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ABSTRACT. We consider a two-strain pathogen model described by a system
of reaction-diffusion equations. We define a basic reproduction number Ry and
show that when the model parameters are constant (spatially homogeneous),
if Rp > 1 then one strain will outcompete the other strain and drive it to
extinction, but if Rg < 1 then the disease-free equilibrium is globally attractive.
When we assume that the diffusion rates are equal while the transmission and
recovery rates are heterogeneous, then there are two possible outcomes under
the condition Ry > 1: 1) Competitive exclusion where one strain dies out.
2) Coexistence between the two strains. Thus, spatial heterogeneity promotes
coexistence.

1. Introduction. Numerous studies have been conducted to understand the dy-
namics of epidemic differential equation models with multiple-pathogen strains (e.g.,
[1, 2, 3,9, 11, 27]). Such models are important as they provide insights into the
evolutions, persistence and treatment of diseases such as infuenza, hantavirus, HIV-
AIDS, and other sexually transmitted diseases (e.g., [5, 8, 10, 14, 15]). The focus of
many such studies is on understanding when coexistence between strains is possible
and when competitive exclusion is the outcome. In [11] by assuming that the birth
rate is a function of the total population, it was shown that coexistence is not possi-
ble, and competitive exclusion is the only outcome with the winner being the strain
that has the largest basic reproduction number. In [1, 2, 9] the authors showed that
by allowing the mortality to be a function of the total population, then coexistence
between strains is possible as well as competitive exclusion. The authors of the
papers [27] and [3] extended such results to periodic and general nonautonomous
environments, respectively.

Recently, researchers focused their attention on understanding the effect of diffu-
sion on the dynamics of disease transmission models (e.g., [7, 16, 21, 29, 30, 31, 32]).
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In these papers, the models focused on one pathogen strain and considered stan-
dard incidence to model transmission of the disease. For example, the authors in [7]
presented the following reaction-diffusion model to describe disease transmission:

98 —dsAS - B(x) 25 +y(@), zeQ, t>0, m
oL = d;AI+ B(x )S+I ~v(z)1, zef, t>0 '

with no-flux boundary condition

95 = 8L —0, z€0Q, t>0. (1.2)

Here, S(x,t) and I(x,t) represent the densities of susceptible and infected individ-
uals at location = and time t, respectively. The parameters dg and d; are positive
diffusion coefficients for the susceptible and infected populations, respectively. The
functions f(x) and v(z) denote the disease transmission rate and the recovery rate
from the infected class, respectively. In this paper a basic reproduction number
Ry was defined and it was shown that if Ry < 1 then the disease-free equilibrium
is globally attractive. Furthermore, when Ry > 1 then there exists a unique en-
demic equilibrium and this endemic equilibrium tends to a spatially inhomogeneous
disease-free equilibrium as the mobility of susceptible individuals tends to zero, i.e.,
as dg — 0.

In [29] the stability of the endemic equilibrium for the model (1.1)-(1.2) was
studied. Therein, the global stability of this equilibrium was shown under the case
Ry > 1 and some additional restrictions, namely when the diffusion coefficients
are equal or 3/v = a = constant. In [21] the authors extended such investigation
to the model in [7] with Dirichlet boundary condition which described a hostile
environment at the boundary. They defined a basic reproduction number Ry and
showed that the disease-free equilibrium is globally attractive when Ry < 1, that
is, the disease dies out. When Ry > 1, they showed the existence of an endemic
equilibrium and established partial results on the global stability of the endemic
equilibrium. In [31] the authors extended their investigation to the model in [7]
with time-periodic parameters 8 and . They defined a basic reproduction number
Ry of this periodic model and showed that a combination of spatial heterogeneity
and temporal periodicity tends to enhance the persistence of the disease.

It is worth mentioning that more recently in [33], a two-strain SIS epidemic
reaction-diffusion model with homogeneous Neumann boundary conditions has been
considered:

98 = dsAS — (By(x) Iy + Ba()1 )m
+y1(x) 1 + v (2) 1o, reQ, t>0,

6[1 =d1AL —I—ﬂl( )%ﬁ_h—’yl(ﬂﬂ)ll, ref), t>0,
812 = d2A12 + 52( ) 72($)127 S Q) t> 07

under the cond1t1on

/(Il(x,O) + I5(z,0)) dz > 0 with S(z,0) > 0, ;(x,0) > 0, Iz(x,0) > 0 for z € €.
Q

(1.3)

s+1 +12 -

In this paper a basic reproduction number Ry was defined and it was shown that
if Ry < 1 then the disease-free equilibrium is globally attractive. The local sta-
bility of the semi-trivial equilibria was also studied. More importantly, using the
monotonicity of the equilibrial system, the existence of coexistence equilibrium was
established. Numerical investigations were conducted as well.



TWO-STRAIN PATHOGEN MODEL WITH DIFFUSION 3

The purpose of our paper is two fold: 1) to investigate a multiple-strain pathogen
model with diffusion and 2) to use a mass action incidence term (e.g., see [1] for
models without diffusion) to model the transmission of the disease. Even though
our model bears a resemblance to model (1.3), there is a main difference between
our model and model (1.3): Our model assumes a bilinear disease transmission
term, whereas model (1.3) assumes that infection is frequency dependent. Thus,
the two models are fundamentally different and require different methods to ana-
lyze. Furthermore, we study the global attractivity of the endemic equilibrium and
present conditions for competitive exclusion or coexistence between the strains to
occur.

The paper is organized as follows: In section 2 we present a two-strain reaction-
diffusion model. In section 3 we study the model under the assumptions that all
the parameters are constant. We define a basic reproduction number Ry and study
the long-time behavior of the solution. In particular, we show that if Ry < 1 the
disease-free equilibrium is globally attractive and if Ry > 1 competitive exclusion is
the only outcome between the strains. In section 4 we consider the case where the
diffusion rates of susceptible and infected individuals are equal while the transmis-
sion and recovery parameters are heterogeneous. We study the long-time behavior
of the solution as it relates to the basic reproduction number Ry. In particular, we
provide conditions under which competitive exclusion between the strains occurs
and conditions under which coexistence between the strains is the outcome. In
section 5 we verify the validity of such conditions. In section 6 we make concluding
remarks.

2. The model. In this section we present a two-strain epidemic model with diffu-
sion. In particular, let {2 be a bounded domain in R™ with smooth boundary 0f2.
Let S(z,t) be the density of susceptible individuals at location x and time ¢, and
let I;(z,t) be the density of individuals infected with strain ¢ (¢ = 1,2) at location
x and time t. We assume that the individuals randomly move in the domain 2
with diffusion rates dg and d; (i = 1,2) for susceptible and infected individuals,
respectively. If any individual cannot be infected with two diseases at the same
time, and recovered individuals become susceptible immediately, an SIS epidemic
reaction-diffusion model can be formulated as follows:

98 = dsAS — (Bi(x) 1 + B2(2)12)S + 71 (2) 1 + y2(2) s, 2 €Q, t>0,
Gt = di AL+ Bi(2)ST = m(2) ], re, t>0, (2.1)
&7 = do AL + B2(2)SIy — 72(2) I, re, t>0,

where the disease transmission rate function ;(z) describes the effective interaction
between the susceptible individuals and the individuals infected with disease ¢ at
location z, and the function v;(z) represents the recovery rate of the individuals
infected with disease i at location z. All §; and ~; are positive Holder continuous
functions in Q. Furthermore, we assume that there is no flux on the boundary 9%,
that is,

oS 0Ol

on  On
where 9/0n is the outward normal derivative to 9. We also assume that the initial
data satisfy

=0, €99, t>0, (2.2)

(H1) S(z,0) and I;(z,0) are nonnegative continuous functions in 2, and initially the
number of individuals infected with disease i is positive, i.e., [, [;(x,0)dz > 0.
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Let
/(S(%O) + I1(x,0) + Iz(x,0))de = N
Q

be the total number of individuals at ¢ = 0. Adding up the three equations in (2.1)
and then integrating over the domain €2, we find

0

at/(S—FIl—FIQ)d =0, t>0,

which implies that the total population size is a constant given by
/ (S(z,t) + I (x,t) + Iz(z,t))dx = N. (2.3)
Q

We then establish the global existence and boundedness results for the model.

Theorem 2.1. Suppose that hypothesis (H1) holds. Then the solution (S(z,t),
Ii(x,t), Iy(x,t)) of problem (2.1)-(2.2) ewists uniquely and globally. Moreover, there
exists a positive constant M depending on the initial data and max,g{vi(x)/Bi(x)}
(i =1,2) such that

0< S(z,t), I1(z,t), Iy(x,t) <M for z € Q, t € (0,00). (2.4)

Proof. Let ((S(x,t), I (x,t), Iy(x,t)) be the local solution of the following problem:

98 = dgAS +y1(2) 1 +a(2)a, reQ, t>0,
9L — 4\ ALy + By (2)STh — 7 (2) ], zeEQ, t>0,
012 = dyAly + Bo(2)STy — va(2)1s, zeQ, t>0, (2.5)
%:%:%:07 T €00, t>0,

S(x,0) = S(x,0), I(z,0)=1I(x,0), I(z,0)=I(zx,0) zecQ.

Then ((S(z,t), I, (z,t), Ir(x,t)) and (0,0,0) are a pair of coupled upper and lower
solutions of problem (2.1)-(2.2), and it follows that there exists a unique solution
((S(x,t), I1(z,t), Iz(z,t)) of (2.1)-(2.2) for x € Q and t € [0, Tpax), Where Thax is
the maximal existence time. Moreover, by the maximum principle, the solution is
positive in Q x (0, Tinax) (cf. [28]). We now consider the problem for S(x,t) in
Q x (0, Tmax):

Sy = dgAS + (’}/1 (33) — B (x)S)Il
+( (I) - BQ(I‘)S)127 HARS Qv te (OvaaX)? (26)
% =0, red, te (O,Tmax)~

Choose Mo = max{max_ g S(,0), max,g{v1(x)/f1(x)}, max g{v2(v)/Ba(x)}}.
Then for any nonnegative functions I (x,t) and Iz(x,t), My and 0 are a pair of upper
and lower solutions of problem (2.6). By the comparison principle, one can see that
S(z,t) < My in Q x [0, Tinax)- Since Jo Li(z, t)de < N, in view of Theorem 3.1 in
[4], there exists a positive constant M; dependlng on I; (Jc, 0) such that I;(z,t) < M;
(i =1,2) in Q x [0, Tinax ). Hence, it follows from the standard theory for semilinear
parabolic systems that Ty, = 00. O
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3. The case of constant coefficients. In this section, we consider the case that
all coeflicients are spatially homogeneous, i.e., §; and ~; (i = 1,2) are positive
constants. We first consider the case v1/81 # 72/82. To this end, we study the
existence of the equilibria and define a basic reproduction number for problem (2.1)-
(2.3). We then briefly discuss the case 71 /61 = 72/ 52.

3.1. Equilibria. The global attractivity result to be established in Section 3.2 will
show that every solution of problem (2.1)-(2.3) converges to a nonnegative constant
equilibrium, which implies the nonexistence of non-constant equilibria. Thus we
only need to consider the following equilibrium system:

(B1S —m)I =0,
(828 —72)I> = 0, (3.1)
S+hLH+ 1= |Nﬁ‘

As considered in other epidemic models, we will focus on the disease-free equilibrium
(DFE) and the endemic equilibrium (EE). A DFE is a solution of (3.1) with [; =

I; =0 and S a positive constant, while an EE is a nonnegative solution of (3.1)
with Iy > 0 or I > 0. Since (3.1) is an algebraic system, one can easily find the
following.

Proposition 1. There are three cases:

(a) If v1/B1,v2/B2 > N/|Q|, there exists a unique DFE (N/|€|,0,0) and no EEs;

(b) If v2/B2 > N/|Q| > v1/B81 or v1/B1 > N/|Q| > v2/B2, there exists a unique
DFE (N/|Q|7070) and an EE (71/61aN/|Q| - Wl/ﬂho) or (72/62707N/|Q‘ -

Y2/ B2);
(c) If N/|QY > v1/PB1,7v2/ B2, there exists a unique DFE (N/|€],0,0) and two EEs

(v1/B1, N/|Q| = 71/B1,0) and (v2/B2,0, N/|Q — v2/B2).

We then introduce a basic reproduction number Ry in order to analyze the
model’s dynamics. By virtue of Proposition 1, we define a basic reproduction num-

ber as follows:
Ro :max{ NB1 Ny }
1Qy1” Q]2

For convenience, we also define a related number R; by

Npy Npy }
Q0717 19272

R = min{

Note that the assumption v1 /81 # v2/P2 implies Ry > Ri. In this section, from
now on, we always denote the unique DFE by Ey and let Fy = (v1/81, N/|Q| —
v1/B1,0) and Ey = (v2/02,0, N/|Q| — v2/B2). Then Proposition 1 is equivalent to
the following.

Proposition 2. There are three cases:

(a) If Ro < 1, there exists a unique DFE Ey and no EEs;
(b) If Ry > 1> R4, there exists a unique DFE Ey and an EE Ey or Es;
(¢) If Ry > 1, there exists a unique DFE Eqy and two EEs Ey and Es.
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3.2. Global attractivity. To conduct our discussion on global attractivity, we
mainly rely on the LaSalle Invariance principle for nonlinear dynamical systems
(see [19]). Let X = LP(Q) with p > m. We define a closed linear operator A with
dense domain D(A) given by

Au=—Au, D(A)= {u € W?P(Q) and ? =0 on 89} .
n

Then —A generates an analytic semigroup e~ *4 on X. Let X, (0 < a < 1) be the
fractional power space of X with respect to A. Since the embedding X, C C1#(Q)
is compact if 1 + p < 2a — m/p, we choose « close to 1 and p large such that X,
is compactly embedded into C**(Q). Let P C X, be the cone of all nonnegative
functions of X, with nonempty interior. We introduce

D= {(u,v,w) € Xy x Xox X, /(u—i—v—&—w)dmzN and u,v,w € P}.
Q
Then D is a closed subset of X, x X, x X4, and the solution (S, I, I3) of problem
(2.1)-(2.3) induces a nonlinear dynamical system {®(¢), ¢t € RT} on D given by
D(1)(S(0), 11(0), I2(0)) = (S(t), [ (t), I2(t)), t € RT,

where (S, I1, I) is the solution with the initial condition (S5(0), 11(0), I2(0)) € D.
We then recall a well-known result [24].

Lemma 3.1. Let u(x,t) be the solution of the problem:
up = dAu xe, t>0,
gu =9 zedQ, t>0

with u(z,0) > 0. Then u(z,t) converges to [, u(z,0)dz/|Q| uniformly in x € Q as
t — oo.

We are now in a position to establish the main result.

Theorem 3.2. The following statements hold.

(a) If Ry < 1, then Ey is globally attractive;

(b) If Ro > 1 and if v2/P2 > y1/B1 or v1/B1 > v2/Ba, then Ey or E5 is globally
attractive.

Proof. We first consider the case that Ry < 1. Define a continuously differentiable
real valued function V : D — R by

1 N\’
V(S,Il,IQ): */ <S—> d$+Bl/Ild.’E+BQ/I2d£L'
2 Ja 1€ Q Q

for all (S,1I1,I5) € D with By, Bs constants to be determined. We can check that
for all (S,I1,15) € DN (D(A) x D(A) x D(A)),

: O(t)(S, 11, I2)) — V(S, I, I
V (S, I, I5) = limsup V(2(t)(S, I, I2)) — V(S, 11, I2)

t—0t 3

N
= / (S — |Q> (dsAS — (ﬁlll + 52.[2)5 + vl + ngg)dx
Q
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+B / (i AL + 11 (A1 S = m1))da
Q

+ By / (d2AL + (B82S — 72))da
Q

_ 20 _ N
= dS/Q |VS|*dx /911(ﬁ15 ) (S Q) B1> dx
- / 12(525 - 72) <S - ﬂ - Bz> dx
Q €2

2 2
_ 200 _n _ _2
= ds/ﬁlVSl dx 61/911 (S ﬂl> dr ﬂgl)[g (S ﬂg) dr

<0

)

where
ge! 2 N
1 51 |Q‘ and BQ 52 |Q| .
Since V is continuously differentiable and DN (D(A) x D(A) x D(A)) is dense in D,
we find that V' (S, I, I;) < 0 for all (S, I;,I;) € D. Thus V is a Lyapunov functional
on D.

Let E := {(S,1,I5) € D : V(S,I;,13) = 0} and M be the largest positively in-
variant subset of E. It follows from Theorem 2.1 and some standard arguments (see
[18, 19] ) that the orbit {(S(t), I1(¢), I2(t)),t > 0} is pre-compact in D. So by the
LaSalle Invariance principle, we have that lim; o dist(®(t)(S(0), I1(0), I2(0)), M)
= 0. In view of V, [,,|VS[?dz = 0 implies that S is a constant, and [, [;(S —
7vi/Bi)?dx = 0 implies that either I; = 0 or S = ~;/B;, i = 1,2. If S = ~;/8;, then
fﬂ Iidx = N — |Q]v:/8; <0 which yields I; = 0. Thus, we must have I; = 0, and so
E = {Ey}. Hence, M = {Ey}, and it follows that Fj is globally attractive.

We then consider the case that Rg > 1 > Ry with /82 > ~1/81, that is,
v2/B2 > N/|Q| > v1/51. In this case, there exist two equilibria Ey and E;. Using
the same Lyapunov functional V', we find

_J(m . _N_1
E—{( 1,w,O) ./dex N 51|Q|}U{E0}.

We claim that M consists of Ey and F; at most. To see this, we make use of the
invariant property of M, i.e., ®(t)M = M for all ¢ > 0 (see [18, 19]). Let € > 0
be given and B, be the open ball in D centered at F; with radius €. Suppose that
(11/B1,w,0) € M with [, wdz = N —|Q[/8:. By Lemma 3.1, we have that

D(t) (2,10,0) — FE;  ast— oo.

So there exists T > 0 such that ®(¢)(y1/P1,w,0) € B, for t > T. Tt follows from
the invariance property that M C B. U {Ep}. Since € > 0 is arbitrary, the claim is
valid.

The LaSalle Invariance principle implies that (S(¢), I1(t), I2(¢)) — M. It then
follows that either the trajectory converges to Fy or it converges to F;. Assume
that lim;—, . ®(¢)(S(0),11(0), I3(0)) = Ey. Since S1N/|Q2 > 1, we can choose
e > 0 so small that 81 (N/|Q| —€) > ~1. For this ¢, there exists a T' > 0 such that
S(z,t) > N/IQY — € for all (z,t) € Q x [T,00). By (2.1),, the following inequality
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holds
ol
ot

We then consider a related problem:
Jt:dlAJJrBl(l—?{‘—e)Jffle, reQ, te(T, )
97 =0, xed, te (T, ), (3.3)
J(x,T) =min g5 I (z,T) = li(T), ©€Q.

N
—d1ALI > (5 (|Q 6) L —mh for (.’I},t) €0 x [T,OO) (32)

The comparison principle yields that I} > J on Q x [T, 00), and it is easy to check
that J = I, (T)ePtN/IQ=eBi=y)t  Since I > J and J — oo as t — oo, this
contradicts the fact that I; is uniformly bounded. Hence, M = {FE;}, and F;
is globally attractive. The case that Ry > 1 > Ry with vy1/81 > 72/82 can be
discussed analogously.

We now consider the case that Ry > 1 with v2/82 > v1/61, i.e., N/|Q| > va2/B2 >
~v1/B1. Using the same functional V', we obtain

£ = (o) e =)
u{<ﬁ2 Ow) :/dex:]\f—gz(M}U{Eo}.

Proceeding as before, we can claim that M consists of Ey, Fq, and Es at most.
Then the Lasalle invariance principle implies that the trajectory converges to Ey,
Ey or Ey. Assume that lim;_, o ®(¢)(S(0), I1(0), I2(0)) = E5. Since v2/B2 > v1/61,
we can choose € > 0 so small that 81v2/82 — S1e — 1 > 0. For this €, there exists
a T > 0 such that S(z,t) > y2/B2 — € for all (z,t) € Q x [T,00). By (2.1),, the
following inequality holds

% —di1AL > B <B - 6) L =L for (z,t) € Q x [T, 00). (3.4)
2

We then consider a related problem:
thd1AJ+51(—fe)nylJ, reQ, te(T, )
97 =, xed, te (T, ), (3.5)
J(x,T) =min, g 1 (2,T) = [1n(T), =€

The comparison principle yields that I; > J on Q x [T,o0), and it is easy to
check that J = Ip,,(T)ePrr2/B2=Bre=v)t - GQince I} > J and J — oo as t — oo,
this contradicts the fact that I; is uniformly bounded. So the trajectory cannot
converge to {E>}. Similarly, one can see that it cannot converge to {Ep}. Hence,
E; is globally attractive. The case that Ry > 1 with v, /81 > 2/f2 can be analyzed
similarly. O

We then briefly discuss the case that v1/81 = 72/f2. It is easy to see that if
Ro > 1 there are infinitely many endemic equilibria contained in the set:

L—{(%/ﬂl,lhlz):ll +1 = L and 11,12€R+}

N
] 51
We have the following result.
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Theorem 3.3. If v1 /51 = 72/B2, then the following statements hold.

(a) If Ro < 1, then Ey is globally attractive;
(b) If Rop > 1, then L is a global attractor, i.e.,

tlgglo dist((S(x,t), [ (x,t), Iz(x,t)),L) =0

uniformly for x € Q.

Proof. We use the same Lyapunov functional V' as introduced in the proof of The-
orem 3.2. The case that Ro < 1 can be proved exactly the same. For the case that
Ro > 1, the total derivative V' = 0 leads to the set

E= {(gi,whwz) i/Q(w1 +w2)dx:N_gi|Q|}U{E0}'

Let M be the largest positively invariant subset of F, and we can show analogously
as for Theorem 3.2 that M only consists of spatially homogeneous equilibria. Then
by the Lasalle invariance principle, M attracts every solution of (2.1)-(2.3). And
it then suffices to show that the solution with initial data satisfying (H1) does
not converge to Fy. The proof is similar to that for Theorem 3.2, and hence is
omitted. O

4. The case of equal diffusion rates. If all the coefficients are homogeneous,
Theorem 3.2 indicates that one disease will drive the other one to extinction in
the long run if Ry > 1, and this suggests that there may exist some competition
between the two diseases. Moreover, if v1/81 # 72/, since the only endemic
equilibria are F; and F5, there does not exist a coexistence equilibrium. Then one
can naturally ask that whether it is still the case when the coefficients are spatially
inhomogeneous. To answer such a question, in the sequel we let d = dg = dy = d»
and assume that the coefficients §;,v; (i = 1,2) are spatially inhomogeneous. We
will show that it is possible for a coexistence equilibrium to exist, and thus the model
with spatially heterogeneous coefficients may induce more complicated dynamical
behavior.

4.1. Basic reproduction number. Adding up the three equations in (2.1), we
have that

(S + 1 + 1)

ot
and the boundary condition (2.2) implies that
IS+ 1, + 1)

on

It then follows from Lemma 3.1 that S+ I; + I — N/|Q| as t — co. This suggests
that we may consider the Lotka-Volterra competition model:

—dA(S+ 11 +1:)=0 inQ x (0,00),

=0 ondQ x (0,00).

%:dAh-i-(BfQ]‘V —71—6111—,@1]2> I, re, t>0, @)

8 — AL + (BN — s~ foli ~ Bob) B, 2 €9, £>0,

However, the dynamics of the above model can be quite complicated. For certain
results about (4.1), the readers are referred to [13, 17, 20, 22, 23, 25, 26] and the
references therein.
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For a Holder continuous function a(z) on Q, let \*(«) be the principal eigenvalue
of the following problem

dAp+a(z)p+Ap =0, z€Q,

92 =, z € 09.

Then \*(«) is given by the variational formula:

A () = inf {/ (dIVe]* —ap?)dz: ¢ € H'(Q) and / Yrde = 1} . (42)
Q Q
In view of (4.1) and the variational formula, for ¢ = 1,2 we define

r; = sup lNﬁI fQ it :
' JoldIVe]? +7ip?)dx
Remark 1. There is a simple relation between r; and A*(NS;/|Q| — ), i = 1,2
(see [7]):
(i) m < 1if and only A*(NG; /|92 — i) > 0;
(ii) r; = 1 if and only \*(NS;/|Q — ;) = 0;
(iii) r; > 1 if and only \*(NS;/|Q — ;) < 0.

pe HY(Q) andgp;é()}.

We then define a basic reproduction number Ry and a related number R; as
follows:

Ro = max{ry,r2}, Ri=min{ry,rs}.
Clearly, this definition is consistent with the previous homogenous case.

The following result is well known (see [13]).

Lemma 4.1. Suppose that o and ( are Hélder continuous function on Q with
alxg) > 0 for some xg € Q and B(x) > 0 for x € Q, and ug € C(Q) is nonnegative.
Consider the problem:

ur = dAu + (ax) — B(x)u)u x€eQ, t>0

Ju =0 r€dQ, t>0 (4.3)
u(z,0) = up(x) z €.

Then the following statements hold.
(a) If \*(«) > 0, then all solutions of (4.3) converge to zero uniformly;
(b) If \*(a) < 0, then for each nontrivial ug, the solution u(x,t) of (4.3) converges
to u(z) uniformly, where u(x) is the unique positive steady state of (4.3).

4.2. Disease-free equilibrium. We first show that the disease-free equilibrium
exists uniquely.

Proposition 3. Problem (2.1)-(2.3) has a unique DFE given by Ey = (S,0,0) =
(N/1€2], 0,0).

Proof. Clearly, (N/|€],0,0) is a DFE. Now for any DFE (5,070), by (2.1), we
have that AS = 0. Then by the maximum principle and the boundary condition
0S5/0n = 0, S must be a constant in Q. It then follows from (2.3) that S =
N/IQ. O
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Similar to [7, 16], we now linearize (2.1) around the DFE. Let n(x,t) = S(z,t) —
N/1Q|, &(z,t) = Li(x,t), and &(x,t) = Iz(z,t). Using (2.1) and dropping high
order terms, we obtain the following system:

91 = dAn — (%51 —’71> & — (%52—72) §, xeQ, t>0,
%:dA€1+(%|51*71) €1 zel, t>0,
%2 = AN + (‘%52 - ’Yz) €2, reQ, t>0.

Let (n(z,t),&1(z, 1), &(x, 1)) = (e Mop(x), e Mapy (x), e Mepo(2)). We then derive
an eigenvalue problem:

dAg¢ — (%51 —’Y1> Py — (%52—72) o+ Ao =0, z € Q,

Ay + (81— ) 1+ Ay =0, reQ (4.4)
Az + (782 = 72) 2 + A2 =0, zeQ
with boundary conditions
0p O Oy
= on =~ on =0, x€d. (4.5)
In view of (2.3) and Proposition 3, we impose an additional condition
/ (6 +4r + )da = 0. (4.6)
Q

The following lemma shows that the stability of the DFE relies on the magnitude
of Ro.

Proposition 4. The DFE is stable if Ry < 1, and it is unstable if Ry > 1.

Proof. Suppose that Ry < 1, i.e., 71,72 < 1. By Remark 1, we have \*(Ng;/|Q| —
vi) > 0, i = 1,2. Tt suffices to show that if (A, @, 1,12) solves the eigenvalue
problem (4.4)-(4.6) with at least one of ¢, 11, or 1o nontrivial, then Re()) is
positive. Assume that 1¥; = 19 = 0, then dA¢+ Ap = 0in Q and d¢/On = 0 on 01,
which implies that A is positive as long as ¢ is not a constant. If ¢ is a constant,
by (4.6), we have ¢ = 0, which is a contradiction. We then assume that at least
one of Y1 and 15 is nontrivial. Without loss of generality, we may assume that
is nontrivial. It then follows that A is an eigenvalue of the problem

dAY; + (|jg\2f|ﬂl — 71) Y1 +Ap; =0 inQ and % =0 ondf, (4.7)
and so Re(\) > A*(NB1/|9 — 1) > 0.

Now suppose that Ry > 1, i.e., r1 > 1 or ro > 1. Without loss of generality, we
may assume that 71 > 1, and it follows from Remark 1 that A*(NS1/|Q] — 1) <
0. Let A = A*(NB1/|Q| — 71) and 1 be a positive eigenvector of problem (4.7)
corresponding to the principal eigenvalue A*(NS1/|2] — 71). Then let ¢ be the
solution of

dA¢ — ﬁﬁl—vl P1+Ap=0 in and %:0 on 0f).
1€ on
One can see that such (A, ¢,41,0) is a solution of the eigenvalue problem (4.4)-(4.6)

with A < 0 and ¥; > 0. So the DFE is unstable. O
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We then study the global attractivity of the DFE.
Theorem 4.2. If Ry <1, then the DFE is globally attractive.

Proof. We first consider the case Rg < 1. Let € > 0 be given. Since S(z,t) +
Ii(z,t) + Iy(z,t) — N/|Q| as t — oo, there exists a T > 0 such that S(z,t) <
N/|Q + € — I (x,t) — Ix(z,t) for (z,t) € Q x [T,00). Then by (2.1)-(2.2), we have
the following

G—ddn <L ((fg+e)fi-m—pilh), @eQ  te(T,00),
% — dAIQ <1 ((% +6) 52 — Y2 — ﬂg[g) R T € Q, te (71700)7 (48)
Gh = ok —o, 2 €80, te(T,).

Let I;, i = 1,2, be the solution of a related problem:
%I; = dAIL + I, ((%+6) 5i*7¢7ﬂ¢j¢), x e, te(T,00),
gL o, 2ed, te(T,o0), (“49)

Ii(z,T) = I;(z,T), z€Q.

The comparison principle yields that I;(x,t) < fl(x, t) on Q x [T, o). Furthermore,
it follows from Ry < 1 and Remark 1 that A*(NS;/|Q| — v;) > 0. We then choose
e so small that \*((N/|Q| 4 €)8; — ;) > 0. Hence, by Lemma 4.1, I;(x,t) — 0 as
t — oo uniformly for z € Q, and so does I;(z,t), i = 1,2. Then, it follows from
S(x,t) + 1 (x,t) + I2(x,t) — N/|Q| that S(z,t) — N/|Q| as t — oo uniformly for
x €.

We then consider the case Ry = 1, i.e, at least one of \*(NG;/|Q] —v:),i=1,2,
is zero. Without loss of generality, we may assume that A*(NG1/|2] — 1) = 0 and
A*(NBa/|€ —72) > 0. We then have that for small €, I (x,t) — I} (x), where I} ()
is the corresponding positive equilibrium, and jg(:l?ﬂf) — 0. On the other hand,
if € — 0, then I7(z) — 0. Hence, I;(2,t) — 0, i = 1,2, as t — oo uniformly for
x €. O

4.3. Endemic equilibrium. Let (5,1, I5) be an equilibrium of (2.1)-(2.3). It
then satisfies the following system:

dAS — (B1I1 + B212)S + 1111 +v2ls = 0, r e,
dAL + 15T, =y 11 =0, x €, (4.10)
dAL + 3251, — v2 I = 0, x €.

Adding up the three equations in (4.10) yields dA(S+1I; +I3) = 0. In view of (2.2)-

(2.3) and the maximum principle, we have that S = N/|Q| — I — I5. Substituting
this into (4.10), we arrive at

dAf1+(%3‘1—%—51[71—51172)]7120, x €, ( )
4.11
AT, + (% — g — oy — ﬁ212) L=0 zeqQ.

Thus, to study the existence of the endemic equilibria, it suffices to consider the
nonnegative solutions of system (4.11) subject to the Neumann boundary condi-
tions:

of oL _
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By Lemma 4.1 and Remark 1, problem (4.11)-(4.12) has a nonnegative solution
(U,0) or (0,V) with U or V strictly positive on Q if and only if 71 > 1 or ro > 1.
We then have the following result.

Theorem 4.3. If Ry > 1 > Ry, then there exists an EE E; = (N/|Q] — U, U,0)
or BEs = (N/|Q] = V,0,V) of model (2.1)-(2.3), which is globally attractive.

Proof. Since Ry > 1 > Ry, one of r;, i = 1,2, is greater than 1 and the other one
is less than or equal to 1. Without loss of generality, we may assume that r; > 1
and 79 < 1. Then problem (4.11)-(4.12) has a nonnegative solution (U,0). And it
is easy to check that Ey = (N/|Q| — U,U,0) is an EE.

We then show the global attractivity of F;. Since ro < 1, using similar arguments
as in the proof of Theorem 4.2, one can see that Is(x,t) — 0 as ¢t — co. Let € > 0
be given. Since S+ I + I — N/|Q| and I, — 0 as t — oo, there exists a T' > 0
such that N/|Q| — I (x,t) —e < S(x,t) < N/|Q| - L1 (z,t) + € for (x,t) € Qx [T, 00).
So I satisfies the following inequality

I <<Jg\)[| €> Br—m 5111> < % —dAL <1 <<|](\2f| +€> B1—m 5111>
(4.13)

for (z,t) € Q x (T,00). Let I and I solve two related problems, respectively:

ft:dAIVﬂLIV((%‘*G)ﬂl*%*ﬂJ), reQ, te(T,00),
g—i =0, x€d, te(T,00), (4.14)
I(x,T) = IL(z,T), reN

and

ft:dAIA—i-IA((%—i—e)ﬁl—’yl—ﬁlf), xeQ, te (T, ),
oL _ , 2€09, te(T,00), (4.15)
I(z,T) = I(z,T), z € Q.

By the comparison principle, we find that I(z,t) < Ij(z,t) < I(z,t) for (z,t) €
Qx[T,0). If € is small, we have that \*((N/|Q|£e€)B1 —71) < 0, and it then follows
that I(z,t) — I*(z) and I(2,t) — I*(2), where I* and I* are the corresponding
positive equilibria, respectively. Taking € — 0, we further have that I ¥ — U(x) and
I* = U(x). Hence, I1(z,t) — U(z), and consequently, S — N/|Q| — U, as t — oo
uniformly for z € Q. O

We now discuss the case Ry > 1. By Lemma 4.1, the endemic equilibria £; and
FE both exist. In the case of homogeneous coefficients, we observed the competitive
exclusion behavior: either F; drives F5 to extinction or vice versa. We may ask
whether this is still the case when the coefficients are heterogeneous. To answer
such a question, we first introduce two auxiliary functions U and V as follows. If
N (NB1/|2—y1—B1V) < 0, we let U be the unique positive solution of the problem:

dAUﬁ-U(%—’Yl—ﬁlU—ﬁlV):O, T € Q,

9u _ o, x € 09,
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and if \*(NB2/|Q| — 72 — B2U) < 0, we let V be the unique positive solution of the
problem:

dAVJrV(flng —72—52V—/32U) —0, zecQ,

%—Z:O, x € 0.

Biologically, U is the lowest possible asymptotic density for the first disease and V'
is the lowest possible asymptotic density for the second disease (see p. 289 of [13]).
We then have the following competitive exclusion result.

Theorem 4.4. Suppose that Ry > 1.
(a) IF XN (NB1/|Q =71 — B1V) < 0 and \*(NBa/|Qf — v2 — BU) > 0, then E is
globally attractive; §
(b) If N*(NB2/|Q —v2 — B2U) <0 and A*(NB1/|Q| —v1 — B1V) > 0, then Es is
globally attractive.

Proof. Suppose that \*(NB1/|Q] —~1 —1V) < 0 and X*(NB2/|Q| —v2 — B2U) > 0.
Since the solution of the competition model (4.1) always converges, we can proceed
analogously to show that (I;(x,t), Ia(z,t)) — (I7(x),I;(z)) as t — oo uniformly
for z € Q, where (I5(z), I5()) is a solution of (4.11)-(4.12). It is easy to see that
I3 <V. Let € > 0 be given. Since S+ I; + I, — N/|Q| and I, — I3 as t — oo,
there exists 17 > 0 such that

oI N
87; — dAIl Z Il (mﬁl -7 — ﬂlll — ﬂl(lg + 6)) for (Jf,t) € x (Tl,OO).

Let I be the solution of the following problem:
%{:dAjﬂ-j(lﬁN'ﬁl—’}/1—511—ﬁ1(v+6)>, (EEQ, tE(Tl,OO),

oL _ ), xed0, te(Ty,o00), (416)
I(z,T) = L(2, Tv), z e

The comparison principle yields that I; > I on Qx [T}, 00). If € > 0 is small enough,
then \*(NB1/|Q| — 71 — B1(V +¢)) <0, and it follows from Lemma 4.1 that [(z,t)
converges to a positive equilibrium (). Moreover, I(z) — U(z) as € — 0. Let
§ > 0 be given. We then have that I, (z,t) > U(z) — 6/2 for large t. Noticing the
fact that S+ I1 + I — N/|Q] as t — oo, there exists To > T such that

0l

E — dA[g S 12 <|QZV|62 - Y2 — 52(0 - (5) - ﬁg[g) for (J?,t) € Q x (TQ,OO).

Let I be the solution of the following problem:
of :dAf+f(%52—w — Bo(U — §) —Bzf) . zeQ,  te(Ih,o),

x=o, zed0, te (T o0), 417)
I(x,T) = Iy(z, Ty), reQ.
The comparison principle then implies that I < I on x [T, 00). Since A*(NB2/|9]
—y2 — BoU) > 0, it follows from Lemma 4.1 that [ — [} (> 0) as t — oo. Taking
6 — 0 then gives fg‘ — 0, which leads to that I — 0 as t — oo. Consequently,

I; - U ast — oo, and so Ej is globally attractive. Similarly, we can prove the
other case that \*(NS2/|Q —v2 — B2U) < 0 and M* (NS /| —nm — B/ V) >0. O
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An endemic equilibrium (S, 11, I5) is called a coexistence equilibrium if both I
and I are nontrivial. If such an equilibrium exists, then we certainly do not have
the competitive exclusion.

Theorem 4.5. Suppose that Ry > 1. We assume that both \*(NB1/|Q —~1—61V)
and N*(N B3/ —v2 — B2U) are negative. Then there exists at least one coezistence
equilibrium of (2.1)-(2.3). Moreover, the model (2.1)-(2.3) is permanent in the
sense that there exist positive constants mqy and My such that

mo < S(x,t), [ (x,t), I(z,t) < My
for all z € Q and t > Ty, where Ty is dependent on the initial condition.

Proof. As in the proof of Theorem 4.4, we can see that (I1(z,t), Is(x,t)) — (I7(z),
I3(z)) as t — oo uniformly for x € Q, where (I (), I;(x)) is a solution of (4.11)-
(4.12). Moreover, the assumption on the principal eigenvalues guarantees that
(I (z), I3 (z)) is strictly componentwise positive (see p. 307 of [13]). In addition,
by the comparison principle, we have I7 + I; < N/|Q|. Hence, noticing the fact
that S+ I; + Iy — N/|Q|, we conclude that (S, I1, Iy) — (S*, I, I3}) as t — oo with
S* = N/|Q| — I} — I} strictly positive on Q.

It then suffices to prove that there does not exist a sequence {(I7,,15,)} of
equilibria of (4.11)-(4.12) which converges to (U,0) or (0, V') or satisfies I7 ,,+15,, —
N/||. The nonexistence of such a sequence converging to (U,0) or (0,V) has been
proved in [13] (see p. 290). So we only need to assume that {(I},,/5,)} exists
and satisfies I7,, + I3, — N/|Q|. Noticing (4.11) and the uniform boundededness
of {(I},,15,)}, it follows from a standard compact argument that there exists a

subsequence {(I7 ,, , I3, )} such that {(I7, .13 ,)} = (IF,I3), where IF, i =1,2,
satisfies that dATf — 4, I7 = 0. Tt then follows from the maximum principle that
I¥ =0, which contradicts I7 + I3 = N/|9|. O

5. Conditions for competitive exclusion and coexistence. In this section, we
verify the validity of conditions in Theorems 4.4 and 4.5. We first consider Theorem
4.4. Tt suffices to verify the validity of conditions in part (a). In view of (4.2) and
Remark 1, we choose N 32/|Q| > 72 in Q. It then follows from Lemma 4.1 that (0, V)
exists. Moreover, V < N/|Q| — ming{y2/B2} in Q. Since 81 does not depend on 32
and 72, we can choose 51 so large that ming{~y,/f2} > maxg{~y1/61}, which implies
that NG /| —v1—B1V > 0in Q. Then by (4.2), \*(NB1/|Q|—v1—51V) < 0, which
in conjunction with Lemma 4.1 guarantees the existence of U. Clearly, U > N/|Q|—
maxg{y1/61} — V > ming{y2/B2} — maxg{y1/51} in Q. For simplicity, we now let
vo take the form o = 7982, where 79 is a positive constant close to N/|Q| such that
(N/|1Q| +maxg{y1/61})/2 < o < N/|Q|. This implies that N f2/]Q| —72 —BU <0
in Q. It then follows from (4.2) that \*(NB2/|Q| — v2 — BU) > 0.

We now consider Theorem 4.5. For any a € C(2), it is well known that A\*(a) —
ming{—a(z)} as d — 0 [7]. Let ay () = max{a(z),0} for any z € Q. Suppose that
a(z) > 0 for some x € Q, then there exists d* > 0 such that the unique positive
solution u of the problem

dAu + (a(z) — u)u =0, x € Q,

%:O, x € 0N)

(5.1)

exists for all d < d*, and v — a4 as d = 0.
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FIGURE 1. Population of infected individuals

For simplicity, let 2 be the one dimensional open interval (0,1) and 51 = B2 = 1.
Suppose that N/|Q| > ~; for ¢ = 1,2 so that Ry > 1. Then we have that U —
N/|QY — v and V — N/|Q| — v2 as d — 0. Moreover, one can show that

AINB/I9 = = AiV) = min{y () — 72(2)} (5.2)
and
AT (N B2/ |9 =72 = foU) — min{y2(2) — ()} (5-3)
as d — 0.
Let v1 =14 2z and 9 = 2 — z. Choose the initial data as
S(xz,0) = 34 cosma,
Ii(z,0) = Iy(x,0) =2+ cosmz

such that N/|Q2| > 4; holds for ¢ = 1,2. Then it follows from 73 — 2 = 22 — 1
and (52)—(53) that both A*(N61/|Q| - 71— ﬂl‘/) and )\*(Nﬂg/|Q| — Y2 — 52U) are
negative for small diffusion rate d. Therefore the conditions in Theorem 4.5 hold,
and we expect the coexistence between the two strains for small diffusion rates here.
This is confirmed by the numerical simulation. In Figure 1, we can see that the
population of infected individuals converges to a nonzero value. Actually, (S, I1, I3)
converges to the endemic equilibrium (the steady states of the two strains are shown
in Figure 2).

6. Conclusion. We have established competitive exclusion and coexistence results
for a multi-strain pathogen model with diffusion and with mass action incidence
term. We showed that for a spatially homogenous environment competitive exclu-
sion is the only outcome when the basic reproduction number is greater than one
and when it is less than one then the disease-free equilibrium is globally attrac-
tive. These results are analogous to many differential equation models, as to be
expected since the transmission and recovery rates are independent of space. We
also showed that when the transmission and recovery rates are non-homogeneous
then coexistence is possible under additional conditions on the model parameters.
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FIGURE 2. Infected individuals at t=50

One of the key properties in our model that facilitate the analysis is the conser-
vation of the total population given in equation (2.3). When such assumption is
dropped in ordinary differential equation models to allow for modeling disease added
mortality (e.g., [1, 2, 3]), it results in the added difficulty that the total population
can no longer be conserved and its dynamics can only be described by a differential
inequality. In the future we hope to extend the current study to accommodate such
important property of certain diseases that lead to mortality.
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