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ABSTRACT. We present a model that describes the growth, division and death
of a cell population structured by size. The model is an extension of that
studied by Hall and Wake (1989) and incorporates the asymmetric division of
cells. We consider the case of binary asymmetrical splitting in which a cell
of size £ divides into two daughter cells of different sizes and find the steady
size distribution (SSD) solution to the non-local differential equation. We then
discuss the shape of the SSD solution. The existence of higher eigenfunctions
is also discussed.

1. Introduction. Population models have long been used to analyze various bio-
logical and physical phenomena. The human population growth was analyzed by
Malthus [13] through an unstructured population model. Mckendrick [14] presented
an age-structured population model in terms of a partial differential equation. Fol-
lowing Diekmann et al. [15] and others, Hall and Wake [9] formulated a size struc-
tured population model (where the size could be the volume, mass, DNA content
or any attribute that quantifies the physical dimension of a cell) and considered the
case where a cell divides into daughter cells of the same size. Hall et al. [10]; Basse
et al. [2]; Begg et al. [4] used this model to describe cell growth in plants. Basse et
al. [1] used the same model for tumor cell growth. Hall and Wake’s model, however,
did not cover the asymmetric division of cells, in which a cell divides into daughter
cells of different sizes. Early antecedents of this work are found in the papers of
Diekmann et al. [8] and Heijmans [11]. We provide some explicit construction of
the eigenfunctions given in [11]. Michel, Mischler and Perthame [16] considered the
general scattering equation and the age, size and maturity structured population
models and showed a common relative entropy structure. Perthame and Ryzhik
[19] discussed the fragmentation equation and the evolution of the density of cells
that grow and divide. A binary fragmentation of cell division was considered by
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Michel, Mischler and Perthame [17]. Laurengot and Perthame [12] described the
growth-fragmentation equation which allowed for the cell growth and its division
into any number of pieces. Céceres, Caiiizo and Mischler [5], [6] then studied the
asymptotic behavior of the growth-fragmentation equation. Suebcharoen et al. [20]
developed a model for the asymmetrical cell division and gave an example of the
occurrence of such a division in the embryos of C. elegans (worms) and Drosophila
(flies). This is described in Neumiiller and Knoblich [18], where it states “ Besides
C. elegans, the fruitfly Drosophila melanogaster is the model organism of choice for
the analysis of asymmetric cell division”. Here the property of asymmetric cell divi-
sion is less precisely defined, but in order to be able to quantify these attributes we
think of size as physical quantities like mass, volume or diameter. Cells of different
sizes may have different potential. Since the size of the daughter cells may reflect
on their future, it is important to understand the impact of asymmetrical division
on the evolutionary future path of the cohort. These models (mentioned above),
however, did not focus on the biological interpretation of the splitting kernel. The
papers [5], [6] do not consider the effect of requiring conservation of cell mass before
and after division. We extend Hall and Wake’s model to cater for the asymmetric
division of cells and establish the model directly from a biological interpretation of
the splitting kernel.

2. Model derivation. We assume here that the system is deterministic. Let the
horizontal axis represent the size and let n(x,t) be the number density of cells of
size x at time t. If the units of x, [x] = M then [n] = M~!. Consider the interval

splitting cell

splittin, 6Gmwth
=Yy = - A -
+o—]=00- 00— O I=
T T+dt X x+dx &g U

U

splitting
F1GURE 1. Cell growth and division for the cohort

(x,2 + dz) (as shown in Figure 1). In the absence of division or death, the rate
of change of the cell number density in the size-interval dx equals the rate of the
cell number density “convected” into dx minus the rate of the cell number density
“convected” out of dx. This gives

on 0
ot = _%(gn)v (1)

where g(x) is the per capita growth rate, [g] = MT~1, and T = [t]. The incoming
rate of change of cell density in the interval (x,2 4+ dz) (because of the splitting of
cells of larger size) is

/ DEW (. O)n(E. £)de, @)

where W (x, £) is the number density of cells of size 2 produced when one cell of size
¢ divides ([W] = M~1) and b(&) ([b] = T~1) is the frequency at which the cells of
size & divide to give the cells of size x. The term 7W (7, x)dr is the biomass of the
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cells in the interval (7,7 + d7) that arrive from the interval (z,z + dx) when one
cell of size x divides. Thus, ZW (7, z)dr gives the number of cells of size 2 formed
from this biomass. The out going cell density rate due to the splitting of cells in
the interval (x, z + dz) is therefore

x

- / b(x)gw/(ﬂ 2)dr | n(z,1), (3)
0

where the minus sign indicates that the cells are leaving the interval (x,x + dx).
Also, the contribution due to the death rate of cells in the interval (z,z + dx) is
—un(xz,t) where u(x) is the specific death rate ([u] = T~1). Incorporating the cell
division and death, equation (1) becomes

T+ golon = [WOW . ente. e
- / b(x)gvv(ﬂ 2)dr | n(z,t) — pn(z, t). (4)
0

At any time t, it is biologically reasonable to expect the number density of cells of
size zero to be zero, i.e., for all ¢ > 0

n(0,t) = 0. (5)

Although no size limit is placed on cells in this model, it is also reasonable to impose
the condition

ml;ngo n(z,t) =0, (6)
for all £ > 0. The cell population model is studied from an initial number density
distribution,

n(z,0) = no(x), (7)

where ng is a given non-negative function satisfying equations (5)-(6). The prob-
lem is thus an initial-boundary value problem that consists of solving the integro-
differential equation (4) subject to conditions (5)-(7). As noted the size x of a cell
can be volume, mass, DNA content etc. Here, we shall make the choice that the size
corresponds to a quantity that is conserved during the division, e.g. DNA content
or biomass. We simply refer to this as “biomass”. Since 7W (7, x)dr is the biomass
of the cells in the interval (7,7 + d7) that arrive from the interval (z, x + dz) when
one cell of size x divides, the mass balance requires the equation

x

= / W (7, 2)dr, (8)
0

which is a Volterra integral equation with many solutions. Further, for binary
division (two daughter cells) we need

9
/W(x,f)dx =2. 9)
0
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Equations (8) and (9) together provide restrictions on the admissible functions
possible for W. We introduce the most feasible W in the next section. Using the
mass balance equation (8), equation (4) then simplifies to

on 0

o 2 om) = / bE)W (2, )n(€, t)de — (b(x) + p)n(z, b), (10)

This, together with appropriate boundary and initial conditions is the problem to
be addressed here.

3. Qualitative results and SSD solutions. The asymmetric cell division occurs
when a cell divides into daughter cells of different sizes. Here, we study the case in
which a cell of size £ divides into two daughter cells of (different) sizes gand % (the
asymmetrical binary splitting), where o« > § > 1. Since a cell divides only when its
size is a multiple of « or 8, W(z, ) in this case becomes

§ £
%4 =0|=>- ol =— 11
@ =5(E-a)+a(5-). 1)
where 0 denotes the Dirac delta function. The above choice of W and the mass
balance equation simplify equation (4) to

0 0

AL g—n = abn(ax,t) + fbn(Bz,t) — (u+ b)n(z, t). (12)

ot Ox
Here we took for simplicity g and b to be constant. Moreover, the mass balance
equation (8) implies

1 1
> + 3 =1, (13)
ie.,
@
8= o1 (14)

We focus on the solutions of equation (12), subject to the conditions given by
equations (5)-(7), that correspond to the steady size distribution (SSD) (of constant
shape). Perthame et al. [19] proved the existence of a stable steady distribution
(first positive eigenfunction) and exponential convergence of solutions toward such
a steady state for large times. Hall and Wake [9] considered separated solutions

of the form n(z,t) = y(x)N(t), where N(t) = [ n(z,t)dz is the total population
0

at time ¢t and y(z) (i.e., y is time invariant) is a probability density function with

oo

[ y(x)dz = 1. They called such solutions “steady size distributions”. SSD solutions

0

are thus separable solutions of the form n(x,t) = N(t)y(x) which lead to solutions
of the form

“My(a), (15)

where A is a separation constant (to be found) and y satisfies

gy’ = aby(azx) + Bby(Bx) — (u+b— Ny(z), (16)

n(x,t) ~e
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along with the conditions
y(0)=0= le y(x). (17)

Clearly, we require that y(x) > 0 for all z > 0. We further require that y be inte-
grable on [0,00) and without loss of generality we can assume that y is a probability
density function (pdf) so that

/y(m)dx =1 (18)
0

Equation (16) can be integrated with respect to  from 0 to co and using conditions
(17) and (18) this yields

A=pu—b. (19)
Equation (16) thus reduces to
2b b
y' + ?y(I) =5 (ay(ax) + By(B)) - (20)

The solution to equation (20) subject to the conditions (17) and (18) can be found
by the technique used by Suebcharoen, van-Brunt and Wake [20]. The solution is
a double Dirichlet series

oo o o kg
y(@) =D > epge s (21)
k=0 5=0

where,

6070 _ 2717 + (b) Z k2]€(0¢*k + ﬂfk) , (22)

_1\k Kk
Cro = (kl#co,o, (23)
2k 1T (a® — 1)
s=1
€05 = (j_lico,oa (24)
2 (5 - 1)
-1
Ck,j = m(aCkfl’j + BCk,j71)7 (25)

for k,j € N. The convergence of equations (22)-(25) and uniqueness of the double
Dirichlet series solution (21) along with the positivity can also be proved in a way
similar to that used by Suebcharoen, van-Brunt and Wake [20]. No closed form
solution for ¢ ; can be obtained.

4. Shape of the SSD solution. The shape of the SSD solution is not obvious
from the Dirichlet series (21). Numerical experiments, however, suggest strongly
that the SSD solution is unimodal (see later). Rather than use the Dirichlet series
directly, we will use the equation (20) to show that the function y must be unimodal.
As noted in the last section, it can be shown that y(z) > 0 for all > 0.
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The proof of unimodality for the single nonlocal term, the basic pantograph
equation, was established by da Costa et al. [7]. The symmetric case « = § =
2 is covered by this analysis. If o # 2, then the presence of a second nonlocal
term complicates the analysis and certain arguments valid in the one term case
break down for the two term case. To show the unimodality of the pdf solution y
analytically, we suppose on the contrary that y is a pdf solution to equation (20)
that is not unimodal. Without loss of generality we can assume

a>2>p>1.

Then there exists at least one local minimum. Let {m,} be a strictly increasing
sequence of points where y has a local minimum and {M,,} be a strictly increasing
sequence where y has a local maximum. Since y’ is also a Dirichlet series, local
maxima and minima are confined to be bounded in x. Accordingly, neither m,, nor
M,, tends to infinity as n tends to infinity. Also, {m,} and {M,} have no limit
points since 3’ is holomorphic in the half plane and a limit point of extrema implies
y'(z) = 0 for all Re(z) > 0 which is clearly not true. We thus conclude that the
sequences are finite. Note that y cannot be piecewise constant in any interval (a,b),
a < b of the positive real axis by the same argument and this means y must be
strictly decreasing after the last maximum.

Let my and My be the locations of the last local minimum and maximum respec-
tively i.e. max {m,} = my and max {M,} = My . Then

y(my) > 0,y'(mys) = 0,y"(my) 2 0, (26)
and equation (20) implies
2y(my) = ay(amy) + By(Bmy). (27)
Since o > 2 and y(my) > 0, we have
y(my) > ylamy). (28)

The last maximum at My must occur after the last minimum at my, and equation
(28) implies that

my < My < amy. (29)

In particular, y’'(amy) cannot be positive as this would induce another local maxi-
mum beyond M;. Also, at the last maximum My, equation (20) implies

2y(My) = ay(aMy) + By(BMj). (30)
Since
2y(my) < 2y(My), (31)
Equations (27) and (30) give
ay(amyg) + By(Bmy) < ay(aMy) + By(BMp). (32)
The function is decreasing after the last maximum and amy < aMy, hence,
ylamy) > y(aMy). (33)

Inequalities (32) and (33) give,

ay(aMy) + By(Bmy) < ay(amy) + By(Bmy)
< ay(aMy) + By(BMy), (34)



A MODEL FOR ASYMMETRICAL CELL DIVISION 497

which implies By(8my) < By(BMy), i.e.,
y(Bmy) <y(BMy). (35)
Now fmy < BMy and y is decreasing after the last maximum, consequently,
my < fmy < My < amy, (36)
so that,

y(my) <y(Bmy). (37)
Equation (30) and inequality (33) give,

2y(My) = ay(aMy) + By(BMjy)
< ay(amy) + By(BMy). (38)

Adding and subtracting Sy(8my) to equation (38) gives,

2y(My) < ay(amy) + By(BMy) + By(Bmy) — By(Bmy),

which, using equation (27), yields

2 (y(My) —y(my)) < B (y(BMy) — y(Bmy)), (39)

and since 1 < § < 2, Inequalities (37) and (39) imply,

y(My) —y(my) < y(BMy) —y(Bmy)
<y(BMy) —y(my). (40)

Inequality (40) implies,

y(My) < y(BMy), (41)

which contradicts the fact that Mj is the last maximum. This proves that y is
unimodal for all & > 2 > 5 > 1.

5. Existence and uniqueness of higher eigenfunctions. SSD solutions are of
central interest in this model since they can be easily matched to data for the size
distribution of cells for large time. They are special solutions to the nonlocal p.d.e.
(12). In particular, given an initial distribution n(z,0) = ng(x), the SSD solution
does not give the complete solution (unless ng(z) = y(z)) and this prompts one to
consider other techniques to solve the more general problem.

This means that there is a set of solutions for equation (16) with homogeneous
boundary conditions, that is, A has the role of an eigenvalue as discussed in van-
Brunt et al [21]. We note that even in the single nonlocal term case, the general
solution to the p.d.e. is not known. It may be possible that a class of solutions
Ym for m = 0,1, ... can be obtained using an eigenfunction expansion. Specifically,
we can use the conditions given by the successive moments (that is, the Mellin
transform),

oo

/xmflym(x)dx =0, O/:cmym(x)dx #0 (42)

0



498 ALI A. ZAIDI, BRUCE VAN BRUNT AND GRAEME C. WAKE

to calculate some further solutions to equation (16). These conditions give rise to a
class of eigenfunctions and are sufficient in this respect. At this stage it is not clear
whether there are other eigenfunctions. The idea mimics that used by van-Brunt
and Vlieg-Hulstman [22], and leads to the spectrum (see Figure 2)

1 1
An=p—bl—+-—-1], 43
it (b - 1) (43)
for m = 0,1,2,... . Here y = y,, is the solution to equation (16) when A\ = \,.

We note that equation (43) gives equation (19) when m = 0, the first eigenfunction
which is, of course, the SSD.

We note that there are a countable number of real eigenvalues in the interval
[t — b, + b), increasing with m, with point of accumulation A = pu + b. These
eigenvalues lead to equations of the form

yo + gwm B () = g (0 () + Bym (B2)) (44)

Of course, there may be other eigenvalues and eigenfunctions. These eigenfunctions

r | L L Ll 3

|_ 1 T A

u->b u u+b

FIGURE 2. Spectrum of Eigenvalues

Ym are the solutions to equation (44) subject to equation (42) and
Ym(0) =0 = lim y,(z),
T—00

The first eigenfunction is the pdf solution yq given by equation (21). The higher
eigenfunctions (as shown in Figure 4) can be found by following the procedure used
by Suebcharoen, van-Brunt and Wake [20]. The solutions are

o —afpil (a8
Y (2) = Z ch,je B b( +87™) , (45)
k=0 j=0

where,

" b m+1 o0 afm_’_ﬁfm k+m am a*(k+m) +67(k+m)
g k=1 H (afm + ﬂfm — o~ (m+r) _ Bf(m+r))
r=1
-1 k k
o = Clefeon (47)
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Co,j = (= )Jﬂ]CO 0 (48)
R g ()
-1
Ckj = (Oékﬁj a1 5 (ack,m + Bck,j—1)7 (49)

for k,j € N. Here a,, is a constant which can be chosen arbitrarily. In Figure 4,
we have chosen a,, so that [ xzy;(z)dx = 1. The convergence of equations (46)-(49)
0

and uniqueness of the double Dirichlet series solution (45) can also be proved on
a pattern similar to that followed by Suebcharoen, van-Brunt and Wake [20]. No
closed form solution for ¢ ; can be obtained.

R
[
5}

FIGURE 3. The solution yo(x) given by the Dirichlet series (21) for
m=0,g=2b=1,a=3,5=3

Yox) & y,(x)

FIGURE 4. The solutions yo(x

) an x) given by the Dirichlet
series (45) form=0,1,g=2,b=

)
:3@ 3

2
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6. Conclusions. This model provides a quantitative basis of estimating the evo-
lutionary path of the cell population cohort and determining the subsequent size
distribution. The case of symmetrical division, @ = 8 = 2, can be used as a basis
to compare with more general cell division with a > 8 > 1 but satisfying equation
(13). The question of whether the set of the above solutions are complete is still
open. Suppose that n is a function of the form

n(m,t) = Z Cmym(m)e_/\mtv (50)
m=0

where the above series is uniformly convergent for « > 0. Then it is straightforward
to show that such a function is a solution to equation (12). The problem, however,
is that in order to satisfy condition (7), the coefficients ¢,, must satisfy

no(r) = Z CmYm (), (51)
m=0

and this brings to the fore the crucial question about what function space is spanned
by the eigenfunctions. This question and other properties of these eigenfunctions
remain to be explored, and this will be the subject of future papers.

If, as we conjecture that,equation (50) is the full solution to equation (12), then
clearly n(z,t) ~ coyoe ot for large time, showing the steady size distribution is
propotional to yo(z). This is given in equation (21) and is shown in Figure 3 and
Figure 4. The latter also includes y;(x), the second eigenfunction.

Now we have the means, through equation (50), to calculate the evolutionary
path of the cell population cohort. Although y,,(x) is not mono-signed for m > 0,
we expect that n(z,t) remain positive for all z,¢ > 0 but we have not proved this
here. It is to be addressed in a future paper.
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