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ABSTRACT. In this paper we investigate the initial value problem for a class of
hyperbolic systems relating the mathematical modeling of a class of complex
phenomena, with emphasis on vehicular traffic flow. Existence and uniqueness
for large times of solutions, a basic requisite both for models building and for
their numerical implementation, are obtained under weak hypotheses on the
terms modeling the interaction among agents. The results are then compared
with the existing literature on the subject.

1. Introduction. In recent years the mathematical modeling based on suitable
generalizations of kinetic theory has shown its ability to describe many of the fea-
tures characterizing the phenomenon of complexity [14]. These features include,
among others, the emergence of collective behaviors that are not immediately de-
ducible from the mutual microscopic interactions among the individual constituents.
The systems exhibiting aspects typical of complexity that have been successfully ap-
proached by kinetic modeling include social [I] and biological systems [6l 12} [15], as
well as pedestrian crowds [7] and vehicular traffic flow [4, 5, [8]. The phenomenol-
ogy of the latter reveals a number of features, such as stop-and-go waves and ghost
queues [17], that makes vehicular traffic a prototype of complex systems.

Models referring to generalized kinetic theory describe the system under inves-
tigation using a distribution function f(¢,x,v) such that f(¢,x,v)dzdv represents
the number of vehicles at time ¢ in an infinitesimal neighborhood (x4 dz, v+ dv) in
the phase space, = being the spatial position and v the velocity. The evolution of f
is then obtained as solution to a partial differential equation describing the balance
in time between inflow and outflow in the neighborhood (z, z + dz) x (v,v + dv) as
resulting from interactions among vehicles. The granular aspects of vehicular traf-
fic naturally suggest the use of discrete velocities kinetic models [I3], 1], in which
the speed v can only assume a finite number of values, corresponding to vehicles
collected according their “typical” velocity. In the discrete velocities modeling the
distribution function becomes a vector function f = (fi(¢,x),..., fu(t,z)), each
component f;(¢,x) related to the corresponding velocity class of vehicles.

This paper deals with the existence and uniqueness of solutions to a large class
of discrete velocity kinetic models related the mathematical description of vehicular
traffic flow. The question of well-posedness is of fundamental relevance both for a
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proper selection of mathematically meaningful class of models and for the robust-
ness of their numerical implementation and simulation. A basic requirement for any
admissible mathematical model of vehicular flow is that it should posses global (i.e.,
for large times) existence and uniqueness of solutions in any traffic condition, pro-
vided the interaction terms are “sufficiently reasonable”. It is worth observing that
the mathematical problem related to the well-posedness for large times of discrete
velocities traffic models is a difficult task due to the nonlinearity of interactions
and to their hyperbolic multi-characteristics aspect. This issue has been addressed
in [2], while the recent, more comprehensive, results are given in [3], which is the
starting point of the present work. In the latter the Authors obtain global in time
existence of solutions under general hypotheses. Their approach, however, requires
a key tool the introduction of an a priori cut off on the interaction terms that freezes
the interactions when the traffic density reaches a critical value. As the Authors of
[3] themselves emphasize in their concluding remarks, such an assumption, though
mimicking the phenomenological observations that show the existence of different
phases in the traffic flow corresponding to different densities [I7], should possibly
appear as a byproduct of the model rather than being introduced into it from the
very beginning in order to achieve the well-posedness.

In this paper we prove global existence and uniqueness under hypotheses similar
to that in [3], but under weaker assumptions on the structure of the interaction
terms. Specifically, we prove global in time existence and uniqueness of solution
without assuming that the interaction terms as the density of vehicles becomes
large. In Sect. [2] the mathematical problem is formulated and the main hypotheses
on the interaction terms are introduced. The main results of this paper are given
in Sect. [3| where existence and uniqueness of solutions for any time is proven in the
case of non-local interactions. Finally, Sect. [ reports a toy model that explicitly
shows how the global existence results of Sects. [3] are in fact more general than
those available in the existing literature, and ends with some concluding remarks
and perspectives.

2. Statement of the problem. In this paper we study the initial-value problem
for a class of discrete velocities models of the form:
Oufi(t, ) +v;i0: fi(t,x) = Ji(f)(t, ), .
_ i=1,...,n. (1)
fi(ov x) = fz($>7
Such a class of models, here applied to the study of vehicles traffic flow, find appli-
cations al in the context of mathematical biology.
Here the vector distribution function f = (fi,..., fn) is such that:

fi=filt,x) : Ry xR—=Ry, i=1...,n,

and the velocity can assume only a finite set {v1, ..., v, } of values, with v; < v;41 for
i=1,...,n—1, while f,(z) are the values of the distribution function components
at t = 0. Introducing the number density:

p(tvx) = Zfi(tax)a (2)

such that p(x,t)dz represents the number af cars at time ¢ in the spatial neighbor-
hood (x,x + dz), the terms J; at right hand side of describing the interactions
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between the vehicles of the i-class and the others read:

Ji(f) =Ti(f) = fihi(f), (3)

where:

Iy ( = Z fu(t, @) / (ot ) Biw (p(t,9)) fi (. y)dy, (4)

h,k=1
is a gain term that describes the inflow of the i-th velocity class, while:

)(t,) Z/ plt. ) fu(t,y)dy. (5)

is the corresponding loss term, i.e., the flow of cars leaving the i-th velocity class.
The presence of an integral in the r.h.s. of , takes into account that vehicles
exhibit non-local interactions in a domain related to a certain drivers’ visibility
zone. In other words, a vehicle positioned in x interacts with other cars within the
interaction domain D, C R, and it does not interact with other vehicles which are
outside from interaction domain, in general

D, =[x — A",z +A"],
where A% >0 and (A*, A7) # (0,0). Moreover:

e 7) is the encounter rate that gives the number of interactions per unit time.
We assume that it depends on the local number density p.

e Bl is a transition probability density that gives the probability that a vehicle
in the h-th velocity class changes its velocity to v; after an interaction with a
vehicle with velocity vy.

From the definition of Bi 1. itself, the following properties:
Bi,(p ZBM =1, VYp>0,Vhk=1,...,n. (6)

hold true. Thanks to @ we have that:

> Ji(f)=o. (7)
=1

This relation reflects the absence in the system of proliferative and destructive
effects, and will lead to the conservation of the total number of vehicles, as we shall
see later on.

Now we state the basic assumptions we need in order to get local and global
existence of solutions for .

e The encounter rate 7 is Lipschitz continuous and bounded, i.e., there exist
L, > 0 and C, > 0 such that:

In(p1) — n(p2)| < Lylpr — p2l, Yp1,p2 €R,

In(p)| < Cy, VpeR.

e Transition probability density B}, is locally Lipschitz for all h,k,i =1,...,n,
i.e, for all » > 0 there exists a C’B;WT > 0 such that:

B}, (p1) — Bl (p2)| < CBZW
and verifies @

p1 — pzl, Vp1,p2 € R with [p1| <7, [p2| <7, (9)
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These hypotheses are crucial in order to have global solutions to system in a
suitable space.

3. Global existence and uniqueness of solutions. The well-posedness of prob-
lem (/1)) in the spatially homogeneous case is well known. We refer to the paper [13],
in which the result is achieved under similar hypotheses. Here we study the non-
homogeneous problem, pointing out that is a system of n semilinear first-order
hyperbolic equations. Thanks to the fact that the velocities v; are constant we get
the existence of characteristics for all ¢ > 0 [I§]. If we fix the point (¢,z) in the
t — x plane the i-th characteristic passing through (¢, z) is:

E=i(r,t,x) =z +v(r —t).

Finding no problem for existence of characteristics we can introduce the idea of
mild solution, presented in [I6] for kinetic equations, that is related integrability
properties of f,

Definition 3.1. Let T' > 0 be a positive number, a mild solution of ([1f) is a function
f:0,T] x R — R™ verifying

t
filt, ) = fi(7i(0,t, x)) +/ Ji(f (7,7, t,2)))dr, (10)
0

foralli=1,...,n and for all (¢,2) € [0,T] x R.

We put:

X = (L'(R) N L=(R))",
and define:
lullx = llully + lullo,  weX,

where:

n

[ulloo = max[ui]| o<, and [|ully == 221 il -
=
It is easy to verify that (X, | - ||x) is a Banach space.

Lemma 3.2. Let ) and B}, be functions verifying @ (@) and (@) then function
J, defined in (@ (@ maps X into itself.

Proof. We have to prove that if f € X then:
IT(HIx = 1T+ 1T (f)lloe < +00.
We start analyzing the L! norm || - ||;. We have:

[ 1trantan < [ @i+ [ 1£@AS@)lde.

Evaluating the gain term, we find

/'F )lde < Z /‘fh (/ W(P(y))Bﬁk(p(nyk(y)Idy> dz

h,k=1

<3 Il / 1(p(4)) Bir (p(w)) fi (),

h,k=1
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and using the boundedness of  and B}, we find

/\r Niz< 3 ¢ ||fh||u/|fk V=" Collfullusfeller < +oo.

h,k=1 h,k=1

Similarly, we have:

/ (@A |d$<||fz||le / (o)) fun()\dy

A / @)y < Coll £l S Ifall < +oo.
h=1"R h=1

Coming to analyze the L*>° part, we find:

N< S ol / (o) Bl (0(v)) fi (v) |y

h,k=1 Do

n
<Cy > Inllzellfillor < +oo,
h,k=1

which gives the boundedness of ||T';(f)||e. Furthermore:

i@ A(f@)] < Collfillz= D fuller < +oc,

k=1
which ends the proof. O

Lemma 3.3. Let n and B}, be functions verifying (@, (@) and (@, then function
J s locally Lipschitz on X.

Proof. Let r > 0 and f,g € X such that ||f||x, |lgllx < 7. Then:
[Ji(f(2)) = Ji(g(2))| < [Ti(f(2)) = Tilg(@)] + [ fi(x)Ai(f (2)) — gi(x)Ai(g(2))].

Now:

IDi(f(2)) = Di(g(@)| < >
k=1

fl) /D 0(or () B (7)) fi () dy

— gn()

S—

n(pg(y))BZk(pg(y))gk(y)dy‘

x

< 3 Ul =@ [ 0o @) Bialos ) etuldy

h,k=1

+ Z lgn (= I/ (s () B (05 ) fr(y) = 1(pg (1) Bii (g (4)) gk (v) | dy

h k=1
= I (x) + Iy(z).

Reminding that, by |§|, the quantities B}, are locally Lipschitz for all i, h, k with
Lipschitz constants CB“T we find the following inequalities

L(2) < Cyl () — e |/fk



36 DAVIDE BELLANDI

<Cp Y il 1 fa(@) = gn(@)] < Conr Y | ful@) — gn(2)),
h,k=1 h=1
from which we have

11l < Cynr|lf = gll1, (11)
Iz < Cyn®r|lf = glloo- (12)
For I,
2) < > gn()] </ 170 () Bi (7 (1)) — 1(pg () Bt (g ()| | fr(y) | dy
hk=1 R
+ [ 1B 0)nlos ) () ~ )l )
<Y o) (ufknm / (L + L, ©0) o) = o] dy
h,k=1 R
+Cy [ 1Ac) = oty ) < v (L + (L4 Lo )15 = gl Y lana)
h=1
with Cg, = max; p k CBZM’ from which follows,
12l < 720 (Ly + (1+ Lge)Cy) [1f = gl (13)
12l e < r*n® (Ly + (14 L. )Cy) | f — g1 (14)

In a similar way we have

[fi(@)Ai(f)(x) — gi (@) Ailg) ()] < \fi(a?)—gi(x)\/Rln(pf(y))fh(y)ldy

+> \gi(ﬂﬂ)l/ (o5 (W) fn(y) = n(pg(y))gn(y)ldy,
h=1 R

which leads to the following inequalities

[ fihi(f) = gihi(9)llL < Corllf = glloo + (Coyr + Lyr®) If — gl  (15)
and
I fili(f) — gili(g)|lr < (2Cyr + Lyr®) || f — gll1- (16)

Combining the previous inequalities we conclude the proof. O

The previous lemma is crucial in order to use a fixed point argument in the
following theorem.

Theorem 3.4 (Local existence and uniqueness). Let  and B}, be functions ver-

ifying (@, (@/, @ and let f € X. Then, there exists T > 0 and an unique
f€C(0,T],X) mild solution of .

Proof. Let § > 0 such that || f||x < J. We take r := 14§ and 0 < a < 1 and define:

te(0,a]

D,(a) = {u e C([0,al], X)

Let u € C(]0,a], X), We introduce the map:

[ull« = sup [Ju(®)]x ST}-

(I)(u)i(t7 Z‘) = ?i(in(())t’x)) +/0 Ji(u(Tv rYi(T’t7x)))(T7 ’Y,‘(T,f,ﬂ?))dt. (17)
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Clearly ®(u) € C([0,a], X). If we take u,v € C(]0, a], X) we easily find the following
estimate:

1@ (u) ()]l x < 5+/0 (1 (u(r)) = JO)llx + 17(0)]| x)ds
and thus, reminding that J(0) =0

[P (w)()llx <6+ aLr,
with L, > 0 the Lipschitz constant of J. Moreover:

[ (u)(t) = 2(v)(#)]lx < /O 17 (u(r)) = J(o(7))l|xdT < alyllu — .,

and thus:

1®(u) = ()]« < aLllu — vl (18)
Then, for every a € (0, L, /2], we have that ®(u) € D,.(a) and that ® is Lipschitz in
D, (a) with Lipschitz constant less then or equal to 1/2. Since D, (a) is a complete
metric space with respect to the metric induced by || - ||r~, we have the existence
and uniqueness of a fixed point f = ®(f) € D,(a), which is also solution of (]

Theorem states that if the initial datum f belongs to X, then there is a mild
solution of , overlooking that we are interested to positive initial data. Now, let
us suppose that the initial datum f € X is positive, i.e. f;(z) > 0 for all z € R and
fori=1,...,n. Let us defined the total number of vehicles at time ¢ as:

N(t) = /ﬂ{(mm—/(Zﬁm) (19)

Integrating on x the n equations of (|1 , summing over ¢ and taking account of ,
we have:

> / (Onfi(ts 2) + Do fo(t 2))da = 0, (20)

from which:

(/ Ocfi(t, x)dx + v fi (L, z))) ) /Btfztx (21)

and ﬁnally:

dN
—(t) =0, 22
(1) (22)
that is, the total vehicles number is conserved and is equal to its initial value Nj.
The following proposition shows that if the system has non-negative initial data

then the solution remains non-negative.

Lemma 3.5. Let f € C([0,T],X) be a mild solution to problem corresponding
to a non-negative initial datum. Then, f remains non-negative for all 0 <t <T.

Proof. If f is a non-negative intial datum, then f(x) > 0 for all z € R. Given a
x € R such that f,(x) > 0 for all indexes then the solution components along the
characteristics remain non-negative for a certain time interval. If, on the contrary,
fi(x)=0forie L C{1,...,n}, then, for these indexes,

Ji(f(x)) =Ti(f(z)) > 0,
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and thus along characteristics they are non-decreasing functions, while remaining
components remains non-negative for a certain time interval, always along charac-
teristics. If f is a solution of we can write it as in . If we have a point
(7,€) € [0,T) x R such that f;(7,£) =0, for i € L C {1,...,n}, then the integral
in r.hs. of (I0pigs) is greater than or equal to zero, and f; has to remain greater
than or equal to zero in an interval (¢, t*). O

The previous proposition, together with the conservation of the total number of
vehicles, ensures that:

1O =3 [ 15t 0lde =3 [ fit.ayde = N, (23)

In Theorem we established existence and uniqueness of local in-time solutions
to . Putting:
T5 :=sup (T > 0[3u € C([0, T}, X) solution of (1)),

then, stitching together the solutions, we obtain the existence of a unique maximal
mild solution u € C([0,T%), X). Our next goal is to prove that for system with
positive initial data we actually have T7 = +oc0.

Lemma 3.6. Let f € C([0,Tf), X) the unique mild solution of . If TF < +o0
then:

Jim 17(Olx = +oc
Proof. First of all we observe that the length T of the existence time interval [0, T
given by Theorem is only related to the norm ¢ of initial data. Let T%7 < oo
and {t,} a sequence of instants such that ¢, < 7 and t, — Ty Assume that
C :=sup,, ||u(ty)|lx < co. Then, from Theorem |3.4|there exists a T > 0 such that
we have a unique solution f € C([0,T¢], X) to or all initial data with ||f|| < C.
Now we fix an index n € N such that ¢, + T¢c > T? and consider the solution
feC([0,t,], X) to (1) as well as the solution f,, € C([0,T¢], X) corresponding to
the initial value f(t,). Pasting together these latter we obtain a solution defined
in [0,t, + T¢], contradicting the property of T?. Then we necessarily have that

lf(t)]|x — oo when t — Ty. 0

Thanks to the previous Lemma we have only to verify that:

lim [u(t)|x < +oo.
taTT

Moreover, since (23|) says that the norm || - ||; is constant in time, we restrict our
considerations to find a bound for the norm || - ||, reminding that n and B}, are

both bounded functions. We have:

filts2)| = it 2) = Fam(0.t,2)) + / T (ro(rs )
< Fon(0,t,2)) + / Ly(f (7 i t,2)))dr

<UFiim+ 3 C [ futrontrt) [ frpdudr

h,k=1 vi(T,t,@)
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n t n
f. oo C i\7Ty by AN dyd
< Wl + 3 ) fh<r,v<rtx>>41€2_;fk<r y)dydr
t n
< [Flee+ G [ NS falrulritiz))dr
0 h=1
— tn
<l + G [ 1l
0 ph=1

< [ Flloo + nCy N / 17 ()|,
0
and thus: )
17 ()lloo < [Flloo +nCyyNo / 1£(7) oot
0

Using the Gronwall’s lemma we find:

Hf(t)Hoo < H?”oo €xXp (nCnNOt) ;

which gives us the bound for || f|leo. This ends the proof of following theorem.

Theorem 3.7 (Global existence and uniqueness). Let n and B}, be functions veri-
fying (@, (@, @ and let f € X a positive initial data. Then, there exists a unique
mild solution f € C([0,400),X) to (1))

We conclude discussion about well-posedness of Cauchy problem , with the
following theorem which gives countinuous dependence on initial data.

Theorem 3.8. Let f,g € C([0,T), X) be two solution of (1)) related to two different
initial data, respectively f,g € X, then for all b € [0,T) there exists L > 0 such
that

1£() = 9(®)llx < e™|If ~7llx,
for allt € 10,0].
Proof. Fixed b € [0,T), then there exists a § > 0 such that Bs(0) contains the whole
trjectories of solutions, i.e.
f(t) € B5(0),9(t) € Bs(0), for all t € [0, ],

Reminding that J is locally Lipschitz, let L > 0 be the Lipschitz constant of J
related to Bs(0),

1F () = 9®)llx < I —3lllx +/0 IJ(f (7)) = J(g(T)l xdr

<IF-gllx+L / 1£(r) — g(r) I xdr,

using Gronwall’s inqueality we conclude the proof. O

4. Discussion and concluding remarks. To the best of our knowledge the most
general result so far available concerning the well-posedness of is in [3], where
the Authors study the initial value problem:
_ 1=1,...,n.
fi(0,z) = fi(x),



40 DAVIDE BELLANDI

Here the interaction terms J;, that have the same structure as in , differ from
those defined in , by the presence, under the integral sign in I'; and A;, of a non
negative function w(z,y), with fDm w(z,x + y)dy = 1, that weigh the interactions
over the visibility zone D, in front of the vehicle in = and whose addition is not
relevant in respect to the well-posedness issue. Crucial in the results of [3] is the
presence in the r.h.s. of of the function y, defined as:

Lif p < pe,

0if p> pe, (25)

x(p < pe) = {
where p,. is a prescribed critical density. The Authors of [3] justify the introduction
of the cut-off function by observing that the vehicles are obliged to stop when
the traffic density reaches a critical value, due to overcrowding, as is largely shown
in the experimental fundamental diagrams speed-density. On the other hand, it is
apparent that when p > p. in all the vehicles in each velocity class continue
to move at their own speed, i.e., each component f;(¢,z) of the distribution func-
tion is transported along the corresponding characteristic, leading to the unrealistic
situation in which at high density the vehicles stop to interact.

The aim of this section is to show, by a numerical example, that situations can
occur in which the assumption that the interactions freeze at high density seems
to be restrictive. In the sequel we furnish a toy model in which, given an arbitrary
pe > 0, we are able to find B}, and 7 satisfying and @ (that ensures global
well-posedness), an interaction interval D, = [z, + A] with A > 0 and initial data
f, with:

IFloc < pes Pla) =D fi(z) < pe, Vo €R,
i=1

for which there exist t* > 0 and z* € R such that p(t*,2*) > p.. In this way we
show that the assumption made in [3] that p does not exceed p. is not coherent
with the general form of the initial value problem . We consider a two velocities
system, that is, we assume that every vehicle belongs to one of the two possible
velocity classes f1, corresponding to v; = 0, and f; that corresponds to vo = 1.
The transition probability densities for this case model are assumed to be:

and n(p) = 1. Hence the first line of (1) become:

O fi(t,x) = f2(757$)/ fi(t,v)dy,
D (26)
Oufalt, 2) + Do folt ) = —falt ) /D fi(tv)dy.

We solve numerically the Cauchy problem for relative to initial data f,(z),
fo(7) having compact support and such that if y € supp(f;) and = € supp(f,)
then z < y. Specifically, we choose the initial data as in Figure A group of
vehicles, corresponding to the component f(x) of the initial distribution function
f is at rest ahead of a group f,(x) of vehicles that is moving with velocity v = 1.
The prescribed value of the “critical” density p. is 5. In Table 1 we analyze the role
of the size A of the interaction domain D,. The maximum p;+ of the equilibrium
density increases as A decreases, and is reached at a time ¢* that increases with
increasing A.
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AN

FIGURE 1. Initial data corresponding to p. = 5. The class ?1 of velocity
v1 = 0 is on the right in red color, the class fo of velocity va = 1 is represented
by the bimodal distribution on the left in blue color.

0

A t* Pt*
1.05 | 4.5425 | 5.1890
1.00 | 4.5885 | 5.2214
0.95 | 4.6365 | 5.2660
0.90 | 4.6855 | 5.3269
0.85 | 4.7365 | 5.4092
0.80 | 4.7925 | 5.5192
0.75 | 4.8555 | 5.6652
0.70 | 4.9255 | 5.8575
0.65 | 5.0025 | 6.1090
0.60 | 5.4595 | 6.4658

A t* Pt~
0.55 | 5.4985 | 6.9726
0.50 | 5.5406 | 7.5731
0.45 | 5.5786 | 8.3056
0.40 | 5.6106 | 9.2196
0.35 | 5.6346 | 10.3606
0.30 | 5.6536 | 11.7122
0.25 | 5.6706 | 13.0508
0.20 | 5.6846 | 13.7962
0.15 | 5.6926 | 13.3582

TABLE 1. Maximum p;+ of the density reached at time t* as function of the
size A of the interaction domain D,. Observe that in any case p;+ is greater
that pc.

In Figure [2] the final configurations for different values of A are plotted for the
same initial data as in Figure[l] Again, we stress that, if we take A small eough,
the critical density is passed.

In summary, the well-posedness results of Section. [3| complete those of [3], fur-
nishing global existence and uniqueness of solutions to in its general form, i.e.,
in any traffic condition. Along the lines of what the Authors of [3] point out in
their concluding remarks, in the present paper we succeeded in overcoming the con-
straint assumption that the r.h.s. of (1)) disappears when the density is higher than
a prescribed value p..

Finally, we point out the generalization of the proof method used in this paper
toward the qualitative analysis of models based on the so-called kinetic theory of ac-
tive particles (KTAP) [6], a more general framework though leading to mathematical
structures similar to those here considered, as a challenging research perspective, in
view of the ability of KTAP to design models for a wider class of complex systems.
However, it is worth to advise that such a goal is far from being a trivial adaptation,
due to additional difficulties such as stronger nonlinearity and nonlinear additiv-
ity of interactions [10], all aspects related to the inherent complexity of the above
mentioned phenomena.
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FIGURE 2. Final distribution functions corresponding to A =
0.5,0.4,0.35,0.25, and initial data as in Figure
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