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ABSTRACT. In this note we explain by an example what we understand by a
balance situation and by a balance equation in terms of measures.

The latter ones are an attempt to start modelling of (not only) diffusion-
reaction or mass-conservation scenarios in terms of measures rather than by
derivatives and other rates.

By means of three examples this concept is extended to two-features (=
two-traits-) balance situations, which, e.g., combine features like aging and
physical motion in populations or physical motion and formation of polymers
by means of a single model equation.

1. Introduction. In this note we introduce

- a general balance formulation based on measures and
- the concept of two-feature models illustrated by three examples.

The basic concept of measures is very intuitive and can (basically) be directly
derived from our daily life experience. For example, it is (in most situations) clear,
how we can measure, e.g., the mass or volume of an object.

The derivations of balance equations and of the basic equations of continuum
mechanics very often rely on starting with using time-derivatives and other rates,
which are much less intuitive than measures, and where it is quite unclear how one
could actually measure those quantities in reality.

From a modeling point of view, it is important to rest the derivation of equations
on a basis which is both as intuitive as possible and easily accessible in reality. This
led us to study, as a very first attempt, the modeling of balance situations (for a
basic introduction see section 1.2.) on the foundation of measures.

From a more mathematical point of view (apart from the modeling, which is the
most important part for us in this paper), the derivation of equation (1) allows us
to catch a first (tiny) glimpse at what can be gained by modeling with measures:
If we make certain assumptions on two of the three terms in (5), we can gain more
knowledge of the regularity of the third term than possible by “usual” (by just
assuming the corresponding regularity) modeling techniques.

We focus our study at the modeling with two-feature measures (see section 1.2.)
to be able to describe two different kinds of “evolution” of objects at the same time.
For example (cf. section 2) we study the spatial evolution - the motion - of colloids
as well as their evolution in the sense of changing structure by flocculation.
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There are many interesting open questions concerning this modeling approach, a
most important and extensive one being under which natural conditions the math-
ematical assumptions allowing the modeling may actually be considered valid.

The rest of this introduction is structured as follows: In section 1.1 we introduce
some notation, and in section 1.2. we explain the concepts by means of an example.

1.1. Some notation and conventions. Let Q C RY be a bounded domain with
Lipshitz boundary, S := (0, 7] - a time interval, a > 0, A := [0,a], M € N, G ¢ RM
- Lebesgue measurable, B (G) - Borel-o-algebra on G, AM - the corresponding
Lebesgue measure, p(K) - power set of K. We set

- Ag = %1(5), Ao = %N(Q), Ay = %1(14), Ax = p(K), Aop 1= Ay @ A,
a,p € {S,Q,K,A}, Asar = As R Ao @ Ax,

-ds = A Ag = AV, A4 = A and Ag := ). (counting measure, i.e. \.(K') :=
# of elements in K') are measures on their respective o-algebras, Aog := Ao ® Ag
are the product measures on A5, o, B € {9,Q, K, A} . HN~! stands for the (N —1)-
dimensional surface measure.

- Normals and surface measures: Let ' € B (Q) have a Lipshitz boundary 9.

ngs (z) denotes the unit outward normal at x € 9. For any A’ = [p, q] C A we set
TlA’(p) = 717 nA/(q) = 13 for p,q € KON, K' = [pa Q] va we set TLK/(p) = -1
ng/(q) = 1. 0 = o stands for the surface measure on 9. The “1D surface

measures” are o4/ (y) := ox/(y) := 1 for y = p, q.

Convention: We will use the word “measure” as something which measures some-
thing (notation i, e.g.) and as a “measure” in the measure-theoretic sense (then
we drop “77).

For a presentation of measure- and integration theory, we refer to the book [3].

1.2. Measure formulation of a balance situation. We illustrate this concept
via an example - an (alternative) way to derive the diffusion equation: Consider
a fluid filled body © C R3 in which a substance X is dissolved. For simplicity we
assume the fluid at rest and that there are no temperature changes. The substance
X is allowed to move by diffusion. Reactions might contribute to a change of the
amount of X in Q over time ¢ € S. S stands for a basic and fixed time interval.
“Amount” can be measured in a variety of ways, so let us assume the concentration
of X in z € Q at time ¢ € S, ¢(t, x), is measured in mol/l.

The standard diffusion-reaction equation is of the form

de(t, x)

ot = f(t,z) + divy(—j(t,z)), t € intS, = € Q. (1)
A widely used example for the flux-density j is
j=—DVgc (Fick’s law). (2)

f might stem from a mass-action law ansatz (involving c) or something else. For
the following we need only the Lebesgue integrability of f, div, j and c(¢,-). We
introduce the

e amount measure (for X) at time ¢ : u(t, Q) fQ, ex (t, x)dz,

o Fluz-measure (for X): pupr (S’ x ) fs' fQ, —j(r, x)dzdT,

e Inner-production measure (for X): pup(S’ x ') fs’ Jo f(7, 2)dxdr.

w(t, Q) measures the amount of X in ' at time ¢, up (S’ x Q') describes the net
gain or loss of X in Q' over the time span S’ due to fluxes (here: diffusion from the
outside of €' into €’ through 99’ or vice versa), pp (S’ x ') describes the net gain
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or loss of X over S’ due to reasons located IN Q' (that’s why the name! Here it is
a reaction).

p(t, ), pe(S" x -) and pe(- x Q'), & = P, F, are measures on their respective o-
algebra for all fixed ' € B3(Q), S’ € B(S) and ¢t € S. By a well-known extension
pocedure from Lebesgue integration theory pp and pp can be extended to the
product o-algebra Agq. Denote by A;, the time-space measure on Agqn. Radon-
Nikodym’s theorem implies for all t € .S

f= Doy div, j = Doy c(t,) = S (3)

Integration of (1) over arbitrary ' € B3(Q), S’ € B1(9) yields

/ w(r, Q)dr = pp(S' x Q) + pp(S’ x Q).

For the particular time spans S’ := (¢,t 4+ h] C S we obtain, what we call a

Measure formulation of a balance situation
Change of X in Q' during S’ = Sum of inner production and production by flux

w(t+h, Q) — p(t, ) =pp(S" x Q)+ urp(S’ x Q).
(4)

Note that the left-hand side does not only stand “for” the change - it is the
change. Moreover all participants of this equation can - in principle and on appro-
priate subsets Q' and S’ - be measured as opposed to the expressions in (1) which
are rates and, thus, not directly measurable.

(Practical) situations leading to equations like (4) we refer to as balance situ-
ations. They include energy balance, heat balance, mass conservation (with the
corresponding pup being zero), even continuum mechanical forumulations of New-
ton’s law and much more ([2]).

We note that (4) can be made the point of origin for balance situations with
appropriate interpretations of pp and pp. That is what we will do below.

In order to arrive at a pde like the one in (1) the quantities ¢ and f can be ax-
iomatically introduced via (3), supposed one postulates the corresponding absolute-
continuity assumptions on the measures. The latter one is a non-physical assump-
tion expressed in mathematical terms. The passage from (4) to (1) requires an
additional assumption and goes as follows: Division of both sides of the equation
in (4) by h and employment of (3) yield for all z €

t+h,x)—ct 1t
cft + ’gcf)L c(t, z) :E/t f(r,x) — div, j(r,2)dr. (5)
If
x> f(r,2) — divg j(7, z) is continuous for all 7, (6)

then the localisation theorem implies the existence of

1

lim —

a0 h

and (1) holds. Note: Modelling assumptions like (6) are difficult to motivate by
arguments in terms of assumptions on the underlying measures.

t+h
/ f(r,z) = divy f(t, x)dr = f(t,2) — divy j(¢t,z) for all z € Q
t
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In order to postulate “meaningful” assumptions on pg, we note, that our moti-
vating example yields

pr(S' x Q) = // /an —j(r,x) - n(z)dodr (7)

for all $” € B1(S) and all ' € Mygp, (set of “admitted” Q' ’s). Myay, is the subset
of all Q' € B3(Q) for which the divergence theorem holds. (7) is the motivating
origin for most approaches dealing with the derivation of the existence of flux-
vector fields j(t,-) :  — R3 for appropriately given measures jup. A study of the
connections between j and p g is not in the focus of this note - rather we will assume
the existence of such a j for given flux measures.

The idea to start modeling of balance situations by means of measures is - prob-
ably - not new. Nevertheless we have not been able to produce any reference which
presents a comprehensive model of this subject. Related material geared at parts of
such a balance formulation can be found in [9], [10] (“mass measure”, e.g.). A par-
ticular part - the “fluxes” (or “Cauchy interactions”, “Cauchy flows”) - is subject
of intensive studies (cf. [5], [7], [3], [6] among several (but not many others.))

The situations mentioned above cover only one “feature”! - the amount of X,
of energy, of heat, of mass or of momentum. The main intention of this paper is
an introduction of the concept of two-feature models based on two-feature counter
pieces of (4). In biology “two features” are the same as “two traits”. Our three
examples deal with the two features “motion” and “evolution” (section 2), “mo-
tion” and “group formation” (section 3) and age-group formation (= “motion on
an age scale”) and spatial motion (section 4). The first two examples include some
discrete modeling, the third one is entirely non-discrete. Another typical example
for two-feature pde’s from physics is supplied by the transport equations dealing
with impulse and velocity of many-particle systems (cf. [1]) and could easily be put
in the framework of a formulation in terms of measures.

2. Motion and evolution of colloidal particles (flocculation). Flocculation
is the “reversible formation of aggregates in which the particles are not in physical
contact” (cf. [11]). This process plays an important role in the physico-chemistry
of (not only) groundwater modeling (cf. e.g. [4] or [5]).

The setting is as follows: Let S := (0,T) be a time interval. Colloids of different
sizes k € K := {1,2,..., M} - where the “size-threshold“ M is fixed - move (by
diffusion, advection, dispersion) in a fluid occupying a container €2 - a Lipschitz-
domain C RY | N = 2,3 - break up or get larger by adding (parts of) other colloids.

In the following, we will use the term “k-colloid” to denote a colloid of size k € K.
Furthermore, for any subset K’ C K we say that a colloid belongs to the class K’
if it has size k € K.

The domain 2 might represent the fluid-filled pore space of a porous medium or
it might be a free fluid-filled space.

We consider the evolution of the different colloid sizes over time and begin with
introducing, for t € S, ' € Aq, K’ € Ak, the

amount measure fi(t, Q2" x K')

:= amount of colloids in €’ belonging to the size class K’ at time t.

ITime t is considered as a parameter and doesn’t count as an additional feature.
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The “amount” can be measured in numbers, mol or gramm, e.g., where “num-
bers” and “mols” might be non-integers. By the nature of the definition of this
quantity, the maps

A0 3> = at, Q' x K') e R, K' € Ay fixed,
A 5 K' = 1a(t, Y x K') e R, Q € g fixed

are additive. By assuming them to be o-additive, we obtain measures fi(¢,- x K')

and 7i(t, Q" x -), resp. Mimicking the usual construction of A2 by means of \! we

extend fi(t,- X -) to a measure u(t,-) on Aqx - the two-features amount measure.
Assuming the regularity condition?

u(t,) < Mg forallt € S (8)
Radon-Nikodym’s theorem provides, for all ¢ € S, a concentration
c(t,) € LL(Q x K, gk, Aok ) (9)
such that
pu(t, Q')
- / c(t, )dAqy (q) ™ e SPectt e @R / / c(t,z, k)dra(2)dAk (k).
(10)

Furthermore we introduce the production quantities / (signed)(pre-)measures
apz (8" x @ x K') := amount of colloids which are
added to /substracted from Q' x K’ during the intervall S’
(with additivity properties similar to those above) and
[tp = [tp+ — [ip—.
Using a similar procedure as above, we obtain (signed) measures

Hp+, bp—, P

on the g-algebra Asqx -
“Addition” to 2’ x K’, modeled by pps can happen by addition inside of Q' x K’
as well as by fluxes into Q' x K’. A similar remark applies to subtraction and pp_.
Thus we have the net-production (signed)(pre-)measures (again assuming addi-
tivity)
W(S’ X x K') = pirt(S" x Q@ x K') — p(S" x Q' x K'),

;W(S’ x Q' x K') = 1" (8 % Q x K') — pf" (8" x Q' x K')

which, by the same procedure as above, yield the signed measures p*™ and pf'®
on Asqx . Note, that in the given context,
Up = Mint _|_qulum
The regularity assumption _
Pt < Asok

2The measure on the right hand side is sometimes called a “comparison measure”.



284 MICHAEL BOHM AND MARTIN HOPKER

excludes the production of colloids on sets of Agqx-measure zero. Moreover it
assures the existence of the Radon-Nikodym density of the internal production
fint — duznt
dAsar

In order to get a reasonable idea for a representation of the flux measure we
consider the special case Q' = Q' x K’ with, say, K’ = {a,a+1,...,b} € Uk.
The boundary “surface“

§i= (O x {a}) U(Q x {b+1}) U (82 x K7)

is the location of any interaction with the outside of Q' 3.

We distinguish two locations on § to enter or leave Q' - one via §; = (2’ x {a})U
(" x {b+ 1}), the other one through §z := 9Q x K’.

Flux through §» is physical flux due to the motion of colloids of class K’ into or
out of € through 9.

Flux through §; is flux through the “class boundary”, independently of motion
or collisions of colloids. This means that (parts of) colloids leave the classes {a} or
{b} into the adjacent classes {a — 1} or {b+ 1} respectively or (parts of) colloids
from classes {a — 1} or {b+ 1} enter the classes {a} or {b} respectively.

The only possible reason for this flux is the break-off of one particle of a certain
colloid, since this is the only scenario in which there is an exchange of parts of
colloids between adjacent classes without physical motion.

Note that we do not include the formation of k-colloids due to collision of (k—1)-
and 1-colloids into the flux, as such a collision requires physical motion

The unit-outward normal field n = n(z, k) on § can be split into two orthogonal
components (visualising the set 9 x K’ as a cylinder with base Q), n = ng + ng,
ng = (nq,0), ng = (0,nk) respectively, where ng (z,a) = —1, nx(z,b) = +1 and
ng = ng(x, k) is the unit-outward normal on 9.

Borrowing from the theory of Cauchy interactions®, we obtain® for all ¢t € S the
existence of two vector fields

jalt,) : QA x K — RV,
jK(t7~>ZQXK%R,

where we agree on the convention that the flux entering class k from class k — 1
is given by jg(¢,x,k) and that the flux leaving class k to class k + 1 is given
by jr(t,z,k + 1). From this definition it immediately follows that jg (¢, z,1) =

Jji(t,z, M 4+ 1) = 0, since the maximal colloid size is given by M.
We also obtain signed measures )" and " such that

’ufluaj _ ’u{)lu;v + M;{lum

3The definition of the boundary surface corresponds to the idea that class k lies between the
numbers k and k + 1.

4We abstain from presenting any such theory and refer to [10], [6] and [8], e.g. The settings
in all these approaches differ slightly from each other. The crucial assumptions center around
assumptions re. estimates for Féluz. Translated into the given situation they read as: There is
a constant co > 0 such that |Fqo(S' x Q' x K’)| < co|S/| HN=1(8Q') for all admitted Q/, all
K’ C K and all intervals S’ C S. “admitted” means that Q' is of finite perimeter or a Lipshitz
domain. The crucial point is that these theories assure the existence of a flux density jq.

5With respect to the preceding footnote one could, more precisely, say “we assume®.
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and

plE (8 x  x K'Y = / / —ja(t, 2, k) - ng(z, k)dA g (k)doga (z)dAs (8),

P (S X x K = / /S —jxc (b2, k)ne (, kYA (R)da (2)dAs (1)

for all S’ € Ag and Q' € A, where osq is the surface measure on 9.

The physical meaning of these measures is the net-production of colloids in
V' x K’ during the time-set (not necessarily an intervall) S’ via fluxes through
the boundaries §2 respectively §1.

Introducing the discrete partial derivative (with respect to the class size)

O gir(t,x, k) = jx(t,o,k+1) — jr(t,z k), keK

we calculate

/ —0% gk (t, x, k) g (k)dAg(z)dAs (1)
Sl i

Q
- / / / , / —0Csix(t @, k) (F)dAo(@)dAs(t)
b
- // Z*%sj;((t,x,n)dAQ(x)dAS(t)
b
— / / > Gkt a,n) — jx (2, + 1)) dAg(z)dAs(t)

~ [ ] Grltn,0) = i+ 1) dha(@)dAs 1)

Using the outward unit vectors nk(z,a) = —1 and ngi(x,b+ 1) = +1 we can write

/g |, ~Osin bz R)AAk (F)dAa()dAs (1)
= // // (—ix(t,zya)nk(z,a) — jr(t, 2,04+ Dng(z,b+ 1)) dAg(x)dAs(t)
B / / / —Jr (b2, k) (2, k)dAk (F)dAa (2)dAs (1)
8" JQ" J{a,b+1}

://A _JK(t’x’k)nK(x’k)d)‘K(k)d)\Q({IJ)d)\S(t)

Recalling the definitions p/!** = usle” + ,uf(lw, Fo := 00 x K’ we can now - using

the divergence theorem of Gauss in the integral over §o - write
pfie (8" x Q') = / / —div, jao(t, z, k)dAk (k)dAq(x)dAs(t)

+/ / —0%gjx (t, z, k)dAg (k)d\q(x)dAs(t). (11)
We formulate the following intuitive “Balance principle”:

pt+h QY x K'Y —ut, Y x K'Y =pup((t,t +h) x Q' x K'),
Vit +he S,V VK’

(12)




286 MICHAEL BOHM AND MARTIN HOPKER

Using the integral representations in the balance principle (12) and Fubini’s the-
orem yields for all Q' = ' x K’ that

t+h )
/ o(t + hg) - / o(t, @)D () = / 7 (r, @) (@)dAs(7)
7 Q/ t Q/
t+h
+ / / —diva jalt, 2, ) (F)dha()dAs (1)

t+h
+ / —0% ik (t, x, k)dA g (k)dAq(2)dAs(t).
t Q'

By multiplying by % and passing to the limit h — 0 we can now deduce the following
equation (the classical continuity equation with a slightly different interpretation of
the entries)

0 .
a—j(t,x, k) + (divejo(t, o, k) + 0dgix (t 2, k) = F7(t, 2, k).

We identify the terms as follows (motivated by the coagulation-fragmentation equa-
tion, see e.g [5, p.4]):
Let by be the fragmentation rate of k-colloids and let furthermore di; be the

breakage distribution which describes the mass-fraction of k-colloids due to breakage
of ¢-colloids. Then

(9%5_7'1( (t, T, k) = dk_LkbkC(t, T, k’) — dk7k+1bk+1c(t, x, k+ 1)

and

fint(taka) = % Z ﬂijc(tvxvi)c(tvxvj)

i+j=k,1<i,5<M

fZﬂ;ﬂ (t,z,k)c(t, x, 1) delbctxz Z dixbrc(t, z, k)
i=1

i>k+1 1<i<k—1

where f3;; is the “connection-rate” of colliding colloids of sizes ¢ and j.

3. Dynamic group formation and -dissolution in a population. In this sec-
tion we look into the following social-interaction scenario®: Let M € N be given. A
very large number of people moves in a room €, a bounded domain in R?, and forms
groups of size k (“k-groups”), k € K :={1,2,3,....,. M — 1, M}. The “formations”
are supposed to happen by groups joining or group splitting. We restrict ourselves
to the following special case: At any given time and location a change of group size
is assumed to be accomplishable only by either a single member leaving the group
or an outsider joing a group. In the first case a k-group turns into two groups - a
(k — 1)-group and a 1-group. In the second one two groups form one larger group,
resp.

Let k € K/ C K. We say “a person belongs to a K’-group”, if it is a member of
a k-group.

Following the lines of section 2, let t € S, ) € Aq and K’ € Ax and introduce

1(t, Q) x K') := number of people in ' which belong at time ¢

to the K’-group. (13)

6Also cf. [7] in which there is far more information on the underlying evacuation problem (on
which the present setting is based on).



A NOTE ON MODELLING WITH MEASURES 287

By nature of their definition, the maps Q' — (¢, Q' x K’) and K’ — [(¢, Q' x K')
are additive and non-negative. Postulating/assuming them to be o-additive, the
extension procedure indicated in section 2 yields a measure p(t,-) on Aqx for all
tes.

By requiring

u(t,) < Ao forallt e S, (14)

we obtain a non-negative Radon-Nikodym density ¢(t, ) := %{i;{) and exclude pop-
ulation concentrations on sets of measure zero.

For the special case Q' := Q' x K’ € g x Ax we have

j(t, Q') = /Q et B (15)

In the given context the motion of the people as well as the change of group size
by joining and dissolution are the contributing factors to a change of ¢(¢,-,-). This
gives rise to the introduction of production measures pp, pp+r on'Y := 85 xQ x K :
Let

Y = S/XQ,XKIEQ[SQK. (16)
“Positive production” is modelled by

wp+(Y’) := number of people which are added

to ' x K’ during S, (17)

“negative production”, up_, is introduced in analogy and the “net production” is

WP = Pt — Up—. (18)
We specify pp by introducing two “production measures” - a flur measure puf'*®
and an inner-production measure p™ such that

wp = Hint +‘ufluz' (19)
We begin with p/'*: Let Q' x K’ € g x 2 and denote the “physical flux into
Q" by “physical” or “spatial motion” of the people by

FS{TI = Féf“’(S’ x 0¥ x K') := number of people belonging

20
to the K’-group and crossing through 99’ into ' during S’. (20)

Analogoulsy we introduce Félim = Fél:w(S' x 0Q) x K') as the corresponding loss
to ' x K'. Such fluxes might be given as some sort of a diffusion or advection flux,
e.g. Finally we introduce the

total Q-fluz measure FIM* = Féfz i (21)

Borrowing again from theories of Cauchy interactions we obtain for all ¢ € S and
k € K a flux density
jalt, k) : Q= RN (22)
such that for all intervalls S’ C S, ' € 2 with Lipshitz boundary and all K/ C K :
P (S X U x K') = FY (S % 00 x K')
= fS’ fQ, faK/ —jg(t,l‘, k) - nodogdiqd)s.

A second flux is introduced along the group-size scale K in the following way
(and very reminiscent to the flux in the colloid setting in section 2): Let

pgeN, K':=[p,¢q/NN (24)

(23)



288 MICHAEL BOHM AND MARTIN HOPKER

and set

(S x QU x K') i= FL (S % Q' % {p})
:= increase during S’ of the number of people in €’ belonging (25)

to the K’'-group by joining of a (p — 1)-group with a 1-group (in Q).
Analogously we introduce
PRE(S" X U x K') = FHM (8" x ' x {q})
:= decrease during S’of the number of people in ' belonging
to the K’-group by splitting of a g-group into a 1-group
and a (¢ — 1)-group (in Q).

Finally we introduce the

total-K -flur measure ,uf(lm = uﬁf - ,uf(hig”.

Let K’ be as in (24). We call (p, q) the ordered discrete boundary of K’ (notation:
00aK"). Moreover, the discrete partial derivative 6?; gJK is introduced as in section
2. Also as in section 2 we introduce a flux density, the K-flux density

jK(t,g-):QXK%R

such that
HRES XY XK = [g foy o e it e (Wdoweddads o)
= fs/ fQ/ fK’—{q} _agst(t7 x, k)d)\KdAQd)\S
As in section 2: (27) does also hold for arbitrary K’ C K.
Often one has an
; : int .
integral representation for ' : (28)

prt(Y) = [, (2, y)dAsok for all Y € Agqa.

The motivations leading to (28) are similar to the corresponding ones in section 2.
Also along the lines of section 2 we see: If ¢, jo and ji are sufficiently smooth,
then one has
% + [divy jo + 0dgjx] = f™ inY. (29)
We conclude this section with a specification of jq, jx and f™¢. Since there is
an almost total analogy to section 2, we keep this short: Set

M1 M
Frt(t e, 1) = — Z Bic(t,x,i)c(t,z, 1) — Bre(t,x, V)e(t, z, 1) + Zaici(t,m, i),
i=1 =3

St @, k) == = Bre(t, z, k)e(t, , 1) + Be_ac(t, z,k — D)e(t, z, 1)
for k=2,...,M -1,
Fm(t a, M) o= +Bar—re(t,a, M — 1)e(t, z,1).

ay € [0,1] describes the likelihood under which a single member of a k-group
separates from his group. Byc(t,z,k)c(t, z,1) models the density of the number
of people being removed from a k-group by interaction with a 1-group. Finally we
specify jx(t,z,-) as

Jr(t,x,1) := ase(t, x, 2),
Jr(t,x k) == —age(t,x, k) for k=2,...,M,
jK(t,I,M+ 1) = 0.
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In [7] the spatial fluxes are Fickian diffusion fluxes, i.e.
jQ(t, Z, k) = —Dszc(t, Z, k)

If the crowd were driven by advection-type, attractive or repulsive fluxes, one needs
to choose jo appropriately.

Note: With ¢ (t,z) := c(t,x, k), fe(t,z) = f(t,x,k), jr(t,x) := jo(t,z, k) one
obtains a system of pde’s for ¢, with spatial fluxes j; and right-hand sides fy,
k=1,..,M.

4. Age-groups moving in a habitat. Much of the following is in almost complete
analogy to the preceding two sections with one exception: the second feature is not
discrete.

Let © be a habitat occupied by some population B, a > 0 an upper bound for
the realisable ages of the B’s (a = 180 years for humans, a = 2 days for the common
mayfly, a = 20 years for rabbits, e.g.), set A =[0,a], S :=[0,7T] (time interval) and
assume  C RY to be bounded and measurable, N = 2,3. The B’s get older and
they might move, for instance by advection or by a diffusion-like mechanism or they
might be driven by an attractant or repellant. The aging issue can be considered
as a flux from one age group to the “next” one whereas advection etc. constitutes
a flux in Q. We introduce, for Q' € BV (Q), A’ € BL(A), t € S, the

age group population measure
u(t, Q' x A’) = amount of B’ in Q' belonging to the age group A’.

Following the arguments in section 2 we obtain a measure ju(t, -) on Aqa:= B (Q)®
BL(A) for all t € S. Set Aa := Al on BL(A), A\ga = Ao ® Aa and Q = Q x A.
The regularity assumption p(t, ) < Aqa yields a Radon-Nikodym density ¢(¢,-) :=
du(t,-) flux . _

Doy € LY (Q). We introduce pup := pf!**+, where p™* := pp—p/™® and p
flux

u{zlw + 1y p™ and pf'® are introduced as in the previous section where K
gets replaced by A: In particular we set uf;l“ = uf;lzm - ;ﬂ;lfz, where
P (S % Q@ x A'):= number of B's in ,
which enter/leave A’ during S’ from/to the outside of A’,
and

@(S’ x Q' x A") ;== number of B’s in the age group A’ which are produced in
Q'during S'.
A special case: Let A’ := [p,q] C A. Then

uﬁl_ﬁx(S’ X Q' x A) := Fu (8" x ' x {p}) := number of B's in
which pass during S’ the age p.

jta_ is analogously introduced. In analogy to the preceding examples we can intro-
duce (or obtain) flux-density vectors jo(t,:) = ja(t,z,y) and ja(t, ) = ja(t,z,y)
such that for all S’ x Q' x A’ € Asqa

us’;l“””(S’ x Q' x A) = fS’xQ’xA’ —div, jo(t, z,y)dAsqa

and
(S ) U x AN = [g s —Oasialt, z,y)dAsa.

Ja(t,-) models physical motion inside of §2, j (¢, -) stands for motion in A. “Getting
older” provides a natural example for the latter and is expressed by ja(t,z,y) :=
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le(t, x,y) - a complete analogon of advection fluxes! With the (definition-/postul-

ate-)procedure indicated in section 2, i/"“Tand 7" can be extended to measures

pftTand pint on Asqa, resp. Assuming (28) and assuming sufficient regularity of
the participating terms we arrive at
Jdc
at

Note: Births are modelled by a boundary condition at a = 0 to be imposed on
ja(t,z,0).

+ divyy joa = f™.
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