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ABSTRACT. In this paper, we establish the exploitation of a single population
modeled by the Beverton—-Holt difference equation with periodic coefficients.
We begin our investigation with the harvesting of a single autonomous popu-
lation with logistic growth and show that the harvested logistic equation with
periodic coefficients has a unique positive periodic solution which globally at-
tracts all its solutions. Further, we approach the investigation of the optimal
harvesting policy that maximizes the annual sustainable yield in a novel and
powerful way; it serves as a foundation for the analysis of the exploitation of the
discrete population model. In the second part of the paper, we formulate the
harvested Beverton—-Holt model and derive the unique periodic solution, which
globally attracts all its solutions. We continue our investigation by optimizing
the sustainable yield with respect to the harvest effort. The results differ from
the optimal harvesting policy for the continuous logistic model, which suggests
a separate strategy for populations modeled by the Beverton—Holt difference
equation.

1. Introduction. Beverton and Holt introduced their population model in the
context of fisheries in 1957 [4], and it still attracts interest in various fields such as
biology, economy and social sciences, see [3, 4, 19, 27]. Numerous authors, see [12,
16, 21, 22, 23, 25], investigated the Beverton—Holt equation and its characteristics.
In [22, 23], the authors discussed the dynamics of the Beverton—Holt model and in
[16] the Beverton—Holt equation with survival rate was introduced. The authors in
[25] presented two modifications of the classical Beverton—Holt model while in [21]
a special modification of the sigmoid Beverton—Holt equation was studied.

The Beverton—Holt model can be rewritten into a so-called logistic dynamic equa-
tion as introduced in [8, p. 30]. The classical logistic differential equation introduced
by Verhulst [29] is of the form

@ (- 5%): g
where x represents the density of the resource population at time ¢ and «, K are
positive constants representing the growth rate and the carrying capacity, respec-
tively. In order to reflect the reality more accurately, positive functions K (t) and
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a(t) were introduced to represent the coefficients. In [8], the authors introduced
the so-called logistic dynamic equation on time scales as a generalization of (1), as

z2(t) = a(t)z(o(t)) <1 — [x{((i))> , teT,

where o(t) = inf{s € T : s > t}. In the discrete case, i.e., T = Z, the previous
equation becomes
Az, = anThi (1 — xn) , n € N, (2)
K,
where a,, € (0,1) is the inherent growth rate, K, € R is the carrying capacity,
and x,, is the population density for n € Nj.

The optimal management of renewable resources, which is directly related to
sustainable development, has been studied by various authors [5, 24, 28, 33]. In
1976, Clark started the discussion of economical and biological aspects of renewable
resources for the logistic growth model by including harvest effort [15]. Suppose
the population described in (1) is exposed to harvest by the catch-per-unit-effort
hypothesis. Then the model becomes

%zam(l—%)—Em, (3)

where E denotes the harvest effort. Fan and Wang obtained in [17] some results
about the optimal harvesting policy for the model (3) under the assumption of a
one-periodic carrying capacity and one-periodic growth rate. It was proved that

(3) has a unique periodic solution which is globally attractive. The authors showed
that, if

/0 (a(T) — E(71)) dT > 0,

then the annual-sustainable yield

Y(E) = /0 E(t)z(t) dt

is maximal for K1(1)
1 t

E(t) = zal(t) — . 4

(1) = 500 - G (®)

This result was obtained by a change of variable, which transforms the annual-

sustainable yield into

(Z' W) +at)Z(H)K(t)

V(Z(t) = /01_( 0 >dt.

Z(t)

Using integration by parts and introducing a new variable W (t) = (In(Z(t)))’, the
problem is of the form of a variational calculus optimization problem, namely

Y(W):=— /01 F(t,W,W')dt.

The Euler-Lagrange equation

OF d (oF\ _,
oW dt \ow’)
yields the optimum W* = —%a. Resubstitution gives the optimal harvest ef-

fort B* = %a — Kfl for which the harvest yield over one period is Y(E*) =
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1
1 Jo a®)K(t)dt.

In [14], the authors discuss the maximum sustainable yield for a class of differ-
ential equations of the form

dN

— =g(N(t), K(t

= 9(N(0), K1),
where the function g satisfies particular conditions. The logistic growth model
satisfies these conditions and was therefore discussed as an example. In [14], the

optimal harvest effort for the continuous model
dN
= g(N (1), K (1) ~ h(t)

is compared to periodic impulsive harvesting

AN(1j +nw) = L;(N(1j +nw)), 0<m <7 <...<Tp <w,n € Ny,

where I : [0,00) — [0, 00) are continuous functions, j = 1,2,...,m. For the logistic
growth model, it reads as
dN

= rON() (1 - 0
N(T]j):(lek)N(Tk)a k:1325"'a

where harvesting takes place at time 73 for k = 1,2,.... Maximizing the population
growth at each segment (7j,7r+1] yields the maximum sustainable yield (under a
particular condition). In Remark 2, we suggest a pulse harvesting for the logistic
dynamic equation for the discrete time setting. In [14], the authors prove that inde-
pendent of the impulsive strategy, the impulsive sustainable yield is not exceeding
the continuous sustainable yield, under specific conditions, which are satisfied for the
logistic growth model and the Gompertz model. The authors furthermore discuss
a modified model including a constant term that can be interpreted as pollution,
noise, or general harm.

Optimizing the sustainable yield has also been considered for diffusive models in
nonhomogeneous environments, see for example [1, 13]. To describe the dispersal
speed of the population, a diffusion term has been introduced to the model. The
model reads then as

ou

Fri DAu+r(t,x)f(u, K(t,z)) — E(t, x)u, (5)

where u = wu(t,x) is a function of time ¢ and space x. K represents the carrying
capacity, r the growth rate, F the harvest effort, and D the constant diffusion term.
For the time independent logistic growth, f(u,K) = u (1 — ﬂ), and the diffusion

K
term D( ), the authors show in [13] that, despite the diffusion term, the

N(t)) |

K(qg,x)
optimal harvesting strategy is obtained for E*(z) = =F ). Even if the coefficients

are time dependent and periodic, the optimal harvesting is given by

t 1 O0K(t
E*(t,l‘):r(’x)_ (’l‘)7
2 K(t,x) ot
under the assumption 7 (¢, x) such that E* > 0. Note the relation to the optimal
harvesting effort £* = § — Kfl for the continuous logistic growth model with har-

vesting. In Remark 3, we present a diffusive model and compare it briefly to the
model presented in [13].
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In this paper, we dedicate the first part to the analysis of (3). We will provide
the reader with an alternative, elementary technique to obtain the optimal harvest-
ing policy for single populations with periodic coefficients and extend the results
obtained in [17] to any period w. This effective method provides the foundation for
the novel results regarding the maximum sustainable yield for a population modeled
by the discrete Beverton—Holt equation. First, we show that if the coefficients are
w-periodic sequences, then the harvested Beverton—Holt difference equation has a
unique w-periodic solution which globally attracts all positive solutions. The discus-
sion of the optimal harvest policy is initiated by considering first the special case of
constant coefficients. The final part focuses on the optimization of the harvest yield
for the Beverton—Holt equation with exploitation. In Example 3.14, we will discuss
an example of a population that follows a mixed continuous-discrete pattern.

2. The logistic growth model including exploitation. We consider the con-
tinuous logistic population model including harvesting given by

dz x
E = Ck(t)(E (1 - I((t)) - E(t)xa (6)

where z represents the population density at time ¢ € Rar , a € (0,1) is the inherent
growth rate, K is the carrying capacity, and F is the harvest effort.

2.1. Existence and uniqueness of the logistic growth population model
with harvesting. The study of (6) can be simplified by applying the change of
variable u = % which leads to the linear differential equation

du a(t)

— = —(a(t) — E(t —Z 7

g = (at) - E)u+ IO (7)

with the solution

t
wl(t) = e~ ft‘o(a(r)fE(r))druO +/ @6_ fj(a(f)—E(T))<1Tds7
" 0 KG)

where u(tg) = up.
Theorem 2.1. Assume K € C(R,RT), o € C(R,(0,1)), £ € C(R,(0,1)) are w-

periodic functions and E(t) < «(t) for all t € R (to avoid extinction). Then the
unique w-periodic solution of (6) is given by

t+w -1
B a(s) _ ot _
) =\ Ji (a(r)=E(r)dr 4

0 (/ K(s)° ) )
where \ = eJo (M =E)dr 1y addition, T is globally asymptotically stable, i.e.,

Jim [a(t) —z(t)| = 0

for any solution x with x(to) > 0.

Proof. We already introduced the relation between (6) and (7). Applying the peri-
odicity of the coefficient functions, we get

w t+w e
o~ Jiy ¢ ()= E(r))dr a(s) o ST () —EB()dr g

u(t+w) = K(s)

ug +

to

= ¢ Jo (@)= B(m)dr = i (a(n)=B(r)dr,
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t
4o S -Bmar [*U8) e -B@)dr g
to K(s)

t+w
+e fo“’(a('r)fE(T))dT/ a(s) o~ JH(a()=E(r)dr 4
t K(s)

_ o I @) =BTy )

. B o(s) g
4 o JE @) —B()dr / als) — [ta(m)-BE)dr g
¢ K(s)

s
If @ is an w-periodic solution of (7), then @(t + w) = u(t) so that
. S o (s) e
() = (e @m—Edr _ 4 / oS) — ptaln)-B(r)ar gy 9
a(t) = (of ) . K ° ©)

Conversely, if a solution to (7) is of the form (9), then it is easy to show that it is
w-periodic. The unique w-periodic solution T of (6) is then

t+w
Z(t) = (o (e(I=EDAT _q (/ os) - [ta(r)-B(r)ar dS)
() =( " &6

Addressing the global attractivity of the periodic solution, let x be any solution of
(6) with x(tp) > 0. For simplicity define p := o — E. We have

—1

|z (t) — z(t)]
1 1
| e —Jfemar = Jlyp(ar — Jip(rar
e 0 a(s)e”Js e “to t a(s)e” s
o fto K(s) ds Zo fto K(s) ds
e Jigpmar |1 1
o o

“TE pmar It o(yar ZJE p(ndr —Jtp(ryar
e 07 ° a(s)e” Js e 0 t a(s)e” s
‘ ( = + /i OB Zo + /i OB

efj;‘op(f)df %_% efffop(f)df %_%
< L < K] —
( t’; 1(2((1)) e I p(T)deS) (ftfo a(s)e p(T)deS>
_ft‘ p(T)dT
e “to 1 1
< K]0 - s|l=———1,
(1 _ o I p(T)dT) To  To
where the last terms tends to zero because e ftto p(r)dr — 0 as t — oo. This

completes the proof. O

2.2. Optimal harvesting policy for the logistic growth population model.
We are interested in maximizing the sustainable harvest yield without endangering
the modeled species. Maximizing the harvest yield over one period serves economical
aims, but the aspect of sustainable development of the population follows ecological
reasons. It is well known that, under the assumption of a constant inherent growth
rate and constant carrying capacity, the optimal harvest policy for a population
modeled by (3) is to keep a constant harvest effort of E = a [18]. A more realistic
model, such as introduced in (6), assumes a periodic inherent growth rate and
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periodic carrying capacity due to seasonality and has been studied in [17, 31]. The
optimization problem of the harvest yield over one period was discussed in [17]
under the assumption of one-periodic coefficients. The optimal harvest effort was
derived to be E* = Ja — Kfl In [17], the authors introduced transformations to
rewrite the optimization into a variational calculus problem as described in Section
1. In the following, we derive the optimal harvest effort for the logistic population
model with w-periodic growth rate using an elementary technique, the weighted

Jensen inequality.

Theorem 2.2. Ifa € C(R,(0,1)), K € C}(R,R"), E € C(R, (0,1)) are w-periodic,

% < §, and E < «, then the optimal harvest effort for (6) that maximizes the
harvest yield over one period is given by E* = %oz - %

Proof. Let T be the w-periodic solution of (6) given by (8). We apply the weighted
integral form of Jensen’s inequality [26] (see also [2]) in the following way:

w w A
— [ Bwztat = / B(t) at
/0 0 ft+ %e— fs (a(T)—E(T))deS

t

1
— / E(t) : : ; dt
0 ftt—i-w ;((:)) 6_%‘[5 a(r)dr — I, %(a(f)—E(‘r))drds

t+w (s)oz(s)e_% JLa(rdr o [ (a(m)=E(r)dr 4
< )\/ E(t .
(j;t—i_w 04(8)67% L O‘(T)d’rd8>

t+w s
= / / s)a(s)els FOATqsqt
4 (el Jo a(r)dr _

dt

2

- / K(s / E(t)eld FMdTqids
4 (62 Jo alr)dr _

A 2w w R
+ 3 / K(s)a(s)/ E(t)eld PMaTqids
4 (6% Jg a(r)dr _ 1) w s—w

Ty G (A)d 1)2 /0“’ K(s)a(s) (el 50 — 1) s
o3 o a(r)dr _

2w
I K(s fj_w E(r)dr _ [2 E(T)dT) ds

4 (62 f a(r)dr _ w

= 4 ( 5y ()\)d 1)2 /Ow K(s)a(s) (ef(f B(r)dr 1) Ny
e3 Jo a(r)dr _

+ / K f“’w E(r)dr _ efj'*'“’ E(T)dT) ds
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= / K f(] E(T)dT _ 1
4 (6% f a(r)dr _

+6ff;d E(r)dr _ 6f05 E(‘r)d‘r) ds
(efo B(r)dr _

1 w
1
= / K(s)a(s)ds < = K(s)a(s)ds,
4 (6% fé" a(r)dr _ 4 0

where we have used the algebralc inequality

(ef(f(a(f)—E(T))dT _ 1) (ef; E(r)dr _ 1)

<1
2 i
(62 J5 a(r)dr _ 1)
This is true because
(efow %a(r)drefo“’ p(r)dr _ 1)(ef0w %a(r)dre— f(;" p(r)dr _ 1) < (efo a(r)dr 1>2 ’
ie.,
o Jg pnar - e pinar o g

ie.,

(cBJs'ptrar bS5 p(r)drf >0,
1

where p = 5o — E. This calculation provides an upper bound for the harvest yield;
that is, 1 [ K(s)a(s)ds. It is left to show that this supremum is achieved by

w

Y(EY) = [ E*(t)z(t)dt

(04(7‘)7704(7’)4» K(T )d‘r _1
dt

oo
als

0
— (Ha(r)=La(r)+ KD Vg7
0 I wGe Ji (atn—}a()+ 5 )ar g

w K(w) J& ta(r)dr _ 1
elo 2
= / B (t)——— R0 dt
0 J

+w afs) 7ft 1a(T dr K(s)
. Ok wmds

/ E* efow Ta(r)dr _ 1

- dt
t+w as)e™ Js sa(r)dr g

— (efo“ za(mdr _ 1) /O E*(t)K (t)2 (efo“ %;T)dT B 1) dt

_ ;/Ow (;a(t) - I;(%)) K(t)dt

-1 <; /Ow oK (H)dt — K(w) + K(O)) _ i/ow () K (t)dt.

This completes the proof. O
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Remark 1. The special case of constant coefficients yields in the previous theorem
E* =, which is consistent with the results discussed in [18].

3. The Beverton—Holt model including exploitation. The classical Bever-
ton—-Holt model with periodic coefficients is of the form [10]
Vn Knn

Kn + (Vn - 1)xn’
where the sequence {z,} represents the population density, {K,} the carrying ca-
pacity, and {v,}, v, > 1 for all n € Ny is the inherent growth rate. While originally
introduced with constant coefficients by Ray Beverton and Sidney Holt in 1957 in
the context of fisheries [4], the model gains attention in a wide range of applications
in population models. Equation (10) and the quantum calculus analogue of (10)
were recently studied in [6, 9, 10, 11, 23]. In [10], the transformation a = *=

v

0 < a < 1, was applied to the model (10) to obtain the discrete logistic growth

model introduced in [8]
x
AL, = 0pTpyl (1 — KZ) .

Consider now the discrete population model (10) and introduce exploitation, under
the catch-per-unit-effort hypothesis as

Tn+1 = (10)

v Kpzn
= —h 11
Tn41 Kn T (I/n — 1)$n nLn+1, ( )
where we extend the classical model by a harvest effort h : Ny — R
Similarly, let us define o := ”T_l to obtain an equivalent difference equation of
(11) that we will investigate instead:
Kz,
= —h . 12
Tt S A K o, (12)

As before, x : Ny — R™T represents the density of the resource population, K :
Ny — R is the carrying capacity, 0 < «,, < 1 for all n € Ny represents the inherent
growth rate. To avoid extinction of the population, we require

for all n € Ng. (13)

o2

— oy

0<h,<

This designed discrete population model with harvesting is related to the existing
continuous harvesting model as explicated in the following. By expanding (12), we
obtain
Knanrl - anKnanrl + O TpLp41
= ann - Knhnxn—i—l + anKnhnIn+1 - O‘nhn-rnxn-&-la
ie.,
KpAxy = an Kn@pi1(1+ hy) — antnni1 (1 + hy) — Kphy (2, + Azy),

which is of the form

T
An: ndn ]-_l _En n 14
Ty = QpTpt1 ( Kn) x (14)
where E,, = H_h—z for all n € Ny. Using the relation between F,, and h,, condition

(13) can be rephrased to 0 < FE, < «,, which is the discrete analogue of the
continuous requirement E(t) < a(t) to avoid extinction.
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We now begin our discussion of the discrete Beverton—-Holt population model
including harvesting by first investigating the existence and uniqueness of a periodic
solution.

3.1. Existence and uniqueness of the Beverton—Holt difference equation
with exploitation. Let us first introduce some necessary definitions and their
primary properties that assist us in the further analysis.

Definition 3.1 (See [8, Definition 1.38]). If ¢ € R and p, # —1 for all n € Ny,
then the unique solution of

Az, = PnZn, Tp=2~¢C
is denoted by e,(n,0)c.
Note that e,(i,j) = Hk j(l +opr) if j <4, ep(d,i) =1, and e,(i,5) = ﬁ if
i < j for i, j € Np.

Lemma 3.2 (Properties of ep(i,j)). Assume p; # —1 for all i € Ny and p is
w-periodic. Then we have

1
a)  ep(j,i) = i) 15
b)  ep(i +w, i) =ep(w,0), 16
c) eyl
(2,

d) ep ) - ep(z m)ep(m7])7

Pi
e) ean(iyj) =
P p]

(15)
(16)
Jtw,it+w)=ep)i), (17)
(18)
(19)

for alli,5,m € Ny.

Proof. For the proof of (15), see [7, Theorem 2.36]. [10, Lemma 2.2] provides the
proofs of (16) and (17). The equality (18) is true by [7, Theorem 2.39]. To realize
(19), note that for j < i

s (i, j) = H <1+Ap’“> Hp’““ = 4. (20)
k=j

k=j
For i < j, use (15) and (20) and for ¢ = j, the equation is true, since ea (4,7) =
P
1. O

Theorem 3.3 (See [7, Theorem 2.44]). If the sequence {p,} satisfies p, > —1 for
all n € Ny, then ey(i,5) > 0 for all ,j € Ny.

To simplify upcoming notations, let us introduce the circle plus @ and circle
minus © operations on Z.

Definition 3.4. Define the “circle plus” addition between two sequences {p,} and
{qn}, n € Ny as
(P® ), = Pn+ G + Putn,
and the “circle minus” subtraction as [7, Definition 2.13]
Prn — dn
T+qn’
which is the additive inverse under the operation @. (Z,®) is an Abelian group|7,
Theorem 2.7].

(req), =
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Definition 3.5 (See [8, p. 18]). The circle dot multiplication ®@ of a constant value
« and a function p : Ng — (=1, 00) is defined as

1
(a®p), = apn/ (1 + hp,)**dh.
0

Example 3.6. Let p: Ny — (—1,00) and o = % Then

1 1Y pa Pn
Sop) == - _ah=\/14p, -1=— P
(2 p)ﬂ 2/0 VT hpn p 1+ vI+pn

Note that by the definition of the dot multiplication,

(; ® (—a)> ® (; © (—a)) = o

The following identities are not hard to show.
Corollary 1. Assumep, q:Ng — R, p# —1, and ¢ # —1. Then
a) eppq(iyj) =ep(i,j)eq(i, )  for alli,j € Ny, (21)

b) ecp(i,j) =ep(4,i) = ) for alli,j € Ny. (22)
p\ly

Lemma 3.7 (See [7, Theorem 2.39]). If p # —1, then

W)Y piegli.6) = eyl ) — eplm,c), (23)
)Y mep(eri 1) = eplesn) — eplesm), (29

for alln < m; n,m,c e Np.

We can now focus on the existence and uniqueness of a solution of the Beverton—
Holt equation with harvesting.

Theorem 3.8. Assume

K : Ny — RT is w-periodic,

a : Ny — RT is w-periodic and 0 < «, < 1 for all n € Ny, (25)
h :Ng — R is w-periodic and 0 < h, < 1fgn for all n € Np.

Then (12) has a unique w-periodic solution which globally attracts all positive solu-
tions.

Proof. Using the relation of (12) and (14) and applying the substitution z = L to
(14), we obtain the linear difference equation

A - _ + & + L
Uy, = —Opln X T1ih U1
Realizing that u, 11 = u, + Au, yields
oy (1 + hy,
Aty = (o @ (—aup) )ty + 2L Eom). (26)

Ky
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Equation (26) is a nonhomogeneous linear difference equation which has the solution
given in [20, Theorem 3.1] by

n—1
Up = €pa(—a) (1, 0)ug + Z ehg(—a) (1,7 +1)B;,
§=0
where § = w, and ug > 0 is an initial condition. Any w-periodic solution of

(26) satisfies @, = lin4w for all n € Ny, so

n+w—1
Up = Untw = Ch(—a) (n +w, O)EO + Z Ch®(—a) (n +w,j+ 1)5]
7=0
(16) n—1
(i) 6h€9(—a)(wa 0)eh®(—a) (nv 0)710 + Z eh@(—a)(wa O)Qh@(—a)(nvj + 1)53
§=0
n+w—1
+ D eha(—a) (@ 0)ens(—a)(n,J +1)B;
Jj=n
nt+w—1
= ehe(—a) (@, 0)ln + eng(—a)(@,0) Y eng(—a)(n,j+1)B;.
j=n
We get
1 n+w-—1
Uy = X jzn eh@(—a)(naj + 1)ﬂj7 (27)
where

A= e;@(,a) (O,w) —1 75 0.

Conversely, if a solution of (26) is given by (27), then it is easy to show that the
solution is w-periodic. This yields the unique w-periodic solution of (12) as

-1
n+w—1

Ty = A Z eh@(foz) (naj + 1)ﬂ.7 ’ (28)

j=n

where § = w In order to prove the global attractivity of the w-periodic
solution, let x be any solution of (12) with zo > 0. Define F'(n, j) := epg(—a)(n, j +

1)B;. Then

1 1
ena(—a)(n,0 n—1 N ena(—a)(n,0 n—1 .
hoe) (1.0) +Zj:0 F(n,j) Snoce) (0) +Zj:0 F(n,j)

Zo Zo

|2y — Zn| =

1 1

20~ 20| €h@(—a)(n, 0)
e —a)(n,0 — . e _a)(n,0 — .
(et 570 Pin, )] [ 2220 1 ) Fn, )|

1 1

To To

1 1
Zo Zo

Cha(—a) (n70) Chd(—a) (n,O)

IN

< K2 2
[0 Fn, ) (32525 ene-a(msi + Doy (1 +4y)]
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1

Chd(—a) (na 0)

< R :

1] (eh(—a)(n,0) — 1)
where we have used (24). The last term tends to zero as n — oo since h}[h < a,
ie, h®(—a) € (0,1). O

3.2. Optimal harvesting policy for the Beverton—Holt equation with con-
stant growth rate. We start our investigation of the optimal harvesting policy
for the model described in (12) with one-periodic, i.e., constant, growth rate and
carrying capacity.

Theorem 3.9. Consider the Beverton—Holt model with constant coefficients
vKx,
K+ v-1ax,
The optimal harvest effort that maximizes the harvest yield over one period is ob-

tained at h* = —1 + ﬁ, where o = =L

7 -

Tnt+1 = — h$n+1. (29)

Proof. The one-periodic solution of (29) is given by (28) with w =1 as
eh@(,a)(o, 1) -1
ehe(—a) (0, 1) 20D

K [/ h
T=K—-——|——].
v a(l+h>

We wish to optimize the harvest yield over one period, that is, maximize

K [ h?
Y(h)=hzt=Kh— — .
(k) * a<1+h>

xr =

ie.,

The critical values are )

Vi—a

The positive harvest effort that additionally satisfies Y (h*) < 0 is

h=-1+

h*=—1+ !
N Vi=ao’

which yields the suggested optimal harvest effort. O

The obtained result can be related to the continuous optimal harvest effort as
the following discussion indicates. Recalling the relation E = 1-}TLh’ the obtained
optimal discrete harvest effort is

E*:l—mzm;‘mz—(;ca(—a))

Figure 1 visualizes the difference between the behavior of the optimal harvest effort
E* dependent on the inherent growth rate for the continuous case in which E* = a/2

and the discrete case E* = ﬁ The line in Figure 1 indicates the continuous

result and the dotted line the behavior of the optimal harvest effort in the discrete
case.

In Figure 1, we see that the harvesting effort E* for the logistic discrete model
is in fact higher than the continuous harvesting effort at any time ¢. At this point,
we like to remind the reader that impulsive harvesting for the logistic growth model
always yields a value below the continuous harvesting, as discussed in [14] and [32].

(30)
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harvest effort E®
=] =] o o =] o o
w . n = =~ =] w
T T T T T |
L ]

o
ha
T

=

[=]

I
01 02 03 04 05 06 07 08 09
growth rate o

FIGURE 1. The optimal harvest effort E* with respect to the in-
herent growth rate .

3.3. Optimal harvesting policy for the Beverton—Holt equation with pe-
riodic growth rate. Let us bring our attention to the optimal harvesting policy
for a single discrete population with periodic coefficients. We aim to maximize
the economic profit due to harvest and at the same time guarantee the survival
of the species. We have seen that the harvested single population modeled by the
Beverton—Holt equation is of the form (11)

UnTn,

Tl = K, + (vn— Dz,
The harvest at the end of the nth time unit is h,x,41, which gives the yield over
one period as

- hnxn+1 .

w—1
Y(h) = hnZnii,
n=0
where Z is the unique w-periodic solution of (11).

Theorem 3.10. Assume (25) and (in order to guarantee a nonnegative harvest
effort)
K2 - 1+ T —an

— 1. 31
K, =~ 1+ vV1I—a)vT—an (81)
The optimal harvest effort for (12) is
1o\
= 1()0(2“) K2
=0 2®—a o To(—a) @K,

and the maximal harvest yield over one period is

w—1 /1 2 w—1 \2
Y(I’L*) _ Z (5 © (_aj)) Kj _ Z (1 - \/Ci'_ a]) K
j=0 J

A2 I 4
=0 Y
Proof. We essentially follow the same proof idea as in Theorem 2.2. We find an
upper bound for the harvest yield and show that this maximal value is obtained
for the suggested h*. Let us realize that for p = % ©(—a),p®p=—a, and p is
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w-periodic. We apply the weighted Jensen inequality [30, Theorem 2.2] (see also
[2]) in the following way:

z::hnmn-‘rl - Z hn>\zn+ 1

j=n+1 eh@( a)(ﬂ—i— 17-7 + 1)BJ

1) = 1
="\ h
nz—;) nzy;r:+1 ep(n+ 1,7+ Dey(n+ 1,5+ 1) L

eh(n +1 ])731

n+w

w—1 Z‘_
< a3,
n=0

ep(n+ 1,5 +1)(pj)%ecn(n+ 1, j)ecp(n + 1,5 + )a
2
(z;i:+1 ep(n+1,5+ 1)(~p;))
w— n K;
—re n(ep(n—l—l n+w+1)—1)>°

w—1 ntw

WA S S i

n=0 j=n+1

J

A “L LK
_ 214 -
- . 1)2 jElej a; 7;:0 hneh(]vn + 1)

(ep(o?w)
w—1
+ ij > hnen(in+1)
j=w+1 n=j—w
(24) A - ¢ )
= — p;—(en(4,0) = 1)
(ep(0,w) — 1)2 ; T aj
+ Z p] (J, 7 —w) —en(j,w))
Jj=w+1
A w

= —— Zp?ﬁ(eh(j, 0)—1)

(ep0.0) — 1% | 7 o

K
+ij+w J_: (en(j +w, ) — en(j +w,w))
j=1 @

w

Aep(w,0) — 1) -

K - Q;
2 1% J
(ep(0,w) = 1)* 7 @y Z Ty ]; (14 T—ay)?
In the last inequality, we used the basic algebraic result

(eh@(,a)((),w) B 1)(eh(w70) - 1) <
(1 = ep(0,w))” -
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This is true because

(enap(0,)ep(0.0) — 1) (M - 1) < (1 ep(0,0))%,

ie.,

—enap(0,w)ey(0,w) — _(0w) <

—2e,(0,w),
eh@p(oyw) — p( )

ie.,

2
1
( enar(0) - m) =0

We will now show that the maximal harvest yield is obtained for h* = &p? S (I

Q\":I

)A

S

Q\'c

7. Since p® p = —a, we have p = —a & p. Thus

w—1
Y(h*):Zh*an = Zh*A*Z !
n=0

T enrea)(n+ 1,7 +1)8;

1
=" Zh* En+

i eon (Gim+ De—a(n+ 1,5+ 1)

w—1 )
= \* Z h; —
n=0

an K R -
Yt epr (n+ )T e o(n+ 1,5+ 1) 2

aj Pnt1 Knta

w— Kn+1 Pn41
=X\ Z h: n4w — .
— Z] gl ep(j+1,n+2)pje_a(n+1,7+1)

w—1 Kn+1 Pnt1
= )\* Z h;kl n+w o .
n=0 ep(n+1,n+2) Z] n+1Pj€— acp(n+1,7+1)
_ (eh*@(,a)(O,W)
(1 —ep(0,w))

h* pn+1(1 + pn+1)
Z np e

Apt1

(07
n—0 n+1

2 2
pn+1 pn+1
+Kn+1 - KnJrl
Qp41 Qp41

w—1
Pn+1 Iz
- Z Kn+1 2t (h* (pn+1 + 1) +pn+1 + Z Kn+1 ntl
n=0 On+1 n=0 Oni1

= _ZKannH (hy ® Pn+1) +ZK a
n=0 Qn+1 n=1 On

A
Pn w—1 9
por () k2 2
- K, S S + K,
nz% 1 Qp+1 (pJ) Kn Z
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A

-1 Pn -1
I B G R - D=
SRR R

n=0 Qn+1 (%) K7L+1 n+l n=0 An
w—1 D A w—1 p2 w—1 p2
-3 (fw) e - Rl

o, oy, an,

n=0 n=0 n=0

This proves that h* yields the upper bound for the harvest yield and is therefore
the optimal harvest effort. O

If we pick the carrying capacity to be constant and the inherent growth rate to
be two-periodic, then the optimal harvest effort is given by

. (a4
=6 1 o(-a)) © (“7
2 30(=a)
Example 3.11. Let
ap =05, a3 =0.8, K =200 (32)

The w-periodic solution for the Beverton—Holt model without harvesting is z = K =
200, while for the harvested model, the periodic solution Z" obtains the following
values.

zh =89.56, I =66.82, hi=089, hl=0.67.

® 2 periodic solution ¥ 2 periadic solution of harvested model

300 -

280

2008 * L * L L L L

180 +

population

100 ¢

50

FIGURE 2. The periodic solution for the Beverton—-Holt equation
(with exploitation) in (32).

Figure 2 relates the periodic solution of the Beverton-Holt model to the unique
periodic solution to the harvested Beverton—Holt equation.

Example 3.12. If we additionally change the carrying capacity to be two-periodic,
such that a higher K corresponds to a higher «, then the solution changes. Take

ap =05, a; =08, Ky=200, K;=-300. (33)
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Then the corresponding values for the population without harvesting  and the
periodic solution for the Beverton—-Holt model with exploitation Z; are as follows:

To = 284.21, =z, =234.78, =zy=282.85, =y =092.7L
The values for the optimal harvest effort are
hg =0.26, h] =1.5.

Figure 3 contains this information.

| @ 2 periodic solution ¥ 2 periadic solution of harvested model |

3m
[ . . °
280}
® L] ® *
200}
E gl
mp
* & * * * s * -
s}
0 1 2 3 2 5 B 7

F1GURE 3. The periodic solution for the Beverton—Holt equation
(with exploitation) in (33).

Example 3.13. Let us now consider a seasonal dependence of the carrying capacity
and the inherent growth rate. Let o and K be 4-periodic, with the following values:

{ ap =05, a; =08, as=06 az=0.3, (34)

Ko =200, K; =300, K,=300, Kj=200.

The periodic solution for the classical Beverton—Holt model takes the following
values

To = 298.77, 7 =224.83, o =281.19, 3= 292.18,

and the values for the harvested periodic solution Z* with the corresponding harvest
effort h are

Th =8285, IV =9270, zb =116.22, zh=91.11,
hg = 0.26, R} =0.78, hi = 1.02, h; = 0.31,
see Figure 4.

Note that in Examples 3.11-3.13, the assumptions of Theorem 3.10 were satisfied,
ie., a, € (0,1) and

K§< 1+ T =1 _q
K, = 1+ vV1—a)vT—an ’
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® 2 periodic solution ¥ 2 periadic solution of harvested model

J00gw L
s« ° s *
250+
* .
200 -
£ 1m0t
= * *
100 F
A * * * * *
80+
u} 1 2 3 4 A 1 &

time

FIGURE 4. The periodic solution for the Beverton—-Holt equation

(with exploitation) in (34).

Example 3.14. Let us discuss the case of an w-periodic population that follows
a continuous patter in the interval [0,7], 0 < T < w — 1, followed by a discrete
pattern for the rest of the period. The time scale that describes the time set is
T =1[0,T)U{T +1,...,w—1}. First, we recall that the discrete Beverton—Holt
model and the continuous logistic growth model are unified in the dynamic equation

2 = oz’ (1 - %) + (6h)x

where 27 = 2 + pz®, and

0 if teR, x'(t if teR,
ult) = | A =00
1 it telZ, Ax(t) it tel.

Therefore, (35) is equivalent to

22 = (1 + p(t)h(t)o(t)a® (1 - K”Et)> — h(t)a°.

As before, the w-periodic solution has the unified expression

t+w als —1
o) =2 | [ st o) s (1 n(one) A

where p =1 © ( «). The sustainable yield is

A
;’ét)*“’ epesp(0 (), 7(5))en(o(t), 5) 2 As

A
/ U((tt)w eha(—a)(0(t),0(s)) }'é(()) (14 u(s)h(s)) As

(35)
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o(t+w) p2(s)K (s)
w en(s,o(t)) =y — As
<A / h(t) f";ziw) (500 ™ot S At
0 ( Jo " ep(o(t),0(s))p(s) As)

@0, :> o [0 [ ettt (7 ) tton e

it e (25 o

+Z/ ten(i+1,t) (Z()(er)df

+ Z D h(ienli+1,5+1) (sz) (i +1)

=T 5=T

/T+w/ ehst( ))dtds

2w—1 w—1

+ 3 S Genti +1;+1)< K>(+1)

i=T+wj=it+l-—w

+f T+w§h<j>eh(s,j 1) (paK) (5) ds}

_ (ep(o,:) 7 {/OT (en(s,0) — 1 <p2f) (s)ds

+/Tw (en(a(s),0) —en(o(s),T)) <p

) P°K
[ D (Z5) e a
. )

(e 0.0 (

~—

)(a(s))As
) s
+/0T(e (w,0) —en(s+w,T) pzaK) (s)ds
2

(o(s)
(,0) ) (o(s))As

e
0
w,0 h(a S),O)

+/:
+/0T (s +nT) = en(s,0) (225 9 ds}
1)< (s)ds

°K
- (ep(O,:) —1)° {/OT (en(w,0) — ZK)

(67
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[ - (25 o) a5

T o
L (2 [ () e

by the same argument as earlier, equality holds for

1o(=a)\?
w=o(tora) ) we
=0 2@ —Q S 16(—a) S K

«

Note that this formula implies h* = § — K?/ for t € [0,T).
Let us take for example w =5 and T = 3,

a(t):{ét+112 if 0<t<3
1
3

it t=4

and

i <t <
K(t) = 100 ?f 0<t<3
90 if t=4,

where « and K are 5-periodic. Note that these functions satisfy the conditions to
guarantee a nonnegative harvest effort. The optimal harvesting is then

St+ o4 ifo<t<3
i 10 1++/2/3 _ ey
h*(t) = 9 V/2/3(1++/5/12) =3

o __ 1ty1l/12 1 ift=4

10 (1+\/%)‘/11/12 B

Figure 5 and 6 show the periodic solution for the harvested model and the optimal
harvesting strategy for this example. As expected, the harvest drops rapidly from
0.3343 at t = 3 to 0.0128 in t = 4, since the carrying capacity and the growth rate
are declining and causing a decline in the population. Furthermore, in order to
guarantee the periodicity at ¢ = 5, the population needs to recover from the new
environment that is for example reflecting the winter period.

Note that we have a jump at t = 3, because the delta-operator is defined in
terms of o(t) = inf{s > ¢ : s € T}. Since the discrete pattern starts at ¢ = 3, the
derivative is replaced by the delta-operator.

We would like to finish the article by discussing two modifications of the model.
First, we address the model including pulse harvesting at time steps 7%, k =
1,2,...,q.

Remark 2. A similar approach, using the Jensen inequality, can be applied to a
model with impulsive harvesting. Comparing the set up for the continuous logistic
growth model and the dynamic logistic model for T = Z, we suggest the following
model describing impulsive harvesting:

dzx T
dtza(t)x(l—K(t)), t # 7%,
x(7x) :x(ﬁj)(l—i—h(m)), k=1,2,...,q,
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0 q

60 - q
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o0r e © e @

0 q

periodic solution including exploitation

FIGURE 5. The periodic solution for the Beverton—-Holt equation
with exploitation.
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FI1GURE 6. The optimal harvesting policy.

where h, o, K : R — RT are w-periodic functions and describe the harvest effort,
growth rate, and carrying capacity respectively. Impulsive harvesting is realized at
time steps 7%, k = 1,2,...,q. The sustainable yield of this model is then

Y(h) =3 h(r)a(r).

We believe, that by applying the Jensen-inequality in a similar fashion, the optimal
impulsive harvesting strategy can be obtained.

Remark 3. Similar to the construction of the diffusive model presented in [13],
a diffusive model for the Beverton—Holt equation can be discussed. We suggest in
this case, that the diffusion term depends on the ratio
x— K Q

K as(;0(-a)

r1 T =
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The model reads then as

uPt =D (r1-ro) + r(t, x)u’ (1 -

i) - B

where u®t = u(t + 1,2) — u(t,z), and u’* = u(t + 1,2). If the functions are time
independent, i.e., u®* = 0, then a similar argument as in [13, Theorem 1] can be
applied to argue that the optimal harvest strategy is obtained at

B=-(30¢a),

which is the same harvesting policy for the constant coefficient model discussed
earlier. We expect a similar behavior if the model is analyzed for time dependent
coefficients.

4. Conclusion. In this paper, we introduced the Beverton—-Holt difference equa-
tion including exploitation using the catch-per-unit hypothesis. We proved the
existence of the unique periodic solution of the harvested Beverton—Holt equation
that is globally attracting positive solutions. The discussion of the optimal sus-
tainable yield was introduced by first considering the continuous logistic growth
model including exploitation. We provided a different proof to obtain the optimal
harvest effort that yields the maximum sustainable yield. The same technique was
then used to discuss the optimal sustainable yield for the harvested Beverton—Holt
difference equation. Future studies will include the discussion of the present value
of the annual sustainable yield for the Beverton—Holt difference equation including
exploitation, which is well studied for the logistic growth model by Clark [15]. The
example of the mixed, continuous-discrete pattern, can be generalized to a model,
that changes between the two pattern at finitely many time steps in one period.
For future work, it will be interesting to further discuss diffusive model, such as
suggested in Remark 3.
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