (b + Apby) ( Robi ) }
+ — —1)E;(0,¢t L 1-—- I
Z |:< ) h( ) Nh(/f"vR(l) + Ahbl) Rl b1
Since f(x) >0 for z > 0, Ry /RE < bi/by < 1,i # 1 we have U’ < 0. Define,

U%wzo}

We want to show that the largest invariant set in ©3 is the singleton &;. First, we
notice that equality in (78) occurs if and only if S, (t) = S.°, Si(t) = S}, Ej(0,t) =
0, I! =0, and

U'(t)

@2: {(Sv7[1}7 3 U,ShaEhalha"' 7E2a1}?) GQO

L)Ll _ | ENn0IY(0) -
@I~ BE @R

Thus, we obtain

heh LG (50)
q (@) I

I} (a,t)
I," (a)
is a function with ¢. So we can assume that I} (a,t) = I} (a)g(t). Thus

It is obvious that the left term
I, (1)

of (80) is a function with a, ¢, while the right

term

I
we have
I, =1, g(t). (81)
It follows from (2) we can also obtain
I (¢ —S/nﬂ )15 (a,t)da — (o + o)1,

— S / B (@)g(t)da — (o + ab)IL,

51/ B (@)} (a)da — (o + oI,
— g(0) (o + ADIY — (a1,

= (po +ay)(I, g(t) = 1) = 0.

(82)

Therefore, we can get
' =1l
Subsequently, it follows from (80) we have
Li(a.t) = I; (a).
Specially, when a = 0, we have I}(0,¢) = I} (0). Thus from (79) we get
El(r,t) = E} (7).
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Since E;(0,t) = 0, then Ej(7,t) = E;(0,t — 7)7i(r) =0 for t > 7,4 = 2,--- ,n.
Similarly, we also have I}(0,t) = [ mj (T)E}(r,t)dr = 0, Ij(a,t) = I,(0,t —
a)mi(a) = 0 for t > a. At last we conclude that the largest invariant set in O is the
singleton & . Since ¥(+)Qf C Qf , the global attractor, ¥, is actually contained in
Qa' . Furthermore, the interior global attractor ¥ is invariant. By using the above
result, we show that the compact global attractor € = {£;}. This completes the
proof of Theorem 6.1. O

7. Discussion. In this paper, we formulate a multi-strain partial differential equa-
tion (PDE) model describing the transmission dynamics of a vector-borne disease
that incorporates both incubation age of the exposed hosts and infection age of
the infectious hosts, respectively. The formulas for the reproduction number R}, of
strain j, 7 = 1,--- ,n are obtained from the biological meanings of models. And we
define the basic number of the disease as the maximum of the reproduction numbers
of each strain. We show that if Ry < 1, the disease-free equilibrium is locally and
globally asymptotically stable. That means the disease dies out and the number
of infected with each strain goes to zero. If Ry > 1, without loss of generality,
assuming Ry = max{R}, -+, R4} > 1, we show that the single-strain equilibrium
&1 corresponding to strain one exists. The single-strain equilibrium &; is locally
asymptotically stable when R$ > 1 and Ry < R}, i =2,--- ,n.

The main purpose in this article is to extend the competitive exclusion result
established by Bremermann and Thieme in [2], who using a multiple-strain ODE
model derives that if multiple strains circulate in the population only the strain with
the largest reproduction number persists, the strains with suboptimal reproduction
numbers are eliminated. The proof of the competitive exclusion principle is based
on the proof of the global stability of the single-strain equilibrium &;. We approach
the result by using a Lyapunov function under a stronger condition that

Ri b

S0, AL 83
Ry b e (83)
Our results do not include the case of
max{Ry, -, R4} =Re=Rg=-=Ry">1, m<n, m>2.

According to Proposition 3.3 in [16], where the authors proved and simulated by
data that if there is no mutation between two strains and if the basic reproduction
numbers corresponding to the two strains are the same, then for the two strain epi-
demic model there exist many coexistence equilibria, we guess that the coexistence
of multi-strains may occur and it is impossible for competitive exclusion in this case.

From the expression (6) of the basic reproduction number R} corresponding to
strain j and the inequality R{ /Ry < b; /b1, i # 1, it follows that

r; < Ty,

where ,
J
Tj = 7ﬁh 7
My + oy
r; represents the transmission rate of an infectious vector with strain j during
its entire infectious period. The condition (83) implies that the following three

inequalities hold at the same time,

Ry <Ry, ri<ry, bi<by, i#1.

forj=1,2,--- ,n.
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Recall that b; denotes the probability of a given susceptible vector being trans-
mitted by an infected host with strain j. Then the condition (83) for the occurrence
of competition exclusion of strain 1 means that the basic reproduction number cor-
responding to strain 1, the transmission rate of an infectious vector with strain 1
during its entire infectious period, and the probability of a given susceptible vector
being transmitted by an infected host with strain 1 are all biggest comparing to
three quantities of other strains.

Acknowledgments. Y. Dang is supported by NSF of Henan Province
142300410350, Z. Qiu’s research is supported by NSFC grants No. 11671206 and
No. 11271190 and X. Li is supported by NSF of China grant 11271314 and Plan For
Scientific Innovation Talent of Henan Province 144200510021. We are very grateful
to two anonymous referees for their careful reading, valuable comments and helpful
suggestions, which help us to improve the presentation of this work significantly.

REFERENCES

[1] F. Brauer, Z. S. Shuai and P. V. D. Driessche, Dynamics of an age-of-infection cholera model,
Math. Biosci. Enger., 10 (2013), 1335-1349.

(2] H. J. Bremermann and H. R. Thieme, A competitive exclusion principle for pathogen viru-
lence, J. Math. Biol, 27 (1989), 179-190.

[3] L. M. Cai, M. Martcheva and X. Z. Li, Competitive exclusion in a vector-host epidemic model
with distributed delay, J. Biol. Dynamics, 7 (2013), 47-67.

[4] Y. Dang, Z. Qiu, X. Li and M. Martcheva, Global dynamics of a vector-host epidemic model
with age of infection, submitted, 2015.

[5] L. Esteva, A. B. Gumel and C. Vargas-de Leon, Qualitative study of transmission dynamics
of drug-resistant malaria, Math. Comput. Modelling, 50 (2009), 611-630.

[6] Z. Feng and J. X. Velasco-Hernandez, Competitive exclusion in a vector host model for the
dengue fever, J. Math. Biol, 35 (1997), 523-544.
[7] S. M. Garba and A. B. Gumel, Effect of cross-immunity on the transmission dynamics of two
srains of dengue, J. Comput. Math, 87 (2010), 2361-2384.
[8] J. K. Hale, Asymptotic Behavior of Dissipative Systems, AMS, Providence, 1988.
[9] W. O. Kermack and A. G. McKendrick, in Contributions to the Mathematical Theory of
Epidemics, Royal Society Lond, 115 (1927), 700-721.
[10] A. L. Lloyd, Destabilization of epidemic models with the inclusion of realistic distributions of
infectious periods, Royal Society Lond B, 268 (2001), 985-993.
[11] A. L. Lloyd, Realistic distributions of infectious periods in epidemic models: changing patterns
of persistence and dynamics, Theor. Popul. Biol., 60 (2001), 59-71.
[12] P. Magal, C. C. McCluskey and G.Webb, Lyapunov functional and global asymptotic stability
for an infection-age model, Appl. Anal., 89 (2010), 1109-1140.
[13] M. Martcheva and X. Z. Li, Competitive exclusion in an infection-age structured model with
environmental transmission, J. Math. Anal. Appl, 408 (2013), 225-246.
[14] M. Martcheva and H. R. Thieme, Progression age enhanced backward bifurcation in an epi-
demic model with super-infection, J. Math. Biol, 46 (2003), 385-424.
[15] M. Martcheva, M. Iannelli and X. Z. Li, Subthreshold coexistence of strains: The impact of
vaccination and mutation, Math. Biosci. Eng., 4 (2007), 287-317.
[16] D. L. Qian, X. Z. Li and M. Ghosh, Coexistence of the strains induced by mutation, Int. J.
Biomath., 5 (2012), 1260016, 25 pp.
[17] Z. P. Qiu, Q. K. Kong, X. Z. Li and M. M. Martcheva, The vector host epidemic model with
multiple strains in a patchy environment, J. Math. Anal. Appl., 405 (2013), 12-36.
(18] H. R. Thieme and C. Castillo-Chavez, How may infection-age-dependent infectivity affect the
dynamics if HIV/AIDs?, SIAM J. Appl. Math., 53 (1993), 1447-1479.


http://www.ams.org/mathscinet-getitem?mr=MR3103333&return=pdf
http://dx.doi.org/10.3934/mbe.2013.10.1335
http://www.ams.org/mathscinet-getitem?mr=MR991049&return=pdf
http://dx.doi.org/10.1007/BF00276102
http://dx.doi.org/10.1007/BF00276102
http://www.ams.org/mathscinet-getitem?mr=MR3196366&return=pdf
http://dx.doi.org/10.1080/17513758.2013.772253
http://dx.doi.org/10.1080/17513758.2013.772253
http://www.ams.org/mathscinet-getitem?mr=MR2542801&return=pdf
http://dx.doi.org/10.1016/j.mcm.2009.02.012
http://dx.doi.org/10.1016/j.mcm.2009.02.012
http://www.ams.org/mathscinet-getitem?mr=MR1479326&return=pdf
http://dx.doi.org/10.1007/s002850050064
http://dx.doi.org/10.1007/s002850050064
http://www.ams.org/mathscinet-getitem?mr=MR2680154&return=pdf
http://dx.doi.org/10.1080/00207160802660608
http://dx.doi.org/10.1080/00207160802660608
http://www.ams.org/mathscinet-getitem?mr=MR941371&return=pdf
http://dx.doi.org/10.1098/rspb.2001.1599
http://dx.doi.org/10.1098/rspb.2001.1599
http://dx.doi.org/10.1006/tpbi.2001.1525
http://dx.doi.org/10.1006/tpbi.2001.1525
http://www.ams.org/mathscinet-getitem?mr=MR2674945&return=pdf
http://dx.doi.org/10.1080/00036810903208122
http://dx.doi.org/10.1080/00036810903208122
http://www.ams.org/mathscinet-getitem?mr=MR3079961&return=pdf
http://dx.doi.org/10.1016/j.jmaa.2013.05.064
http://dx.doi.org/10.1016/j.jmaa.2013.05.064
http://www.ams.org/mathscinet-getitem?mr=MR1998995&return=pdf
http://dx.doi.org/10.1007/s00285-002-0181-7
http://dx.doi.org/10.1007/s00285-002-0181-7
http://www.ams.org/mathscinet-getitem?mr=MR2293766&return=pdf
http://dx.doi.org/10.3934/mbe.2007.4.287
http://dx.doi.org/10.3934/mbe.2007.4.287
http://www.ams.org/mathscinet-getitem?mr=MR2922595&return=pdf
http://dx.doi.org/10.1142/S1793524512600169
http://www.ams.org/mathscinet-getitem?mr=MR3053483&return=pdf
http://dx.doi.org/10.1016/j.jmaa.2013.03.042
http://dx.doi.org/10.1016/j.jmaa.2013.03.042
http://www.ams.org/mathscinet-getitem?mr=MR1239414&return=pdf
http://dx.doi.org/10.1137/0153068
http://dx.doi.org/10.1137/0153068

COMPETITIVE EXCLUSION IN A VECTOR-HOST EPIDEMIC MODEL 931

[19] H. R. Thieme, Uniform persistence and permanence for non-autonomous semiflows in popu-
lation biology, Math. Biosci, 166 (2000), 173-201.

[20] J. X. Yang, Z. P. Qiu and X. Z. Li, Global stability of an age-structured cholera model, Math.
Biosci. Enger., 11 (2014), 641-665.

[21] K. Yosida, Functional Analysis, Springer-Verlag, Berlin, Heidelberg, New York, 1968.

Received December 14, 2015; Accepted December 19, 2016.

E-mail address: dyx125@126.com
E-mail address: nustqzp@njust.edu.cn
E-mail address: xz1166@126.com


http://www.ams.org/mathscinet-getitem?mr=MR1779154&return=pdf
http://dx.doi.org/10.1016/S0025-5564(00)00018-3
http://dx.doi.org/10.1016/S0025-5564(00)00018-3
http://www.ams.org/mathscinet-getitem?mr=MR3153561&return=pdf
http://dx.doi.org/10.3934/mbe.2014.11.641
http://www.ams.org/mathscinet-getitem?mr=MR0239384&return=pdf
mailto:dyx125@126.com
mailto:nustqzp@njust.edu.cn
mailto:xzli66@126.com

	1. Introduction
	2. The reproduction numbers and threshold dynamics
	3. Global stability of the disease-free equilibrium
	4. Existence and stability of boundary equilibria.
	5. Preliminary results and uniform persistence
	6. Principle of competitive exclusion
	7. Discussion
	Acknowledgments
	REFERENCES

