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ABSTRACT. Foraging movements of predator play an important role in pop-
ulation dynamics of prey-predator systems, which have been considered as
mechanisms that contribute to spatial self-organization of prey and predator.
In nature, there are many examples of prey-predator interactions where prey
is immobile while predator disperses between patches non-randomly through
different factors such as stimuli following the encounter of a prey. In this work,
we formulate a Rosenzweig-MacArthur prey-predator two patch model with
mobility only in predator and the assumption that predators move towards
patches with more concentrated prey-predator interactions. We provide com-
pleted local and global analysis of our model. Our analytical results combined
with bifurcation diagrams suggest that: (1) dispersal may stabilize or destabi-
lize the coupled system; (2) dispersal may generate multiple interior equilibria
that lead to rich bistable dynamics or may destroy interior equilibria that lead
to the extinction of predator in one patch or both patches; (3) Under certain
conditions, the large dispersal can promote the permanence of the system. In
addition, we compare the dynamics of our model to the classic two patch model
to obtain a better understanding how different dispersal strategies may have
different impacts on the dynamics and spatial patterns.

1. Introduction. Spatial heterogeneity, dispersal patterns, and biotic interactions
influence the distribution of species within a landscape [4, 47, 60, 68, 70]. Spatial
self-organization results from local interactions between organisms and the environ-
ment, and emerges at patch-scales [61, 75]. For example, limited dispersal ability
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and its related dispersal patterns [57] is considered to be one of the key factors that
promote the development of self-organized spatial patterns [1, 42, 71, 72].

In nature, especially for ecological communities of insects, dispersal of a predator
is usually driven by its non-random foraging behavior which can often response to
prey-contact stimuli [23], including spatial variation in prey density [40] and different
types of signals arising directly from prey [76]. For instances, bloodsucking insects
respond to the carbon dioxide output and the visual signals of a moving animal,
which in tsetse flies (Glossina spp.) lead to the formation of a “following swarm”
associated with herds of grazing ungulates [14, 34]. Most mosquitoes were attracted
over a larger distance by the odor of the host [17, 18, 19]. The wood-wasp, Sirex
noctilio, is attracted by the concentration of the scent [19, 53]. Social ants excite
“pheromone trails” to encourage other individuals to visit the same food source [6].
Plant-feeding insects commonly detect food items by gustatory signals [65, 66, 66].
These non-random foraging behaviors driven by prey-mediated patch attractants,
prey attractants themselves, and arrestant stimuli following the encounter of a prey,
can lead to predation rates that are greater in regions where prey are more abundant
(i.e., density-dependent predation), thus regulate population dynamics of both prey
and predator.

Recent experimental work on population dynamics of immobile Aphids and Coc-
cinellids by [44] show that the foraging movements of predator Coccinellids are com-
binations of passive diffusion, conspecific attraction, and retention on plants with
high aphid numbers which is highly dependent on the strength of prey-predator
interaction. Their study also demonstrates that predation by coccinellids was re-
sponsible for self-organization of aphid colonies. Many ecological systems exhibit
similar foraging movements of predator. For example, Japanese beetles are at-
tracted to feeding induced plant volatiles and congregate where feeding is taking
place [52]. Motivated by these field studies, we propose a two-patch prey-predator
model incorporating foraging movements of predator driven by the strength of prey-
predator interaction, to explore how this non-random dispersal behavior of predator
affect population dynamics of prey and predator.

Dispersal of predator plays an important role in regulating, stabilizing, or desta-
bilizing population dynamics of both prey and predator. There are fair amount
literature on mathematical models of prey-predator interactions in patchy environ-
ments. For example, see work of [47, 25, 3, 24, 26, 27, 64, 74, 20, 21, 62, 38, 39]
and also see [41] for literature review. Many studies examine how the interactions
between patches affect the synchronicity of the oscillations in each patch, e.g. see
the work of [28, 35], and how interactions may stabilize or destabilize the dynamics.
For instances, [37, 35] studied a model with two patches, each with the wellknown
prey-predator Rosenzweig-McArthur dynamics, linked by the density independent
dispersal (i.e., dispersal is driven by the difference of species’ population densities in
two patches). His study showed that this type of spatial predator-prey interactions
might exhibit self-organization capable of producing stabilizing heterogeneities in
prey distribution, and spatial populations can be regulated through the interplay
of local dynamics and migration.

However, due to the intricacies that arise in density-dependent dispersal models,
there are relatively limited work on models with non-random foraging behavior of
predator or non-linear dispersal behavior [40] but see the two patch model with
predator attraction to prey, e.g. [32], or predator attraction to conspecific, e.g.
[58], or only predators migrate who are attracted to regions with concentrated
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food resources, see the work of [22, 8]. [40] proposed a non random foraging PDE
model through a mechanistic approach to demonstrate that area-restricted search
does yield predator aggregation, and explore the the consequences of area-restricted
search for predator-prey dynamics. In addition, they provided many supporting
ecological examples (e.g. Coccinellids, blackbirds, etc.) that abide by their theory.
[32] studied a two-patch predator-prey Rosenzweig-MacArthur model with nonlinear
density-dependent migration in the predator. The migration term of the predator is
derived by extending the Holling time budget argument to migration. Their study
showed that the extension of the Holling time budget argument to movement has
essential effects on the dynamics. By extending the model of [32], [16] formulated
a similar two patch prey-predator model with density-independent migration in
prey and density-dependent migration in the predator. Their study shows that
several foraging parameters such as handling time, dispersal rate can have important
consequences in stability of prey-predator system. [10] investigated the population-
dispersal dynamics for predator-prey interactions in a two patch environment with
assumptions that both predators and their prey are mobile and their dispersal
between patches is directed to the higher fitness patch. They proved that such
dispersal, irrespectively of its speed, cannot destabilize a locally stable predator-
prey population equilibrium that corresponds to no movement at all.

In this paper, we formulates a new version of Rosenzweig-MacArthur two patch
prey predator model with mobility only in predator. Our model is distinct from
others as we assume that the non-random foraging movements of predator is driven
by the strength of prey-predator interactions, i.e., predators move towards patches
with more concentrated prey and predator. Our model can apply to many insects
systems such as Aphids and Coccinellids, Japanese beetles and their host plants,
etc. For instance, the experimental work of [5] demonstrated that attraction to
uninfested potato plants by Colorado potato beetle does not occur when the plants
are small. However, when small plants are infested by conspecific larvae they become
highly attractive to adult beetles. Thus predators beetles are are more attracted
toward patches with high prey-predator interaction strength. The prey-predation
attraction can also be observed in the field work of [44]. The main focus of our study
of such prey-predator interactions in heterogeneous environments is to explore the
following ecological questions:

1. How does our proposed nonlinear density-dependent dispersal of predator sta-
bilize or destabilize the system?

2. How does dispersal of predator affect the extinction and persistence of prey
and predator in both patches?

3. How may dispersal promote the coexistence of prey and predator when preda-
tor goes extinct in the single patch?

4. What are potential spatial patterns of prey and predator?

5. How are the effects of our proposed nonlinear density-dependent dispersal of
predator on population dynamics different from the effects of the traditional
density-independent dispersal?

The rest of the paper is organized as follows: In Section (2), we provide the
detailed derivation of our two patch prey-predator model. In Section (3), we perform
completed local and global dynamics of our model, and derive sufficient conditions
that lead to the persistence and extinction of predator as well as permanence of the
model. In Section (4), we perform bifurcation simulations to explore the dynamical
patterns and compare the dynamics of our model to the traditional model [26, 27,
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37, 35, 36]. In Section (5), we conclude our study and discuss the potential future
study. The detailed proofs of our analytical results are provided in the last section.

2. Model derivations. Let u;(t), v;(t) be the population of prey and predator
in Patch i at time ¢, respectively. In the absence of dispersal, we assume that
the population dynamics of prey and predator follow the well-known Rosenzweig-
MacArthur prey-predator model as follows:

dui R 1_% _ biuivi
dt - Tt kl 1+ bzhluz

d’Uz’ o cibiuivi 5

dt o 1 +bzh2uz T o
where 7; is the intrinsic growth of prey at Patch i; k; is the prey carrying capacity
at Patch ¢; b; is the predator attacking rate at Patch ¢; h; is the predator handling
time at Patch i; ¢; is the energy conversion rate at Patch 4; and ¢; is the mortality
of predator at Patch i.

We assume that the dispersal of predator from one patch to the other is driven
by the strength of the prey-predator interaction in two patches which is termed as
the attraction strength. More specifically, in the presence of dispersal, the dispersal
rate of predators from Patch i to Patch j depends on the prey-predator interaction

% in Patch j, and the dispersal term of predators from Patch i to Patch

(1)

term

j is modeled by %pijvi which gives the net dispersal of predator at Patch ¢
7702 %

as follows: , )
j UGV i Ui V5

1 + bjhjUj pz]'Uz 1 + blhzul pﬂvg (2)
where p;; is the dispersal constant of predators at Patch j moving to Patch 7. This
assumption of deriving (2) is motivated by the fact that dispersal of a predator is
usually driven by its non-random foraging behavior which can often response to
prey-contact stimuli [23] which has been supported in many field studies including
the recent work by [44]. Note that the dispersal constant p;; is directional and
not sysmmetrical, i.e., p;; may not be equal to p;;. In addition, we assume that
prey is immobile. This assumption fits in many prey-predator (or plant-insects)
interactions in ecosystems such as Aphid and Ladybugs, Japanese beetles and its
feeding plants, etc. Based on these assumptions, a two-patch prey-predator model
extended from the single patch model (1) is described as the following set of non-
linear equations:

duy < Ul) bruivy
= T1u 1-——

dt k1) 1+bihu
dv, c1biuivy biuvy bougvg
a Tt 0T (1 Forhun 2T T+ bahouy 1)
dus Ug bousvs 3)
o (1‘1@) T T+ bohous
dvs Cobaus Vs bousvs bruqvy
At 1+ bohaus 2T <1 Fbahgus T 1+b1h1u1p2”’2> '
We use the similar rescaling approach in [51] by letting
z; = bihiui, y; = %Ui, K; = bihiks, a; =+, d; = Ci0:

ci h; bih;’



A TWO-PATCH PREY-PREDATOR INTERACTION MODEL 847

biuq bouava
1\ 75 7 P21V — 75 P12

then we have

1+ b1h1u1 1+ b2h2u2
b1gy C2 bag i T Y2
1 +x p21 b hg Y2 1 + o P12
. Pzélabzaz T1Y2 B pcljb; ToY2
! 1 + X1 1 + Zo
and
bousg biuim
22 o — L
2 1+ byhous L1201 1+ b1h1u1p21
o bag, 7 ,0 €1 Y by g7 B y1
T+ o™ 14x,
P
. Plj;lb11a2 Tay1 B 6211[)11
2 1 + i) 1 + il
For mathematical convenience, we assume that 22 = £2 = p, then we have
; LTy pcszz T2Y2 | ; ay [ a1y asxo
! 1+£L’1 ].-|—(E2 - 1y2pb2 1+£L’1 1+.’E2
and
. plz:bblla2 21 B p('211b11 1Y1 — o p@ a2x2 alxlyl
2 1+£Z?2 1+£C1 172 b1 1+£L‘2 1+SC1 ’

Denote that p1 = p3? and ps = pt, then the two-patch model (3) could be
rewritten as the following equations:

% =71z (1 — —1> _anhin

dt K 1421
dyr  aimy
— = —— —di1
dt 1 =+ 1
ai1r1y1 azx2y2
+ p1 Y2 — p12Y1
1+ 21 1+ 29
—— N——
attraction strength to Patch 1 attraction strength to Patch 2
dzo T2 az2x2Y2
— =rox2 |1 — — | —
dt K> 14+ 2
dy2  a2x2y2 a2T2y2 a1T1Y1
¥ — - d2y2 + P2 EE— Yy — EE— Y2
dt 1 —+ 22 1 —+ 2 1 + 1
N—— N——
attraction strength to Patch 2 attraction strength to Patch 1

(4)
where K; is the relative carrying capacity of prey in the absence of predation; a;
is the relative predation rate at Patch i; d; is the relative death rate of predator
at Patch ¢; p; is the relative dispersal rate of predator at Patch ¢; and r; is the
relative maximum growth rate of prey at Patch i. All parameters are nonnegative.
In addition, we could scale r; away by rescaling the time, i.e., t — % Thus, for
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the future analysis or simulations, we could let r; = 1 and ro = r. In summary, the
ecological assumptions of Model (4) can be stated as follows:

1. In the absence of dispersal, Model (4) is reduced to the following uncoupled
Rosenzweig-MacArthur prey-predator single patch models

dz; (11— T\ %Y
dt o K; 14
dy; _ a;T5Y;
dt 1+,

(5)

—d;y;

where r; = 1 and 79 = r and its ecological assumptions [63] can be stated as

follows:

(a) In the absence of predation, population of prey x; follows the logistic
growth model.

(b) Predator is specialist (i.e., predator y; goes extinct without prey ;) and
the functional response between prey and predator follows Hollying Type
II functional response.

2. There is no dispersal in prey species. This assumption fits in many prey-
predator (or plant-insects) interactions in ecosystems such as Aphid and La-
dybugs, Japanese beetles and its feeding plants, etc.

3. The dispersal of predator from Patch i to Patch j is driven by the prey-
predation interaction strength in Patch j termed as the attraction strength.

3. Mathematical analysis. The state space of Model (4) is Ri. Let p; =
di 0 — Eai—m)(d+m) v r(Ka—pa)(1+ps)
—d;> 71 a1 K1 2 = az K>

regardmg the dynamlcs properties of Model (4):

We have the following theorem

Theorem 3.1. Assume all parameters are nonnegative and r,a;, K;,d;;i = 1,2
are strictly positive. Model (4) is positively invariant and bounded in R4 with
limsup,_, . z;(t) < K; for both i = 1,2. In addition, it has the following propertzes

1. If there is no dispersal in predator, i.e., p1 = pa = 0, then Model (4) is reduced
to Model (5) whose dynamics can be classified in the following three cases:
(a) Model (5) always has the extinction equilibrium (0,0) which is a saddle.
(b) If u; > K; or u; < 0, then the boundary equilibrium (K;,0) is globally

asymptotically stable.

(c) If % < w; < K, then the boundary equilibrium (K;,0) is a saddle
while the interior equilibrium (u;,v;) is globally asymptotically stable.

(d) If 0 < p; < L1 then the boundary equilibrium (K;,0) is a saddle;
the interior equilibrium (u;,v;) is a source, and the system has a unique
limit cycle which is globally asymptotically stable. In addition, the Hopf
bifurcation occurs at p; = K‘Q .

2. The sets {(z1,y1,22,y2) € RY : 2; = 0} and {(z1,y1,72,9y2) € Ry : y; = 0}
are invariant for both i = 1,2. If x; = 0, Model (4) is reduced to the single
patch model Model (5). If y; = 0, Model (4) is reduced to the following two

uncoupled models:
dvg (g Fi) _ @iy
dt v Kl 1+ xX;
dyi _ QililYi

(6)

—d;y;
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dl‘j ( .%'j)
— =rjz; (1—- — (7
dt 7 K;

where limy_,o0 2 (t) = K; and the dynamics of x;,y; is the same as Model (5).

Notes and biological implications. Theorem 3.1 provides a foundation on our
further study of local stability and global dynamics of Model (4). More specifically,
Item 2 of Theorem 3.1 implies that Model (4) has the same the invariant sets x; = 0
and y; = 0 for both ¢ = 1,2 as the single patch models (5). In addition, the results
of the single patch models (5) indicate that prey is always persist while predator
1 is persist if 0 < p; < K; hold. We would like to point out that the detailed
proofs of dynamics of the single patch models (5) has been provided in the work of
[30, 31, 51, 77].

3.1. Boundary equilibria and the stability. Now we start with the boundary
equilibria of Model (4). Recall that

_ 4 _ (K =) p) (Ko — pe)(1+ po)
Hi = ——,V1 = , Vo = .
a; —d; a1 Ky az K
We define the following notations for all possible boundary equilibria of Model (4):
EOOOO = (0707070)7 EK1000 = <K1a07070>7 EM1V100 = (/1/171/17070)’

Ex opsv, = (K1,0,p2,v2), FEr,0kx,0 = (K1,0,K2,0), Egok,o = (0,0, K>,0),
E00M2D2 = (Ovouu’QaV2)7 EIL1V1K20 = (/L17V17K270)

The following theorem provides sufficient conditions on the existence and stability
of these boundary equilibria:

Theorem 3.2. [Boundary equilibria of Model (4)] Model (4) always has the fol-
lowing four boundary equilibria

Eo000, Ex,0005 Eookz0, Ex, 0550
where the first three ones are saddles while Er,0x,0 s locally asymptotically stable

if pi > K; and it is a saddle if (u1 — K1) (2 — K2) <0 or p; < Ky,i =1,2. Let
i,j=1,2,i# j, and

b b b __ b _
Ell = EM1V1007 E12 - EM1V1K207 E21 = E00H2V2 and E22 = EK10M2V2'

Then if 0 < p; < K;, then Model (4) has additional two boundary equilibria Eb
and EY% where E? is always a saddle. The boundary equilibrium E?, is locally
asymptotically stable if 2L— K L < p; < K; and one of the following conditions holds:

sa: a; < di,Kj < Wj.
sb: 0 < K <min{uj,ﬁ}.

d;j—K;(a; —d;)
 and pj < vi[Kj(aj—di)—di]*

sd: 0</J,]<K< d(mdp] %}%

And EY is a saddle sz < i < "2_1 or one of the following conditions holds:

ua: K; >max{ujyﬁ}-
dji—K;(a;j—d;
ub: 0 < i < Kj < py and p; > W

. d; K ( dj)—d;
uc: py < KJ < a;—d; and Pi < l/l[dj aJI( (Zl]idj)]
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In addition, if 0 < p; < K; for both i = 1 and i = 2, the boundary equilibria E%,
and EY, exist but they cannot be locally asymptotically stable at the same time while
if 1 = 1,a; = a,d; = d, K; = d for both i = 1,2, the boundary equilibria E%, and
Eb, can not be locally asymptotically stable at all if they exist.

Notes and biological implications. Theorem 3.2 implies the following points

regarding the effects of dispersal in predators:

1. Dispersal has no effects on the local stability of the boundary equilibrium
Ex 0x,0-

2. Large dispersal of predator in its own patch may have stabilizing effects from
the results of Item sd: In the absence of dispersal, the dynamics of Patch j is
unstable at (K, 0) since 0 < p1; < K;. However, in the presence of dispersal,
large values of p; can lead to the local stability of the boundary equilibrium
E?, where i, j = 1,2 and i # j, under conditions of u; < K; < ajcﬁdi.

3. Large dispersal of predator in its own patch may have destabilizing effects
from the results of Item ub: In the absence of dispersal, the dynamics of
Patch j is local stable at (K, 0) since K; < u;. However, in the presence
of dispersal, large values of p; can drive the boundary equilibrium Ejbz being

unstable, under conditions of 0 < ajd_idl < Kj < pj.

4. Under conditions of u; < K;, the boundary equilibria E?, and EY, can not be
asymptotically stable at the same time.

3.2. Global dynamics. In this subsection, we focus on the extinction and per-
sistence dynamics of prey and predator of Model (4). First we show the following
theorem regarding the boundary equilibrium Ex, ox,0:

Theorem 3.3. Model (4) has global stability at Ex,ox,0 if i > K0 =1,2.

Notes and biological implications. Theorem 3.3 implies that the dispersal of
predators does not effect the global stability of the boundary equilibrium Ex,ox,0-

To proceed the statement and proof of our results on persistence, we provide the
definition of persistence and permanence as follows:

Definition 3.4 (Persistence of single species). We say species z is persistent in Ri
for Model (4) if there exists constants 0 < b < B, such that for any initial condition
with z(0) > 0, the following inequality holds
b <liminf z(7) < limsup z(7) < B.
T—00

T—r00

where z can be z;,y;,7 = 1,2 for Model (4).

Definition 3.5 (Permanence of a system). We say Model (4) is permanent in R%
if there exists constants 0 < b < B, such that for any initial condition taken in Ri
with 21(0)y1(0)z2(0)y2(0) > 0, the following inequality holds

b < li‘rrggf min{z1(7), y1(7), z2(7), y2(7)}

< limsup max{z1(7),y1(7), z2(7),y2(7)} < B.

T—r 00

The permanence of Model (4) indicates that all species in the system are persis-
tence.
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Theorem 3.6. [Persistence of prey and predator] Prey x;,i = 1,2 of Model (4)
are always persistent for all v > 0. Predator y; is persistent if one of the following
inequalities hold

1. /j,j < Kj,/J,Z' > K;. Or

2. Bzl oy < K and K >max{,uj,r} Or

i , Kj(aj—d;)=d;
ajidi and p-] I/.L[dlfKJ(andi)] :

3. T<M1<Ki, Mj<Kj<

Notes and biological implications. Theorem 3.6 indicates that the dispersal of
predators does not affect the persistence of preys, while small dispersal of predator
j, under condition of K L <y < Ky, py < Kj < —%— can keep the persistence
of predator j. This is COIlblbteIlt with the results of Item uc in Theorem 3.2.

Theorem 3.7. [Permanence of the two patch dispersal model] Model (4) is perma-

nent if one of the following inequalities hold

K;—1 d;
1. =% <,l1,j<Kj,0<a1_]dJ < K; < p; and p; >

i=1,j=2o0ri=2j=1. Or

U3 [Ki(ai—d;)—d;] where

2. Kj2*1 < 1] < Kg; i > Ki271 and Kz > max{uz, @ } fOT’ bothi=1 j =2
andi=2,7=1. Or
3. Bl <y < Ky, K; > max {Miaaidfjd_j}a B < Kj < 4 and p; <
Ki(aj—d;)—d;

m U}h@’f'ei:].,j:2 0Ti=2,j=1.

Notes and biological implications. According to Theorem 3.6, we can conclude
that Model (4) is permanent whenever both predators are persistent. Theorem
3.7 provides such sufficient conditions that can guarantee the coexistence of bother
predator for the two patch model (4), thus provides sufficient conditions of its per-
manence. Item 1 of this theorem implies that if predator y; is persistent, and
large dispersal of predator y; can promote its persistence, thus, promote the per-
manence since in the absence of dispersals in predator, predator y; goes extinct due
to p; > K;. This is consistent with the results of Item ub of Theorem 3.2 that large
dispersal of predator y; can have destabilize effects on the boundary equilibria Ej?z.

3.3. Interior equilibrium and stability. Let p;(z) = % and ¢i(z) =
rili—2)(142) then we have
a; K;
dr; _ v (1 _ ﬂfz) 4Ty
dt Ll K; (I+z;)
iT; i (Ki—xi) (14
= fﬁi {T( afK)i( o) yz} = pi(:) [qi(z:) — yi
deo= [ oty (2 - )]

= yilpi(z:) — di + piyj (pi(w:) — pj(x5))]
If (x%,yf,25,vy5) is an interior equilibrium of Model (4), then it satisfies the
following equations:
qi(zi) —yi = 0 < qi(zi) = yi,
pi(zi) — di + piy; (pi(zi) — pj(z5)) = 0 < pilzi) = 145+ (8)
— piyipj(zi)+di _ pig;(;)pi(z;)+di

T+piy; 1+piq;(z;)
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which gives:

T pid;(;)p; (x;) + di )
' a;(1+ pig;j(z;)) — (pig;(z;)ps(z;) + di)
_ pig;(x;)p;(x;) + di (10)
pid;(x;) [a; — pj(x;)] + a; — ds
Since limsup,_, . x;(t) < K; for both ¢ = 1,2 and y; = ¢;(x;), therefore, positive
solutions of z; € (0, K;) for (9) determine interior equilibrium of Model (4). By
substituting the explicit forms of p;, ¢; into (9), we obtain the following null clines:

as[roprze(Ko—x2)+Kadi]

1= rop1ze(Kaa1—Kaas—a1)—rap1z3(ai—a2)+Ka(airzpi+aiaz—azdi)
_ fi(m2)
T fu(=m2) = F(z2) (11)
11
T = ai[ripezi (K1 —z1)+Kids]

ripez1(Kiaz—Kiai—az)—rip2zi(az—a1)+Ki(azripe+aiaz—aids)

— gt(m) _ G(z1)

gv(z1)
with 71 = 1,72 = r and the following properties:
_ fi(0) _ as Kod _ axd _ fi(K2)
1. F(O)di fZ(O) - K2(a17’2pf+21;2—a2d1) - a17’2p1+21(112—a2d1 and F(KQ) - f;(Kz)
= al—ldl = M1

2. ft(.’lﬁg) = a2 [’I“Qpll'g (K2 — LL'Q) + Kgdl] Z a2K2d1 > 0 for To € [O,KQ] and
fb(xg)’alzaFa = a[rep1 (K2 — x2) + Ka(a — dy)].

_ 9:(0) _ ay Kydo _ aids _ g:(K1)
3. G(O) " 96(0) T Ki(azrip2taiaz—aidz) T azripztaiaz—aids and G(Kl) T ogp(Ka)
_ _d>
- (Lz—dg - ,UQ.

4. gi(z1) = a1 [r1paz1 (K1 — 1) + K1ds] > a1 K1dy > 0 for 1 € [0, K;] and
96(21)],, _o, o = @[r1p2(K1 — 1) + Ki(a — d2)] .

Theorem 3.8. [Interior equilibrium] If u; > K; for both i = 1,2, then Model (4)
has no interior equilibrium. Moreover, we have the following two cases:

1. Assume that a; > a; wherei=1,7=2 ori=2,j = 1. Define

K; (Tipj +a; — dj — \/(a; — dj)(rip; + ai — dj))

TiPj

4Kjaj(a;—a;)(di—a;)
Ky~ Kya va) MO0
And it has at least one interior equilibrium (z3,ys, x5, y3) if the following

conditions hold for bothi =1,j=2 andi=2,j=1
4K;ai(a; — a;)(d; — aj)
ri (Kija; — Kia; + aj)2 ’
F(z$) < K1, and G(z%) < K»
where sufficient conditions for the inequalities F(z5) < K1, and G(z§) < Ky

Model (4) has no interior equilibrium if a; > a;, p; <

a; > max{a;,di,d2},a; > max{dy,dz2}, pj <

hold are
i < 4(Kiai — Kidi — dl) and Y < 4Kjaj(Kiai — Kidi — dl)
v = Kjrj J ajijjz =+ iji(Kjaj — Kjai — ai)z '
In addition, we have arpf;% < zj < Kj for bothi=1,5 =2 and

i=2j=1.
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2. Assume that a; = as = a. Model (4) has no interior equilibrium if di >
a + ropy or do > a + rips while it has at least one interior equilibrium
(%, T, x5,93) if the following inequalities hold

a1 = az = a > max{dy,ds}, F(z5) < K1, and G(z7) < K»

where sufficient conditions for the inequalities F(x§) < K1, and G(z§) < Ko
hold are
4(Kia - Kidi - dz)

Kjr;

pi <

<ar<

for bothi=1,j=2 andi=2,j =1. In addition, we have m ]

K; forbothi=1,7=2andi=2,j =1.

Notes and biological implications. Theorem 3.8 provides sufficient conditions
on the existence of no interior equilibrium when u; > K; for either i = 1 or ¢ = 2;
and at least one interior equilibrium of Model (4) when u; < K; for both ¢ = 1,2.
The results indicate follows:

1. If u; > K;, then Model (4) has no interior equilibrium if the dispersal of its
predator is too small.

2. If p; < K; for both i = 1,2, then large values of the predation rate a;,a; and
small values of dispersal of both predators can lead to at least one interior
equilibrium.

The question is how we can solve the explicit form of an interior equilibrium of Model

(4). The following theorem provides us an example of such interior equilibrium of
Model (4).

Theorem 3.9. [Interior equilibrium and the stability] Suppose that di = dy = d.
Let
d (Ky—p)(I4pm) _ d (K2 — p2)(1+ p2)

V= 2 = V2 = .
a1 —d7 a1K1 ’ ag —d, a2K2

H1 =

If 0 < p; < K; for bothi =1 and i = 2, then E* = (uy,v1, 2, v2) s an interior
equilibrium of Model (4) and its stability can be classified in the following cases:
1. E' is locally asymptotically stable if Ki;l < w; < K; hold for both i =1 and
1 = 2 while it is unstable if the following inequality holds
ul(Klal—al —Kld—d) T‘,U,Q(Kgag—ag—Kgd—d)
+ >
a1K1 GQKQ
2. Assume that (Kiaq — a; — K1d — d)(Kaag — as — Kod — d) < 0 and
,ul(Klal —ay — Kld — d) + T/.I/Q(KQCLQ —as — Kgd — d)
a1 Ky az K
If Kja; —a; — K;d—d >0 (e, p; < Klé_l) for either i = 1 or i = 2, then
the large values of p; can make E* being locally asymptotically stable, i.e.,

—Vj — rjuiyj(Kiai — Kid — Qi — d)(K]'(Z]' — Kjd —a; — d)
(KinajdeVi(ai —d)2) ’

0.

< 0.

pi > max{

BV K;(vipj+1)(a;—d)? (Kia;—Kid—a;—d) -1
rj,ujViKi(aifd)Z(Kjaj7Kjd7aj7d) }

vy
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d
‘ a—d> V1 =
Vo =V = w, and E* = (u, v, p, v) is the only interior equilibrium for Model
(4) which has the same local stability as the interior equilibrium (u,v) for the single
patch model (5), i.e., E' is locally asymptotically stable if % < < K while it is
unstable if p < £-1

If, in addition, a1 = as = a, K1 = Ko = K,r =1, then 1 = o = p =

Notes and biological implications. Theorem 3.9 implies Model (4) has an
interior equilibrium E? = (uq,v1, pa,ve) if di = do = d and 0 < p; < K; for both
i = 1,2. In addition, Theorem 3 9 indicates that dispersal of predators has no

effectb on the local stability if £:=1 < 4; < K; for both i = 1,2 or one of the single

patch models (5) is unstable and ‘“(Klalaaf( Kid-d) | 7”2(K2a2 az—Ked=d) -

However, large dispersal of predator at Patch i can stabilize the mterlor equilibrium

when its single patch model model is unstable at (u;, v;) with Arfra—ai=Kd=d) ,

a1 K4
rus(Kaas—az—Kod—d)
e < 0.

4. Effects of dispersal on dynamics. From mathematical analysis in the previ-
ous sections, we can have the following summary regarding the effects of dispersal
of predators for Model (4):

1. Large dispersal of predator at Patch ¢ can stabilize or destabilize the boundary
equilibrium of z} = K;,y; = 0,27 = p;,y; = v; depending on additional
conditions.

2. Small dispersal of predator at Patch ¢ may preserve its persistence under
certain conditions. On the other hand, large dispersal of predator at Patch ¢
may promote its persistence when the other predator is already persist even

3. Dispersal has no effects on the persistence of prey and the number of boundary
equilibrium. It has also no effects on the local stability of the boundary
equilibrium Ex,0x,0 and the symmetric interior equilibrium (p, v, g, v) when
it exists.

4. Ifd; > a;, then small dispersal of predator at Patch i prevents the interior equi-
librium while if 0 < p; < K;, large predations rates a;, a; and small dispersal
of predators at both patches can lead to at least one interior equilibrium.

5. If d; = dj and 0 < py < '_1, K-l o p; < Kj, then large dispersal of

2
predator at Patch ¢ can stabilize the interior equilibrium (g, v;, pj, v5).

To continue our study, we will perform bifurcations diagrams and simulations to
explore the effects on the dynamical patterns and compare dynamics of our model
(4) to the classical two patch model (12).

4.1. Bifurcation diagrams and simulations. In this subsection, we perform
bifurcation diagrams and simulations to obtain additional insights on the effects
of dispersal on the dynamics of our proposed two patch model (4). We fix r; =
1,7 =15,K1 =5,Ky =3,d; =0.2,ds = 0.1. Then according to Theorem 3.1, we
know that in the absence of dispersal, the dynamics of Patch 1 has global stability
at (5,0) if 0 < a1 < 0.24; it has global Stability at its unique interior equilibrium

5— 0'22 1+a0—-22
alo_.20.27( b )5( 1 0') if 2 < 255 <54 0.24 < a; <0.3; and it has a

unique limit cycle if a; > 0.3; while the dynarmcs of Patch 2 has global stability
at (3,0) if 0 < as < 0.133; it has global stability its unique interior equilibrium
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1.5(3— 0.1 1+ 0.1
( o, ( “2*0'13)< pE) if 1 < %47 <3¢ 0.133 < ay < 0.2 while it
az . as .

has a unique limit cycle if aa > 0.2. Now we consider the following cases:

1. Choose a; = 0.25 and as = 0.15. In the absence of dispersal, the dynamics
at both Patch 1 and 2 have global stability at its unique interior equilibrium
(4,1), (2,1.5), respectively. After turning on the dispersal, the coupled two
patch model can have one interior equilibrium (see the blue regions in Figure
1(a)) which can be locally stable (see the blue dots in Figure 1(b)), or be
a saddle (see the green dots in Figure 1(b)) where the coupled system has
fluctuated dynamics; or it can have two interior equilibria (see the red re-
gions in Figure 1(a)) which could be saddles and generate bistability between
fluctuated interior dynamics and the boundary attractor (4,1,3,0) (see the
examples of two interior saddles of Figure 4(a)); or it can have three interior
equilibria (see the black regions in Figure 1(a)) which generate multiple inte-
rior attractors (see the examples of two saddles, one sink and two sinks, one
saddle of Figure 1(b)) or it could have no interior equilibrium (see white and
yellow regions of Figure 1(a)). Bifurcation diagrams Figure 1(a),1(b), and
4(b) suggest that dispersal may destabilize system and generate fluctuated
dynamics; may generate multiple interior attractors (the case of three interior
equilibria), thus generate multiple attractors; or even may drive extinction of
predator in one or both patches (he case of two interior equilibria, no interior
equilibrium, respectively).

2. Choose a; = 0.25 and as = 0.25. In the absence of dispersal, the dynamics
of Patch 1 has global stability at its unique interior equilibrium (4,1) while
the dynamics of Patch 2 has a unique stable limit cycle around (2,1.5). After
turning on the dispersal, the coupled two patch model can have one interior
equilibrium (see the blue regions in Figure 2(a)) which can be locally stable
(see the blue dots in Figure 2(b)), or be a saddle (see the green dots in Figure
2(b)), or be a source (see the red dots in Figure 2(b)) where the coupled sys-
tem has fluctuated dynamics for the later two cases; or it can have two interior
equilibria (see the red regions in Figure 1(a)) which could be two saddles or
one sink, one saddle and generate bistability between the interior attractor
and the boundary attractor (see Figure 2(b)); or it can have three interior
equilibria (see the black regions in Figure 1(a)) which generate multiple inte-
rior attractors (see the examples of two sinks and one saddle of Figure 4(b))
or it could have no interior equilibrium (see white regions of Figure 2(a)). Bi-
furcation diagrams of Figure 2(a), 2(b), and 4(b) suggest that dispersal may
stabilize system and generate equilibrium dynamics; may generate multiple in-
terior equilibria (the case of three interior equilibria), thus generate multiple
attractors; or even may drive extinction of predator in one or two both patches
(the case of two interior equilibria, no interior equilibrium, respectively).

3. Choose a; = 0.35 and as = 0.25. In the absence of dispersal, the dynamics
of both Patch 1 and 2 have a unique stable limit cycle. After turning on
the dispersal, the coupled two patch model can have one interior equilibrium
(see the blue regions in Figure 3(a)) which can be a sink (see the red dots
in Figure 3(b)) where the coupled system has fluctuated dynamics; or it can
have two interior equilibria (see the red regions in Figure 2(a)) which could be
two saddles, one sink v.s. one saddle, one source v.s. one saddle and generate
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Number of Interior Attractor

(a) p1 V.S. p2 for the number of interior (b) p; V.S. predator population y; when
equilibria p2 = 0.025

FIGURE 1. One and two bifurcation diagrams of Model (4) where
r = 1.5, d1 = 0.2, d2 = 0.1, K1 = 5, K2 = 3, a; = 0.257 and
as = 0.15. The left figure 1(a) describes how number of interior
equilibria changes for different dispersal values p;,7 = 1,2: black
regions have three interior equilibria; red regions have two interior
equilibria; blue regions have unique interior equilibrium; yellow
regions have no interior equilibrium and predator in Patch 2 dies
out; white regions have no interior equilibrium and both predator
die out. The right figure 1(b) describes the number of interior
equilibria and their stability when pa = 0.025 and p; changes from
0 to 0.5 where y-axis is the population size of predator at Patch
1: Blue represents the sink; green represents the saddle; and red
represents the source.

bistability between the interior attractors and the boundary attractor (see Fig-
ure 3(b)); it could have no interior equilibrium (see white and yellow regions
of Figure 3(a)). Bifurcation diagrams Figure 2(a)-3(b) suggest that dispersal
may generate bistability between the interior attractor and the boundary at-
tractor; or even may drive the extinction of predator in one or both patches
(the case of two interior equilibria, no interior equilibrium, respectively).

In summary, Figure 1, 2, 3, and 4 suggest that dispersal of predator may stabilize
or destabilize interior dynamics; it may drive the extinction of predator in one or
both patches; and it may generate the following patterns of multiple attractors via
two or three interior equilibria:

1. Multiple interior attractors through three interior equilibria: In the
presence of dispersal, Model (4) can have the following types of interior equi-
libria and the corresponding dynamics:

e Two interior sinks and one interior saddle: Depending on the initial con-
ditions with 21 (0)y1(0)2=2(0)y2(0) > 0, Model (4) converges to one of two
sinks for almost all initial conditions (see examples in Figure 1(b)-4(b)).

e One interior sink and two interior saddles: Depending on the initial con-
ditions with z1(0)y1(0)z2(0)y2(0) > 0, Model (4) either converges to the
sink or has fluctuated dynamics for almost all initial conditions (see ex-
amples in Figure 1(b), 4(a)).
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Number of Interior Attractor
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Py Py

(a) p1 V.S. p2 for the number of interior (b) p2 V.S. predator population y; when
equilibria p1 =1

FIGURE 2. One and two bifurcation diagrams of Model (4) where
r = 1.5, dl = 0.2, d2 = 0.1, Kl = 5, K2 = 37 a; = 0.25 and
as = 0.25. The left figure 2(a) describes how number of interior
equilibria changes for different dispersal values p;,7 = 1,2: black
regions have three interior equilibria; red regions have two interior
equilibria; blue regions have unique interior equilibrium; yellow
regions have no interior equilibrium and predator in Patch 2 dies
out; white regions have no interior equilibrium and both predator
die out. The right figure 2(b) describes the number of interior
equilibria and their stability when p; = 1 and py changes from 0 to
2.5 where y-axis is the population size of predator at Patch 1: Blue
represents the sink; green represents the saddle; and red represents
the source.

We should also expect the case of one sink v.s. one saddle v.s. one source
and the case of two source v.s. one saddle when the interior sink(s) become
unstable and go through Hopf-bifurcation. In addition, Model (4) seems to
be permanent whenever it processes three interior equilibria.

. Boundary attractors and interior attractors through three interior
equilibria:

e one interior sink and one interior saddle: Depending on the initial con-
ditions with z1(0)y;(0)z2(0)y2(0) > 0, Model (4) converges either to the
interior sinks or to the boundary attractors with one predator going ex-
tinct for almost all initial conditions (see examples in Figure 2(b),3(b),
4(b)).

e two interior saddles: Model (4) converges either to the fluctuated interior
attractors or to the boundary attractors with one predator going extinct
for almost all initial conditions depending on the initial conditions with
21(0)y1(0)x2(0)y2(0) > 0 (see examples in Figure 2(b), 3(b), 4).

e one interior source and one interior saddle: Depending on the initial
conditions with 21(0)y1(0)x2(0)y2(0) > 0, Model (4) converges either to
the fluctuated interior attractors or to the boundary attractors with one
predator going extinct for almost all initial conditions (see examples in
Figure 3(b)).

Model (4) has bistability between interior attractors and the boundary attrac-
tors whenever it processes two interior equilibria. This implies that depending
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Number of Interior Attractor

Py Py

(a) p1 V.S. p2 for the number of interior (b) p2 V.S. predator population y; when
equilibria p1 =1

FIGURE 3. One and two bifurcation diagrams of Model (4) where
r =15 d =0.2,d, =01, K1 =5, Ko =3, ag = 0.35 and
as = 0.25. The left figure 3(a) describes how number of interior
equilibria changes for different dispersal values p;,7 = 1,2: black
regions have three interior equilibria; red regions have two interior
equilibria; blue regions have unique interior equilibrium; yellow
regions have no interior equilibrium and predator in Patch 2 dies
out; white regions have no interior equilibrium and both predator
die out. The right figure 3(b) describes the number of interior
equilibria and their stability when p; = 1 and py changes from 0 to
7 where y-axis is the population size of predator at Patch 1: Blue
represents the sink; green represents the saddle; and red represents
the source.

on the initial conditions, predator at one patch can go extinct when the system
has two interior equilibria.

In general, simulations suggest that Model (4) is permanent when it processes one
or three interior equilibria while it has bistability between interior attractors and
the boundary attractors whenever it processes two interior equilibria.

4.2. Comparisons to the classic model. The dispersal of predator in our model
is driven by the strength of prey-predator interactions. This is different from the
classical dispersal model such as Model (12) which has been introduced in [36]:

dr; ( fz) a;TiyYi
=T;T; 1—— | — —

dyi  aiwiy;
7; = 1Z+Z$: — diyi + pi(y; — vi)

dx; xT; a;x;iY;
Y (i A I 1)
dt zj]( KJ> 1—|—1‘j
dy; _ a;z;y;
dt 1+£CJ

(12)

where i = 1,5 = 2or i = 2,57 = 1 with r; = 1,79 = r. The symmetric case of

Model (12) (i.e.,

ry =1, a = a5, Ky = Kj, d; = dj, and p; = pj) has been
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(a) p2 V.S. predator population y2 when (b) p2 V.S. predator population y2 when
p1 =0.5,a2 =0.15 p1 =0.6,a2 =0.25

FIGURE 4. One dimensional bifurcation diagrams of Model (4)
where r = 1.5, d;1 = 0.2, d, = 0.1, K1 =5, K3 = 3 and a; = 0.25.
The left figure 4(a) describes describes the number of interior equi-
libria and their stability when p; = 0.5 and py changes from 0 to
0.05. The right figure 4(b) describes the number of interior equi-
libria and their stability when p; = 0.6 and py changes from 0 to
1.8. In both figures, blue represents the sink; green represents the
saddle; and red represents the source.

discussed and studied by [36] through simulations of different scenarios of local bi-
furcation analysis. Jansen’s study shows that the classical two-patch model (12) has
a rich dynamical behavior where spatial predator-prey populations can be regulated
through the interplay of local dynamics and migration: (i) for very small migration
rates the oscillations always synchronize; (ii) For intermediate migration rates the
synchronous oscillations are unstable and there are periodic, quasi-periodic, and
intermittently chaotic attractors with asynchronous dynamics; and (ii) For large
predator migration rates, attractors in the form of equilibria or limit cycles exist in
which one of the patches contains no prey.

Recently, [51] studied Model (12) with both dispersal in prey and predator. Liu
provide global stability of the interior equilibrium for the symmetric case and per-
formed simulations for the asymmetric cases. Here we provide rigorous results on
the persistence and permanence conditions that can be used for the comparisons to
our Model (4) in the following theorem:

Theorem 4.1. [Summary of the dynamics of Model (12)] Define
di i (K — i) (1 + £ i Vi
) U; Qi(/fzi)zr( i) —H”andu?—L

M- = ~ = =
’ a; — d; ’ a; K; Tdj+pj
here d; = d; + 2% Let B = E = (i1, 11,0,04) and EY = E =
wnere a; i + d;+p;° € 1 21y10y2 (Mlal’h ,1/2) an 2 O0y1z2y2

(0, D2, i, f/g).Then we have the following summary on the dynamics of Model (12)
1. Model (12) is positively invariant and bounded in its state space Ri with
limsup,_, o z;(t) < K; for bothi =1 and i = 2.
2. Boundary equilibria: Model (12) always has the following four boundary
equilibria

Eoo00, Ex,0005 Fook,0, Eri0k,0
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where the first three ones are saddles while Ex, ox,0 15 locally asymptotically

stable if
a1 K az Ko
di+d >
1+ a2+ p1+ p2 T+ K, 1+ K,
and
~ LKy K2a2(1+K —dy— Pl)
dy — ilJrKl + (d2+P2)1(1+K2) >0
<~

[dl - fjrff?l} {1 - (d2+£§?12+K2)} + dQ;‘)‘:PQ {d2 - (1K+21a(22)} > 0.
and it is a saddle if one of the above inequalities does not hold. If0 < fi; < Kj,
then the boundary equilibrium Eb exists which is locally asymptotically stable
if K=t <MZ<KZ,rj<aJJ
3. Subsystem i: If x; = 0, then Model (12) reduces to the following subsystem
(13) with three species x;, yi, Y;:

dx; 1 Ty a; zyz
— =TTy - 7

dy;  a;x;y;

Tl = diyi + pi(y; — ¥i) (13)
dy;
= v — ity — i)

whose global dynamics can be described as follows:
3a Prey x; is persistent for Model (13) with lim SUD; o0 x;i(t) < K;.
3b Model (13) has global stability at (K;,0,0) if 1i; > K;.
3¢ Model (13) has global stability at (;, v, 0%) if £t < fiy < K.
4. Persistence of prey: Prey x; persists if 1i; < 0, or pi; > Kj, or KJ;I <

fj < Kj,r; > a;} hold. Both prey x; and x; persist if one of the following
three conditions hold

4(a) ;21>K for both i =1 and i =2. Ori; <0 for both i =1 and i = 2.
4(b) KL </11<K1,r]>aj forbothz-ly—QandZ—2j—1

4(c) fi; > K, oryi; <0, an < Kj,r; > a;] for eitheri=1,j =
20ri1=2,5=1.
5. Extinction of prey x;: Prey x; goes to extinction zf

T,'(K«i+1)2
40.7;Ki

stability at (0,07, 1i;, ;).

6. Persistence and extinction of predators: Predator y; and y; have the
same persistence and extinction conditions. Predators persist if 0 < p; < K;
for both i = 1 and i = 2 while both predators go extinct if u; > K; for both
i =1 and i = 2. In addition, Model (12) has global stability at (K7,0, K,0)
for the later case.

7. Permanence of Model (12): Model (12) is permanent if 0 < p; < K; for
both i =1 and i = 2 and one of 4(a), 4(b), 4(c) hold.

8. The symmetric case: Let ry =1y =1,a1 = as = a,by = by =b,d; =dy =
d and K1 = Ky = K, then puy = po = p and vy = vo = v. Therefore, we can
conclude that Model (13) has global stability at (u,v,u,v) if % <p< K.
In addition, the local stability of (i, v, u,v) for Model (12) is the same as the

< fij < Kj and
< 19]’ In addition, under these conditions, Model (12) has global
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Scenarios Model (4) whose dispersal is driven by | Classical Model (12) whose dispersal is
the strength of prey-predator interac- | driven by the density of predators
tions
Ex,0K450 LAS and GAS if u; > K; for both ¢« = | GAS if p; > K, for both ¢« = 1,2; While
1,‘2‘. Dispersal has no effects on its sta- | ,AS if dy +do +p14p2 > H—IIQ + figi
bility. ag Ky agKsy
and [dl - 1+K1] [1 - (d2+02)(1+K2)}+
d;flpz [dg — fif(z > 0. Large disper-
sal may be able to stabilize the equilib-
rium.
E';-’2 (y; = 0) | LAS if K’;l < p; < K; and one of | Does not exists
the conditions sa, sb, sc, sd in Theo-
rem (3.2) holds. Large dispersal has po-
tential to either stabilize or stabilize the
equilibrium.
Ef (z; = 0) | Does not exists LAS if K’:271 < [y < K; and 15 <
a;pt. GAS if £t < @ < K; and
(K +1)2 )
% < v]. Large dispersal of
predator in Patch i will either destroy
or destabilize the equilibrium while large
dispersal of predator in Patch j may sta-
bilize the equilibrium.

TABLE 1. The comparison of boundary equilibria between Model
(4) and Model (12). LAS refers to the local asymptotical stability,
and GAS refers to the global stability.

local stability of (u,v) for single patch models when p1 = ps = 0 of Model
(12).

Notes. Theorem 4.1 indicates follows:

1. If u; > K; and 0 < p; < K, then the large dispersal of predator at Patch ¢
stabilizes Ex,0x,0-

2. Proper dispersal of predators can drive the extinction of prey in one patch.

3. Dispersal has no effects on the persistence of predator. This is different from
our proposed model (12).

To see how different types of strategies in dispersal of predators affect population
dynamics of prey and predator, we start with the comparison of the boundary
equilibria of our model (4) and the classic model (12). Both Model (4) and (12)
always have four boundary equilibria Eyppo = (0,0,0,0), Fx,000 = (K1,0,0,0),
Eook,o = (0,0,K5,0) and Fx,o0kx,0 = (K1,0, K2,0) among which first three are
saddles in both the cases. If 0 < p; < K; for ¢ = 1,2, then Model (4) has another
two boundary equilibria E?, and EY% where EY is a saddle. If 0 < j; < K,
then Model (4) has another boundary equilibrium E?. We summarize and compare
the dynamics of our model (4) with dispersal in predator driven by the strength
of predation and the classical model (12) with dispersal in predator driven by the
difference of predator densities in Table 1-Table 3. We highlight effects of dynamical
outcomes due to different dispersal strategies in predators between Model (4) and
(12) as follows:

1. The boundary equilibria: Ex,0x,0, Efz and Ef . The comparisons listed in
Table 1 suggest that dispersal of predator has larger effects on the boundary
equilibrium of the classic model than ours.

2. Persistence and extinction of prey. According to the comparison of sufficient
conditions leading either persistence or extinction of prey in a patch listed in
Table 2, we can conclude that the strength of dispersal ability of predator has
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Scenarios

Model (4) whose dispersal is driven by
the strength of prey-predator interac-
tions

Classical Model (12) whose dispersal is
driven by the density of predators

Persistence of prey

Always persist, dispersal of predator has
no effects

One or both prey persist if conditions 4.
in Theorem (4.1) holds. Small dispersal
of predator in Patch ¢ and large disper-
sal of predator in Patch j can help the
persistence of prey in Patch 7.

;=T
Extinction of prey | Never extinct z; extinct if —4— < [i; < K and
- . 2 n
% < v!. Large dispersal of

predator in Patch ¢ can promote the ex-
tinction of prey in Patch i.

TABLE 2. The comparison of prey persistence and extinction be-
tween Model (4) and Model (12)

Scenarios

Model (4) whose dispersal is driven by
the strength of prey-predator interac-
tions

Classical Model (12) whose dispersal is
driven by the density of predators

Persistence of predator

Predator at Patch j is persistent if Con-
ditions in Theorem (3.6) holds. Small
dispersal of predator in Patch j can help
the persistence of predator in that patch.
Dispersal is able to promote the persis-
tence of predator when predator goes ex-
tinct in the single patch model.

Predators in both patches have the same
persistence conditions. They persist if
0 < p; < K; for ¢ = 1, 2. Dispersal seems
to have no effects in the persistence of
predator.

Extinction of predator

Simulations suggestions (see the yellow
regions of Figure 1(a) and Figure 3(a))
that the large dispersal of predator in

Predators in both patches have the same
extinction conditions. They go extinct if
pi > K or py <0 fori=1,2.

Patch 7 may lead to the its own extinc-
tion.

TABLE 3. The comparison of predator persistence and extinction
between Model (4) and Model (12).

huge impact on the prey for the classical model (12) but not for our model
Persistence and extinction of predator. Simulations and the comparison of
sufficient conditions leading either persistence or extinction of predators in
a patch listed in Table 3, suggest that the strength of dispersal ability of
predator has profound impacts on the persistence of predator for our model
(4) while it has no effects on the persistence of predator for the classical model
(12).

Permanence of a system depends on the persistence of each species involved in
the system. Our comparisons of sufficient conditions leading to the persistence
of prey and predator listed in Table 2-3, indicate that dispersal of predator
has important impacts in the persistence of predator in our model (4) while
it has significant effects on the persistence of prey of the classical model (12).
We can include that (i) the large dispersal of predator in a patch has potential
lead to the extinction of prey (the classical model (12)) or predator (our model
(12)) in that patch, thus destroy the permanence of the system; (ii) the small
dispersal of predator in Patch ¢ with the large dispersal in Patch j can promote
the persistence of prey (the classical model (12)) or predator (our model (12))
in Patch 4, thus promote the permanence of the system.

Interior equilibria: Both our model (4) and the classical model (12) have the
maximum number of three interior equilibria. However, for the symmetric
case, our model (4) can have the unique interior equilibrium (see Theorem
3.9) while the classical model can potentially process three interior equilibria
[36].
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6. Multiple attractors: Both our model (4) and the classical model (12) have two
types bi-stability: (a) The boundary attractors where one of prey or predator
can not sustain and the interior attractors where all four species can co-exist;
and (b) Two distinct interior attractors. One big difference we observed is that
for the symmetric case when each single patch model has global stability at its
unique interior equilibrium, our model (4) can have only one interior attractor
while the classical model can potentially have two distinct interior attractors.
This is due to the fact that Model (4) has unique interior equilibrium while
Model (12) can potentially process three interior equilibria as we mentioned
earlier.

5. Conclusion. The idea of “metapopulation” originated from [48] where R. Levins
used the concept to study the dynamics of pests in agricultural field in which insect
pests move from site to site through migrations. Since Levin’s work, many mathe-
matical models have been applied to study prey-predator interactions between two
or multiples patches that are connected through random dispersion, see examples
in [37, 36, 7, 43, 35, 46, 47, 59, 9, 26, 2, 55, 29]. The study of these metapopulation
models help us get a better understanding of the dynamics of species interacting
in a heterogeneous environment, and allow us to obtain a useful insight of ran-
dom dispersal effects on the persistence and permanence of these species in the
ecosystem. Recently, there has been increasing empirical and theoretical work on
the non-random foraging movements of predators which often responses to prey-
contact stimuli such as spatial variation in prey density [11, 40], or different type
of signals arising directly from prey [76]. See more related examples of mathemat-
ical models in [49, 45, 12, 8, 13, 22, 10, 44, 16, 32, 28, 56]. Kareiva [41] provided
a good review on varied mathematical models that deal with dispersal and spa-
tially distributed populations and pointed out the needs of including non-random
foraging movements in meta-population models. Motivated by this and the recent
experimental work of immobile Aphids and Coccinellids by [44], we formulate a two
patch prey-predator model (4) with the following assumptions: (a) In the absence
of dispersal the model reduced to the two uncoupled Rosenzweig-MacArthur prey-
predator single patch models (5); (b) Prey is immobile; and (¢) Predator foraging
movements are driven by the strength of prey-predator interaction. We provide ba-
sic dynamical properties such positivity and boundedness of our model in Theorem
3.1.

Based on our analytic results and bifurcation diagrams, we list our main findings
regarding the following questions stated in the introduction how our proposed non-
linear density-dependent dispersal of predator stabilizes or destabilizes the system;
how it affects the extinction and persistence of prey and predator in both patches;
how it may promote the coexistence ; and how it can generate spatial population
patterns of prey and predator:

1. Theorem (3.2) provides us the existence and local stability features of the eight
boundary equilibria of our model (4). This result indicates that large dispersal
of predator in its own patch may have both stabilizing and destabilizing effects
on the boundary equilibrium depending on certain conditions. Theorem (3.3)
gives sufficient conditions on the extinction of predator in both patches, which
suggest that predator can not survive in the coupled system if predator is not
able to survive at its single patch. In this case, dispersal of predator has
no effect on promoting the persistence of predator but dispersal may drive
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predator extinct even if predator is able to persist at the single patch state
(see white regions of Figure 1(a), 2(a), and 3(a)).

2. Theorem (3.6) provides sufficient conditions of the persistence of prey and
predator while Theorem (3.7) provides sufficient conditions of the permanence
of our two patch model. These results imply that under certain conditions,
large dispersal of predator can promote its persistence, thus, promote the
permanence of the coupled system while predator in that patch goes extinct
in the absence of dispersal. Our numerical studies also suggests that large
dispersal can also drive the extinction of predators in both patches (see white
regions of Figure 1(a), 2(a), and 3(a)).

3. Theorem (3.8) and Theorem (3.9) provide sufficient conditions on the exis-
tence and the local stability of the interior equilibria under certain conditions.
Our analytic study shows that large dispersal of predator may be able to sta-
bilize the interior equilibrium when one of the single patch has global stable
interior equilibrium while the other one has limit cycle dynamics. At the mean
time, our bifurcation diagrams (see Figure 1(b), 2(b), and 2(b)) suggest that
the stabilizing or destabilizing effects of predator’s dispersal are not definite,
i.e., dispersal can either stabilize or destabilize the system depending on other
life history parameters. Moreover, our simulations also suggest that the dis-
persal of predator can either generate multiple interior equilibria or destroy
the interior equilibrium which leads to the extinction of predator in one patch
or predators in both patches.

Comparisons to the classic model (12). We provide detailed comparison be-
tween the dynamics of our model (4) to the classic model (12). These comparisons
suggest that the mode of forging movement of predator has profound impacts on the
dynamics of the coupled two patch model. Here we highlight two significant differ-
ences: (1) the strength of dispersal ability of predator has profound impacts on the
persistence of predator for our model (4) while it has no effects on the persistence of
predator for the classical model (12). However, the dispersal of predator has huge
impacts on the persistence of prey for the classical model (12) while it has little or
no effects on the persistence of prey for our model (4). And (2) for the symmetric
case, our model (4) has a unique interior equilibrium while the classical model (12)
can have up to three interior equilibria thus it is able to generate different spatial
patterns.

6. Proofs.
Proof of Theorem 3.1.

Proof. Notice that both d(;"’ 2im0 = 0 and ‘Zt" im0 = 0 for ¢ = 1,2, thus according

to Theorem A.4 (p.423) in [73], we can conclude that the model (4) is positive
invariant in Ri. Now we can go ahead to show the boundedness of the system.
First, we have the following inequalities due to the property of positive invariance:

dx; T a;T;Yi T
=rizi|l-——)—-——/——<mrz|1-—
dt 7"33( Kl> 1+xi_7"33 Kz

which implies that

limsup z;(t) < K.

t—o0
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Define V = pa(x1 + y1) + p1(z2 + y2), then we have
v

dt
d(z1+y1) n d(z2+y2)
P2 t P14z
z2

pex1 (1= 2 ) + prraa (1 - Kz; — p2diy1 — p1day2

paxy (1 — % + pirze (1 — % + padiz1 + prdaze — padi(z1 +y1) — prda(z2 + y2)
M —dp2(z1 +y1) + p1(z2 +y2)] = M — dV

where d = min{d;,ds} and

_ _ _ T2
M= Jax {pﬂl (1 K +d1) }JrogrfzasXKz {pm (1 Ky +d2> }

Therefore, we have

IA

limsup V (t) = limsup pa (1 (t) + y1(t)) + pr(22(t) + y2(t)) <
t— o0 t— o0
which implies that Model (5) is bounded in R.

If there is no dispersal in predator, i.e., p; = 0,7 = 1,2, we can easily check that
Model (4) is reduced to the two uncoupled Rosenzweig-MacArthur prey-predator
single patch models (5) with 1 = 1 and 79 = r. The global dynamics of the single
patch model (5) can be summarized from the work of [50, 51, 30, 31]. Thus, we
omit the detailed proof here.

Recall that both %7 om0 = 0 and

{(z1,y1,%2,y2) € Ri s x; = 0} and {(z1,y1,22,42) € Ri : y; = 0} are invariant.
This indicates that if z,;(0) = 0, then z;(t) = 0 for all ¢ > 0. Therefore, the
population of y; converges to 0 since

M
d

. 0 for ¢ = 1,2, therefore, the sets

% = —d;y; — Pj%yj <0= 1i£ilipyj(t) =0.
Applying the results in [69], we can conclude that Model (4) is reduced to the single
patch model (5) when z; = 0.
In the case that y; = 0, Model (4) is reduced to Model (7) by replacing y; = 0
in Model (4).
Summarizing the discussions above, we can conclude that the statement of The-
orem 3.1 holds. O

Proof of Theorem 3.2.

Proof. According Theorem 3.1, sufficient condition for the single patch model (5)
having the unique interior equilibrium (u;,v;),¢ = 1,2 is pu; < K;. Therefore,
sufficient condition for Model (4) having boundary equilibria E,,,,,00 andE,, ., .0
is p1 < K. Similarly, sufficient condition for Model (4) having boundary equilibria
E‘OQMV2 and EK10u2u2 is Mo < K.

The local stability of an equilibrium (z7,y7, 23, y5) can be determined by the
eigenvalues \;, i =1, 2, 3, 4 of the Jacobian matrix Jizx y= 4z 42) (14) of Model (4)
evaluated at the equilibrium.

It vt o5 .u5)

5

2z7 ajy ayzf
1- 2L vl - 21 0 0
K1 14y 1+ay
* * * * * % * % * *
a1y11+p1Yo arzyltp1ysy P1O2T9Y5 _ 4 _P192Y1 Y2 ¥ 01Ty A%y
Itay2 T+af T+z5 1 Tta} PLYL T4z} ~ T+as
o o - 2z _agyld agxd

Ky = 1+aj BRRED

* % * * * * * * * ok
_P2a1Y7Y x a2%y a1 agys 1+poyg agraltpoyy _ p2e1Zi1yy _ 4
Titaf? P2Y2 THz% T+z§ 1+a32 T+z3 Tzt 2
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(14)

After substituting the boundary equilibria Foooo, E£x,0005 E00K20, Euivi00 and
FEoopsv, into the Jacobian Matrix (14), we can conclude that these equilibria are
saddles since they have both positive and negative eigenvalues.

The eigenvalues of (14) evaluated at Ex,0xk,0 are as follows:

a1 Ky
A1 =-1(<0), A2 = —d1 <0& > K,
1 (<0), A2 Tk @ p1 1
a2 Ko
A3=—-1(<0), M= —"—-d2<0& > K.
3 r( )s A4 1+ Ky 2 12 2

Therefore, Ex,0x,0 is locally asymptotically stable if u; > K;,4 = 1,2 while it is a
saddle if either (u; — K1) (u2 — K2) < 0 or p; < Kj;,4 = 1,2 holds.

Now we focus on the local stability of E,, ., k,0 and Ex, 0,1, When they ex-
ist. After substituting the boundary equilibrium E,,,, x,0 to (14), we can obtain
the eigenvalues of the Jacobian matrix evaluated at this boundary equilibrium as
follows:

Ks(as — dy) — do v [Ka(az — dy) — di]

)\ = — >\ =
1 Ty A2 1+ Ky + p2 1+ Ka)

and
Kl(al—dl)—(a1+d1) o dl(Kl(al—dl)—dl)
A3 = .

a1 K (ar —dy) a1 Ky

Notice that the eigenvalues of A3 and A4 being negative is equivalent to the case that
the unique interior equilibrium (u1,v1) being locally asymptotically stable for the
single patch model (5) when ¢ = 1. Thus, we can conclude that % < < Ky
are sufficient conditions for A3 and \; being negative. Now we explore sufficient
conditions for Ay being negative. First, we have u; < K; due to the existence of
B, 0, Kk,0. We have the following three cases:

1. If po > Koy & Ko(as — do) — dy < 0, then the first term of A\ is negative.
This also implies that Model (4) has no boundary equilibria of Eyg,., and
Ex,0ps0,- Since 1 < K, therefore, we have Ay < 0 for all po > 0 if ax < d;
or Ky < 4

az—L‘h

A3+ A\ =

since

di
ag — dl'

Kg(ag — dl) —d; <0<« either ag < dj or K5 <

Therefore, we can conclude that Ay is negative if either as < di, Ko < us

or Ky < min{pg, a;i_ldl } Assume that Ko(ag — dy) —dy > 0 (ie., Ky >
dy

- > 0), then Ay < 0 if po is small enough, i.e., satisfies the condition of

do— Ko (as—d . . ..
P2 < m. In this case, we can conclude that Ao is negative if

dq dy — Ks(as — ds)
< Ky < and pg < .
2= P2 vy [Ka(az — dy) — di]

2. If po < Ko & Ks(as — dg) — da > 0, then the first term of Ay is positive.
This also implies that Model (4) has two boundary equilibria of Eggp,., and
Ex 0usv,- In this case, sufficient conditions for Ay being negative are Ko <
a2d_1 o and py large enough. More specifically, po has to satisfy the following

inequality:

0<

ag—dl

Ky(as — do) — da
151 [dl - KQ(GQ - d1)].

p2 >
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Ks(az—d2)—d
and py > —Vl[dijkz(;rdi)]'
Summarizing the discussions above, we can conclude that the boundary equilibrium
E, v, K50 is locally asymptotically stable if K 12_1 < w1 < Kj and one of the following
conditions holds:
1. as < dl,KQ < Hg.

2. K2<min{/¢2, d }

dy
az 7d1

Therefore, s is negative if po < Ko <

az—dy

3. 0< B < Ky < pip and py < ;2 Kala2=da)

prp— vi[K2(az—d1)—di]"
d Ka(az—d2)—dy
4 pg < Ko < 250 and pa > Sor = te—o

Ki—1

And E, ., k.0 is a saddle if py < =4

1. Ky >max{u2,a2d_1dl}.
2. 0< 4 < Ky < i and py >

or one of the following conditions holds:

da—Ko(az—d2)

as—dq lll[Kz((Lz—d1)—d1] :
d Ka(az—d2)—d>
3. e < Ko < pp—” and py < iTd = Ra(az—d)]"

Similarly, we can obtain sufficient conditions for the local stability of the boundary
equilibrium Ef, 04,0, as the statement.

If pu; < K;, then Model (4) has the boundary equilibria E,, ., k,0 and Ex,o0u,v,
according to Theorem 3.2 and the discussions above. If both E,, ,, k,0 and Ex, 0,0,
are locally stable, then the following inequalities are satisfied:

do dy P
= <
a; — ds ay —dy ay — ds

/L1<K1< = d; < ds

and
dy ds dy

a2—d1:>a2—d2 az —dy
which are contradiction. Therefore, E,,, ., k,0 and Ex, ou,., can not be local stable
at the same time.

Now if 7; = 1,a; = a,d; = d, K; = d for both i = 1,2, then E%,i = 1,2 exist if
Ka — Kd—d > 0. This implies that one of the eigenvalues of the Jacobian matrix
of Model (4) evaluated at E%, is positive, i.e.,

K(a—d)Ka— Kd—d)+p;j(Ka— Kd— d)?
K(K +1)(a—d)?
which indicates that EY, can not be stable for both i = 1 and i = 2. O

,U2<K2< =dy < dq

>0

Proof of Theorem 3.3.

Proof. Let p;(z) = {1 and ¢;(z) = %, then we have

T a; T;Yi a;xy [ri(K; —x) (14 ;)
rizi (1 ——-= | — = —Yi

= piz:) [ai(@i) — yil -
We construct the following Lyapunov functions

Vi(@1,91) = p2 /ml pi(§) —pi(Ky)

. MG d§ + pay (15)

and

Va(z2,y2) = p1 /m2 Mdf + p1Yye (16)

Ko p2(§)
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Now taking derivatives of the functions (15) and (16) with respect to time ¢, we get

LV (21 (8), 41(1))

(z1)—p1 (K1) dz d
p2 ™t x;i(:ll) T S

p2 [p1(x1) — p1(K1)] [q1(21) — y1] + p2ya [pr(21) — di] + p1p2y1yz [p1(21) — p2(22)]
= p2[pi(z1) — p1 (K1) q1(x1) + p2y1 [p1 (K1) — da] + p1p2y1y2 [p1(z1) — p2(z2)]

(17)
and

4 Va(z2(t),12(1)

— (z2)—p2(K2) dz d
- e gl

= p1[p2(z2) — pa(K2)] [g2(z2) — ya] + pryz [p2(w2) — do] + p1p2viys [pa(x2) — pi(z1)]
= p1[p2(z2) — p2(K2)] g2(x2) + pry2 [p2(K2) — d2] + p1p2y1y2 [p2(22) — p1(21)] as)
18

Let V =V; + V5. Now adding (17) and (18), we get

%v :%Vl(xl(t), y1 (1)) + %‘/2(362(15)792(75))

=p2 [p1(71) — p1(K1)] @1 (1) + payr [p1 (K1) — di]

+ p1 [p2(22) — p2(K2)] g2(22) + p1y2 [p2(K2) — da] .
Since u; > K; & aidjdi > K; & f}ffg = p;(K;) < d;, thus, we have p;(K;) —d; < 0.
Notice that p;(x;) is an increasing function in z;, therefore, [p;(x;) — p;(K;)] is
positive for x; > K; and it is negative for z; < K;. At the mean time, we have
q:(x;) is positive for z; < K; and it is negative for z; > K;. This implies that
[pi(z;) — pi(K;)] qi(x;) < 0 for all x; > 0. Therefore, we have %V < 0in R‘j_. This
implies that both V; and V;, are Lyapunov functions, and the boundary equilibrium
FEx,0x.0 = (K1,0, K3,0) is globally stable when u; > K; according to Theorem 3.2
in [31]. O

Proof of Theorem 3.6.

Proof. According to Theorem 3.1, we know that Model (4) is attracted to a compact
set C'in R%. Moreover, if y; = 0, Model (4) is reduced to the two uncoupled models
(7) while if z; = 0 it is reduced to a single patch model (5).

First we focus on the persistence conditions for prey 1. Model (4) is reduced to
a single patch model (5) when x;(0) = 0, i.e., we have z; = y; = 0. Notice that

day _ (1 _ 9«"1) _ ey
T1dt 121=0,9,=0 o K 14+ a2,
According to Theorem 2.5 of [33], we can conclude that prey z; is persistent. Sim-
ilarly, we can show that prey x; is persistent for all r > 0.

Since both z1 and x5 are persistent, then we can conclude that Model (4) is
attracted to a subcompact set Cs of C' that excludes Epooo, Ex,000 and Eyox,o-
Therefore, we can restrict the dynamics of Model (4) on the compact set Cs. Now
we focus on the persistence conditions for predator y;. According to Theorem 3.1, if
y1 = 0, Model (4) is reduced to the two uncoupled models (7). In this case, according
to both Theorem 3.1 and 3.2, the omega limit sets of (4) on the compact set C; are
EK1000> s EK10K20a EK10/L2V2 if K2271 < pg < K2 while they are EK10007 EK10K20 if
2 > Ko. Now we consider the following two cases:

=1>0.
z1=0,y1=0
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1. If uo > Ko, according to Theorem 2.5 of [33], we can conclude that predator
y1 is persistent if all of the following equations are strictly positive:

dy1 _ [a1f61 d a1T1yY2 a2T2Y2 _ a1 K, d
- Trer — Ot S5T T te, 1K,
y1dt By 000 +z1 +z1 +x2 By 000 +K1
dy1 ‘ _ [alxl d (almlyz azzrzyz)} _ a1 Ky ’
= —di+p (57— T = —dy
y1dt EK10K20 1+x1 1+x1 1+xo EKIDKZD 1+ K,

Since fﬂ;{l —d; >0 < u; < Ky, therefore, we can conclude that predator y;

is persistent if p; < Ky and pe > K.

2. If % < p2 < Ks, according to Theorem 2.5 in [33] and discussions above,
we can conclude that predator y; is persistent if u; < K7 and the following
equation is strictly positive:

dyy
y1dt

Eryouguy

— aixry _ ai1x1y2 _ Qa222Y2

- |:1+I1 dl +p1 < 14z 1+z2 >:| ‘EK o
10n2v2

— a1k dy +p (a1K1V2 _ G2M2V2)

1+ K, 1+ K, 1+v2
. a1Ky a1 Ky aspe \ _ an Ky a1 Ky
= 1irs it (1+K1 1+u2) = 1ir; — it (1+K1 d2) >0

According to the proof of Theorem 3.2, we can see that sufficient condition

that 44

i di > 0 holds is the same as sufficient condition for the bound-

E Lgv

ary equilibﬁwtlorln2 E K,0usv, Deing unstable when py < Kj. Therefore, we can
conclude that predator y; is persistent if one of the following inequalities hold
(a) pi < Kj,ﬂi > K;. Or

(b) £l < p; < K; and K; > max {,uj, ﬁ}. Or

(o) K5 < i < Koy iy < K < g and p; < 7St

where i = 1,7 =2 or i = 2,5 = 1l.one of the following inequalities hold.

Based on the discussion above, we can conclude that the statement of Theorem
3.6 holds. O

Proof of Theorem 3.7.

Proof. Tf sz_l < pj < Kj,p; > K;, then according to Theorem 3.6, we can con-
clude that prey z; for both i = 1,2 and predator y; is persistent. This implies
that Model (4) is permanent if predator y; is persistent. Since K’é_l < p; < Kj,
then Theorem 3.2 indicates that the omega limit set of Model (4) when y; = 0 is
E, v k.0 when i = 2, j = 1 while its omega limit set is Ex,ou,1, When i = 2,5 = 1.
Now let i = 1,5 = 2, then according to Theorem 2.5 of [33], we can conclude that
predator y; is persistent if the following equation is strictly positive:

dy1
yrdt

Exyopgvy
— ayxri ai1ri1yz _ A2x2Y2
= |:1+11 di + p1 ( 14a, Tias )} ‘

. aK; a1 Kyvy _ aspavs
= 15 M, ( LHKD 1t

Exiopsvsy

_ ar Ky a1 Ky aspe _ a1k a Ky
= 1K, dy + p1va (1+K1 1+u2) = 10K di + p1ve (1+K1 d2> >0
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a1K1

e —dy < 0, therefore, sufficient conditions for dy, >0

y1dt
EKi0pgvs

Since p; > K; <

is
a1 Ky da di — Ki(ay —dy)
—dy >0 K > ——— .
1+K1 2 ! al—dz (%] [Kl(al—dg)—dg]
Similarly, we can show that predator ys is persistent when ¢ = 2,5 = 1. Therefore,
Model (4) is permanent if the following inequalities hold for either i = 2,5 = 1 or
i=1,j=2

and p; >

K;—1
2

dj
a; — dj
di — K,»(ai — d1>
vj [Ki(ai — dj) — dj]
According to Theorem 3.6, we can conclude that prey x; for both ¢ = 1,2 and
predator y; is persistent if the following inequalities hold
K;,—1
2
Therefore, Model (4) is permanent if the above inequalities hold for bothi = 1,5 = 2
and ¢ = 2,5 = 1. On the other hand, predator y; is persistent if the following
inequalities hold
Ki—1 Kj(a; —dj) —d;

2 i~ vildi — Kj(a; — d;)]
Therefore, both predator y; and y; are persistent if the following inequalities hold
for eitheri =1, =2o0ri=2,j =1,

K, —1

<uj<Kj,ﬂi>Ki,0< < K; <

and p; >

-1 d;
and K] > max {‘LL], ﬁ}

K
< pi < Kiy pj >

i

K; -1
<ui<Ki,’T<uj<Kj<ﬁandpj<

d.:
<Mi<Ki7Ki>maX{/jfi7 5 }7
ai—dj

d; Ki(a; —d;) —d;
< K- e d 0. I\ J J .
< Hi J < aj —di an Pi < v; [dz —Kj(aj —di)]

K;—1
2

Based on the discussion above, we can conclude that the statement of Theorem
3.7 holds. ]

Proof of Theorem 3.8.

Proof. If u; > K; for both i = 1,2, then Model (4) has global stability at (K7, 0, Ko,
0) according to Theorem 3.3. This implies that Model (4) has no interior equilibrium
when u; > K; for both i =1, 2.

The interior equilibrium (23, y7, 25, y3) is determined by the positive intersections

of the nullclines (11) x; = F(z2) = ;;Ezzg and zo = G(x1) = g:gi; where

fe(z2) = as [roprzs (Ko — x2) + Kodi], fo(x2) = rapixs (K2a1 — Kaas — aq)

— rzplxg(al — az) + Kg(angpl + aypa — azdl)

and
gt(xl) = a1 [7“1/)2551 (Kl - $1) + Kldz] y gb(xl) =T1p271 (K1a2 — Kia1 — 02)

—ripaxi(az — ar) + Ki(agrips + arag — aydy).

Notice that the nullclines x; = F(zg) = ;;Efé; and zo = G(z1) = gzg‘fig has the

following properties:



A TWO-PATCH PREY-PREDATOR INTERACTION MODEL 871

_ fi(0) _ Kaod _ d — fi(Ky)
1. F(O)d_ 7o) = Kalarrap: taraz—azdy) = amrapitaras—azar 204 F(K2) = 555
= 111*1d1 = HK1-
2. ft(l‘g) = ao [’I"gplxg (K2 — IQ) + K2d1] > a9 Kody > 0 for xg € [O,KQ] and
fb(332)’a1:a2:a =alr2p1 (K2 — x2) + Ka(a —dy)].
_ 9t(0) _ a1 K1d _ ad _ gt(Ky)
> G(O)d_ gp(0) Kl(az7'1p;+;122—a1d2) - a27'1p2+;122—a1d2 and G(Kl) B m
= a2—2d2 = k2.
4. gt(xl) = a1 [7"1[)2%1 (Kl — xl) + Kldg] > a1 K1dy > 0 for z1 € [O,Kl] and

96(1)],, _g, o = @[r1p2(K1 — 1) + Ki(a — d2)].
According to Theorem 3.1, we know that population of prey x; for ¢ = 1,2 has the
following properties:
limsup z;(t) < K.

t—o00
Thus, we can restrict the function F(z3) on the domain of [0, K] and G(z1) on
the domain of [0, K;]. Since fi(xz2) > asKady > 0 for zo € [0, K3] and gi(x1) >
a1 K1dy > 0 for 21 € [0, K], thus, Model (4) has no interior equilibrium if f;(z2) <
0 for g €0, K3] or gp(z1) <0 for x; € [0, Ky].
Now we assume that a; > as, then we have fy(z2) <0 for =z € [0, Ky if
ra3p1 (Kaay — Kaay — a1)? < 4Karapi (a2 — a1)(a1raps + aras — asds)

4K2a2(a1 — az)(d1 — al)

ro (Koa1 — Koaz + al)2

while fy(xz2) >0 for zo € [0, Ks] if a; > d; since

f(0) = Ka(airapr + az(ar — di)) > 0 and fy(K2) = azKa(ar —di) > 0.
And gy(z1) >0 for z; € [0, K] if

= p1 <

’I‘%p% (K1a2 — Kia; — a2)2 < 4K1r1p2(a1 — ag)(ag’f’1p2 + airaz — a1d2)

4K a1(a1 — a2)(az — dz)
T1 (Klaz — Kja1 + (12)2

<~ p2 <

Similar cases can be made for a1 < ag, therefore we can conclude that Model (4)
has no interior equilibrium if either

4K2a2(a1 — ag)(dl — al)
&) (K2a1 — Kg(lz + a1)2

ayp > az, p1 <

or
4K1a1(a2 — al)(dg - ag)

r1 (Kiae2 — Kia1 + a2)2

ag > ai, p2 <

hold.

Now we focus on sufficient conditions lead to both f,(z2) > 0 for xs € [0, K3]
and gp(x1) > 0 for x; € [0, K1]. Assume that a; > a2 and a; > d; for both i = 1, 2.
Notice that fb(O) = K2(111T2,01 + ag(al — dl)) > fb(KQ) = CLQKQ(al — dl) > 0 with

fo(w2) = rap1ws (Kaay — Kaag — a1) — rop175(a1 — az) + Ka(a1ma2p1 + aras — asdy).

Therefore, we have fi(z2) > fp(K2) for all zo € [0, Ko]. Since gy(z1) is a degree
2 polynomial with the positive coefficient in the degree 2 and g,(0) = K;(azrips +
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a1(ag —ds)) > gp(K1) = a1 Ky (az — da) > 0. Therefore, we have gy(21) > 0 for all
x1 € [0, K4] if the following conditions hold

< 4K1a1(a2 — al)(dg — G,Q)
r (Kiag — Kiag + a2)2

The discussion so far also indicates that we have both fy(x2) >0 for z3 € [0, K2]
and gp(z1) > 0 for xz; € [0, K] if the following inequalities hold for i = 1,5 = 2 or
i=2,j=1

4Kiai(aj - ai)(dj - aj)

T (Ki(lj — Kiai + aj)2 '

a; > max{a;,d;}, p; <

Now assume that these conditions hold, then we have F(z3) and G(x1) are positive
on their restricted domain. By algebraic calculations, if a; > max{d;, ds} for both
i = 1,2, then both F(z3) and G(x1) have its unique critical points z¢,¢ = 1,2 in
their restricted domain where

K, (7"1/)2 +a; —dy — \/(al —da)(rip2 + a1 — d2))

(= 0,K

T 102 € ( ) 1)

and
K, (szl +az —d; — \/(112 —dq)(rep1 + a2 — dl))
Ty = € (0, K»).
201

If F(z5) < K7 and G(z5) < K3, then we can conclude that both maps z; = F(x2)
and 9 = G(x1) are unimode and the skew product of F' x G maps [0, Ka] X

[0, K1] to its compact subset. Since both F' and G are continuous and differentiable,
therefore, 1 = F(z2) and xo = G(z1) has at least one positive intersection for
x9 € [0,Ks), z1 € [0,K;]. Now we focus on sufficient condition that leads to
F(z$) < K7 and G(z§) < K3 when a; > as. Since

maxXo<q, <k, 1 fe(T2)}  fo(K2/2)  Kargpy +4d;

max {F(z2)} = F(z5) <

0<z2<K> minogzgus{fb(@)} B fo(K2) B 4ar — d)
and

Kq/2

2 (G} = o < Besns o) sl
- B Kpai—Kzaz—ay
<z1<K; 0<z1 <K1 196\ 11 gb( 2(a1—az) )

_ a1 K1(r1Kipa/4 + da)
Kian (o —dp) — Pl

therefore, we have F(z§) < K; and G(z§) < K when a1 > ag if the following
inequalities hold

K2T2p1 —+ 4d1 4(K1(11 — Kldl — dl)

<Ki&p < .
4(a1 — dl) Kory
and
Ky, > a1 K1 (11 K1 p2/4+d2) §
Kia]—Kiag—
K1a1(a2—d2)—rlp2( }181,&12(;2 az)
<~
< 4K a1 (Kaaz—Kada—da)

P2 arr1 Ki+roKo(Kiai—Kiaz—az)?”
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Therefore, we can conclude that Model (4) has at least one interior equilibrium
(%, y7, x5, y3) if the following inequalities hold

a; > max{a;,di,ds},a; > max{di,ds}, p; <

- Kj’l’j
and
. 4Kiai(aj — ai)(dj — CL]‘) 4K¢ai(Kjaj — Kjdj — dj)
Pj < mln{ 2 2 2 }
T (Kiaj — Kiai + aj) airiKi + TjKj (Kiai — Kiaj — aj)

In addition, since both F(z2) and G(x1) are unimode maps in their domain with
unique local maximum, thus, we have

axdy

=F > F(0) =
e (1’2) - ( ) ajrop1 + aijaz — asd;

ards

and z3 = G(z1) 2 G(0) = asripe + ajag — ayds’

aidj

Therefore, we have ———2—
ajripjta;a;—a;d;

1.
Now assume that a; = as = a, then both f, and g, are reduced to linear decreas-
ing functions, i.e.,

fb(l’2)|

<zj < Kjforbothi=1,j=2andi=2,j=

= a[rop1(Ky — 22) + Ka(a — dy)] and gy(z1)]

a]p=az=a alj=az=a

=a[rip2(K1 — 1) + K1(a — da)]

which indicates that fy(x2) < 0 for o € [0, K3 if di > a+ r9p1 and gp(z1) < 0
for zy7 € [0, K1) if d2 > a+7r1p2. Therefore, if a; = as = a and either dy > a+r9p;
or dy > a+ r1p2 holds, then Model (4) has no interior equilibrium. On the other
hand, both fy(z2) > 0 for zo € [0,K3] and gp(z1) > 0 for zy € [0, K] if
a > max{dy,ds}. Then apply the discussions for the case a; # ag, then we can
conclude that Model (4) has at least one interior equilibrium if

a > max{dy,ds>}, F(z5) < K1, and G(zf) < K».
Applying the similar arguments for the case a; > a;, we have

ey o MaXo<a, <k Ufi(72)}  fo(K2/2)  Karepr +4d;
o ()} = Fes) < o e @)t fo(Ka) — Alay— i)

and

¢ maxo<e, <k;19:t(z1)} gt(K1/2) Kirip2 +4ds
G(z1)} = G(at) < DOX0<m <K, - -
020 Zi, ()} = Glm) < mino<a, <, {gs(z1)} 9o (K1) 4(az — dz)

Therefore, we can conclude that Model (4) has at least one interior equilibrium
(21,97, 25, y3) if the following inequalities hold
4(Kza — Kldl — dl)

Kj’/’j

a; = as = a > max{dy,ds}, p; <

for bothi=1,7 =2 and ¢ = 2,5 = 1. In addition, dif_ <z} < K; hold for
Tmpg“!‘a d] J J

bothi=1,j=2andi=2,j=1. O
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Proof of Theorem 3.9.

Proof. Suppose that min{ay,as} > d, then we have u; = aid_d, v; = T"(K";ff;()i(u“i)
where (u;,v;) is the unique interior equilibrium of the single patch model (5) in
the absence of the dispersal in predator for both ¢ = 1,2. Now recall from the null

clines (9), we have

zi(z;) = pig;(x;)p;(x;)+di _ pig;(x3)p;(z;)+di
L\ ai(14+p;q5(z;))—(pig; (x;)p;(z;)+d;) pia;(z;)lai—p; (@ )]+ai—d;
which indicates that
pidi(1)ps(py) +d d
zil15) = s ) 0 = i

piq; (1) lai —pi ()] +ai—d — a;—d

This implies that 2; = p; for ¢ = 1,2 is the positive solutions of the null clines (9).
Therefore, we can solve that (u1,v1, p2,2) is an interior solution of Model (4) if
min{ay,as} > d = d; = dz. By substituting the equilibrium (u1,v1, 2, v2) into the
Jacobian matrix (14), we obtain its characteristic equation as follows:

H(XA) = X'+(ar+a2) N+ ooo+d(Br+B2) |\ +d (a1 Br+a Br) A+d> (B1 B2 =172 = 0

where
_ m,ui(KiaifKidfaifd)

A = Kia;
= [ai>0(:>lgia1—Kid—ai—d<0(:) Kiz_l </Ji<KZ'}
i (V) pi i—d)
B; _ vilyip +a1.)(a >0
i = /h'l/z‘l’j((l?j*d)2 >0

J
_ vive(ar—d) as—d)?(v1 patrapi+1)
Bif2 —my2 = e >0

Then the real parts of the solutions of H(A) are all negative if a3 + ap > 0 while
the solutions of H(\) has positive if a; + a2 < 0. Notice that the single patch i (5)
has global stability at (u;,v;) if oy > 0 < % < p; < K;. Therefore, the interior
equilibrium is locally asymptotically stable of Klé_l < pu; < K; for both i = 1,2
while it is unstable if

,ul(Klal —Kld—ald) T,LLQ(KQCLQ —Kgd—ag —d)

+
Kiay Ksas

Assume that ajas < 0and «1 + as > 0. Then the real parts of all solutions
of H(\) can be still negative if ayas + d(B81 + 52) > 0 and d(ay B2 + a2f1). By
algebraic calculations, we can conclude that if a; < 0 and the dispersal of predator
y; is large enough, then the interior equilibrium (u1,v1, pe, v2) can still be locally
asymptotically stable, where p; should satisfy the following condition:

> 0.

i > max { —l/j — rjui,uj(Kiai — sz — Q; — d)(Kjaj — Kjd — a]‘ — d)
' (KiKja;vjdvi(a; — d)?) ’
v G (vip 1) (a;—d)* (Kiai = Kid—ai—d) _
ripviKi(ai—d)?(K;a;—K;d—a;—d) }
U

j
Now ifa; =as =a,ry =r9 =1, K1 = Ko = K, d; = dy = d. The discussions above
implies that Model (4) has the same stability at E* = (u, v, u, V) as the stability of

d (K —p)(1+p)
a—d aK

E' is locally asymptotically stable if % < < K while it is unstable if p > %

the single patch model (5) at (u, v) where u = and v = . Therefore,
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Now we should show that Model (4) has the unique E* = (u, v, u, v) whenever
a > d. Notice that F'(z2) and G(z1) have the following properties in the symmetric
case (i.e., a1 =ag =a,r1 =19 =1, K1 = Ky = K,dy =dy = d):
\mo(K—wo)+Kd .
1. F(zg) = plp(lﬁi(wz)f;?zlfd) with F(0) = ﬁ‘fkd and F(pu) = F(K) = p. In
addition, F'(x2) > 0 for all 25 € [0, K] and F(z2) has a unique critical point
x§ for x5 € [0, K] where
K(lerafd— \/(afd)(lerafd))
P1
221 (K—21)+Kd ;
2. G(zy) = pﬁ;fml)fa?{lid) with G(0) = m#ﬁ and G(p) = G(K) = p. In
addition, G(x1) > 0 for all z; € [0, K] and G(z1) has a unique critical point
x§ for z1 € [0, K] where

K(p2+a—d—\/(a—d)(p2+a—d))

n<xs= € (0, K).

n<zi= € (0, K).
P2
The discussions above indicate that both F'(z3) and G(z1) are unimode maps with
a unique interception at xy; = o = pu. O

Proof of Theorem 4.1.

Proof. Proof of Item 1 can be obtained by adopting the proof provided in Theorem
3.1. We omit details.

The stability of Eoooo, Exr,000, Eook,0, EK,0K,0 can be obtained from eigenva-
lues of the Jacobian matrix of Model (12) evaluated at these equilibria through
simple algebraic calculations. We omit details. But we will return to the local
stability of E? when we prove Item 4.

Item 3(a): If 2; = 0, then we have lim; ,oo y1(t) = lim;,o0 y2(t) = 0. This
implies that the omega limit set of Model (13) is y; = yo = 0. Therefore, prey x;
persists by applying Theorem 2.5 of [33] since

dx;
$dzt ;=0 e 0
Item 3(b): Recall p;(z) = {#% and ¢;(z) = % for i = 1,2. Then we

construct the following Lyapunov function

Vi (@i, yir ) = (pj + dy) / pil€) — pi(K:)

dé+ (p; +di)yi + piy;-
X, pi(€) 3 (PJ ])y PiY;

If g; > K;, then we have

dVij (@i, yi, y; ;
W Vis i) _ (1) (i) — paC) i) + () — ) < 0
since p;(K;) — di <0 & 1i; > K;. Therefore, Model (13) has global stability at
Ttem 3(c): We construct the following Lyapunov function

Y

Ti . — ({1 Yi . — D yj n; — UL
Vij (@i, yirv5) = (pj +dj)/ Md@r(ﬁﬁrdﬂ/ i deer/, T dn;.
i p;i(§) o M v ;

If % < ; < K;, then we have

dVij(zi, yi, yj)
dt
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X 1 piti((pj +dj)y; — pivi)®
= (pj +dj) [(pi(z:) — pi(i)] [qi(2i) — D3] —
(pj +dj) [(pi( )] ai( ] (07 + )iy
Therefore, Model (13) has global stability at (/i;, 7;, f/;) if % < p; < K.

Item 4: If x; = 0, then Model (12) reduces to Model (13) who has global stability
at (K;,0,0) if 4; > K; while has (4;,7;,0%) if £ < ji; < K;. Therefore, by
applying Theorem 2.5 of [33], prey x; persists if

< 0.

dx;
—7 :rj>0when,di>Ki
x]dt :L’j:O,yj:O
and
4z, )t > 0 wh < <K
=r;—a;v; when ; ;e
(Ejdt a:j:O,va:l?; J 77 i !
The persistence of both prey can be easily obtained from the persistence of one
prey.
_ . i dz; i
If B2l < i < K; and 7j — a;jv; < 0, then mfét o r; —a;v; < 0.
T;=U,y;=V;

J

According to Theorem 2.18 by [34], we can conclude that the boundary equilibrium
(i, v, 0, ﬁj’) is locally asymptotically stable. This proves the stability condition of
E? of Ttem 2.

Item 5: We construct the following Lyapunov function

i () — palfis Yi . D
V@i, yiszj,95) =(pi + di)/ Mdé + (pi + di)/ bdm
fij p;(&5) Z J

Yi ,7192
+Pil’¢+/_ bdm-
19]

/ )
i

Then we have
AV (zi,yi,%5,Y;)

dt
” 5 0 ((pi+dy)yi—piyi)®
= () +dj) (pilwi) = piljua)] lgs(s) — in] — L@t o)

)
+p;pi(@i) Qz(fm) —v
< oy ) [aCe) = pi)] () — ] — 22t o)
pgiles) a5 - o]
= (pj +dy) [(pizi) — pi(iis)
J

3
£

S i ((pi+d)y;—p;yi)*
[qi (i) — 1] — 22 (({;fﬁjj))yjiyij )

(7 (K, 2 ~ ]
+ppis) | EL

Therefore, if K’;l < ji; < Kj and % < U} hold, then we have W
< 0. This implies that Model (13) has global stability at (0,72, (i}, ;).
Item 6: Define V (y1, y2) = p2y1 + p1y2, then we have

av

o p2(p1(71) — di)yr + p1(p2(z2) — d2)y2.

Notice that limsup, . z;(t) < K; for both ¢ = 1,2. Then if y; > K; for both
i = 1,2, then we have max{p; (K1) — d1,p2(K32) — d2} < —6 < 0. This implies that

av

e p2(p1(z1) — di)yr + p1(p2(z2) — d2)y2 < —0(p2y1 + p1Yy2).
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Therefore, both predators go extinct if p; > K; for both ¢ = 1 and ¢ = 2. Since
both limsup,_, . yi(t) = 0 for both ¢ = 1,2. Then we have Model (12) reduced to
the following uncoupled prey model

z, =1z (1 - ;)
?

which converges to x; = K;. Thus, Model (13) has global stability at (K7, 0, K3,0)
when p; > K; for both ¢ = 1,2.
On the other hand, if 0 < p; < K; for both ¢ = 1,2, then we have max{p; (K1) —
dy,p2(K2) — d2} > 6 > 0. This implies that
av
dt
Therefore, both predators persist if 0 < p; < K; for both ¢ =1 and i = 2.

Item 7 can be obtained from Item 4 and Item 6.

Item 8 can be obtained from eigenvalues of the Jacobian matrix of Model (12)
evaluated at the symmetric interior equilibrium (u, v, u, v) through simple algebraic
calculations. We omit details. The global stability of (u, v, u, v) when % <pu< K
can be obtained by constructing the following Lyapunov function

o — Y1 —v
V(w1,y1,22,92) =p2/ Md§1+p2/ Uln dm
v 1

= p2(p1(21) — di)y1 + p1(p2(w2) — d2)y2 > 6(payn + p1y2)-

I pl(gl)
"2 py(&2) — p2(p) Y2y —v

+p1/u palte) Ll g, +p1/y —Zan,
which gives
dV($17y17x2792) _

L = p2(p1(&1) —p1())(q1(21) — K) + p1(p2(&2) —p2 (1)) (g2 (22) — K)
P1P2V(y1 - y2) (i - i)
* Y1Y2 '

O

Acknowledgments. This research is partially supported by NSF-DMS(1313312);
NSF- I0S/DMS (1558127) and The James S. McDonnell Foundation 21st Cen-
tury Science Initiative in Studying Complex Systems Scholar Award (UHC Scholar
Award 220020472). We also would like to acknowledge the partial support from
Natural Science Foundation of Jiangsu Province (BK20140927), Tianyuan Fund for
Mathematics of NSFC (11426132, 11601226), and from Nanjing Tech University.
The research of K.M is also partially supported by the Department of Education
GAANN (P200A120192). S.K.S. is partially supported by the NBHM post-doctoral
fellowship. All authors would like to thank Dr. Andrea Bruder for the discussions
on the modeling dispersal strategies in the early stage of this manuscript.

REFERENCES

[1] L. Aarssen and R. Turkington, Biotic specialization between neighbouring genotypes in lolium
perenne and trifolium repens from a permanent pasture, The Journal of Ecology, 73 (1985),
605-614.

[2] R.F. Alder, Migration alone can produce persistence of host-parasitoid models, The American
Naturalist, 141 (1993), 642-650.

[3] J. Bascompte and R. V. Solé, Spatially induced bifurcations in single-species population
dynamics, Journal of Antmal Ecology, 63 (1994), 256-264.


http://dx.doi.org/10.2307/2260497
http://dx.doi.org/10.2307/2260497
http://dx.doi.org/10.2307/5544
http://dx.doi.org/10.2307/5544

878

(4]

(5]

[10]
[11]
[12]
(13]
14]
[15]
(16]
(17]
(18]
(19]

20]
(21]

(22]
23]

24]

[25]
[26]
27]

(28]

29]

(30]

(31]

YUN KANG, SOURAV KUMAR SASMAL AND KOMI MESSAN

B. M. Bolker and S. W. Pacala, Spatial moment equations for plant competition: Under-
standing spatial strategies and the advantages of short dispersal, The American Naturalist,
153 (1999), 575-602.

C. J. Bolter, M. Dicke, J. J. Van Loon, J. Visser and M. A. Posthumus, Attraction of colorado
potato beetle to herbivore-damaged plants during herbivory and after its termination, Journal
of Chemical Ecology, 23 (1997), 1003—1023.

C. Carroll and D. H. Janzen, Ecology of foraging by ants, Annual Review of Ecology and
Systematics, 4 (1973), 231-257.

A. Casal, J. Eilbeck and J. Lépez-Gdémez, Existence and uniqueness of coexistence states for
a predator-prey model with diffusion, Differential and Integral Equations, 7 (1994), 411-439.
P. L. Chesson and W. W. Murdoch, Aggregation of risk: Relationships among host-parasitoid
models, American Naturalist, 127 (1986), 696-715.

W. C. Chewning, Migratory effects in predator-prey models, Mathematical Biosciences, 23
(1975), 253-262.

R. Cressman and K. Vlastimil, Two-patch population models with adaptive dispersal: The
effects of varying dispersal speeds, Journal of Mathematical Biology, 67 (2013), 329-358.

E. Curio, The Ethology of Predation, Springer-Verlag Berlin Heidelberg, 7, 1976.

M. Doebli, Dispersal and dynamics, Theoretical Population Biology, 47 (1995), 82—-106.

W. Feng, B. Rock and J. Hinson, On a new model of two-patch predator-prey system with
migration of both species, Journal of Applied Analysis and Computation, 1 (2011), 193-203.
J. Ford, The Role of the Trypanosomiases in African Ecology. A Study of the Tsetse Fly
Problem, in Oxford University Press, Oxford, 1971.

A. G. Gatehouse, Permanence and the dynamics of biological systems, Host Finding Be-
haviour Of Tsetse Flies, (1972), 83-95.

S. Ghosh and S. Bhattacharyya, A two-patch prey-predator model with food-gathering activ-
ity, Journal of Applied Mathematics and Computing, 37 (2011), 497-521.

M. Gillies and T. Wilkes, The range of attraction of single baits for some West African
mosquitoes, Bulletin of Entomological Research, 60 (1970), 225-235.

M. Gillies and T. Wilkes, The range of attraction of animal baits and carbon dioxide for
mosquitoes, Bulletin of Entomological Research, 61 (1972), 389-404.

M. Gillies and T. Wilkes, The range of attraction of birds as baits for some west african
mosquitoes (diptera, culicidae), Bulletin of Entomological Research, 63 (1974), 573-582.

1. Hanski, Metapopulation Ecology, Oxford University Press, Oxford, 1999.

I. A. Hanski and M. E. Gilpin, Metapopulation Biology: Ecology, Genetics, and Evolution,
Academic Press, San Diego, 1997.

M. Hassell and R. May, Aggregation of predators and insect parasites and its effect on stability,
The Journal of Animal Ecology, 43 (1974), 567-594.

M. Hassell and T. Southwood, Foraging strategies of insects, Annual Review of Ecology and
Systematics, 9 (1978), 75-98.

M. Hassell, O. Miramontes, P. Rohani and R. May, Appropriate formulations for dispersal in
spatially structured models: comments on bascompte & Solé, Journal of Animal Ecology, 64
(1995), 662-664.

M. P. Hassell, H. N. Comins and R. M. May, Spatial structure and chaos in insect population
dynamics, Nature, 353 (1991), 255-258.

A. Hastings, Can spatial variation along lead to selection for dispersal?, Theoretical Population
Biology, 24 (1983), 244-251.

A. Hastings, Complex interactions between dispersal and dynamics: Lessons from coupled
logistic equations, Ecology, T4 (1993), 1362-1372.

C. Hauzy, M. Gauduchon, F. D. Hulot and M. Loreau, Density-dependent dispersal and
relative dispersal affect the stability of predator-prey metacommunities, Journal of Theoretical
Biology, 266 (2010), 458-469.

R. D. Holt, Population dynamics in two-patch environments: Some anomalous consequences
of an optimal habitat distribution, Theoretical Population Biology, 28 (1985), 181-208.

S. Hsu, S. Hubbell and P. Waltman, A mathematical theory for single-nutrient competition in
continuous cultures of micro-organisms, SIAM Journal on Applied Mathematics, 32 (1977),
366-383.

S. Hsu, On global stability of a predator-prey system, Mathematical Biosciences, 39 (1978),
1-10.


http://dx.doi.org/10.1086/303199
http://dx.doi.org/10.1086/303199
http://dx.doi.org/10.1023/B:JOEC.0000006385.70652.5e
http://dx.doi.org/10.1023/B:JOEC.0000006385.70652.5e
http://dx.doi.org/10.1146/annurev.es.04.110173.001311
http://www.ams.org/mathscinet-getitem?mr=MR1255897&return=pdf
http://dx.doi.org/10.1086/284514
http://dx.doi.org/10.1086/284514
http://www.ams.org/mathscinet-getitem?mr=MR0368820&return=pdf
http://dx.doi.org/10.1016/0025-5564(75)90039-5
http://www.ams.org/mathscinet-getitem?mr=MR3071160&return=pdf
http://dx.doi.org/10.1007/s00285-012-0548-3
http://dx.doi.org/10.1007/s00285-012-0548-3
http://dx.doi.org/10.1007/978-3-642-81028-2
http://dx.doi.org/10.1006/tpbi.1995.1004
http://www.ams.org/mathscinet-getitem?mr=MR2892274&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR2831550&return=pdf
http://dx.doi.org/10.1007/s12190-010-0446-z
http://dx.doi.org/10.1007/s12190-010-0446-z
http://dx.doi.org/10.1017/S000748530004075X
http://dx.doi.org/10.1017/S000748530004075X
http://dx.doi.org/10.1017/S0007485300047817
http://dx.doi.org/10.1017/S0007485300047817
http://dx.doi.org/10.2307/3384
http://dx.doi.org/10.1146/annurev.es.09.110178.000451
http://dx.doi.org/10.2307/5808
http://dx.doi.org/10.2307/5808
http://dx.doi.org/10.1038/353255a0
http://dx.doi.org/10.1038/353255a0
http://dx.doi.org/10.2307/1940066
http://dx.doi.org/10.2307/1940066
http://www.ams.org/mathscinet-getitem?mr=MR2981597&return=pdf
http://dx.doi.org/10.1016/j.jtbi.2010.07.008
http://dx.doi.org/10.1016/j.jtbi.2010.07.008
http://www.ams.org/mathscinet-getitem?mr=MR0809777&return=pdf
http://dx.doi.org/10.1016/0040-5809(85)90027-9
http://dx.doi.org/10.1016/0040-5809(85)90027-9
http://www.ams.org/mathscinet-getitem?mr=MR0434492&return=pdf
http://dx.doi.org/10.1137/0132030
http://dx.doi.org/10.1137/0132030
http://www.ams.org/mathscinet-getitem?mr=MR0472126&return=pdf
http://dx.doi.org/10.1016/0025-5564(78)90025-1

(32]
(33]
(34]
(35)
(36]
37)
(38]
39]
[40]

[41]

[42]
[43]
[44]
[45]

[46]

[47]
(48]
[49]

[50]

[51]

[52]

53]
[54]
[55]
[56]

[57)

(58]

A TWO-PATCH PREY-PREDATOR INTERACTION MODEL 879

Y. Huang and O. Diekmann, Predator migration in response to prey density: What are the
consequences?, Journal of Mathematical Biology, 43 (2001), 561-581.

V. Hutson, A theorem on average liapunov functions, Monatshefte fiir Mathematik, 98 (1984),
267-275.

V. Hutson and K. Schmit, Permanence and the dynamics of biological systems, Mathematical
Biosciences, 111 (1992), 1-71.

V. A. Jansen, Regulation of predator-prey systems through spatial interactions: A possible
solution to the paradox of enrichment, Oikos, 74 (1995), 384-390.

V. A. Jansen, The dynamics of two diffusively coupled predator-prey populations, Theoretical
Population Biology, 59 (2001), 119-131.

V. A. A. Jansen, Theoretical Aspects of Metapopulation Dynamics, PhD thesis, Ph. D. thesis,
Leiden University, The Netherlands, 1994.

Y. Kang and D. Armbruster, Dispersal effects on a discrete two-patch model for plant-insect
interactions, Journal of Theoretical Biology, 268 (2011), 84-97.

Y. Kang and C. Castillo-Chavez, Multiscale analysis of compartment models with dispersal,
Journal of Biological Dynamics, 6 (2012), 50-79.

P. Kareiva and G. Odell, Swarms of predators exhibit “prey-taxis” if individual predators use
area-restricted search, American Naturalist,, 130 (1987), 233-270.

P. Kareiva, A. Mullen and R. Southwood, Population dynamics in spatially complex environ-
ments: Theory and data [and discussion|, Philosophical Transactions of the Royal Society of
London B: Biological Sciences, 330 (1990), 175-190.

S. Kéfi, M. Rietkerk, M. van Baalen and M. Loreau, Local facilitation, bistability and tran-
sitions in arid ecosystems, Theoretical Population Biology, 71 (2007), 367-379.

P. Klepac, M. G. Neubert and P. van den Driessche, Dispersal delays, predator-prey stability,
and the paradox of enrichment, Theoretical Population Biology, T1 (2007), 436-444.

M. Kummel, D. Brown and A. Bruder, How the aphids got their spots: Predation drives
self-organization of aphid colonies in a patchy habitat, Oikos, 122 (2013), 896-906.

K. Kuto and Y. Yamada, Multiple coexistence states for a prey-predator system with cross-
diffusion, Journal of Differential Equations, 197 (2004), 315-348.

I. Lengyel and I. R. Epstein, Diffusion-induced instability in chemically reacting systems:
Steady-state multiplicity, oscillation, and chaos, Chaos: An Interdisciplinary Journal of Non-
linear Science, 1 (1991), 69-76.

S. A. Levin, Dispersion and population interactions, American Naturalist, 108 (1974), 207—
228.

R. Levins, Some demographic and genetic consequences of environmental heterogeneity for
biological control, Bulletin of the Entomological Society of America, 15 (1969), 237-240.
Z.-z. Li, M. Gao, C. Hui, X.-z. Han and H. Shi, Impact of predator pursuit and prey evasion on
synchrony and spatial patterns in metapopulation, Ecological Modelling, 185 (2005), 245-254.
X. Liu and L. Chen, Complex dynamics of Holling type II Lotka—Volterra predator—prey
system with impulsive perturbations on the predator, Chaos, Solitons & Fractals, 16 (2003),
311-320.

Y. Liu, The Dynamical Behavior of a Two Patch Predator-Prey Model, Honor Thesis, from
The College of William and Mary, 2010.

J. H. Loughrin, D. A. Potter, T. R. Hamilton-Kemp and M. E. Byers, Role of feeding-induced
plant volatiles in aggregative behavior of the japanese beetle (coleoptera: Scarabaeidae),
Environmental Entomology, 25 (1996), 1188-1191.

J. Madden, Physiological reactions of Pinus radiata to attack by woodwasp, Sirex noctilio
F.(Hymenoptera: Siricidae), Bulletin of Entomological Research, 67 (1977), 405-426.

L. Markus, II. Asymptotically autonomous differential systems, in Contributions to the Theory
of Nonlinear Oscillations (AM-36), Vol. 111, Princeton University Press, 1956, 17-30.

R. M. May, Host-parasitoid systems in patchy environments: A phenomenological model, The
Journal of Animal Ecology, 47 (1978), 833-844.

R. McMurtrie, Persistence and stability of single-species and prey-predator systems in spa-
tially heterogeneous environments, Mathematical Biosciences, 39 (1978), 11-51.

T. F. Miller, D. J. Mladenoff and M. K. Clayton, Old-growth northern hardwood forests:
Spatial autocorrelation and patterns of understory vegetation, FEcological Monographs, 72
(2002), 487-503.

W. W. Murdoch, C. J. Briggs, R. M. Nisbet, W. S. Gurney and A. Stewart-Oaten, Aggregation
and stability in metapopulation models, American Naturalist, 140 (1992), 41-58.


http://www.ams.org/mathscinet-getitem?mr=MR1874403&return=pdf
http://dx.doi.org/10.1007/s002850100107
http://dx.doi.org/10.1007/s002850100107
http://www.ams.org/mathscinet-getitem?mr=MR0776353&return=pdf
http://dx.doi.org/10.1007/BF01540776
http://www.ams.org/mathscinet-getitem?mr=MR1175114&return=pdf
http://dx.doi.org/10.1016/0025-5564(92)90078-B
http://dx.doi.org/10.2307/3545983
http://dx.doi.org/10.2307/3545983
http://dx.doi.org/10.1006/tpbi.2000.1506
http://www.ams.org/mathscinet-getitem?mr=MR2974454&return=pdf
http://dx.doi.org/10.1016/j.jtbi.2010.09.033
http://dx.doi.org/10.1016/j.jtbi.2010.09.033
http://www.ams.org/mathscinet-getitem?mr=MR2994279&return=pdf
http://dx.doi.org/10.1080/17513758.2012.713125
http://dx.doi.org/10.1098/rstb.1990.0191
http://dx.doi.org/10.1098/rstb.1990.0191
http://dx.doi.org/10.1016/j.tpb.2007.02.002
http://dx.doi.org/10.1016/j.tpb.2007.02.002
http://dx.doi.org/10.1111/j.1600-0706.2012.20805.x
http://dx.doi.org/10.1111/j.1600-0706.2012.20805.x
http://www.ams.org/mathscinet-getitem?mr=MR2034163&return=pdf
http://dx.doi.org/10.1016/j.jde.2003.08.003
http://dx.doi.org/10.1016/j.jde.2003.08.003
http://www.ams.org/mathscinet-getitem?mr=MR1135895&return=pdf
http://dx.doi.org/10.1063/1.165819
http://dx.doi.org/10.1063/1.165819
http://dx.doi.org/10.1086/282900
http://dx.doi.org/10.1093/besa/15.3.237
http://dx.doi.org/10.1093/besa/15.3.237
http://dx.doi.org/10.1016/j.ecolmodel.2004.12.008
http://dx.doi.org/10.1016/j.ecolmodel.2004.12.008
http://www.ams.org/mathscinet-getitem?mr=MR1949478&return=pdf
http://dx.doi.org/10.1016/S0960-0779(02)00408-3
http://dx.doi.org/10.1016/S0960-0779(02)00408-3
http://dx.doi.org/10.1093/ee/25.5.1188
http://dx.doi.org/10.1093/ee/25.5.1188
http://dx.doi.org/10.1017/S0007485300011214
http://dx.doi.org/10.1017/S0007485300011214
http://dx.doi.org/10.1515/9781400882175-003
http://dx.doi.org/10.2307/3674
http://www.ams.org/mathscinet-getitem?mr=MR0490056&return=pdf
http://dx.doi.org/10.1016/0025-5564(78)90026-3
http://dx.doi.org/10.1016/0025-5564(78)90026-3
http://dx.doi.org/10.1086/285402
http://dx.doi.org/10.1086/285402

880

YUN KANG, SOURAV KUMAR SASMAL AND KOMI MESSAN

[69] M. Pascual, Diffusion-induced chaos in a spatial predator-prey system, Proceedings of the

Royal Society of London B: Biological Sciences, 251 (1993), 1-7.

[60] M. Rees, P. J. Grubb and D. Kelly, Quantifying the impact of competition and spatial het-

erogeneity on the structure and dynamics of a four-species guild of winter annuals, American
Naturalist, 147 (1996), 1-32.

[61] M. Rietkerk and J. Van de Koppel, Regular pattern formation in real ecosystems, Trends in

Ecology & Evolution, 23 (2008), 169-175.

[62] P. Rohani and G. D. Ruxton, Dispersal and stability in metapopulations, Mathematical

Medicine and Biology, 16 (1999), 297-306.

[63] M. L. Rosenzweig and R. H. MacArthur, Graphical representation and stability conditions of

predator-prey interactions, American Naturalist, 97 (1963), 209-223.

[64] G. D. Ruxton, Density-dependent migration and stability in a system of linked populations,

Bulletin of Mathematical Biology, 58 (1996), 643-660.

[65] L. M. Schoonhoven, Plant recognition by lepidopterous larvae, (1972), 87-99.
[66] L. M. Schoonhoven, On the variability of chemosensory information, The Host-Plant in Re-

lation to Insect Behaviour and Reproduction, Symp. Biol. Hung., 16 (1976), 261-266.

[67] L. M. Schoonhoven, Chemosensory systems and feeding behavior in phytophagous insects,

(1977), 391-398.

[68] E. W. Seabloom, O. N. Bjgrnstad, B. M. Bolker and O. Reichman, Spatial signature of

environmental heterogeneity, dispersal, and competition in successional grasslands, Fcological
Momnographs, 75 (2005), 199-214.

[69] G. Seifert and L. Markus, Contributions to the Theory of Nonlinear Oscillations, Princeton

University Press, 1956.

[70] Y. Shahak, E. Gal, Y. Offir and D. Ben-Yakir, Photoselective shade netting integrated with

greenhouse technologies for improved performance of vegetable and ornamental crops, Inter-
national Workshop on Greenhouse Environmental Control and Crop Production in Semi-Arid
Regions, 797 (2008), 75-80.

[71] R. V. Solé and J. Bascompte, Self-Organization in Complex Ecosystems, Princeton University

Press, Princeton, 2006.

[72] A. Soro, S. Sundberg and H. Rydin, Species diversity, niche metrics and species associations

in harvested and undisturbed bogs, Journal of Vegetation Science, 10 (1999), 549-560.

[73] H. R. Thieme, Mathematics in Population Biology, Princeton University Press, 2003.
[74] D. Tilman and P. M. Kareiva, Spatial Ecology: The Role of Space in Population Dynamics

and Interspecific Interactions, volume 30, Princeton University Press, 1997.

[75] J. van de Koppel, J. C. Gascoigne, G. Theraulaz, M. Rietkerk, W. M. Mooij and P. M.

Herman, Experimental evidence for spatial self-organization and its emergent effects in mussel
bed ecosystems, Science, 322 (2008), 739-742.

[76] J. K. Waage, Behavioral Aspects of Foraging in the Parasitoid, Nemeritis Canescens (Grav.),

PhD Thesis, from University of London, 1977.

[77] J. Wang, J. Shi and J. Wei, Predator-prey system with strong Allee effect in prey, Journal of

Mathematical Biology, 62 (2011), 291-331.

Received August 30, 2016; Accepted December 25, 2016.

E-mail address: yun.kang@asu.edu
E-mail address: sourav.sasmal@gmail.com
E-mail address: kmessan@asu.edu


http://dx.doi.org/10.1098/rspb.1993.0001
http://dx.doi.org/10.1086/285837
http://dx.doi.org/10.1086/285837
http://dx.doi.org/10.1016/j.tree.2007.10.013
http://dx.doi.org/10.1093/imammb/16.3.297
http://dx.doi.org/10.1086/282272
http://dx.doi.org/10.1086/282272
http://dx.doi.org/10.1007/BF02459477
http://dx.doi.org/10.1007/978-1-4613-4274-8_42
http://dx.doi.org/10.1890/03-0841
http://dx.doi.org/10.1890/03-0841
http://dx.doi.org/10.17660/ActaHortic.2008.797.8
http://dx.doi.org/10.17660/ActaHortic.2008.797.8
http://dx.doi.org/10.2307/3237189
http://dx.doi.org/10.2307/3237189
http://www.ams.org/mathscinet-getitem?mr=MR1993355&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR2771175&return=pdf
http://dx.doi.org/10.1007/s00285-010-0332-1
mailto:yun.kang@asu.edu
mailto:sourav.sasmal@gmail.com
mailto:kmessan@asu.edu

	1. Introduction
	2. Model derivations
	3. Mathematical analysis
	3.1. Boundary equilibria and the stability
	3.2. Global dynamics
	3.3. Interior equilibrium and stability

	4. Effects of dispersal on dynamics
	4.1. Bifurcation diagrams and simulations
	4.2. Comparisons to the classic model

	5. Conclusion
	6. Proofs
	Proof of Theorem 3.1
	Proof of Theorem 3.2
	Proof of Theorem 3.3
	Proof of Theorem 3.6
	Proof of Theorem 3.7
	Proof of Theorem 3.8
	Proof of Theorem 3.9
	Proof of Theorem 4.1

	Acknowledgments
	REFERENCES

