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ABSTRACT. A recent paper [F. Brauer, Z. Shuai and P. van den Driessche,
Dynamics of an age-of-infection cholera model, Math. Biosci. Eng., 10, 2013,
1335-1349.] presented a model for the dynamics of cholera transmission. The
model is incorporated with both the infection age of infectious individuals and
biological age of pathogen in the environment. The basic reproduction number
is proved to be a sharp threshold determining whether or not cholera dies
out. The global stability for disease-free equilibrium and endemic equilibrium
is proved by constructing suitable Lyapunov functionals. However, for the
proof of the global stability of endemic equilibrium, we have to show first the
relative compactness of the orbit generated by model in order to make use of
the invariance principle. Furthermore, uniform persistence of system must be
shown since the Lyapunov functional is possible to be infinite if i(a, t) /i* (a) = 0
on some age interval. In this note, we give a supplement to above paper with
necessary mathematical arguments.

1. Introduction. In this note, we will revisit an age-of-infection cholera model
which is presented and studied in [1] by F. Brauer, Z. Shuai and P. van den Driessche.
The model takes the following form

ds@) Ry -

?j —aA — pS(t) — B1S(t) /0 k(a)i(t,a)da — ﬁzS(t)/O q(b)p(t, b)db,
% + 3&) i(t,a) = —0(a)i(t,a), (1)
2, gb) p(t.b) = ~5(b)p(t.b).

with boundary conditions
i(1.0) = B / a)itt.alda+ B25(0) [ a(blo(t, by
0 (2)
p(t,0) / &(a)i(t,a)da
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and initial conditions
S(O) = SO > Oa Z(Oaa) = iO(a) € L_li_(0,00), p(oab) :p()(b) € L_li_(0,00), (3)

where S(t) denotes the number of susceptible individuals at time ¢ > 0, i(t,a)
denotes the number of infected individuals of infection age a > 0 at time ¢, and
p(t,b) denotes the quantity of pathogen of age b > 0 at time ¢ in the contaminated
water. Here, individuals in the general population enter the susceptible population
at a rate, A, die at a natural death rate u. It is assumed that 5, and [y are
the direct transmission coefficient and indirect transmission coefficient, respectively.
4(b) represents the removal rate of the pathogen of age b, and 0(a) = p+a(a)+~(a)
in which the last two terms represent the disease induced death rate and the recovery
rate for infected individuals of infection age a, respectively. &(a) represents the
shedding rate of an infected individual of infection age a.

Model (1) is formulated by incorporating simultaneously the age-of-infection
structure of individuals and the age structure of pathogen with infectivity given
by kernel functions. The nonnegative kernel functions k(a) and ¢(b) measure the
infectivity of infected individuals of infection age a and pathogen of age b, respec-
tively.

From (2) and (3), integration of the second and third equation in (1) along the
characteristic line t — @ = const. and ¢ — b = const. yields

S(t — a)e Jo 0w (5, fooo k( )(t —a,u)du

i(t,a) = +B2 [y~ a()p(t — a,v)dv), t>a>0; (4)
io(a—t)ef-;fte(w) “, a>t>0.
and
_ f §(w)dw >b>0-
(D) = fo tfbu)(%ge 0 t>b>0; (5)
po(b ) bt S(w)dw b>t>0.

System (1) always has a disease-free equilibrium P° = (5°,i%(a), p°(b)), where
= A/u, ig(a) = po(b) = 0. Now let us investigate the positive equilibrium of
system (1). For any positive equilibrium P* = (S*,i*(a), p*(b)) of system (1), it

should satisfy the following equations
A —uS* — B15* fo (a)da — 325* fo p*(b)db = 0,
ddai*( ) = —0(a)i*(a )
dbp*( ) = —6(b)p*(p)
k(a)
*(u)

)

i*(a)da + Bo™ [ q(b)p* (B)db,

( ) =B1S* fo a
(0) = [ &(u)i* (u)du.

Denote

K = / e(u lldeqy, X = / E(u)e Jo 0w gy (7)
and

Q / f() 6(w) dwd,U (8)
After simple calculation, one can obtain that
S0 1 “
S =G i) = AL - e B 0

and p*(b) = e~ I 5(“’)‘1“/ E(u)i* (u)du,
0
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where

Ro = f1S°K + 25°XQ (9)
is defined as the basic reproduction number for system (1). Thus, (1) has a unique
endemic equilibrium P* = (5*,i*(a),p* (b)) if and only if Ry > 1. The basic re-
production number Ry is proved to be a sharp threshold parameter, completely
determining the global dynamics of (1). The main theorem obtained in [1] is

Theorem 1.1. Consider model (1) with Ry defined in (9).

(a) The disease-free equilibrium P° is globally asymptotically stable if Ry < 1
while unstable if Ng > 1.

(b) If Ry > 1, the endemic equilibrium P* is global asymptotically stable with
respect to solutions with initial conditions Sy > 0 and ig(a), po(b) > 0 bounded
away from zero.

In (1), age-of-infection is considered as a continuous variable. Continuous age-
structured in the infectious class allows the infectivity to truly be a function of the
duration spent in class [5]. Because the continuous age model is described by first
order PDEs, it is difficult to analyze the dynamics of the PDE models, particularly
the global stability. The global stability for equilibria of (1) (Theorem 1.1) is proved
by constructing suitable Lyapunov functions, which was adopted originally in [4,
3] to get the global dynamical properties of some age-structured epidemiological
models. Two Lyapunov functions are constructed to show the global stability of
the disease-free and endemic equilibria. In [1], the authors then studied the final
size problem for a simplified version of (1), then extended the result to a staged
progression model. Recently McCluskey’s work [5] has drawn much attention and
elegantly established the global stability problems to two-dimensional continuous
age-structured epidemic models.

The results presented in [1] gave a global attracting analysis of equilibria of
model (1), but leaving out the necessary arguments, including relative compactness
of orbit generated by system (1) and uniform persistence, which are two major
challenges in applying the main results in [7] to particular models. This provides us
with one motivation to conduct our work. The object of this note is to show that,
under some assumptions, system (1) can be reformulated as a Volterra integral
equation in order to apply functional analysis theory, and then we present some
results about uniform persistence and about the existence of global attractors. The
methods of theoretical analysis follow the techniques laid out in the new book [7].
As an application of the methods in [7], it is expected that calculations here help
to demonstrate the usefulness of the techniques given in [7], and can be applicable
to more age-structured epidemic models.

The paper is organized as follows. In section 2 we describe preliminary results and
some notations providing the context where this paper is to be read. The relative
compactness of orbit and uniform persistence for y > 1 is shown in section 3 and
4—the key results of this paper. Section 5 contributes to the stability analysis of
system (1).

2. Preliminary results. We make the following assumption on parameters, which
is thought to be biologically relevant.

Assumption 2.1. Consider system (1), we assume that:
(Z) A7 ,LL7B1, 62 > O;
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(i1) k(a),q(b),0(a),d(b),&(a) € LF(0,00), with respective essential upper bounds

k’ 679?67 é‘) Z"e')
k :=ess.supk(a) < +oo, G:=ess.supq(b) < +oo, 6 :=ess.supf(a) < +oo,
a€[0,00) be[0,00) a€[0,00)

§:=ess.supd(b) < +oo, & :=ess.supé(a) < +o0;
be[0,00) a€0,00)
(iii) k(a),q(b),&(a) are Lipschitz continuous on Ry with Lipschitz coefficients My,
My, M respectively;
() k(a) >0, g(b) >0 and &(a) > 0 for all a,b > 0;
(v) There exists po € (0, u] such that 6(a),d(b) > uo for all a,b > 0.

Let us define a functional space for system (1):
Y=Rsox L x L,

where L} is the space of functions on (0,00) that are non-negative and Lebesgue
integrable, equipped with the norm

oo

(@ o)l = || + / " Jo(a)lda + / p(a)|da.

The initial condition (3) for the system can be rewritten as
Yo := (S0,%0(-), po(+)) € V-

Next, we first define the continuous semi-flow associated with this system. It
follows from (4), (5) and Assumption 2.1, we easily see that system (1) has a
unique nonnegative solution for any initial condition Yy € Y. Thus, we can obtain
a continuous semi-flow ® : R, x Y — Y defined by system (1) such that

P (t,Y0) = @:(Yo) := (S(8),i(t, ), p(t, ), =0, Yoe). (10)
Thus
23l = 19 (St ) plt. Dy = SO+ [ ittada+ [ pie.tyan (1)
Without loss of generality, for a > 0, we denote
Qa) = e o 07 and T(b) =~ Jo 8(ryar, (12)
It follows from (ii) and (v) of Assumption 2.1 that
0<Qa) <e M 0<T(b) <e ™° ab>0. (13)

It follows that Q'(a) = —6(a)2(a) and TV(b) = —§(b)T'(b) hold for almost all a, b > 0.
For t > 0, let

P(t) = - k(a)i(t,a)da, Q(t) = C>Oq(b)p(t, b)db, and M(t) = Oog(a)i(t, a)da.
0 0 0

Thus (4) and (5) can be rewritten as

. S(t—a)(prP(t —a) + B2Q(t — a))(a), for 0<a<t;
it a) = io(a — t)La) for 0<t<a (14)
0 Qla—t)’ =0 =0
and
, M(t—bI(b), for 0<b<t; .
p(t.b) = po(b—t Ff;f)t), for 0<t<b (15)
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It is useful to note that
i(t,a) =i(t —a,0)Q(a) and p(t,d) =p(t—>b,0)T'(d), for 0<a,b<t, (16)

and the boundary conditions given in (2) can be rewritten as i(¢,0) = $1.5(t)P(t) +
B2S(t)Q(t) and p(t,0) = M(2).
Let
~ o
fio =

— >0
£
1+ =

and define the state space for system (1) by

. | < e A A
Q= {<s<t>,z<t7->,p<t,~>> Vi SO+ [ iltadas L ey < M}

0
(17)
The following proposition holds true:

Proposition 2.2. Let ® and Q be defined by (10) and (17), respectively. Q is
positively invariant for ®, that is,

D(t,Yy)CQ, VE>0, Ype.
Moreover, ® is point dissipative and § attracts all points in ).

Proof. First we have

as@)  d

d o d [~
— || D¢ (Y¢ = —=4+ — i(t,a)d — t,a)da. 1
Fl0aly =52+ 4 [Citader 3 [Cpttade ay)

It follows from equation (14) that

/OOO i(t,a)da = /Ot S(t_a)(51P(t—a)+52Q(t—a))9(a)da+/tm io(a—t)QQ(a) da.

(a=1)

We make the substitution a = ¢ — o in the first integral,and a = ¢+ 7 in the second
integral, and differentiating by ¢, yields

d [ i(t,a)da = % /0 S(0)(B1P(0) + B2Q(0))2(t — o)do
d

dt J,
> Qt+71)
+& ; Zo(T)WdT
= SOEP) +5:00)00)+ [ i0<7>“§;(;%

+ / (5(0)(B1P(0) + B2Q(0))Y (t — 0)do.
0

Notes that 2(0) =1 and '(a) = —6(a)Q(a), we have
d o0

G it a= s o+ aew) - [ o@itad 9

Similarly, we can get

d o0 o0 ) o0
G v /0 £(a)i(t, a)da — /0 5(b)p(t, b)db. (20)
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Adding the first equation of (1) and (19), we have from (v) of Assumption 2.1 that

d o0
— (S(t) —|—/ i(t,a)da) = A—uS() / 6(a)i(t,a)d
< A—MO(S’(t)—&—/ (t,a)d), t>0.
0
Hence, it follows from the variation of constants formula that

S(t) + /Oooi(t,a)da < :) p— {;Z - (sm) + /Oooi(O,a)da> } £>0. (21)

This implies that for any solutions of (1) satisfying Y, € Q,
> A
S() +/ i(ta)da < 2, 20 (22)
Then, it follows from (20), (22) and (ii) and (v ) of Assumption 2.1 that

— p(t,b)db < / i(t,a dafuo/ p(t,b)db

< 5*—uo/ p(t,b)db, > 0.
0

Hence, it follows from the variation of constants formula that
[e’e) ¢ A e A [e%e)
/ p(t,b)db < i— e Hot {5 7/ p(O,a)da} , t>0. (23)
0 Ho Ko Ho Ho 0
Adding (21) and (23), we have

(Y, < (142> ) ==t i1+ 2> ) — — ||V
[@:(Yo)lly, < ( o) o) 1¥olly,
A A
= ~—e”°t{~— Y } t>0. 24
o o 1Yolly > (24)

From (22) and (24) it follows that for any solutions of (1) satisfying Yy € Q, ®:(Yp) €
Q for all ¢ > 0. This implies the positive invariance of set €2 for semi-flow ®.
Moreover, it follows from (21) and (23) that limsup {S(t) + ||i(¢,)]|;.} < % and
t—o0

limsup ||®,(Y0)|ly < % for any Yy € ). Therefore, ® is point dissipative and §2
t—o0
attracts all points in ). This completes the proof. O

Recall that (v) of Assumption 2.1, we have the following proposition, which is
direct consequences of Proposition 2.2.

Proposition 2.3. If Yy € Y and ||Yolly < C for some C > %, then the following
statements hold true for allt > 0:

(1) S(t), [~ i(t,a)da, [;° p(t,b)db < C;

(2) P(t) < kC, Q()SqC andM()SSC;

(3) i(t,0) < BC? and p(t,0) < £C, where 3 = Bi1k + Baq.

As presented in (iii) of Assumption 2.1, it is assumed that the coefficient functions
k(-), q(-) and £(-) be Lipschitz continuous. This allows the initial conditions for 4
and p to be taken in L! (0,00). Then, the functions P(t), Q(t) and M(t), related to
the boundary conditions (¢, 0) and p(t,0), can be shown to be Lipschitz continuous.



AN AGE-OF-INFECTION CHOLERA MODEL 233

Proposition 2.4. The functions P(t),Q(t) and M(t) are Lipschitz continuous on
R;.
Proof. Let C' > max{%, [IYolly}- It follows from Proposition 2.2 that ||®:(Yo)|ly <

C for all t > 0.
Let t > 0 and h > 0. We can check that

oo

P(t+h) - P(t) = /O " k(@)i(t + by a)da — / k(a)i(t, a)da

0

h 9] [e%S)
:/0 k‘(a)z(t—l—h,a)da—i—/h kz(a)z(t—l—h,a)da—/o k(a)i(t,a)da

- /h k(a)i(t + h — a,0)9(a)da + /OO k(a)i(t + h, a)da (25)
0 h

- /000 k(a)i(t,a)da

By applying k(a) < k, i(t + h — a,0) < fC? and Q(a) < 1 for the first integral,
and making the substitution o = a — h for the second integral to (25), we get

o0 (o)
P(t+ h) — P(t) < kBC*h + / k(o + h)i(t+ h,o0 + h)do — / k(a)i(t,a)da.
0 0
It follows from (16) that
i(t+h,o+h)=1i(t,o) ——=.

Thus,

o0

Qa+h)

P(t+h) — P(t) < kBC?*h + / (k(a + h)W - k(a)> i(t, a)da

0
=kBC*h + / (k(a + h)e= JaTo@aAT _ k(a)) i(t,a)da
0
o (26)
= kBC?h +/ k(a+ h) (ef Jirteydr _ 1) i(t, a)da
0

+ /0 (k(a+ h) — k(a))i(t,a)da.

From (ii) of Assumption 2.1, it is easy to check that —6h < — f;+h O(r)dr <0. It
follows that 1 > e~ Jatho(ryar > e—0h > 1 — Oh. Therefore,

0 < k(a+ h)|e S 01T _ 1| < kdh.

Recall that fo i(t,a)da < ||®+(Yo)|ly < C. By the Lipschitz continuous on Ry of
functlon k(") Wlth Lipschitz coefficients M}, (see (iii) of Assumption 2.1), we have
Jo° (k(a+ h) — k(a))i(t,a)da < MyhC. Combining the above relations together, we
obtain

P(t+h) — P(t) < kBC?*h + kOCh + MCh, (27)
it follows that P(t) is Lipschitz continuous with coefficient Mp = (kBC + kf +
M;,)C. The proof of Lipschitz continuous of Q(t) and Mt is similar to that of P(t).
Furthermore, Q(t) is Lipschitz continuous with coefficient Mg = goC +géC+ M,C,
and M (t) is Lipschitz continuous with coefficient My; = (£3C + €0 + My)C. The
proof is completed. O
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The following Proposition will be used in next section, which come from [5].

Proposition 2.5. Let D C R. For j = 1.2, suppose f; : D — R is a bounded
Lipschitz continuous function with bound K; and Lipschitz coefficient M. Then the
product function f1fo is Lipschitz with coefficient Ky Ms + KoMj.

3. Relative compactness of the orbit. In [1], the proof of the global stabil-
ity of each equilibrium utilized Lyapunov functional technique combined with the
invariance principle. Since we are now concerned with the infinite dimensional Ba-
nach space ) including L!(0,00), according to [8, Theorem 4.2 of Chapter IV],
we have to show first the relative compactness of the orbit {®(¢,Yp) : ¢ > 0} in Y
in order to make use of the invariance principle. To this end, we first decompose
®: Ry x Y — Y into the following two operators ©,¥ : Ry x Y — V-

© (t7 YO) = (07 @’i(ta ')7 @p(ta )) ) (28)
\Ij(thO) = (S(t),l(t,),ﬁ(t,)) ) (29)
where
- _Jo, t>a>0; ~ _Jita), t>a>0;
%<t’a)'_{i(t,a), a>t>0 and z(t,a).—{ 0, a>t>0 (30)
- o, t>b>0; ~ [ pb), t>b>0;

Then we have ® (¢,Yy) = © (t,Yy) + ¥ (t,Yy), Vt > 0. Note that i(¢,a) and p(t,b)
can be written as

(o) = { (()jﬁlp(tfa)+ﬂ2Q(t*a))5(t*a)Q(a)v sy @

and
B(t,b) = { g]’”(t‘bmb)’ Z;gg (33)

Following the line of [12, Proposition 3.13], we are now in the position to state
and prove the following main Theorem of this section.

Theorem 3.1. Let @, Q, © and ¥ be defined by (10), (17), (28) and (29), respec-
tively. If the following two conditions hold, then {® (t,Yy) : t > 0} for Yo € Q has
compact closure in Y.

(i) There exists a function A : Ry x Ry — Ry such that for any r > 0,
limy 0o A(t,7) = 0, and if Yo € Q with ||Yolly, < 7, then [|© (t,Y0)[y, <
A(t,r) fort > 0;

(i) Fort >0, U (t,-) maps any bounded sets of Q into sets with compact closure
n ).

To show that the conditions (i) and (ii) in Theorem 3.1 hold, we first prove the

following lemma.

Lemma 3.2. Let ) and O be defined by (17) and (28), respectively. Forr > 0, let
A(t,r) := e #otr. Then, limy oo A (t,7) = 0 and fort >0, O (t,Y0)|ly, < A(t,r)
provided Yy € Q with ||[Yolly, < 7.
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Proof. Tt is obvious that lim; ,o0 A (¢,7) = 0. From (14) and (15), we have

50t q) — 0, t>a>0;
pilt,a) = io(a*t)ng(zéa—)t)’ azt=0.

and
0, t>b>0;

51, b) =
#p(t;b) {po(b—t)rfb(b)t), b>t>0.

Then, for Yy € Q satisfying ||Yo[[y, < 7, we have

10 (t. o)y M+A MU&WM+A|%@@Mb

- /t: iO(a_t)m‘d“+oo/too
— /o iO(U)W‘dJ+/O po(o)r(li'(:)t)
/ODQ ig(o)e™ 7T o(m)ar da+/0°° ‘p()((j)e_f:ﬁé(ﬂdT

o9} o
et [l do +e [ ipo(o)]do
0

0
e [Yolly < et = At 1),

‘db

do

do

IN

A

which completes the proof. 0

We next prove the following Lemma, which is based on Theorem B.2 from [7].

Lemma 3.3. Let Q and U be defined by (17) and (29), respectively. Then, for
t >0, ¥(t-) maps any bounded sets of  into sets with compact closure in ).

Proof. From Proposition 2.2, it is easily seen that S(t) remains in the compact set
[0, A/fi0] C [0,C]. Thus, we only have to show that ¢ (¢,a) and p (¢,b) remain in a
precompact subset of L} (0,00), which is independent of Yy € Q. To this end, it
suffices to verify the following conditions (see e.g., [7, Theorem B.2]). We just verify
that the following conditions valid for i (¢,a), and the conditions can be similarly
verified for p (¢, b).

(i) The supremum of [~ i (t,a) da with respect to Yy € Q is finite;

(i) limp—eo ) i (t,a)da = 0 uniformly with respect to Yy € ;

(iii) limp—oy [y ﬁ (t,a+h) —i(t, a)| da = 0 uniformly with respect to Yy € €;
(iv) limp_o4 foh i (t,a) da = 0 uniformly with respect to Yy € Q.
Now, we have from (14) and (32) that

0<ita | (BSE—@P(—0)+mS(-aQl - ). 0<ast
0, 0<t<a.
Then, combining Proposition 2.3 and (13), we have
i(t,a) < (Bik + Bop)C2e™H00, (34)

from which aforementioned conditions (i),(ii) and (iv) follow directly from (34).
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Next, we verify that condition (iii) holds. For sufficiently small h € (0,t), we
have

/OOO li(t,a+ h) —i(t,a)| da
t—h
= /0 [(B1S(t—a—h)P(t—a—h)+ G285t —a—h)Q(t —a— h))Q(a+ h)
(318t~ a)P(t — ) + 525(t ~ a)Q(t ~ @))0a)da
+ [ 0= (1St = )P~ o) + B - QU ~ @)Ra)da

< /Ot_ [(B1S(t—a—h)P(t—a—h)+ G285t —a—h)Q(t—a—h))Q(a+ h)

— (B1S(t—a)P(t —a) + f25(t — a)Q(t — a))2(a)|da + BC?h
< BC%h+ A+ E, (35)

where

h
A= /0 (81S(t—a—h)P({t—a—h)+F25(t—a—h)Q(t—a—h))|Qa+h)—Q(a)|da
and

t—h
E= /0 [(B1S(t —a — h)P(t —a — h) + BoS(t —a — h)Q(t — a — h))
— (B1S(t = a)P(t — a) + B25(t — a)Q(t — a))|Q(a)da

t—h
< / (BrS(t —a— h)P(t —a— h) — (15t — a)P(t — a))|2a)da
t—h
+ /0 [(B2S(t —a — h)Q(t —a — h) — BS(t — a)Q(t — a))|Q(a)da := =;.

Recall that 0 < Q(a) = e Jo #(Md7 < ¢=moa and Q(a) is non-increasing function
with respect to a, we have

t—h t—h
/ |Q(a+ h) — Qa)|da = / (Q(a) — Q(a+ h))da
0 0

t—h t—h

= / Q(a)da — / Qa + h)da
0

= / a)da —/ Qa
t—h t

:/ Qa )da—/ Qa )da—/ Q(a)da
0 h t—h
h ¢

= / Q(a)da — Q(a)da < h.
0 t—h

Hence, combing above with (35) yields

/ li(t,a+ h) —i(t,a)| da < 2BC%h + Ey.
0
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For Z1, combining Proposition 2.3 with the expression for digt), we find that

\di(tt)| is bounded by Mg = A + uC + f1kC? + B1gC?, and therefore S(-) is Lips-
chitz on [0, 00) with coefficient Mg. By Proposition 2.5, there exists two Lipschitz
coefficients Mp, Mq for P,Q respectively. Thus, S(-)P(-) and S(-)Q(-) is Lipschitz
on [0, 00) with coefficient Mgp = CMp+gC Mg and Mg = CMg+GgCMg. Denote
that M = By Mgp + /BQMSQ. Thus,

t—h
=, < Mh / —moagq < M
0 Ho

Finally, we get
(oo}
i(t,a+h)—i(t,a)|da < 256’2—1—@ h
2 ) —i(t,a) o )
0 0

which converges to 0 as h — 0. Let Cy C ) be a bounded closed set and C' > A/
be a bound for Cy. We note that M depends on C, which depends on the set Cy,
but not on Yy. Therefore, this inequality holds for any Yy € Cy. Thus, ¢ remains
in a pre-compact subset C? of L1+. Similarly, p remains in a pre-compact subset C?
of L. Thus, ¥(t,Cy) C [0,C] x C* x CP, which has compact closure in Y. This
completes the proof. O

From Proposition 2.2, Lemmas 3.2 and 3.3, we have the following theorem for
semi-flow {®(t)};>0 as a consequence of the results on the existence of global at-
tractors in Hale [2] and Smith and Thieme [7].

Theorem 3.4. The semi-flow {®(t)}+>0 has a global attractor A in Y, which at-
tracts the bound sets of V.

4. Uniform persistence. In this section we show the uniform persistence of sys-
tem (1). Let i(¢) := i(¢,0), and p(¢) := p(¢,0). Then (4) and (5) can be rewritten
as

. i(t —a)Q(a), t>a>0;
'L(tva) - { Zo(a . t) QS()(Ei)t)’ a>t>0, (36)
and
pt=0)L'(d),  t=b=0;
tb) = 37
p(t.5) {po(bt)pflfﬂ), b>1t>0, (37)

where Q(a) and T'(b) are defined by (12).
Substituting (36) and (37) into the boundary condition (2), we obtain the fol-
lowing system of integral equations of ¢(t) and p(t):

i) = S {/Ot k(@) Q(a)i(t — a)da + /:O k(a)Q(gi(a_)t)z‘o(a - t)da}
+825(t) { / " G(O)T ()R — b)db+ /t h (Fb(f)t)po(b - t)db} e
5t = /g t—ada+/ £(a a_t) io(a — t)da. (39)
In addition, note that the first equation Of ) can be rewritten as
O _ 4 us(o) - i), (40)

so we have the following result.
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Lemma 4.1. If Ry > 1, then there exists a positive constant € > 0 such that
lim supi(t) > e. (41)

t—o0

Proof. From (38)-(39) and the positivity of coefficients, we obtain inequalities

() > BuS(1) / k(@) Qa)i(t — a)da + Bo5 (1) / JOTOPE - b)db  (42)
and ,
0> [ @it — o). (43)

Combining (42) and (43), we obtain the following integral inequality of 4(t).
¢
i(t) > Bls(t)/ E(a)Q(a)i(t — a)da
0

t t—b
+&S@%Aq@ﬂﬂﬁ£ £(e)Qe)i(t — b — c)dedb. (44)

In what follows, we prove that for the solution i(t) satisfying (44), there exists a
positive constant € > 0 such that (41) holds.

Now it follows from (7)-(9) and (12) that if Ry > 1, then there exists a sufficiently
small € > 0 such that

A — € oo o0 oo
b1 m /0 k(a)Q2(a)da + B9 /0 q(b)F(b)db/O £(0)Q(c)de > 1. (45)

For such €, we show that (41) holds. Suppose for the contrary, if there exists a
sufficiently large constant 7' > 0 such that

i(t) <e forallt>T.
Then, it follows from (40) that

A—c¢

ds(t
% >A—puSt)—e forallt>T.
Performing the variation of constants formula, we have

Si)> 2" forallt>T.
i

Then, (44) becomes
A A—e
i(t) > B
(t) B

A—e¢ t t—b .
m /0 q(b)T'(b) /0 &(e)Q(c)i(t — b — c)dedd (46)

for all ¢t > T. Now, without loss of generality, we can perform the time-shift of
system (1) with respect to T. That is, replacing the initial condition of system (1)
by Y7 := ®(T,Yy), we can consider the long time behavior of the system. Then,
(46) holds for ¢ > 0 and by taking the Laplace transform of both sides, we have

Ll > &Aueémuwnmkkmaqﬂ
A—¢€

1

/0 k(a)Q(a)i(t — a)da

+082

o —Ab > —Ac o
B, / g(B)T(b)edb / £(OR()ede L[],
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where E[ﬂ denotes the Laplace transform of 7, which is strictly positive because of
(38) and Assumption 2.1. Dividing both sides by £[i] and letting A — 0, we obtain
inequality

A—e [
1 > 5 . /0 k(a)(a)da
.A_6 o0 o0
8 [ e [ goncen
which contradicts to (45). O

Next, in order to apply a technique used in Smith and Thieme [7, Chapter 9]
(see also McCluskey [5, Section 8)), we consider a total ®-trajectory of system (1)
in space ), where ® is a continuous semi-flow defined by (10). Let ¢ : R — Y be
a total ®-trajectory such that ¢(r) := (S(r),i(r,-),p(r,-)), 7 € R. Then, it follows
that ¢(r +t) = ®(t,¢(r)), t >0, r € R and

i(r,a) = i(r—a,0)Qa) = i(r—a)a),

p(r,a) = p(r—>5,000(b) = p(r—>5)Q(b), reR, a,b>0.
Hence, from (38)-(40), we have
GOV — 4 use) i),
1) = A50) [ KO - adat 5@ [ aOrG - b,
0 0
pr) = /0 £()a)i(r — a)da, rER. (47)

Substituting the third equation into the second equation, we obtain the following
integral equation of i.

i(r) = pS(r) /OOO k(a)Q(a)i(r —a)da

+625(r) /00 q(b)L(b) /00 £(e)Qe)i(r —b—c)dedb, reR. (48)
0 0
We prove the following lemma.

Lemma 4.2. For total ®-trajectory ¢ in Y, S(r) is strictly positive on R and
i(r) =0 for allr >0 if i(r) =0 for all r <O0.

Proof. Suppose that S(r*) = 0 for a number * € R and show a contradiction. In
this case, it follows from the first equation of (47) and (48) that dS(r*)/dr = A > 0.
This implies that S(r* —n) < 0 for sufficiently small » > 0 and it contradicts to
the fact that the total ®-trajectory ¢ remains in ). Consequently, S(r) is strictly
positive on R.

By changing the variables, we can rewrite (48) as follows.

i(r) = p1S(r) /_T k(r —a)Q(r — a)%(a)da
+B25(r) /T

— 00

b A
q(r —b)I'(r —b) /_ Eb—0)Q(b—c)i(c)dedd, T eR.
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Hence, if 7(r) = 0 for all 7 < 0, then we have

) < ,BlSOk‘/ da—i—ﬁgsoqf/ / c)dedb, r>0.

This is a Gronwall-like inequality and it follows that #(r) = 0 for all » > 0. In fact,

let
r r b
I(r) ::/ %(a)da—i—/ / i(c)dedb, > 0.
0 0o Jo
Then,
dI(r) .
el z(r)—i—/o 1(c)dc
_ T T bA T
< 515%/ i(a)da+525°qg/ / i(c)dcdb+/ i(a)da
0 0o Jo 0
< max (51507@ +1, 5250(15_) f(r), r>0
and hence,
f( ) < ( Je max(B18°k+1, B2S°GE)r _ 0, r>0.
This implies that i(r) = 0 for all 7 > 0. O

The total ®-trajectory ¢ enjoys the following nice properties:

Lemma 4.3. For total ®-trajectory ¢ in Y, %(’/‘) is strictly positive or identically
zero on R.

Proof. From the second statement of Lemma 4.2, by performing appropriate shifts,
we see that 2(r) = 0 for all » > 7* if i(r) = 0 for all 7 < r*, where 7* € R is
arbitrary. This implies that either i(r) is identically zero on R or there exists a
decreasing sequence {r;}3° 1 such that r; — —o0 as j — oo and 4(r;) > 0. In the

latter case, letting i;(r) := i(r +r;), r € R, we have from (48) that

>ﬂ15/ r—a)da—i—jj( ), reR,

where S := inf,.cg S(r) > 0 and
Ji(r) = BS(r+r;) / k(a)Q(a)i;(r — a)da
+B825(r + ;) / / (e zj (r—b—c)dedd, reR.

Then, since j;(0) = i(r;) > 0 and j;(r) is continuous at 0, it follows from Corollary
B.6 of Smith and Thieme [7] that there exists a number r* > 0, which depends only
on $15k(a)Q(a), such that 7;(r) > 0 for all » > 7*. From the definition of 7;, this
1mphes that i(r) > 0 for all r > r* + rj. Since r; — —00 as j — 00, we obtain that
i(r) > 0 for all r € R by letting j — co. Consequently, i(r) is strictly positive on
R. O

Now, let us define a function p: Y — Ry on Y by

p (@, 0.0) = fra / " ka)p(a)da + foz / T aOpO)db, (o) €
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Then, it follows from the previous argument that

p (®:(Y)) = i(1).

Then, Lemma 4.1 implies the uniform weak p-persistence of semi-flow ® for g > 1.
Moreover, from Theorem 3.4 and Lemmas 4.2-4.3 and the Lipschitz continuity of
i (which immediately follows from Proposition 2.4), we can apply Theorem 5.2 of
Smith and Thieme [7] to conclude that the uniform weak p-persistence of semi-flow
® implies the uniform (strong) p-persistence. In conclusion, we obtain the following
theorem.

Theorem 4.4. If Ry > 1, then semi-flow ® is uniformly (strongly) p-persistent.

The uniform persistence of system (1) for Ry > 1 immediately follows from
Theorem 4.4. In fact, it follows from (36) that for i € L% (0, 00),

li(t, )2 = /O%(t_a)Q(a)daJr/tooio(a_t)mda

> /t%(t—a)g(a)da

0

and hence, from a variation of the Lebesgue-Fatou lemma ([6, Section B.2]), we
have

A L . S oo
timin [i(t, )2 > /0 Q(a)da,

where i := liminf;_, i(t) Under Theorem 4.4, there exists a positive constant
¢ > 0 such that ;™ > e if R > 1 and hence, the persistence of i(t,a) with respect
to ||-||;. follows. By a similar argument, we can prove that S(t) and p(t,a) are
also persistent with respect to |- | and ||-|| ;.. Consequently, we have the following
theorem.

Theorem 4.5. If Ry > 1, the semiflow {®(t)}i>0 generated by (1) is uniformly
persistent in Y, that is, there exists a constant € > 0 such that for each Yy € Y,

minf S(t) 2 €, lminf[[it,-)[zr 2 e, Uminf{lp(t, )l|z: 2 e

To prove that the Lyapunov functional used by Brauer et al. [1] is well-defined,
it suffices to show that

e S [ i(t, a) = e PED)
S*1n o /0 i*(a)1n (@) da and /0 p*(b) In o (0) db

are finite for all ¢ > 0. To this end, we make the following assumption on the initial
conditions.

Assumption 4.6. ig(a) > 0 and po(b) > 0 for all a > 0 and b > 0. Furthermore,
QBI}FQOC Inig(a) < 400, bgr_&o In po(b) < +oc.

It is obviously true from Theorem 4.5 that S*In.S(¢)/S* is finite for all ¢ > 0.
Since it follows from (6) and (14) that for t — a > 0,

. 0 i(t,a)
i*(a)l (@)
= |i"(a)Ini(t,a) —i*(a) Ini*(a)|




242 JINLIANG WANG, RAN ZHANG AND TOSHIKAZU KUNIYA

< fir e B0 m {S(t = a)em 1O (3Pt~ a) + QU ~ ) |
+ [i*(0)e™ Jo 0w 1y (4%(0)e~ fo"'e(mdw))
< (0)In{S(t — a) (B1P(t — a) + foQ(t — a))} e~ Jo Vw)dw
+i*(0)f qe Jo 0w)dw
+i%(0) Ini*(0)e~ Jo 0@ 1 %(0)§ qe™ Jo fl)dw
< i*(0)In{S(t —a) (B1P(t — a) + BoQ(t — a))} e "
+i*(0)8 ae "0 +7*(0) Ini*(0)e #°* +*(0)0 ae H°°. (49)
Note that from Theorem 4.5, the first term is finite for all ¢ > 0. For a — ¢ > 0,
. i(t,a) _ _ . .
* 1 ) — * 1 _ gk 1 *
i*(a)In "(0) li*(a) Ini(t,a) —i*(a)Ini*(a)|
< Z*(O)e* Sy 0(w)dw In {ZO (a - t)€7 S, G(w)dw}‘
+[i*(0)e™ Jo 0(w)dw 1 (i*(O)e‘ I G(w)dw) ‘
< *(0)Inig(a—t) e fo Ow)dw 44 )0 te J&0(w)dw
JrZ*( )an ( ) - J5 0 w g (0)0 e~ S5 0(w)dw
< *(0)Inig(a —t) e 0% +*(0)0 ae~Ho°
+4*(0) Ini*(0)e 0% 4+ 3*(0)0 ae™+o. (50)

Hence, under Assumption 4.6, we see from (49)-(50) that i*(a) Ini(¢, a)/i*(a) is finite
and converges to zero as a — +o00, which implies that the integration fooo *(a) In
i(t,a)/i*(a)da is finite. In a similar way, we can prove that [ p*(b)Inp(t,b)/p*(b)
db is finite. Consequently, we see that the Lyapunov functlonal used by Brauer et
al. [1] is well-defined.

5. Stability analysis of system (1). In this section, we present the stability
results of system (1), including the local stability and global stability.

Theorem 5.1. The disease-free equilibrium PO(%,O,O) s locally asymptotically
stable if oy < 1, and unstable if Ry > 1.

Proof. Linearizing the system (1) at disease-free equilibrium P° under introducing
the perturbation variables

xl(t) = S(t) - ;17 xQ(taa) = i(tva)a x3(t,a) = p(t,b),
we obtain the following system
d”%f” - “na(®) = 22 [ @prattada = 2 [ gas(e. )
5+ g ) 72(t.0) = ~0(a)za(t,a),
ok o) altsh) = ~6(B)as(t,b), (51)
£(t,0) = A/i | H@attadat 22 [" abraae. e
23(£,0) = / £(a)za(t, a)da.

0
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Set
x1(t) = x?e”, xa(t,a) = xg(a)e’\t, 3(t,b) = xg(b)e’\t, (52)

where 29, 29(a), 29(b) are to be determined.

Plugging (52) into (51), we have

b = = = 20 [T r@aaae- 22 [T gmudman, @)
K Jo Ko Jo
ox
Ax‘;(co 2l) e<a>x8<a> .
29( Aﬁl / k(a)zd(a)da + ﬂ/ q(b)x3(b)db,
Ko Jo
0 89:3( ) _ 0
at) + Z2 = 5o, -
a3(0) = [ k(a)z3(a)da,
0
Integrating the first equation of (54) from 0 to a yields
z9(a) = acg(O)e_)‘“_foa 0(s)ds (56)

Plugging (56) into (55) and solving (55) gives
z3(b) = xg(O)/ k(a)e_/\“_foa 0(s)ds g  e=A0=[5 0(s)ds (57)
0

Combining (56) and (57) into the second equation of (54), it follows that

1= &/ k(a)ef)‘affoa 0(s)dsqq
mJo

A 0o b B a
i %/ q(b)e—)\b—fo 6(s)dsdb/ k.(a)e—)‘a_fo e(s)dsda, (58)
0 0

which is the characteristic equation. Let H(A) denote the right hand side of (58).
It can be verified that H(A) is a continuously differential function with

lim H(A\) =0, )\lim H(A) = +o0, and H'(X) <0
——o00

A—+oo
This implies that H(\) is a decreasing function. Thus the equation (58) has a
unique real root A*. Noting that
Ro = H(0),
we have \* < 0if Ry < 1, and A\* > 0if Ry > 1. Let A\ = £ + ni, be an arbitrary
complex root to equation (58). Then
1L=H(A) =H(E +ni) < H(E),

which implies that A* > £. Thus, all the roots of the equation (58) have negative
real part if and only if y < 1. Therefore we have shown that the disease-free
equilibrium PY is local asymptotically stable if 9 < 1 and unstable if Rg > 1. This
completes the proof of Theorem 5.1. O

Theorem 5.2. If Ry < 1, then the disease-free equilibrium PO(%,O,O) is the only
equilibrium of system (1), and it is globally stable. That is, if Ro < 1, then the
disease-free equilibrium PO(%7 0,0) is a global attractor in Y.
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Proof. Suppose Ry < 1 and Yy € A, then we have

(5 = (bt oy _ (4 kot~ Ot g)
_<k (Hﬁspﬁgﬁ5$+ﬂ3%&$Q( mﬂ (59)

Let P = supeg P(t) and Q = sup,cr Q(¢). Then equation (59) implies

P< g[ﬁ P + B,QA. (60)

b

It follows from
M(t—-0b)= /000 &(a)i(t — b,a)da = /000 &(a)i(t —b—a,0)Q(a)da
| c@imse-s-ape-s-a
+ B2S(t—b—0a)Q(t —b—a)a)da

that

Q < —=[6:1P + Q) BC. (61)

=

Combining equation (60) and (61) yields
_ A _ _ _
PP+ B2Q < ;[51P+52Q][51A+5230] = [B1P + B2Q]Ro
Then, since P and Q are non-negative and Ry < 1, it follows that P = @ = 0. This
implies

lim i(t,a) =0, tl}rlloop(t,b) =0.

t——+o00

Thus, the attractor is a compact invariant subset of the disease-free space R x {0} x
{0}. The only such set is the singleton containing the disease-free equilibrium P?,
that if R < 1, then the global attractor of bounded sets is {P°}. This completes
the proof. O

Theorem 5.3. Assume that Ry > 1, then the unique endemic equilibrium P* of
system (1) is locally asymptotically stable.

Proof. Linearizing the system (1) at endemic equilibrium P* under introducing the
perturbation variables

yl(t) - S(t) - S*a y?(tva) = i(ta a) - i*(a)a yS(taa) = p(ta b) 7p*(b),

we obtain the following system
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dy1 (t
y;f)z—u%oyl ﬁls/ k(a yztada—ﬁzS/ b)ys(t,b)d
0 0
5+ e ) (t.0) = (@)
o 0
5+ 35 ) m(t:0) = ~60a(e.0)

Ya2(t,0) = u(Ro — D)y1(t) — f15* k(a)y2(t,a)da + B25* q(b)ys(t, b)db,
0 0
3(t,0) / &(a)ya(t,a)d

yi(t) = yie, ya(t,a) = yh(a)e™, ys(t,b) = y3(b)e, (63)
where y9,99(a), y$(b) are to be determined. Substituting (63) into (62) yields

(62)
Set

W = —aRoy? — BuS" / a)yl(a)da — B, / O(b)db,  (64)
0 a
MB(a) + ayg( )~ haysa)
a . . (65)
y3(0) = u(Ro — 1)y + 1 5* / k(a)yl(a)da + B> / g(B)(b)db,
M2 + 250 _ sy,

o (66)
40(0) = /0 k(@) (a)da.

Integrating the first equation of (65) from 0 to a yields

B(a) = (o) 0 (67)
Substituting (67) into (66) and solving (66), it follows that

80) = 15(0) [ hla)e eI 1 ¢SS, (6%)

Plugging (67) and (68) into the second equation of (65) and (64) yields the charac-

teristic equation
p(Ro — 1) Hi(A)—1Y _
det < A+ Ry Ha(\) =0,

ie.,
H(A) = A+ p)Hi(A) = A — pRo = 0, (69)

where
Hi(A) = [315*/ k(a)e 2= Jo 0)dsqq
0

58" [ a0 [ (a0
0

0

It can be easily verified that H}(\) < 0. This implies that H1(\) is a decreasing
function.
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In what follows, we show that the equation (69) has no root with non-negative
real part. Suppose for the contrary, if equation (69) has a root A = x + iy with
x > 0. It follows from (69) that

(x+ iy + pw)Hi(z + iy) — x — iy — Ry = 0. (70)
Separating the real part of the expression in (70) gives

(z + pRo)(x + p) + v°

R+ i) = o 4 g

> 1. (71)

Notice that

H1(0) = 515*/ k(a)e™ Jo 0()dsqq
0

—i—ﬁgS*/ q(b)effob‘s(s)dsdb/ k(a)e™ Jo 0()dsqq
0 0

=1

3

and
ReHq(z + iy) < [Hi(z)| = Hi(x) < H1(0) =1,

which contradicts the equation in (71). Thus, (69) cannot have a root with non-
negative real part, i.e., the unique endemic equilibrium P* is locally asymptotically
stable. This completes the proof of Theorem 5.3. O

Remark 1. Theorem 1.1 presented in [1] states that the endemic equilibrium P*
is globally attracting (amongst solutions for which disease is present) if the basic
reproduction number ¥y > 1. Thus, the compact attractor of bounded sets is

A={P*}in).

Remark 2. Under the assumption 2.1, we have shown that €2 is positively invariant
under the semi-flow ® defined by (10) (see Proposition 2.2). After that, the functions
P(t), Q(t) and M(t), related to the boundary conditions (2), can be shown to be
Lipschitz continuous (see Proposition 2.4). It should be pointed here that it is
necessary arguments to show that the semi-flow is relatively compact (see Theorem
3.1). As presented in Theorem 3.4, the existence of global attractor is ensured by
Proposition 2.2 and Theorem 3.1. If %y > 1, then semi-flow @ is uniformly (strongly)
p-persistent (see Theorem 4.4), which is shown by a series Lemmas (see Lemmas
4.1-4.3). Stability results, as described by Theorem 5.1, 5.2, 5.3 and 1.1, combining
with results mentioned above give us a complete picture on the asymptotic behaviors
of system (1). We refer the the readers to recent works [9, 10, 11] for more details
on method studied here.

Remark 3. Yang and coauthors [13] studied an age-structured epidemic model of
transmission dynamics of cholera, of which direct and indirect transmission path-
ways is described by infection-age-dependent infectivity and variable periods of
infectiousness. The method used to prove uniform persistence and the existence of
global attractors is that the persistence theory for continuous dynamics system and
integrated semigroup theory by reformulating the system as a Volterra equation
and as a non-densely defined semi-linear Cauchy problem.
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