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Abstract. Superinfection, a phenomenon that an individual infected by one
HIV strain is re-infected by the second heterologous HIV strain, occurs in HIV

infection. A mathematical model is formulated to examine how superinfec-

tion affects transmission dynamics of drug sensitive/resistant strains. Three
reproduction numbers are defined: reproduction numbers Rr and Rs for drug-

resistant and drug-sensitive strains, respectively, and the invasion reproduction
number Rrs . The disease-free equilibrium always exists and is locally stable

when the larger of Rs and Rr is less than one. The drug resistant strain-only

equilibrium is locally stable when Rr > 1 and Rrs < 1. Numerical studies
show that as the superinfection coefficient of the sensitive strain increases the

system may (1) change to bistable states of disease-free equilibrium and the

coexistence state from the stable disease-free equilibrium under no superinfec-
tion; (2) experience the stable resistant-strain only equilibrium, the bistable

states of resistant-strain only equilibrium and the coexistence state, and the

stable coexistence state in turn. This implies that superinfection of the sensi-
tive strain is beneficial for two strains to coexist. While superinfection of the

resistant strain makes resistant strain more likely to be sustained. The find-

ings suggest that superinfection induces the complicated dynamics, and brings
more difficulties in antiretroviral therapy.

1. Introduction. After the detection of the first acquired immunodeficiency syn-
drome(AIDS) patient, human immunodeficiency virus(HIV) spread at an alarming
rate worldwide. Antiretroviral therapy (ART) has become an important measure
to control the epidemic since ART can extend the life expectancy of HIV-infected
individuals and reduce their infectousness [45, 20, 41, 8]. However, poor adher-
ence may accelerate the development of drug resistance during life long treat-
ment [4, 10, 31]. In the clinic, HIV resistance can result from the transmission
of drug-resistant mutants to susceptible individuals or from the acquisition of mu-
tations generated during treatment. In recent years, a number of clinical studies

2010 Mathematics Subject Classification. Primary: 92D30; Secondary: 34D20.
Key words and phrases. HIV, superinfection, mathematical model, drug resistance, MSM.

171

http://dx.doi.org/10.3934/mbe.2016.13.171


172 XIAODAN SUN, YANNI XIAO AND ZHIHANG PENG

indicated that individuals can be re-infected by another HIV virus type after in-
fection by one HIV virus type, and this phenomenon is called as superinfection
[1, 17, 16, 23, 29, 33, 30, 7, 27, 34, 36, 11, 15, 18, 13]. Superinfection is prone
to happen in areas where there are different HIV subtypes, such as Sub-Saharan
Africa, Asia and South Africa. In fact, there are already some superinfection cases
occuring in these areas [36, 11, 15]. Up to now, over 50 superinfection cases have
been reported by more than 120 articles since 2002 [27]. In the men who have
sex with men (MSM) group, two superinfection cases have been recorded [34, 13].
Meanwhile, there are studies indicating that individuals who have been infected with
drug-sensitive strains can be re-infected by drug-resistant strains [23, 34], and indi-
viduals who have been infected with drug-resistant strains can also be re-infected
by drug-sensitive strains [17, 34].

Several studies have investigated the transmission dynamics of drug resistant
strains [5, 38, 3, 44, 32, 19, 28]. By studying the transmission model and using a
statistical approach, Blower et al. [5] obtained two different results when increasing
the usage of ART in San Francisco. Vardavas et al. [38] employed a stochastic
formulation to examine the drug-resistant population dynamics, and investigated
whether the transmitted resistant strain would exceed the threshold given by WHO.
Baggaley et al. [3] studied the impact of antiretroviral therapy (ART) for different
treatment strategies. Using a statistical approach, Wilson et al. [44] studied the
antiretroviral allocation strategies in KwaZulu-Natal. Sharomi et al. [32] proposed
a deterministic model including wild and drug-resistant strains and studied the
dynamics of these two strain types. And the competitive exclusion phenomenon
happens when reproduction number of resistant strain is larger than that of wild
strain. Li et al. [19] studied the stability of HIV model with drug resistance.
Raimundo et al. [28] showed that a Hopf bifurcation may occur and individuals
infected with drug-resistant strains have some important effects on HIV epidemic.

All these models assumed that susceptibles can be infected both by individu-
als infected with drug-sensitive strains and individuals infected with drug-resistant
strains. But infected individuals can not be further infected by any other virus
strains. To the author’s best knowledge, no mathematical model has been formu-
lated to describe the phenomenon of superinfection in HIV dynamics. There are
many challenges to investigating and accessing effect of superinfection on transmis-
sion dynamics of drug-sensitive/resistant strains. The purpose of this study is to
propose a mathematical model to examine impact of superinfection on transmission
dynamics. By considering this superinfection phenomenon, we can study the trans-
mission dynamics of drug resistance more precisely. Whether superinfection will
increase the prevalence of drug resistant strains and whether drug resistant strains
will replace drug sensitive strains? All these questions will be investigated in this
study.

2. Model formulations. We formulate a deterministic mathematical model with
superinfection based on the model proposed by Blower et al. [5], which contains
two kinds of HIV strains, drug sensitive strains and drug resistant strains. The
underlying structure of the model comprises classes of individuals who are high-risk
susceptibles (S), individuals infected with drug sensitive strains (Is), individuals in-
fected with drug resistant strains (Ir), individuals infected with both drug-sensitive
strains and drug-resistant strains (Isr), effectively treated individuals with drug sen-
sitive strains (Ts), treated individuals with drug resistant strains (Tr) and treated
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individuals with both drug sensitive and drug resistant strains(Tsr). The high-risk
population size is represented by N , i.e., N = S + Is + Ir + Isr + Ts + Tsr + Tr.
Susceptibles can be primary infected by both drug sensitive strains (Is, Is, Ts, Tsr)
and drug resistant strains (Ir, Isr, Tr, Tsr) at rates of λ1(t) and λ2(t), respectively.
What’s more, it is supposed that individuals in classes Ir and Tr can be re-infected
by infected individuals with drug sensitive strains (Is, Isr, Ts, Tsr) at rates λ3(t) and
λ6(t), respectively. Meanwhile, individuals in classes Is and Ts can be re-infected
by infected individuals with drug resistant strains (Ir, Isr, Tr, Tsr) at rates λ5(t) and
λ4(t), respectively, where

λ1(t) =
βs(Is + εTsTs)

N
+
βsrp(Isr + εTsrTsr)

N
,

λ2(t) =
βr(Ir + εTrTr)

N
+
βsr(1− p)(Isr + εTsrTsr)

N
,

λ3(t) =
β′s(Is + εTsTs)

N
+
β′srp(Isr + εTsrTsr)

N
,

λ4(t) =
β′r(Ir + εTrTr)

N
+
β′′sr(1− p)(Isr + εTsrTsr)

N
.

Since there is some fitness cost for the drug resistant strains[5, 21], when individu-
als infected with drug sensitive strains are re-infected by drug resistant strains, the
probability for these drug resistant strains to survive and reproduce is very small.
We then simply assume that before treatment individuals infected with drug sen-
sitive strains cannot be re-infected by drug resistant strains, that is λ5(t) = 0. In
contrast, if treatment is introduced, the survival ability for drug resistant strains
is much greater than that of drug sensitive strains. Thus, we suppose that after
treatment individuals infected with drug resistant strains cannot be re-infected by
drug sensitive strains, that is λ6(t) = 0.

Individuals in class Isr or class Tsr can transmit both drug sensitive and drug
resistant strains with probability p and 1 − p, respectively. Parameters βs and
βr denote the transmission coefficients (including the transmission probability per
high risk behavior and the frequency of high risk behaviors per year) for individuals
with drug sensitive and drug resistant strains. Parameter β′s and β′sr denote the
transmission coefficients for class Ir re-infected by drug sensitive strains through
contacts with individuals in classes Is and Isr, respectively. Parameter β′r and
β′′sr denotes the transmission coefficient for class Ts re-infected by drug resistant
strains through contacts with individuals in classes Ir and Isr, respectively. Here,
we assume β′s = α1βs, β

′
sr = α1βsr, β

′
r = α2βr, β

′′
sr = α2βsr. αi > 1(i = 1, 2)

denotes that superinfection is more likely to happen than primary infection and
αi < 1(i = 1, 2) denotes that superinfection is less likely to happen than primary
infection. HIV infected individuals may have different transmission probabilities
per high-risk behavior due to antiretroviral therapy or various contact rates due
to behavior changes, at the same time, we then introduce a modification factor
for each class with antiretroviral treatment to represent the differences from the
baseline value for individuals without antiretroviral treatment, denoted by εTs , εTr
and εTsr , respectively.

Suppose that individuals enter into the susceptible class at a rate U and exit
at a constant rate µ(due to natural death or stopping high risk behaviors). In-
dividuals in each infected class incur disease-related death at rates, denoted by
vIs , v

I
r , v

I
sr, v

T
s , v

T
r , v

T
sr, respectively. σ denotes the treatment coverage rate. And the
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rate of resistance development for treated individuals from Ts to Tsr and Tsr to Tr
are the constants r1 and r2, respectively. The flow diagram is shown in figure 1,
and the definitions of all parameters are described in table 1.
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Figure 1. Flow diagram of the model.

The model equations are as follows.

S′ = U − λ1(t)S − λ2(t)S − µS,
I ′s = λ1(t)S − λ5(t)IS − σIs − (vIs + µ)Is,
I ′r = λ2(t)S − λ3(t)Ir − σIr − (vIr + µ)Ir,
I ′sr = λ3(t)Ir + λ5(t)IS − σIsr − (vIsr + µ)Isr,
T ′s = σIs − λ4(t)Ts − r1Ts − (vTs + µ)Ts,
T ′sr = λ4(t)Ts + λ6(t)Tr + σIsr + r1Ts − r2Tsr − (vTsr + µ)Tsr,
T ′r = σIr + r2Tsr − λ6(t)Tr − (vTr + µ)Tr.

(1)

For convenience, we introduce the following notations, ω1 = σ + vIs + µ, ω2 =
σ + vIr + µ, ω3 = σ + vIsr + µ, ω4 = r1 + vTs + µ, ω5 = r2 + vTsr + µ, ω6 = vTr + µ.

3. Dynamics analysis.

3.1. Stability of disease-free equilibrium. Setting the right side of the model
(1) equal to 0, it is easy to compute the disease-free equilibrium (DFE)

E0 : (S0, I0s , I
0
r , I

0
sr, T

0
s , T

0
sr, T

0
r ) = (

U

µ
, 0, 0, 0, 0, 0, 0).

The basic reproduction number R0, the average number of secondary cases gener-
ated by a single primary case in a fully susceptible population during its average
infectious period[9, 40], is a threshold parameter for the infectious disease and can
help determine whether an infectious disease will spread through a population. Us-
ing the next-generation matrix method [40], we get the basic reproduction number,
which is calculated as R0 = max{Rs, Rr}, where

Rs =
βs
ω1

+
βsεTsσ

ω1ω4
+
βsrpεTsrr1σ

ω1ω4ω5
, Rr =

βr
ω2

+
βrεTrσ

ω2ω6
.
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Obviously, Rs is the average number of secondary cases generated by a single
primary case infected with drug sensitive strains and Rr is the average number
of secondary cases generated by a single primary case infected with drug resistant
strains. Either Rs or Rr is independent of superinfection terms. From [40] we
obtain the following theorem.

Theorem 3.1. When R0 < 1, the DFE E0 of system (1) is locally asymptotically
stable, but is unstable when R0 > 1.

Theorem 3.2. In the absence of superinfection (i.e. β′s = β′r = β′sr = β′′sr = 0),
the DFE E0 of system (1) is globally asymptotically stable whenever R0 < 1.

Proof. It is obvious that when β′s = β′r = β′sr = β′′sr = 0, E0 is locally stable when
R0 < 1. So we only need to verify that E0 is globally attractive. Since S(t) ≤ N(t),
we have

I ′s ≤ βs(Is + εTsTs) + βsrpεTsrTsr − ω1Is,

I ′r ≤ βr(Ir + εTrTr) + βsr(1− p)εTsrTsr − ω2Ir,

T ′s ≤ σIs − ω4Ts,

T ′sr ≤ r1Ts − ω5Tsr,

T ′r ≤ σIr + r2Tsr − ω6Tr.

Now we get the comparison system
x′1 = βs(x1 + εTsx3) + βsrpεTsrx4 − ω1x1,
x′2 = βr(x2 + εTrx5) + βsr(1− p)εTsrx4 − ω2x2,
x′3 = σx1 − ω4x3,
x′4 = r1x3 − ω5x4,
x′5 = σx2 + r2x4 − ω6x5.

(2)

Considering the following subsystem x′1 = βs(x1 + εTsx3) + βsrpεTsrx4 − ω1x1,
x′3 = σx1 − ω4x3,
x′4 = r1x3 − ω5x4.

(3)

Obviously, when Rs < 1, x1 → 0, x3 → 0, x4 → 0 as t → ∞. Thus, we can get the
limit system {

x′2 = βr(x2 + εTrx5)− ω2x2,
x′5 = σx2 + r2x4 − ω6x5.

(4)

And, when Rr < 1, x2 → 0, x5 → 0. Thus, the disease-free equilibrium of system (2)
is globally asymptotically stable when R0 < 1. By the comparison theorem [14, 42]
we can get that the solutions of system (1) satisfy that Is(t) ≤ 0, Ir(t) ≤ 0, Isr(t) ≤
0, Ts(t) ≤ 0, Tr(t) ≤ 0, Tsr(t) ≤ 0 Thus, E0 is globally attractive. Combining with
the local stable result, it follows that E0 is globally asymptotically stable.

Note that here we only prove the DFE E0 of system (1) is globally asymptotically
stable for R0 < 1 in the absence of superinfection. When considering superinfection,
it is difficult to prove its stability due to complexity, but we will show that the
coexistent state may be feasible for R0 < 1.
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3.2. Existence and stability of boundary equilibrium. Before establishing
the existence and stability of the boundary equilibrium, we introduce another repro-
duction number, invasion reproduction number. The invasion reproduction number
for one strain may govern whether the strain can successfully invade the system at
the other strain-only equilibrium. It is the expected number of secondary infections
produced by one infectious individual containing one strain,introduced into a popu-
lation where the other strain is at equilibrium[26, 22, 6]. The computation method
is given in [26, 22, 6]. The invasion reproduction number of drug sensitive strains
in this article can be described in the following process. Firstly, it is supposed that
there is no individual infected with drug sensitive strains and solving the system for
drug resistant strain-only equilibrium. Secondly, one individual infected with drug
sensitive strains is introduced, and Rrs denotes the number of secondary infections
produced by this infected individual.

Note that there is no drug sensitive strain-only equilibrium as long as the rate
of emergence of drug resistant variants r1 is larger than zero. However, the system
does have the drug resistant strain-only equilibrium. Using the similar method
proposed in [39], we can get the existence and stability of the drug resistant strain-
only equilibrium and we have the following theorem.

Theorem 3.3. The resistant strain-only equilibrium Er = (S∗r , 0, I
∗
r , 0, 0, 0, T

∗
r )

exists whenever Rr > 1, and Er is locally asymptotically stable when Rrs < 1, where

Rrs =
βsS

∗
r

ω1N∗r
+
βsεTsσS

∗
r

ω1N∗r

1

β′r(I
∗
r + εTrT

∗
r )/N∗r + ω4

+
β′srpI

∗
r

ω3N∗r
+
β′srpεTsrσI

∗
r

ω3ω5N∗r

+
βsrpεTsrσS

∗
r

ω1ω5N∗r

β′r(I
∗
r + εTrT

∗
r )/N∗r + r1

β′r(I
∗
r + εTrT

∗
r )/N∗r + ω4

,

and S∗r =
U−ω2I

∗
r

µ , I∗r = U(Rr−1)
(1+ σr

ω4
)µ+ω2(Rr−1) , T ∗r =

σrI
∗
r

ω4
.

Proof. Solving the system at the steady state, we have

S∗ =
U

λ∗1 + λ∗2 + µ
,

I∗s =
λ∗1U

ω1(λ∗1 + λ∗2 + µ)
,

I∗r =
λ∗2U

(λ∗3 + ω2)(λ∗1 + λ∗2 + µ)
,

I∗sr =
λ∗2λ

∗
3U

ω3(λ3 + ω2)(λ∗1 + λ∗2 + µ)
,

T ∗s =
σλ∗1U

ω1(λ∗4 + ω4)(λ∗1 + λ∗2 + µ)
,

T ∗sr =
σλ∗3λ

∗
2U

ω3ω5(λ∗3 + ω2)(λ∗1 + λ∗2 + µ)
+

(λ∗4 + r1)σλ∗1U

ω1ω5(λ∗4 + ω4)(λ∗1 + λ∗2 + µ)
,

T ∗r =
σλ∗2U

ω6(λ∗3 + ω2)(λ1 + λ2 + µ)
+

r2σλ
∗
3λ
∗
2U

ω3ω5ω6(λ∗3 + ω2)(λ∗1 + λ∗2 + µ)

+
r2(λ∗4 + r1)σλ∗1U

ω1ω5ω6(λ∗4 + ω4)(λ∗1 + λ∗2 + µ)
.

(5)
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At the steady state, λ1 and λ2 satisfy that

λ∗1 =
βs(I

∗
s + εTsT

∗
s )

N∗
+
βsrp(I

∗
sr + εTsrT

∗
sr)

N∗
,

λ∗2 =
βr(I

∗
r + εTrT

∗
r )

N∗
+
βsr(1− p)(I∗sr + εTsrT

∗
sr)

N∗
,

λ∗3 =α1λ
∗
1,

λ∗4 =α2λ
∗
2.

(6)

By the expressions in Equation (5) and (6) we can obtain

λ∗1 =φ1(λ∗1, λ
∗
2) =

βsλ
∗
1U

N∗ω1(λ∗1 + λ∗2 + µ)
+

βsεTsσλ
∗
1U

N∗ω1(λ∗4 + ω4)(λ∗1 + λ∗2 + µ)

+
βsrpλ2λ

∗
3U

N∗ω3(λ∗3 + ω2)(λ∗1 + λ∗2 + µ)
+

βsrpεTsrσλ
∗
3λ
∗
2U

N∗ω3ω5(λ∗3 + ω2)(λ∗1 + λ∗2 + µ)

+
βsrpεTsr (λ

∗
4 + r1)σλ∗1U

N∗ω1ω5(λ∗4 + ω4)(λ∗1 + λ∗2 + µ)
,

λ∗2 =φ2(λ∗1, λ
∗
2) =

βrλ
∗
2U

N∗(λ∗3 + ω2)(λ∗1 + λ∗2 + µ)
+

βrεTrσλ
∗
2U

N∗ω6(λ∗3 + ω2)(λ∗1 + λ∗2 + µ)

+
βrεTrr2σλ

∗
3λ
∗
2U

N∗ω3ω5ω6(λ∗3 + ω2)(λ∗1 + λ∗2 + µ)
+

βrεTrr2(λ∗4 + r1)σλ∗1U

N∗ω1ω5ω6(λ∗4 + ω4)(λ∗1 + λ∗2 + µ)

+
βsr(1− p)λ∗2λ∗3U

N∗ω3(λ∗3 + ω2)(λ∗1 + λ∗2 + µ)
+

βsr(1− p)εTsrσλ∗3λ∗2U
N∗ω∗3ω

∗
5(λ∗3 + ω2)(λ∗1 + λ∗2 + µ)

+
βsr(1− p)εTsr (λ∗4 + r1)σλ∗1U

N∗ω1ω5(λ∗4 + ω4)(λ∗1 + λ∗2 + µ)
.

(7)

where N∗ = S∗ + I∗s + I∗r + I∗sr + T ∗s + T ∗sr + T ∗r . Then, finding the fixed points of
the following system

x = φ(x) =

(
φ1(λ∗1, λ

∗
2)

φ2(λ∗1, λ
∗
2)

)
,where x =

(
λ∗1
λ∗2

)
. (8)

will yield the equilibrium.
Obviously, we have φ1(0, λ∗2) = 0. We only need to solve the equation φ2(0, λ∗2) =

λ∗2 to find the fixed point. By some calculations, we can get λ∗2 = 0, corresponding
to disease-free equilibrium, or λ∗2 = (Rr−1)/( σ

ω2ω6
+ 1
ω2

), corresponding to the drug
resistant strain-only boundary equilibrium. It is clear that the second root exists if
and only if Rr > 1. Therefore, the drug resistant strain-only boundary equilibrium
is feasible if Rr > 1.

Now we verify the local stability of the boundary equilibrium Er. The Jacobian
matrix of the system (8) is given by

J(λ∗1, λ
∗
2) =

(
∂φ1(λ

∗
1 ,λ

∗
2)

∂λ∗
1

∂φ1(λ
∗
1 ,λ

∗
2)

∂λ∗
2

∂φ2(λ
∗
1 ,λ

∗
2)

∂λ∗
1

∂φ2(λ
∗
1 ,λ

∗
2)

∂λ∗
2

)
. (9)

It is not difficult to verify that φ and J(λ∗1, λ
∗
2) are both non-negative matrixes for

all non-negative population densities. From [39], the spectral radius of ρ(J(λ∗1, λ
∗
2))

determines whether the equilibrium point is locally stable or unstable. And we can
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get that

J(0, λ∗2) =

 ∂φ1(λ
∗
1 ,λ

∗
2)

∂λ∗
1

∣∣∣
(0,λ∗

2)

∂φ1(λ
∗
1 ,λ

∗
2)

∂λ∗
2

∣∣∣
(0,λ∗

2)

0
∂φ2(λ

∗
1 ,λ

∗
2)

∂λ∗
2

∣∣∣
(0,λ∗

2)

 , (10)

where

∂φ1(λ∗1, λ
∗
2)

∂λ∗1

∣∣∣∣
(0,λ∗

2)

=
1

Rr

[
βs
ω1

+
βsεTsσ

ω1(α2λ∗2 + ω4)
+
β′srpλ

∗
2

ω2ω3
+
β′srpεTsrσλ

∗
2

ω2ω3ω5

+
βsrpεTsr (α2λ

∗
2 + r1)σ

ω1ω5(α2λ∗2 + ω4)

]
= Rrs.

∂φ2(λ∗1, λ
∗
2)

∂λ∗2

∣∣∣∣
(0,λ∗

2)

=
βr
ω2Rr

− βrω2(Rr − 1)

ω2
2R

2
r

+
βrεTrσ

ω2ω6Rr
− βrεTrσω2ω6(Rr − 1)

ω2
2ω

2
6R

2
r

=
1

Rr
.

Thus, whenever Rr > 1 and Rrs < 1, the resistant strain-only equilibrium Er is
locally asymptotically stable. This completes the proof.

Remark 1. In the absence of superinfection, we can get the existence and stability
of boundary equilibrium using the similar method. The drug resistant strain-only
boundary equilibrium Er = (S∗, 0, I∗r , 0, 0, 0, T

∗
r ) exists whenever Rr > 1, and Er is

locally asymptotically stable when Rr > Rs (no matter when Rs is larger or smaller
than 1). In fact, when β′s = β′r = β′sr = β′′sr = 0, the Jacobian matrix (10) reads

∂φ1(λ∗1, λ
∗
2)

∂λ∗1

∣∣∣∣
(0,λ∗

2)

=

(
βs
ω1

+
βsεTsσs
ω1ω4

+
βsrpεTsrr1σ

ω1ω4ω5

)
1

Rr
=
Rs
Rr

< 1.

and

∂φ2(λ∗1, λ
∗
2)

∂λ∗2

∣∣∣∣
(0,λ∗

2)

=
1

Rr
< 1.

Thus, whenever Rr > 1 and Rs < Rr, the drug resistant strain-only equilibrium is
locally asymptotically stable in the absence of superinfection.

In the following we initially examine existence and stability of the positive equi-
librium in the absence of superinfection due to the complexity. When superinfection
is considered, the existence and stability of Esr is studied by numerical methods.

3.3. Existence and stability of coexistence state.

Theorem 3.4. If β′s = β′r = β′sr = β′′sr = 0, system (1) has a coexistence equilibrium
Esr when Rs > Rr > 1 or Rs > 1 > Rr, and the coexistence equilibrium Esr is
locally asymptotically stable whenever it is feasible.

Proof. From the first equation of (7) we get RsU = N∗(λ∗1 + λ∗2 + µ) when λ∗1 > 0.

Thus, Rs = 1 +
(

1
ω1

+ σ
ω1ω4

+ r1σ
ω1ω4ω5

+ r1r2σ
ω1ω4ω5ω6

)
λ∗1 +

(
1
ω2

+ σr
ω2ω6

)
λ∗2. Substitute

N∗(λ∗1 +λ∗2) by RsU to the second equation we have
(
Rr
Rs
− 1
)
λ∗2 + 1

Rs

(
βrεTr r1r2σ
ω1ω4ω5ω6
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+
βsr(1−p)εTsr r1σ

ω1ω4ω5

)
λ∗1 = 0. Thus, λ∗1 and λ∗2 satisfy the following equations.(

1

ω1
+

σ

ω1ω4
+

r1σ

ω1ω4ω5
+

r1r2σ

ω1ω4ω5ω6

)
λ∗1 +

(
1

ω2
+

σr
ω2ω6

)
λ∗2 =Rs − 1,

1

Rs

(
βrεTrr1r2σ

ω1ω4ω5ω6
+
βsr(1− p)εTsrr1σ

ω1ω4ω5

)
λ∗1 +

(
Rr
Rs
− 1

)
λ∗2 =0.

By Cramer’s rule, the above equation has unique solution when the determinant of
coefficient matrix is not zero.

d =

(
1
ω1

+ σ
ω1ω4

+ r1σ
ω1ω4ω5

+ r1r2σ
ω1ω4ω5ω6

1
ω2

+ σr
ω2ω6

1
Rs

(
βrεTr r1r2σ
ω1ω4ω5ω6

+
βsr(1−p)εTsr r1σ

ω1ω4ω5

)
Rr
Rs
− 1

)
,

d1 =

(
Rs − 1 1

ω2
+ σr

ω2ω6

0 Rr
Rs

− 1

)
, d2 =

(
1
ω1

+ σ
ω1ω4

+ r1σ
ω1ω4ω5

+ r1r2σ
ω1ω4ω5ω6

Rs − 1
1
Rs

(
βrεTr r1r2σ

ω1ω4ω5ω6
+

βsr(1−p)εTsr r1σ
ω1ω4ω5

)
0

)
.

Then, λ∗1 = d1
d , λ

∗
2 = d2

d . It is easy to get that both d1/d and d2/d are positive real
numbers if and only if Rs > Rr, Rs > 1. Thus, the coexistence equilibrium Esr
exists if and only if Rs > Rr, Rs > 1.

Now we verify the local stability of the coexistence equilibrium Esr. From system
(8) we can get the Jacobian matrix at Esr as follows.

J(λ∗1, λ
∗
2) =

 ∂φ1(λ
∗
1 ,λ

∗
2)

∂λ∗
1

∣∣∣
(λ∗

1 ,λ
∗
2)

∂φ1(λ
∗
1 ,λ

∗
2)

∂λ∗
2

∣∣∣
(λ∗

1 ,λ
∗
2)

∂φ2(λ
∗
1 ,λ

∗
2)

∂λ∗
1

∣∣∣
(λ∗

1 ,λ
∗
2)

∂φ2(λ
∗
1 ,λ

∗
2)

∂λ∗
2

∣∣∣
(λ∗

1 ,λ
∗
2)

 , (11)

The roots of the following equation give the eigenvalues of matrix J(λ∗1, λ
∗
2)

x2 − x

(
∂φ1
∂λ∗1

+
∂φ2
∂λ∗2

)∣∣∣∣
(λ∗

1 ,λ
∗
2)

+

(
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∂λ∗1

∂φ2
∂λ∗2
− ∂φ1
∂λ∗2

∂φ2
∂λ∗1

)∣∣∣∣
(λ∗

1 ,λ
∗
2)

= 0.

Thus, the eigenvalues are given by

x1,2 =
L1 ±

√
L2
2 + 4L3

2
,

where
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(
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+
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2 )
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+
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+

r1r2σ

ω1ω4ω5ω6
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λ∗1

]
.
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By some calculations we can get the formula of two eigenvalues

x1 =

Rr+1
Rs

+
∣∣∣ 1−RrRs

∣∣∣
2

=
Rr
Rs

,

x2 =

Rr+1
Rs
−
∣∣∣ 1−RrRs

∣∣∣
2

=
1

Rs
.

Thus, the dominant eigenvalue of J(λ∗1, λ
∗
2) is either Rr

Rs
for Rr > 1 or 1

Rs
for

Rr < 1. Then, whenever Rs > 1 and Rs > Rr, the dominant eigenvalue is less than
one. Thus, the coexistence equilibrium Esr is locally asymptotically stable. This
completes the proof.
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Figure 2. Prevalence of infection for drug sensitive/resistant
strains in the absence of superinfection. Blue, red and black lines
denote the number of cases infected with drug sensitive strains only,
drug resistant strains only and both strains, respectively. (A)βs =
0.1, βr = 0.15, βsr = 0.65, p = 0.65, (B)βs = 0.16, βr = 0.15, βsr =
0.65, p = 0.65, (C) βs = 0.156, βr = 0.25, βsr = 0.65, p = 0.65,
(D)βs = 0.35, βr = 0.15, βsr = 0.65, p = 0.65, (E)βs = 0.4, βr =
0.6, βsr = 0.65, p = 0.65, (F) βs = 0.6, βr = 0.4, βsr = 0.65, p =
0.65.

4. Effect of superinfection. In this part, we will do some numerical simulations
to verify our theoretical results obtained above and examine effects of superinfection
on the HIV epidemic. All parameters are chosen for the current situation of gay
men in China[35, 20, 48]. The disease related death rates are chosen to satisfy
that 1/vTs ≥ 1/vTsr ≥ 1/vTr ≥ 1/vIr ≥ 1/vIsr ≥ 1/vIs [5]. For the superinfection
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Figure 3. Plot of stability of E0 and Esr in the plane α1 − α2

when Rs < 1, Rr < 1, Rrs < 1. βs = 0.14, βr = 0.18, βsr = 0.85, p =
0.85.

rate, there are two different opinions: some studies show that the superinfection
rate is similar to the rate of initial infection [33, 7, 24, 25], while others indicate
that superinfection is very rare [37, 12]. The study implemented by Redd et al.
[30] showed that the superinfection rate was 1.44 per 100 person years which is
lower than the primary incidence. In this study, we take different values of the
superinfection rate to simulate various situations. Let β′s = α1βs, β

′
sr = α1βsr and

β′r = α2βr, β
′′
sr = α2βsr with the changing values of α1 and α2. Both α1 and α2

vary from 0 to 10. It is supposed that the treatment efficacy is lower for people
infected with drug resistant strains. Here, we choose the value of εTr and εTsr which
are no less than εTs . Other values of parameter are listed in table 1.

In the absence of superinfection (i.e., α1 = α2 = 0), we do six groups of simula-
tions with various initial conditions, as shown in figure 2, where blue, red and dark
curves denote the number of infected cases infected with drug sensitive strains-only,
drug resistant strains-only and both strains, respectively. From figure 2(A) and (B)
we can get that when both Rs and Rr are less than one, the disease-free equilibrium
is globally asymptotically stable. Figures 2 (C) and (E) indicate that when Rr > Rs
and Rr > 1 the drug sensitive strain will die out and the drug resistance strain-only
boundary equilibrium is stable. Figures 2 (D) and (F) show the stability of the
coexistence equilibrium when Rs > 1 > Rr or Rs > Rr > 1.

In the presence of superinfection (i.e. α1 > 0, α2 > 0), we now examine the effects
of superinfection on stability of all possible equilibria. We consider the following
five scenarios in terms of relation of Rs, Rr and unity.

Firstly, when Rs < 1, Rr < 1, we let α1 and α2 vary from 0 to 8 with step of 0.02.
For each pair of (α1, α2), we solve model (1) numerically with sufficiently large initial
value (y0 = (763240, 100000, 50000, 1000, 10000, 50000, 1000)) for a sufficiently long
time (say, t = 100, 000). If system (1) converges to the disease-free equilibrium the
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Figure 4. Plot of stability of E0 and Esr for dif-
ferent initial values when Rs < 1, Rr < 1. βs =
0.14, βr = 0.18, βsr = 0.85, p = 0.85, α1 = 4, α2 = 0.3,
y10 = (763240, 100000, 50000, 1000, 10000, 50000, 1000),
y20 = (763240, 50000, 30000, 1000, 10000, 1000, 10000),
y30 = (763240, 10000, 5000, 1000, 1000, 100, 500), y40 =
(763240, 1000, 500, 100, 100, 100, 500).

coordinate (α1, α2) is marked by white color, otherwise if the disease is persistent,
i.e. there is a positive number δ, Is(t) > δ, Ir(t) > δ, Isr(t) > δ, Ts(t) > δ, Tsr(t) > δ
and Tr(t) > δ for the sufficiently large time t, we mark the coordinate (α1, α2) by
light grey color. The results are shown in figure 3. If we change the initial value
to a sufficiently small value, say, y0 = (763240, 1000, 500, 100, 100, 100, 500), it is
easy to get that system (1) converges to the disease-free equilibrium no matter how
α1 and α2 vary. Thus, we can obtain that when (α1, α2) ∈ G0, there is only one
disease-free equilibrium E0 which is stable. However, when (α1, α2) ∈ G1, there
are two stable equilibria, disease-free equilibrium E0 and coexistence equilibrium
Esr, shown in figure 3. For a given value of α2, increasing α1 induces system
changes to stabilize at either disease-free equilibrium or the coexistent state from
the stable disease-free equilibrium, as shown in figure 3. This implies that super-
infection of the sensitive strain is beneficial for two strains to coexist. If we choose
α1 = 5, α2 = 0.3, which lie in G1, we can get that solutions initiating from differ-
ent values stabilize at different equilibria. Figure 4 shows that solutions starting
from the initial values y10 = (763240, 100000, 50000, 1000, 10000, 50000, 1000) or y20 =
(763240, 50000, 30000, 1000, 10000, 1000, 10000) converge to the coexistent equilib-
rium Esr, while solutions initiating from the initial values y30 = (763240, 10000, 5000,
1000, 1000, 100, 500) or y40 = (763240, 1000, 500, 100, 100, 100, 500) tend to disease-
free equilibrium E0.



HIV SUPERINFECTION AMONG MSM 183

Figure 5. Plot of stability of Er and Esr in the plane α1 − α2

when Rs < 1 < Rr. βs = 0.14, βr = 0.2, βsr = 0.85, p = 0.85, εTs =
0.3507, εTr = 0.4, εTsr = 0.37.

When Rs < 1 < Rr, by using similar method we can get three different regions
for plane α1 − α2, shown in figure 5. It follows from Theorem 3.1 and 3.3 that
both disease-free equilibrium E0 and drug resistant strain-only boundary equilib-
rium Er exist when (α1, α2) lies in any of these three regions. In such case the
disease-free equilibrium is unstable. Figure 5 shows that coexistence equilibrium
Esr exists when (α1, α2) ∈ G3 ∪ G4. Meanwhile, we can get when (α1, α2) ∈ G2,
only Er is locally stable, when (α1, α2) ∈ G3, both Er and Esr are locally bistable,
and when (α1, α2) ∈ G4 only Esr is stable. For a given value of α2, increasing
α1 induces system changes from the stable resistant strain-only equilibrium Er to
the bistable states of Er and Esr and to the stable coexistent state Esr. This
implies that superinfection of the sensitive strain makes the sensitive strain in-
vade successfully and hence is also beneficial for two strains to coexist. Choosing
α1 = 4, α2 = 0.3, which lies in G3, we can get that solutions initiating from dif-
ferent values stabilize at different equilibria. Figure 6 shows that solutions starting
from initial values y10 = (763240, 100000, 50000, 1000, 10000, 50000, 1000) or y20 =
(763240, 50000, 30000, 1000, 10000, 1000, 10000) converge to the coexistent state Esr,
while solutions from initial values y30 = (763240, 10000, 5000, 1000, 1000, 100, 500)
or y40 = (763240, 1000, 500, 100, 100, 100, 500) tend to the drug resistant strain-only
boundary equilibrium Er.

When Rr < 1 < Rs, numerical studies indicate that the coexistence equilibrium
Esr always exists and is locally stable for any values of α1 and α2 (i.e., no matter
when Rrs < 1 or Rrs > 1), as shown in figure 7. When 1 < Rs < Rr and 1 < Rr < Rs,
the results are described in figure 8 and figure 9, respectively. Both figure 8 and
figure 9 show that the drug resistant strain-only boundary equilibrium Er is stable
for Rrs < 1 and the coexistence equilibrium Esr is stable for Rrs > 1. It is interesting
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Figure 6. Plot of stability of E0 and Esr for different initial val-
ues when Rs < 1, Rr > 1. βs = 0.14, βr = 0.2, βsr = 0.85, p = 0.85,
εTs = 0.3507, εTr = 0.4, εTsr = 0.37, α1 = 3.2, α2 = 4.8,
y10 = (763240, 100000, 50000, 1000, 10000, 50000, 1000),
y20 = (763240, 50000, 30000, 1000, 10000, 1000, 10000),
y30 = (763240, 10000, 5000, 1000, 1000, 100, 500), y40 =
(763240, 1000, 500, 100, 100, 100, 500).

Figure 7. Plot of stability of Er and Esr in the plane α1 − α2

when Rr < 1 < Rs. βs = 0.18, βr = 0.175, βsr = 0.85, p = 0.85.
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Figure 8. Plot of stability of Er and Esr in the plane α1 − α2

when 1 < Rs < Rr. βs = 0.3, βr = 0.21, βsr = 0.55, p = 0.25.

Figure 9. Plot of stability of Er and Esr in the plane α1−α2 when
1 < Rr < Rs. βs = 0.36, βr = 0.23, βsr = 0.25, p = 0.19, εTs =
0.3507, εTr = 0.4, εTsr = 0.37.

to note that for a given value of α1, increasing α2 may induce system changes to
stabilize at the equilibrium Er from the stable coexistent state Esr. This implies
that superinfection of the resistant strain is beneficial for the resistant strain to
dominate and sustain in a population.
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Figure 10. Effect of superinfection. (A) (C), proportions of in-
dividuals infected with drug resistant strains. (B) (D), propor-
tions of individuals infected with both strains. Parameter val-
ues for (A) and (B) are βs = 0.5, βr = 0.3, βsr = 0.45, εTsr =
0.4, p = 0.4, σ = 0.5. Parameter values for (C) and (D) are
βs = 0.5, βr = 0.3, βsr = 0.6, εTsr = 0.7, p = 0.8, σ = 0.5.

By comparing the main results with and without superinfection we summarize
the results in table 2. It’s worth pointing out that the coexistence equilibrium
Esr may exist and be stable even when R0 < 1, as figure 3 and figure 4 show.
This implies that superinfection is beneficial for two strains to coexist. Further, for
Rs < 1 < Rr the coexistent state Esr can be bistable with the equilibrium Er, and
then becomes to be a solely stable state as the parameter value α1 increases, as
figure 5 shows. This illustrates that superinfection of the sensitive strain makes the
sensitive strain invade successfully and hence is helpful for two strains to coexist.
Meanwhile, Er can be stable when Rs > Rr > 1 for great values of α2, as figure 9
shows. This indicates that superinfection of the resistant strain helps to make the
resistant strain dominate in the system and increases the chances of extinction of
drug sensitive strain.

In the following, we choose parameter values associated with the HIV epidemic
among MSMs [35, 20, 48] to investigate effects of superinfection on HIV infection.
Because of the fitness cost, infectiousness for people infected with drug resistant
strains is smaller than that for people infected with drug sensitive strains[5, 21]. We
simply take βs = 0.5, βsr = 0.45, βr = 0.3, εTsr = 0.4, p = 0.4. Let superinfection
coefficients α1 and α2 vary while keeping other parameters unchanged to examine
the variation in fractions of individuals infected with drug resistant strain-only
or with both strains. The proportions of individuals infected with drug resistant
strains and both strains are described in figure 10 (A) and (B), respectively. A
repeat of plotting is given in figure 10 (C) and (D) if we take parameter values
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Table 1. Parameter values

Para Definition Value/Range Source
U Recruitment rate of susceptible 402450 capita/year [35]
µ Exit rate 0.0343 year−1 [35]

βs
Transmission coefficient for individual
infected with drug sensitive strains

0.5 (capita year)−1 variable

βr
Transmission coefficient for individual
infected with drug resistant strains

0.4 (capita year)−1 variable

βsr
Transmission coefficient for individual
infected with both strains

0.45 (capita year)−1 variable

β′s

Superinfection coefficient for individual
infected with drug sensitive strains
without treatment

α1βs variable

β′r

Superinfection coefficient for individual
infected with drug resistant strains
with treatment

α2βr variable

β′sr

Superinfection coefficient for individual
infected with both strains
without treatment

α1βsr variable

β′′sr

Superinfection coefficient for individual
infected with both strains
with treatment

α2βsr variable

p
Probability for individuals infected with
both strains to transmit sensitive strains

0-1 variable

εTs
Modification factor for individuals
infected with drug sensitive strains

0.3507 [35]

εTr
Modification factor for individuals
infected with drug resistant strains

0.4500 assumed

εTsr
Modification factor for individuals
infected with drug resistant strains

0.4000 assumed

σ Treatment rate 0.2 year−1 [20, 48]

r1
Progression rate of drug resistance
from Ts to Tsr

0.12 year−1 [43]

r2
Progression rate of drug resistance
from Tsr to Tr

0.05 year−1 assumed

vji
Disease related death rate for each
infected group

0-0.2 year−1 [5]

as βs = 0.5, βsr = 0.6, βr = 0.3, εTsr = 0.7, p = 0.8. It follows from figure 10
that increasing superinfection coefficient of the sensitive strain (i.e. increasing α1)
leads to an increase in the fraction of individuals infected with both strains, but
a decrease in the fraction of individuals infected with resistant strain. Whereas,
increasing the superinfection coefficient of the resistant strain (i.e. increasing α2)
leads to an increase in the fraction of individuals infected with drug resistant strains,
and may lead to an increase or decrease in the fraction of cases infected with both
strains, depending on the level of infectious individuals with sensitive strain infected
by individuals with both stains.
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Table 2. Stability Results

Conditions With superinfection Without superinfection

Rr < 1, Rs < 1
E0 stable for (α1, α2) ∈ G0,
Esr stable for (α1, α2) ∈ G1

E0 stable

Rs < 1 < Rr

Er stable for (α1, α2) ∈ G2,
Er, Esr bistable for (α1, α2) ∈ G3

Esr stable for(α1, α2) ∈ G4

Er stable

Rr < 1 < Rs Esr stable Esr stable

1 < Rs < Rr
Er stable for Rrs < 1,
Esr stable for Rrs > 1

Er stable

1 < Rr < Rs
Er stable for Rrs < 1,
Esr stable for Rrs > 1

Esr stable

5. Conclusions. A number of recent reports indicate that HIV-1 superinfection
can occur in infected individuals[17, 23, 34, 13]. However, few mathematical models
have been formulated to model superinfection so far. The existing mathematical
models are associated with the transmission dynamics of drug sensitive and resis-
tant strains under an assumption of no superinfection [5, 38, 3, 32, 19, 28, 44].
In this article, we proposed a mathematical model of HIV infection with super-
infection, and investigated the transmission dynamics of drug resistant strain and
provided insight into the potential for HIV superinfection to affect the epidemic.
Since superinfection makes the dynamics more complicated we initially examine
the transmission dynamics without superinfection and then numerically focus on
influence of superinfection.

In the absence of superinfection, the dynamics of the system can be determined
by two reproduction numbers (Rs and Rr), as shown in table 2. However, these
two reproduction numbers are not enough to describe the dynamics of the system
when superinfection is present. Thus, an invasion reproduction number (Rrs) is
introduced to determine whether the sensitive strain can invade a population where
the resistant strain is at equilibrium. The disease-free equilibrium unconditionally
exists, which is similar to the models with two different strain types [32, 2, 47]. It
is interesting to note that in the presence of superinfection if the basic reproduction
number R0 < 1, the disease-free equilibrium E0 may be either solely stable or
bistable with the coexistence Esr, depending on the superinfection parameters α1

and α2. In particular, for a relatively large superinfection coefficient of the sensitive
strain (large α1) the stable coexistence equilibrium is feasible. This implies that
superinfection of the sensitive strain makes the coexistence state more likely.

We proved that the drug resistant strain-only equilibrium exists when Rr > 1
without and with superinfection. In the absence of superinfection Er is stable
when Rr > Rs. While, when superinfection is present, Er is stable when Rrs < 1.
However, it is possible that Rrs > 1 when Rs < Rr, that means the drug resistant
strain-only equilibrium could become unstable due to superinfection. In such case,
the coexistence equilibrium Esr may exist and be stable, shown in figure 5 and
figure 8. Moreover, figure 5 illustrates that system experienced from the stable
resistant-strain only equilibrium Er to the bistable states of Er and Esr and then
to the stable coexistent state Esr with increasing superinfection coefficient α1. This
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implies that superinfection of the sensitive strain makes it invade more likely and
hence is also beneficial for two strains to coexist.

It is worth noting that superinfection of the resistant strain may induce the
stability of drug resistant strain-only equilibrium or the coexistence state, depending
on the values of Rs, Rr and the level of superinfection coefficient α1, α2, as shown
in figure 3, 5, 7-9. When the system stabilizes at the disease-free equilibrium in the
absence of superinfection, increasing the superinfection coefficient α2 may induce
the stability of coexistence state, which is dependent on the value of α1, as shown in
figure 3. When the system stabilizes at the coexistence equilibrium in the absence of
superinfection, increasing the superinfection coefficient α2 may induce the stability
of drug resistant strain-only equilibrium, as illustrated in figure 9. When the system
stabilizes at the equilibrium Er in the absence of superinfection, increasing the
superinfection coefficient α1 may induce the bistability Er and Esr or the stability
of coexistence state Esr, which is dependent on the value of α1, as shown in figure
5 and 8. This indicates that superinfection of the drug resistant strain makes its
persistence in a population more likely, and may increase chance of existence of the
coexistence state, depending on the level of superinfection coefficient of sensitive
strain (the value of α1).

It should be noted that superinfection may result in an increase in the fractions
of individuals infected with the drug resistant strain or with both strains. This
will bring more difficulties to the treatment of the infected individuals, especially
in mainland China where the second-line treatment options are very limited and
are not available to all infected individuals needed [46]. From the point of HIV
infection control, superinfection may cause more difficulties to eradicate the disease
or reduce HIV infection. Thereby, it is essential to enhance education for high-risk
population to reduce the infectivity per high-risk behaviour (say, using condom) or
decrease the frequency of high risk behaviour.
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