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ABSTRACT. Radiation therapy is one of the important treatment procedures of
cancer. The day-to-day delivered dose to the tissue in radiation therapy often
deviates from the planned fixed dose per fraction. This day-to-day variation of
radiation dose is stochastic. Here, we have developed the mathematical formu-
lation to represent the day-to-day stochastic dose variation effect in radiation
therapy. Our analysis shows that that the fixed dose delivery approximation
under-estimates the biological effective dose, even if the average delivered dose
per fraction is equal to the planned dose per fraction. The magnitude of the
under-estimation effect relies upon the day-to-day stochastic dose variation
level, the dose fraction size and the values of the radiobiological parameters
of the tissue. We have further explored the application of our mathematical
formulation for adaptive dose calculation. Our analysis implies that, com-
pared to the premise of the Linear Quadratic Linear (LQL) framework, the
Linear Quadratic framework based analytical formulation under-estimates the
required dose per fraction necessary to produce the same biological effective
dose as originally planned. Our study provides analytical formulation to calcu-
late iso-effect in adaptive radiation therapy considering day-to-day stochastic
dose deviation from planned dose and also indicates the potential utility of
LQL framework in this context.

1. Introduction. Radiation therapy is one of the key treatment procedures of
cancer. The delivery of radiation dose to the tissue usually involves administra-
tion of dose by daily fractions. In such fractionated radiation therapy, commonly
constant magnitude of dose is planned to be delivered to the tissue in each daily
fraction [12]. However, the magnitude of day-to-day delivered dose deviates from
the planned dose. The deviations from the planned dose occur due to various under-
lying factors, e.g. errors regarding the positioning of the patients, beam placement
and geometric variation of the organ [17]. It may be mentioned that the dose
delivered in each fraction is a sample of stochastic (random) quantity [1].

The consequence of stochastic variation of a parameter on the response of the
system had been often disregarded in the dynamical analysis of physical as well as
biological systems [6] and such variation of the parameter is frequently considered
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as nuisance [3]. As per deterministic viewpoint, it is often implied that the re-
sponses of systems are governed by the averaged value of the parameter undergoing
stochastic variation [6]. However, due to the progress of the theory of stochastic
processes, it is now known that the responses of diverse systems, with considera-
tion of stochastic variation of parameter, are often markedly different from their
responses when the parameter remains at the constant average value [6]. Such di-
vergences of the responses under the influence of stochastic variation of photon flux
have been demonstrated in various systems, ranging from chemical reaction [18],
photo-chemical property of bio-molecules [7] to multi-cellular circadian system [16].

In adaptive radiation therapy (ART), the treatment plan is adapted during the
course of the therapy utilizing the feedback information regarding the measurements
in order to recompense or minimize the effect of variation of treatment plans [17].
Commonly, the intent of adaptation of the treatment plan is to curtail the error
in the magnitude of the delivered dose from the planned dose during fractionated
radiation therapy. However, in this context, the resultant biological effect may be
different than that was originally planned, even though the total dose delivered
during the fractionated dose delivery protocol is the same as the planned dose
[15]. Therefore, the utilization of the notion of pertinent biological objective is
generally preferred for dose adaptation compared to the above mentioned notion
of dose error compensation [15]. The deterministic Linear-Quadratic (LQ) model
is commonly utilized to elucidate the dose-response relation [2]. However, it is
known that the above-mentioned LQ model is often unsuccessful to represent dose-
response relationship when the magnitude of the administered dose is high [5]. On
the other hand, the deterministic Linear-Quadratic-Linear (LQL) model is capable
of portraying satisfactory dose-response relationships in the low dose and also in
the high dose delivery conditions [5].

To the best of our knowledge, there is no available analytical formulation to
represent the dose-response relation in the context of day-to-day stochastic dose
deviation from the planned dose in fractionated radiation therapy. The primary
objective of this article is to develop the above-mentioned mathematical formulation
which we have pursued employing the frameworks of stochastic differential equation
and Jensen’s inequality for convex function, in order to explore the possible effect
of day-to-day stochastic dose deviation in radiation therapy. Further, we have
explored the applicability of our model in the context of dose adaptation strategy
in fractionated radiation therapy and also contrasted the LQL and LQ framework
based dose adaptation schemes considering day-to-day stochastic dose deviation.

2. Theory.

2.1. Calculation of biological effective dose considering day-to-day sto-
chastic dose variation. We consider a fractionated radiation delivery situation
with planned constant daily dose d per fraction for n consecutive days. Considering
complete repair involving two consecutive fractions in fractionated radiation ther-
apy, the survival fraction after n—th day can be denoted under Linear Quadratic
Liner (LQL) model [5] as:

S, = exp{n(—ad — BGrord*)} (1)

where «, [ are the radiation sensitivity parameters and
Gror ={2/(ut +6D)}1 — {1 — exp(—ut — 6D)}/(ut + 6 D)
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The parameter ¢ illustrates the bending of dose-response curves [5]. This pa-
rameter is also related to the yield of radiation induced lesion production and the
probability of interaction of the newly formed lesion with the existing lesion [5]. u
represents the repair-rate of repairable DNA lesions.

The biological effect of radiation (F,) is defined as, E, = —InS, = n(ad +
BGrLord?). Now we re-write this expression in the differential form as:

dE, = ®(d)V(E,)dn (2)

where ®(d) = (ad + BGLord?), Y(E,) = 1. With the aim of elucidating the
effect of day-to-day dose variation in fractionated radiation therapy, we replace d by
dg + &, in (2), where &, represents the stochastic variation in day-to-day delivered
dose and dg is the mean delivered dose per fraction. Now from (2), considering
day-to-day stochastic dose variation, the evolution of the biological effect over the
days of fractionated radiation therapy can be denoted by the following generalized
stochastic differential equation (SDE), dE, = ®(dq + &,)V(E,)dn where ®(dg +
fn) = (add—FﬂGLQLdz)—|—(O¢—|—2ﬂGLQde)fn—&—ﬁGLQLf?L. Initially, we represent &, as
coloured noise using the model of Ornstein-Uhlenbeck (OU) process with E(&,) =0
and the exponentially decreasing correlation function, E(&,&,) = (t.o2/2)exp(— |
n —m | /t.) [6]. Here, the correlation time is denoted by t. and o4 designates
the standard deviation concerned with the day-to-day stochastic dose variation.
Now, we represent the time evolution of F,, considering day-to-day stochastic dose
variation using the SDEs of following forms:

dE, = Mdg,0q4)¥(E,)dn + LU(E,)n,dn
and
&y, = —&ndn + ZLAW,
where w symbolizes the distance from the situation when t. — 0. W,, defines the

standard Wiener process [6] and 7, is defined as,
N = (da + &n) — E{®(da + &n)} = (da + &n) — A(da, 04) and

+oo
Mg, o) = / ®(da + 2)p(z)d= (3)

where p(z) = \/mo2exp(—2z?/03) is the probability density corresponding to Ornst-
ein-Uhlenbeck (OU) process. We re-write the expression of ®(dg + &,) by substi-
tuting &, by z as,

D(dg + 2) = (adg + BGrordy) + (0 + 28GLorda)z + BG oLz’ (4)
Now, from (3), we obtain,
)\(dd,dd) :add+5GLQL(d?l+0'3/2) (5)

At white noise limit (¢, — 0), the time evolution of F, can be denoted by the
following form of Stratnovich SDE [6]:

dE, = )\(dd, O'd)\IJ(En)dTL + (fd\I’(En) odW, (6)
where ¢4 is defined as
g3 = 2/dzp(z){(1>(dd +2) — AMda,04)}Y (dg + 2) (7)
R
Y (d4 + z) represents a particular solution of

FFY = —{@(da + 2) — Mda, 0a)} (8)
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In (8), Fy" = —20, + (02/2)0. represents the OU process based Kolmogorov back-
ward operator [6]. Now, we re-write (8) as,

{20, 4 (03/2)0,.}Y = —{®(dg + 2) — A\(da,04)} (9)
Following [6], we consider the following polynomial expression of Y,
Y = k123 + K022 + K32 (10)

At this point, using the expressions of Y (10), ®(dg + z) (4) and A(dg,04) (5) and
comparing the both sides of (9) we deduce: k1 = 0, ke = BGroL/2 and k3 =
(a+2B8Grgrdg). Further, using the expressions of k1, k2 and k3, we re-write (10)
as,

Y(dd—i—z) = BGLQL22/2+(04+2ﬁGLQde)Z (11)
Now using the expressions of Y (dg+2) (11), Mdg+04) (5), ®(da+2) (4) and p(z),
we deduce the following expression of gy from (7):

Gy = \/(a +26GLqrda)o? + B2G o 04/2 (12)
Now replacing the expressions of U(E,,), A(dq¢+04) (5), 74 (12), we re-write (6) as,

dE, = {Oldd + 5GLQL (d?i + 03/2)}dn+ \/(a + QBGLQde)O'g + ﬂQG%QL(Té/Q odW,

(13)
Further, we transform the Stratonovich SDE (13) to the corresponding Ito SDE
[10]:

dE, = {ads + BGrop(d% + 02/2) hdn + \/ (@ +28GLorda)o? + B2G2 L0k /2dW,,
(14)
Now we proceed to perform integration on the both sides of (14) utilizing the initial

condition: at n = 0, E,, = 0. Using the Ito integral’s zero expectation property
[10], from (14), we deduce,

By = n{ada + BGrqr(d +03/2)} (15)

Here, we have substituted F,, by F.,. FE, represents the average biological effect
on the n—th day under consideration of day-to-day stochastic dose variation. Now,
the extended version of the LQL model under consideration of day-to-day stochastic
variation of dose can be written as,

Ssn = exp(—Esy) = exp[n{—adq — BGror(d3 + 02/2)}]
Further, following the definition of biological effective dose (BED) [2], the expression
of the average biological effective dose under day-to-day stochastic variation of dose
can be written as,

Note that, when o4 = 0, replacing d; with d, we obtain the expression of biological
effective dose under day-to-day delivery of constant dose d,

BED,, = n{d+ (3/a)Grord*} (17)

In order to compare BED under consideration of day-to-day stochastic variation of
dose and constant dose delivery conditions, we introduce an augmentation measure,
ABED,(%) = {(ABED,, — ABED,)/ABED,} x 100(%). Now, using (16) and
(17), we obtain

_ 2 g2 o2
ABED, () = S e ) £ X 100(%)
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The non-zero value of ABED, (%) will be due to i) the contribution of the difference
in the magnitudes of the average dose delivered per fraction (d;) and the constant
planned dose per fraction (d) and also due to ii) the day-to-day stochastic variation
in the delivered dose. Therefore, in order to isolate the contribution of the day-to-
day stochastic variation on ABED, (%), throughout this article, we will consider
that the average dose delivered per fraction under stochastic condition is equal to
the planned constant dose per fraction (dq = d). Note that the total delivered
doses, during the fractionated therapy under the stochastic and the constant dose
delivery conditions are also equal. Now, we use the condition, (dq = d) in the
above mentioned expression of ABED, (%) and subsequently obtain the following
expression,

_ GLoLog
2{(a/B)d + GLqrd?}
When o4 > 0, from (18) we observe, ABED (%) > 0. Hence, when the day-

to-day delivered dose varies stochastically, the positive value of ABED, (%) will

imply the under-estimation of biological effective dose under the approximation of
constant dose delivery per fraction, even if the average dose delivered per fraction
is same as the planned dose per fraction. It may be mentioned that at 6 = 0, the
expression of Gqr reduces to the expression of the Lea-Catcheside time factor,

Gro = (2/pt)[1 — {1 — exp(—pt)}/pt] and the dose-response relationship in (1)

transforms to the standard LQ model [5]. Similarly, the mathematical expressions

of the effect of stochastic day-to-day dose variation under LQ model can be obtained

from the corresponding LQL model based formulations by replacing Grgr with G

or by substituting § = 0.

ABED, (%) x 100(%) (18)

2.2. Investigation of the effect of day-to-day stochastic dose variation
using the Jensen’s inequality. In the preceding sub-section, we have explored
the effect of day-to-day stochastic (random) dose variation using stochastic calculus.
In this sub-section, we will investigate the same using the Jensen’s inequality [8,
13]. Now, differentiating twice both sides of (17) with respect to d, we obtain,
0?BED,,/dd* = 2n(B/a)Gror > 0. This implies that BED,, (17) is a convex
function of d. Let us consider that f(z) is a real convex function of the random
variable x (x;, 1 = 1, 2, .. n). As per the Jensen’s inequality for the strictly convex
function [8, 13],

FQZmi/n) <{X f(x:)}/n
Similarly, in the context of biologically effective dose under consideration of day-to-
day random variable doses d; (i = 1, 2, .. n), we write

BED, (> di;/n) < {>.BED,(d;)}/n

When the average delivered dose per fraction under consideration of day-to-day
dose variation is equal to the planned constant dose per fraction (i.e. > d;/n = d),
we re-write the inequality as BED,,(d) < {d_ BED,(d;)}/n. Now, the term on the
left hand side of the inequality corresponds to the BED under the consideration of
daily constant dose d. On the other hand, the term on the right hand side of the
inequality represents the average BED under consideration of day-to-day random
dose variation. Therefore, even if the average delivered dose per fraction under
stochastic condition is equal to the planned constant dose per fraction, the value of
biological effective dose under consideration of day-to-day dose variation is higher
than that under the approximation of daily delivery of constant dose. Therefore,



164 SUBHADIP PAUL AND PRASUN KUMAR ROY

constant dose delivery approximation under-estimates BED. Note that we deduced
the same inference using SDE based approach in the previous sub-section.

2.3. Dose adaptation in fractionated radiation therapy. Previously, we men-
tioned a fractionated radiation therapy which continues for n successive days with
daily planned constant radiation dose d. However, the delivered dose per day was
different from the planned dose during the initial n;, (ny < n) days of the fraction-
ated protocol. Let us consider that the daily average dose was d and o4 represents
the corresponding standard deviation of the day-to-day stochastic dose variation
during those initial days. Under the premise of the LQL model, we are interested
to find out the amount of daily dose (dX%F) that is required to deliver for the
remaining n — n, days in order to produce the same biological effective dose as
was originally planned. Now, using the iso-BED criteria for the considered dose
adaptation scheme, from (16) and (17), we write,

BED,(n,d) = BED,,(ny,d,04) + BED,(n — ny, d2@F)
ie. n{d+ (8/a)Grord®} = my{d + (B/a)Grqr(d® + 03/2)}

+(n —mp){dF9F + (B/)Gror(dr®r)*}
Subsequently we obtain,

LQL _ _ a/B a/p ~ 4GLor wGroLo’ B Grord?
g 2GLqL - 2G oL \/1 (a/B) {2(n —mp)(a/B) <d+ (/) >}

(19)
Now we compute,

Ad(%) = {(d - deL)/d} x 100(%) (20)
where, Ad(%) denotes the percentage difference of the required dose per fraction
from the planned constant dose per fraction during the remaining days of the ther-
apeutic protocol in order to produce the same biological effective dose as was origi-
nally planned. Similarly, using iso-BED criteria under the context of the L(Q model,
the expression of dX? can be obtained after replacing Gror by Grg in (19). Now
we compare the daily doses required to deliver for the remaining n — n; days in
order to produce the same biological effective dose as was originally planned under
the LQL and the LQ models using the following expression:

Adpqr-1o(%) = {(dy? — dp?) /d7?} x 100(%) (21)

Positive value of Adpgr—rg(%) will imply the under-estimation of required daily
dose under the premise of the LQ model than that under the premise of LQL model.

3. Results.

3.1. Effect of day-to-day stochastic dose variation on the biological effec-
tive dose. In order to compute ABED, (%) (18), we have considered a fractionated
radiation therapy protocol with n = 35 days, d = 2 Gy, dose-rate = 1.0 Gy/minute
[12]. We have considered the following ranges of variations of the radiobiological
parameters: a/f3 (0.4-16 /Gy) [9], 1 (0.003-0.14 /minute) [9], § (0.053-0.452 /Gy)
[5]. However, we will vary the value of the parameter § from 0 to 0.452/ Gy, as
§ = 0 represents the situation concerned with the LQ model. We have varied the
level of dose variation (o4) up to 30% [4]. The positive values of ABED,(%) im-
plies the under-estimation of biological effective dose under constant dose delivery
approximation in fractionated radiation therapy (Fig 1 (a-c)). When the day-to-day
delivered dose varies stochastically, the magnitude of under-estimation of biological
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effective dose (ABED,(%)) increases as the daily variation of radiation dose (o4)
increases (Fig 1 (a~c)). The under-estimation effect is higher in the tissues with
lower values of o/ ratio (Fig 1a). However, there was no substantial change in
the magnitude of this under-estimation effect as the repair rate (u) increases (Fig
1b). We have previously mentioned that at § = 0, the LQL model reduces to the
LQ model. The positive value of the é parameter implies the departure from the
premise of the LQ model. As the magnitude of the § parameter increases from 0,
the above mentioned under-estimation effect decreases (Fig 1c). The magnitude of
under-estimation of the biological effective dose is the most sensitive to the change
in the magnitude of the /8 ratio of the tissue and the least sensitive to the change
in the value of the tissue’s repair-rate parameter (Fig 1d).
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FIGURE 1. The 3D surface plots of ABED,(%) (18) as the func-
tion of the magnitude of day-to-day stochastic variation of delivered
dose (04) and the magnitudes of the radiobiological parameters o/
ratio, ;1 and ¢ are displayed in (a), (b) and (c) respectively. The
colorbars display the values of ABED,(%). The percentage de-
creases in the magnitude of ABED, at o4 = 10% due to the 10%
increase in the value of the /3 ratio, u and ¢ from their respective
fixed values (a/f= 3.0 Gy, p =0.07 /minute, 6= 0.253 /Gy) has
been shown in (d). Here, Sapgp, (%) denotes the corresponding
percentage decrease in the value of ABED,,.
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3.2. Effect of dose fraction size on ABED,(%). In this sub-section, we have
compared the magnitudes of the term ABED,(%) (18) between the radiation ther-
apy protocols with total durations of n = 2 to 35 successive days. We have consid-
ered the following values of the radiobiological parameters: o/ = 3.0 Gy, p = 0.07
/minute, § = 0.253 /Gy. Total dose delivered through each fractionated protocol
was the same (70 Gy) and dose-rate was 1.0 Gy/minute. When the value of n is
small, the dose delivered per fraction (i.e. fraction size) is high (e.g., n = 2 involves
the delivery of 35 Gy per fraction). Such high magnitude of dose delivery per frac-
tion has been considered only in the spirit of generality. The magnitude of the
under-estimation of biological effective dose under constant dose delivery approxi-
mation (ABED,(%)) (18) increases as the total radiation dose in the fractionated
radiation therapy is delivered within shorter total duration of the fractionated proto-
col (Fig 2). In other words, the aforesaid under-estimation effect is more prominent
when the fraction size is larger. We have also observed that the magnitude of con-
cerned under-estimation enhances as the magnitude of the day-to-day variation of
the delivered dose (04) increases in all the fractionated protocols with the durations
of 2 to 35 days (Fig 2).
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FIGURE 2. The 3D surface plot of ABED,(%) (18) as the func-
tion of the magnitude of day-to-day stochastic variation of delivered
dose (04) and the total duration of the fractionated radiation ther-
apy (n) has been shown in this figure. The colorbar displays the
values of ABED,(%).

3.3. Application for dose adaptation. Now we proceed to compute Ad(%) (20),
which denotes the percentage difference of the required dose per fraction from the
planned constant dose per fraction during the remaining days of the therapeutic
protocol in order to produce the same biological effective dose as was originally
planned. We have computed Ad(%) (20), considering /8 = 3.0 Gy, u = 0.07
/minute, 6 = 0.253/Gy, d = 2 Gy, n = 35 days, dose-rate = 1.0 Gy/minute. In
the considered dose adaptation scheme, smaller value of n;, implies that the dose
adaptation has been started earlier in the fractionated therapeutic protocol. When
dose adaptation starts late in the fractionated protocol, the magnitude of Ad(%)
increases (Fig 3a). The level of Ad(%) also increases with the increase in the level
of o4 (Fig 3a-d) and with the decreases in the magnitudes of /5 (Fig 3b). We
have observed no appreciable change in the level of Ad(%) with the increase in the
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magnitude of repair rate (Fig 3c). Further, the magnitude of Ad(%) decreases as
the value of ¢ parameter increases from 0 (Fig 3d).
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FIGURE 3. The 3D surface plot of Ad(%) (20) as the function of
the magnitude of day-to-day stochastic variation of delivered dose
(04) and np has been displayed in (a). Figure 3 b-d illustrate the 3D
surface plots of Ad(%) as the function of o4 and the radiobiological
parameters. The colorbars display the values of Ad(%).

We have also computed Adrgr—ro(%) (21) using § =0 - 0.452 /Gy, o4 = 25%
and also using the magnitudes of the other parameters mentioned earlier in this
sub-section. Corresponding 3D plot of Adrgr—ro(%) as a function of 6 and n
has been shown in Fig 4a. Further, we have also computed Adror—ro(%) using
0 = 0.252 /Gy and the magnitudes of other parameters as mentioned earlier in this
sub-section. Corresponding 3D plot of Adpgr—rg(%) as a function of o4 and ny
has been displayed in Fig 4b. Let us recapitulate that the positive magnitude of
Adror-ro(%) entails the under-estimation of required daily dose under the context
of LQ model than that under the framework of LQL model. We observe that the
LQ model under-estimates the required daily dose compared to that under the
LQL model (Fig 4a-b). This under-estimation effect increases when the magnitude
of the radiobiological parameter § increases and the dose adaptation scheme starts
late in the fractionated radiation therapy (Fig 4 a, b). Fig 4b shows that the
aforesaid under-estimation effect (Adngr—rg(%)) also becomes prominent when
the magnitude of dose variation (o4) increases (Fig 4b).
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FIGURE 4. The 3D surface plot of Adrgr—ro(%) (21) as the func-
tion of the magnitudes of n, and § parameter has been displayed
in a. Figure 4b shows the 3D surface plot of Adrgr—ro(%) as the
function of the magnitudes of n, and o4 parameter. The colorbars
display the values of Adror—rg(%).

4. Discussion and conclusions. In this article, we have developed the analytical
formulation to represent the effect of day-to-day stochastic dose deviation from the
planned dose in the context of fractionated radiation therapy. We have developed
the formulation using the framework of stochastic differential equation which pro-
vides an essential scaffold to explore the effect of random variation of the parameters
on the response of a system.

On the other hand, the mathematical formulation of Jensen’s inequality also
furnishes a valuable quantitative framework to probe the effect of variation in the
parameters on the response of a system [14]. It is well known that many biological
functions display non-linear signatures. In the biological context, the conceptual
formulation of Jensen’s inequality has important implication when the system por-
trays non-linear parametric response [14]. We have shown in this article that our
aforesaid outcome of day-to-day stochastic dose variation on biological effective dose
as obtained using stochastic calculus can also be corroborated using the Jensen’s
inequality for the convex function.

When the day-to-day delivered dose undergoes stochastic deviation from the
planned constant dose, the constant dose delivery approximation under-estimates
the biological effective dose. The magnitude of this under-estimation is more promi-
nent in the tissues characterized with high a/8 ratio, low value of radio-biological
parameter §. Also, the level of afore-mentioned under-estimation is higher in the
therapeutic protocols where total dose has been delivered within smaller duration
and dose deviation level is high. The analytical formulation was formulated un-
der the premise of the LQL framework instead of the LQ framework, because the
LQ framework often fails to sufficiently illustrate the dose-response relationship in
the high dose delivery situation [5]. In this circumstance, when the day-to-day
delivered dose varies stochastically, our model elucidates that the LQ framework
based analytical formulation under-estimates the required dose per fraction in the
considered dose adaptation procedure, compared to that under the premise of the
LQL framework. Our analysis also shows that this under-estimation effect is more
prominent when dose adaptation scheme starts late in the fractionated radiation
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therapy. Moreover, the magnitude of this under-estimation effect is reliant upon
the value of day-to-day stochastic dose variation level and the value of the radio-
biological parameter §. Note that when § = 0, the LQL framework based analytical
formulation developed in this study also renders applicability in the context of the
LQ framework. Additionally, when o4 = 0, our formulation transforms to the
standard analytical representation of dose-response relationship concerned with the
fixed magnitude of dose delivery per fraction.

The mathematical framework for calculation of required dose per fraction under
the context of the considered dose adaptation scheme as presented in this article
requires the information regarding the average dose delivered per fraction and the
standard deviation of the doses delivered over different fractions. These parame-
ters can be estimated utilizing the previously delineated methodology [1]. In this
article, we have provided analytical framework for calculation of required dose per
fraction in the context of adaptive radiation dose delivery considering day-to-day
stochastic deviation of radiation dose and also indicated the possible utility of the
LQL framework for the same.
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