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ABSTRACT. In this paper, we incorporate an extra logistic growth term for
uninfected CD41 T-cells into an HIV-1 infection model with both intracellu-
lar delay and immune response delay which was studied by Pawelek et al. in
[26]. First, we proved that if the basic reproduction number Ry < 1, then
the infection-free steady state is globally asymptotically stable. Second, when
Ro > 1, then the system is uniformly persistent, suggesting that the clearance
or the uniform persistence of the virus is completely determined by Rg. Fur-
thermore, given both the two delays are zero, then the infected steady state
is asymptotically stable when the intrinsic growth rate of the extra logistic
term is sufficiently small. When the two delays are not zero, we showed that
both the immune response delay and the intracellular delay may destabilize
the infected steady state by leading to Hopf bifurcation and stable periodic
oscillations, on which we analyzed the direction of the Hopf bifurcation as well
as the stability of the bifurcating periodic orbits by normal form and center
manifold theory introduced by Hassard et al [15]. Third, we engaged numerical
simulations to explore the rich dynamics like chaotic oscillations, complicated
bifurcation diagram of viral load due to the logistic term of target cells and
the two time delays.

1. Introduction. Human Immunodeficiency Virus (HIV) has spread to all of main-
land China [44] and becomes a serious threat to public health. The dynamics of HIV
have three distinct phases which are primary infection, chronic infection and Ac-
quired Immune Deficiency Syndrome (AIDS) or drug therapy [9, 10]. Mathematic
modeling of viral dynamics for HIV infection has an important role for understand-
ing the pathogenesis of HIV infection [3, 11, 43, 17, 23, 24, 28, 32, 34, 37].
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Following the basic models of viral dynamics[30, 25|, many mathematical models
have been used to study the dynamics of HIV infection and immune responses
[1, 5, 6, 16, 26, 27, 40, 42, 45]. Ciupe et al. [6] considered the following HIV model

gzs—dT—kVT,

-

=kVT —0T" — d, ET™,

where T(t), T*(t), V(t) and E(t) are uninfected T-cells, infected cells, free virus
and effector cells. s is the rate at which new T cells are created, d is their natural
death rate, k is the infection rate, and § represents the death rate of the infected
cells before viral production commences. d, is the death rate of T due to action of
the immune response. N is the number of virus particles produced by each infected
cell, ¢ is the viral clearance rate constant, dg is the death rate of E, and p is the
produce rate of the effector cells.

Time delays have also been introduced into HIV mathematical model to study
the dynamics. In [17], Herz et al. firstly introduced an intracellular delay, the time
between infection of a cell and production of new virus particles, to analyze the
clinical data. Nelson and Perelson [23] considered a set of models with intracellular
delays, and predicted that frequent early sampling of plasma virus will lead to
reliable estimates of the free virus half-life. Li and Shu [19] incorporated a time delay
into the immune response in the HTLV-1 infection model, and showed that the time
delay can destabilize the endemic equilibrium, leading to Hopf bifurcation. More
within-host HIV models with time delays can be found in [2, 8, 12, 20, 21, 38, 41, 46].

In [26], Pawelek et al. incorporated an intracellular delay and an immune re-
sponse delay into (1) to analyze virus dynamics, where the criteria on local stability
of the infection-free and infected steady states, and uniform persistence of the sys-
tem as well as the global stability of the infected steady states were established.
Moreover, it was shown in [26] that introducing the intracellular delay does not
change the stability results if there is no immune delay. However, incorporating the
immune delay may lead to rich dynamics like Hopf bifurcation even if there is no
intracellular delay.

Since the proliferation rate of T-cells is density-dependent with the proliferation
slowing as the T-cell count becomes high [4, 8, 29, 30, 39]. Culshaw and Ruan [8]
considered a basic HIV model with logistic growth and an intracellular delay, and
obtained the stability of the endemic equilibrium. Wang and Li [39] studied a HIV
model with a logistic proliferation of all T-cells and showed that the stability of the
endemic equilibrium is dependent on the T-cell proliferation rate. In this paper,
we incorporate the intracellular delay, immune response delay and logistic growth
term for T-cells into the model (1). We additionally consider the intracellular delay
by assuming that the generation of virus producing cells at time t is caused by the
infection of target cells at time ¢ — 7, i.e., 7y is the lag between the time virus
contacts a target cell and the time cell becomes actively infected. 75 is the time
of activation for the effector cells. As described in [22], we assume ki = ke™*17t,
where o is the death rate of infected cells before viral production commences. The
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model is as follows

dr(t) au
— = AT — KVOT(0) +rT (1) (1 - me) ’
a7 (1)

o kL V(t — 1)T(t — 1) — 0T*(t) — dp E()T™ (), o)
= = NOT* () = eV (1),

dE(t)
Cdt

with initial conditions
T(H) = 901(0)’T*(9) = 902(9)3 V(Q) = 903(0)7 E(Q) = @4(0% 0 e [77—7 O]a (3)

where ¢ = (p1,p2,93,04) € C’([—T,O],Ri) with ¢;(0) > 00 € [-7,0],i =
1,2,3,4). Where r is the growth rate of T-cells (thus, » > d in general), T,q40
(dTmaz > 8) is the carrying capacity of the T-cells population, and the term
T*(t — 72) accounts for a time delay between the moment of infection and the
recognition of the infected cells by the cytotoxic CD8+T cells.

The paper is organized as follows. In section 2, local stability and global stability
of the uninfected equilibrium, and uniform persistence of the system are proved
by rigorous mathematical analysis. In section 3, we establish local stability of
the infected equilibrium and obtain sufficient conditions for the existence of the
local Hopf bifurcation, and the direction of Hopf bifurcation and stability of the
bifurcating periodic solutions are considered. In section 4, results from numerical
simulations are presented. We also study the effect of the immune response delay
and the growth rate of T-cells on the stability transition and viral load. Finally, a
brief discussion completes the paper.

=pT*(t —2) —dpE(t),

2. Threshold dynamics of the steady states. We denote by X = C ([T, 0],
Ri), 7 = max{7, T2}, here C denotes the Banach space C ([77', 0], Ri) of contin-
uous functions mapping the interval [—7, 0] into Ri equipped with the sup-norm.
Then by the standard theory of functional differential equations [14] we obtain that,
for any p € C ([77, 0], Ri), there is a unique solution

Y(t’ QO) = (T(ta (p), T (t7 90)7 V(tv 90)’ E(tv QO))

of the system (2) which satisfies Yy = ¢.
System (2) has an uninfected equilibrium and an infected (positive) equilibrium.
The uninfected equilibrium is Ey = (Tp, 0,0, 0), where

Tmaz
2r

Ty =

[r—d—i— (r—d)2 + 4“]

Tmaz

From the first equation of system (2), we have

%z(ft) < s —dT(t) +rT(t) (1 - Iiii) ’

then
limsup T'(t) < To. (4)

t—+4oo
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The infected (positive) equilibrium is Ey = (11,15, Vi, E1), where

P MG [y M (o R

cpdy Pc2%d,
I = (-t RE NZ5%d J
RNOTy _ g Tmaz petds
L dp(PE -
e ®
N
V= —17,
12
E T
1= dE‘ 1-

The basic reproduction number is defined as
Ro = kiNT/c. (6)
Following T} > 0, we know that the infected equilibrium exists if and only if
k1NTy /e > 1, which is equivalent to k; NTp/c > 1.
Theorem 2.1. Assume that Y (t, ) is the solution of the system (2) with the initial

conditions (3). {T(¢), T*(t),V(t),E(t)} (¥t > 0) are nonnegative and ultimately
bounded. Furthermore, there is an € > 0 such that liginf T(t) > e.

Proof. By [35, Theorem 5.2.1], the nonnegativeness of T'(t), T*(t), V() and E(t)
follows immediately.
From the first equation of (2), we have

dT T
dtgsdTJrrT<1 >

max

Then limsup,_, , ., T'(t) < Ty, and then T'(¢) is ultimately bounded. Now we define
a Lyapunov functional

Ut)=T()+ :IT*(t—FTl)

Obviously, U(t) > 0 for all ¢ > 0. Differentiating U (¢) along the solution of system
(2) yields

au(t) Sk
7 < _ _
" < s—=dT(t)+rT(t (1 maz) o T (t + 1)
= s—dT(t)+rT(¢ ( ) + 0T (t) — oU(t)
< s—l—rT()( Tt>+§T()—§U(t)

Therefore, limsup,_, , . U(t) < C/6, where C = max{s+rT (1 - ﬁ) +0T},T €

(0,Tp]). It follows that limsup, ,, . T(t) < C/§ and that T*(t) is ultimately
bounded. From the third and fourth equation of system (2), we know that V(¢) and
E(t) are also ultimately bounded. In addition, by the first equation of (2), we have

. Ti

T(t)>s—T {d+kVupper — 0 } , for alarge t,

where Vipper is the upper bound of V'(¢). Then we can show that T'(¢) is uniformly
bounded away from zero. The proof is completed. O
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2.1. Local stability of the uninfected equilibrium. In order to analyze the
local stability of the uninfected equilibrium Ey, we denote

s r1y
=—+
Tl Tmaw

Theorem 2.2. Consider system (2). The uninfected equilibrium Ey is locally
asymptotically stable if Ry < 1, and unstable if Ry > 1, where Ry is defined by

(6).
Proof. The characteristic equation of the uninfected equilibrium FEj is
A+ a)A+dg) [N+ (c+6)A+ c6 — ki ToNse ] = 0. (7)

Obviously, A = —a and A = —dg are negative roots of Eq.(7). The other roots are
determined by the solutions of the following equation

« > 0.

N4 (c+ )N+ cd — ki TyNse ™™ = 0. (8)
Substituting 7, = 0 into Eq.(8) leads to
M+ (c+ 0N+ ed — ki TyNS = 0. (9)

If Ry < 1, then ¢d > k1 N§Ty. Then we obtain that the equation (9) has two
negative real roots, and Ej is locally asymptotically stable for 74 = 0.

If 71 > 0 and Eq.(8) has a purely imaginary root A\ = iw(71)(w > 0). Separating
real and imaginary parts yields

ed Ry coswty = ¢ — w?,

—cdRpsinwt = (¢ + d)w.
Squaring and adding the two equations give
Fi(w) = w + (2 + %) 4 20% — 25°R2 = 0. (10)

If Ry < 1 then ¢2§% — 202 R3 > 0. Thus, Eq.(10) has no positive roots. If Ry < 1,
there is no root of Eq.(10) which can cross the imaginary axis when the delay 7
increases. Then Ej is locally asymptotically stable for 7 > 0.

If Ry > 1, then ¢d < cdRy, and the equation (9) has a positive root. Then Ej
is unstable for 71 = 0. Moreover, aFalio(f”) = 4w? + 2(c? + 6*)w > 0, and by Cooke
and Van den Driessche [7] and Freedman and Kuang [13], Ey is unstable for 7 > 0.
The proof is completed. O

2.2. Global stability of the uninfected equilibrium.

Theorem 2.3. Consider system (2). If Ry < 1, The uninfected equilibrium Eqy is
globally asymptotically stable.

Proof. Define

M = {¢ = (o1, 92, ¢3,04) € C([—T, 0]7Ri)70 <1 <Tp}.

From (4), it is verified that M attracts all solutions of system (2). Suppose
(T(t), T*(t),V(t), E(t)) be a solution of system (2) with initial value in M.

We claim that T'(t) < Tp(Vt > 0). Suppose by contradiction that there must
exist the first ¢; > 0, such that T'(¢;) = Ty and 77(¢1) > 0. From the first equation
of system (2), we have

T(t)

max

T'(t1) = s — dT(t1) + rT(t;) (1 - ) — RV (t1)T(t) = —kV (t1)T(t1) <0,
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which contradict T”(¢1) > 0. Therefore, M is positively invariant set with respect
to the system (2). Define a Lyapunov functional on M

0 0

wwmwmww/wﬁm,

—T9

Vip)= kﬁlwz(O) + b103(0) 4 bapa(0) + k/

o
where by = kTo , bo = 21 (Ro —1). The invariance of M implies that, for any ¢ €
M, the solutlon (T(), T*(t), V(t), E(t)) of system (2) such that T'(¢) < Tp(Vt > 0).
Then the derivative of V(¢) along the system (2) is
k
Vi(e) = = (kips(=m)p1(=T1) — d2(0) — duipa(0)ip2(0))

k1
b1(Np2(0) — cp3(0)) + ba (pp2(—T2) — dpp4(0))
(<P (0)p1(0) — w3(=71)p1(—71)) + bap (p2(0) — p2(—72))

= hps(0)(2(0) — w+wm+mf§mw—wwm>
kd

— T e2(0)24(0)
- %kimo — 1)p2(0) — badipa(0) — %m(om(m

+k3(0)(¢1(0) — To).

If Ry < 1, then V/(p) < 0, and V'(p) = 0 if and only if p2(0) = 0, p4(0) = 0,
©1(0) = Tp or p3(0) = 0. Then the largest compact invariant set in {¢ € M |
V'(¢) = 0} is the singleton {E}. By LaSalle’s Invariance Principle [18], we obtain
that all solutions of system (2) converge to Ey. This result together with the local
stability of Ey established in Theorem 2.2 implies the global stability of Ey. The
proof is completed. O

2.3. Persistence as Ry > 1.

Theorem 2.4. Consider system (2). If Ry > 1, then the system (2) is uniformly
persistent, and there exists a € > 0, such that litm inf T'(t) > g, litm inf T*(t) > &,
—00 —00

litrgirolfV(t) > g, and ligg)lf E(t) > e.
Proof.

X ={p=(T,T",V,E) € C([-7,0], RY) : ¢2(0) > 0,03(0) > 0}.
Denote

X1 = {50 €X | 302(0) > 07903(0) > 0}7

Xo={p € X |p20) =0 or ©3(0) =0},

which is relatively closed in X.

Next we prove X is positively invariant for P(t), where P(¢)(¢ > 0) is the family
of solution operators associated to system (2). The w-limit set w(x) of x consists of
y € X such that there is a sequence t,, — oo as n — 0o, and P(t,)xr — y as n — 0.

The equations of system (2) give

aT*(t)
dt

av (¢
dt

> 6T (t),

> —cV(t),Vt > 0. (11)
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Since T%(0, ) = 2(0) > 0, V(0,¢) = ¢3(0) > 0, then
1 (ta QO) 2 902(0)67& > 0, V(t7 QO) 2 <)03(0)67(226 >0,Vt >0,

thus, X; is positively invariant for P(t).
Denote

My={pe X :Y(t,p) satisfies (2) and Y (¢,¢) € Xo,Vt > 0}.

Then we can claim that
My ={(T,0,0,E)}. (12)
Assume that Y (t) € Mp (¥t > 0). It suffices to prove that T*(t) = V (t) = 0(Vt > 0).
Assume, by contradiction, that there exists a tg > 0 such that either
(i) T*(to) > O,V(to) =0; or
(ii): T*(to) = 0,V (to) > 0.
Consider (i), from the equations of system (2) we obtain

av
de t=to

Therefore, there exists an ¢y > 0 such that V(¢) > 0,Vi € (to,tp + o). Since
T*(to) > 0, then there exists a 0 < g1 < g¢ such that T*(t) > 0,Vt € (to,to+€1). So
we can get T*(t) > 0,V (t) > 0,V¢ € (to, to + €1), which contradicts our assumption
that (T'(t),T*(¢t),V(t), E(t)) € My. Case (ii) can be treated similarly. Then (12)
holds.

Denote Q = [ .4 w(x), where A is the global attractor of P(t) restricted to
X3. Then we can claim that Q = {Ep}. Since Q C My and (12), then from the
equations of (2), we can obtain that tliglo E(t) =0, tll>r£lo T(t) = Tp. Therefore, {Ep}
is a isolated invariant set in X.

Next we prove that W*(Ey) (X1 = 0. Suppose by contradiction that there
exists a solution (T'(¢t), T*(t), V(t), E(t)) € X1 such that

tlggo T(t) = To, tlirroloT (t) =0, tliglc V(t) =0, tlgrolo E(t)=0.

= N(sT*(t()) > 0.

For any small enough constant € > 0, there is a positive constant ¢; = t;(¢) such
that T(t) >Ty)—¢> O,E(t) <eg, Vit > ty.
From the equations of (2), we have

dT* (¢)

d Z kl(To 7€)V(t77'1) 75T* 7dm€T*,
dVEt)
dt

If T*(t),V(t) — 0, as t — oo, using the nonnegativity and a standard comparison
argument, then the solution (75 (t), Va(t)) of the following monotone system

dTy (t)

= N&T* — ¢V, t>t +.

= k‘l(TO — E)Vg(t - 7'1) - (5T2* (t) — deTQ* (t), (13)
dVa(t
% = NOTS(t) — cVa(t), t>1t + .
with initial value T3 (t) = T*(t), Va(t) = V(t),Vt € [t1,t1 + 7] converges to (0,0).
Therefore, tle U(t) =0, where U(t) > 0 is given by
o0

]{1 (To — E)

Ut) = T3 (1) + Va(t) + b (To — <) / RAGE
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Differentiating U (t) with respect to (13) gives

au ()
at

1
= |:N(Sk1(T0 — E) —0— de TQ*(t)
a3 L€

When Ry > 1, we can get that Noky(To — €)/c — § — dge > 0 for small enough
e. Then U(t) goes to either infinity or some positive number as ¢ — oo, which
contradicts tlim U(t) = 0. Therefore, we obtain that W*(Ep) (X1 = 0.

—

Define f : X — Ry by f(¢) = min{p2(0),p3(0)}, V¢ € X. It can be verified
that X; = f71(0,00) and X5 = f71(0). Following the Theorem 3 in [36], we have
litm inf(T*(t),V(t)) > (1, 1) for some constant £; > 0. Following Theorem 2.1, we

—00

know that litm inf T(t) > & > 0. Furthermore, from the fourth equation of (2), we
—00
can get that litm inf E(t) > e for some constant e > 0. Define £ = min{e, ey, e5},
— 00

note that litm inf T'(t) > e > 0, then the proof is completed. O
—00

3. Local stability and Hopf bifurcation. Let z; = T —T1, 2o = T* — 17,
23 =V — Vi, x4y = E — E;. Then system (2) becomes

diL’l 2T1

e r(l— Tmaz) —d—kVi| 21 — kThx3 — — :c% — ka3,
% =—(0+d,E1)xe — dp Ty xa + kiViz (6 — 1) + kiTizs(t — 11)
—dyxomy + k11 (t — T1)23(t — 1), (14)
% = Ndxy — cx3,
%:—d xq + pra(t — T2).
ar EZ4 T PT2 2

We linearize the system and obtain the characteristic equation of system (14) at
F(0,0,0,0) is

At d+kVy—r+ 20 0 kT, 0
—lﬁVle‘“l A6+ d. Eq —lele_ATl dﬁTl* -0
0 —N§ A+c 0 '
0 —pe=A72 0 Adg
that is,

)\4 + 0,1)\3 + a2>\2 =+ ag)\ + a4 + 67)\7—1 (b0>\2 —+ b1>\ + bg)
+€7>\T2 (Co)\2 —+ Cl>\ + 62) = 0,

where

a; = a+ BT 4 o4 dp,

as za(%—l—c—&-d;;) + k1 NOTY —l—CdE—FdE%,
az = a (kiNOTy + cdp + dp ™ P21) + dpk NOTy,

ay4 = adEk1N6T1,

bo = —k1N5T1,

bl = klN(STl(kvl - — dE),

bz = klNéTl(kvldE - O[dE')7

co = pd I,

c1 = pd, Ty (o + ¢),

co = pd;TT ac.
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When 11 = 75 = 0, this characteristic equation reduces to
)\4 =+ 0,1)\3 + (a2 =+ bo + Co))\2 + (ag + b1 + Cl)>\ + ay + b2 + Coy = 0 (16)

By Routh-Hurwitz criterion we know that all solutions of Eq.(16) have negative real
parts if and only if

A1:a1>0,

=ai(az + by +co) — (as + b1 +¢1) >0,

Ag :al(a2+b0+co)(a3+b1 +cl)—a%(a4+b2+02)f(a3+b1+cl)2 >0
Ay =as+by+co>0.

s
|

It is easy to show that A1 = a; = a+%+c+dbﬂ >0,and Ay = ag+ba+cy =
kiN6T ki Vide + pd,Tfac > 0. Then we need Az > 0 and Az > 0. If 2a > kVy
and « > dg hold, we have Ay > 0 and Az > 0. If

(H1) 2a>kV; and a>dg
holds, then all roots of Eq.(16) have negative real parts. Thus, we have

Theorem 3.1. Assume Ry > 1 and 71 = 72 = 0, then the infected equilibrium F;
is locally asymptotically stable if (Hy) holds.

When 71 =0 and 75 > 0, the characteristic equation (15) reduces to
/\4 + a1)\3 + (CLQ + bo))\2 + (Cl3 + bl)/\ + a4 + by + €7>\T2 (Co)\2 +ci A+ CQ) =0. (17)

Since ¢ + a4 + ba > 0, A = 0 is not a root of characteristic equation (17).
If dw(m2)(w > 0) is a purely imaginary root of the characteristic equation (17),
separating real and imaginary parts leads to

wt — (a2 + bo)w2 +ag+by=—(co— cowQ) COS WTy — Clw Sin WTy,

—a1w? + (az + by)w = (¢ — cow?) sinwry — 1w cos WTy. (18)

Squaring and adding the two equations of (18) give

f(w) = (.L)S —+ wﬁ[a% — 2(&2 —+ bo)] —+ w4[(a2 —+ b0)2 —+ 2((14 —+ bg) — 2&1(&3 + bl) — Cg]
+w2[(a3 + b1)2 — 2(0,2 + bo)(a4 + bg) + 26002 — C%] + (a4 + b2)2 — Cg = 0
(19)
Denote
f(v) = v* +[a? — 2(ag + bo)]v® + [(ag + bo)? + 2(ag + ba) — 2a1(az + by) — c2]v?
+[(a3 + b1)2 — 2((12 + bo)(a4 + bg) + 2cocoy — C%]U + (a4 + b2)2 — C%.

By Routh-Hurwitz criterion we know that if

(HQ): (Clg + b0)2 + 2(&4 + bg) — 2a1(a3 + bl) — Cg > 0,(&3 + b1)2 — 2(&2 + bo)(a4 +
bg)+2006276% >0and ag +by —cog >0
holds, then equation (17) has no positive real roots. Accordingly, by the Theorem
3.1 in [13], we obtain the following result.

Theorem 3.2. Assume Ry > 1, 71 = 0 and 72 > 0, then the infected equilibrium
E1 is locally asymptotically stable if (Hy) and (Hy) hold.

We know that if

(H3) (az +b0)2 +2(a4 +b2) — 2a1(a3 +b1) — Cg > 0, (CL3 +b1)2 — 2(&2 +b0)(a4 +
ba) + 2coca — 3 >0 and ag + by — 2 < 0
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holds, then Eq.(17) have positive real roots.

If (H3) holds. Continuity of f(w) implies that f(w) = 0 have a solution w > 0 for
71 = 0and 7 > 0, since limy,_, 1 o, f(w) = c0. As 82—&”) = 8w +6w’[a? —2(az+bo)]|+
43 [(a2+b0)2+2(a4+b2) —2aq (az+b1) —C%] +2w[(a3+b1 )2 —2(a4+b2)+20002 —C%] >0
for w > 0, the Implicit Function Theorem implies that there exists a unique C*
function w = w(7y) such that f(w) =0 for 71 = 0 and 75 > 0. We thus obtain the
following result.

Lemma 3.3. If 11 =0, 72 > 0 and (Hs) hold, then f(w) =0 has a unique positive
700t Wa).
Since equation (17) has a unique positive root wag, then equation (15) has a pair
of purely imaginary roots of the form +iwsy. Denote
. 01+ 2k
o T 01,2, (20)
W20

where 6; € [0, 27] is defined by

—c1waolway — (a2 4 bo)w3o + ag + ba] + (c2 — cow3o)[—a1w3y + (az + b1)wao)

s = Bty + (02— c0ihy)? ’
cosfr — — (c2 — cowdp)[wan — (a2 + bo)wiy + as + ba] + crwao[—a1w3o + (as + br)wao)
' cfwio + (c2 — cowsy)? .
(21)
Now differentiating Eq.(17) with respect to 7o, we have
AN\ TN AN £ 3002 4 2(a + bo)A + az + by + e A (200M +¢1) T (22)
dmy o Ae ATz (C())\2 + )+ CQ) A

Hence, a direct calculation shows that

{ (dRe)) }‘1
dT2 A=1iwgq
9
~{re ()}
dT2 A=iwgg
_ —wao[—a1wdy + (as + b1)wzo][(as + b1) — 3aswdy]
wio[—a1wiy + (as + br)wao]® + wiglwyg — (a2 + bo)wdy + as +b2]?
B wa20([2(az + bo)wao — dwigl[wae — (az + bo)wip + as + b
w%%[_Qalng + (a3 + b1)wao]? + wip[wiy — (a2 + bo)wdy + as + b2]?
—ciwig + 2cowzp(c2 — cowso)
GC%WEL%‘" w3y (c2 — cowsp)? ) ) )
_ dwsy + wip[3ai — 6(az + bo)] + wig[4(as + b2) — 4a1(as + b1) + 2(az + bo)* — 2¢5]
ciwiy + (c2 — cows)?
(a3 +b1)? — 2(az + bo)(asa + b2) — § + 2coca
) ciwiy + (c2 — cow3y)?
_ f,(wzo)

ciwig + (c2 — cow3y)?

+

Note that c?w3, + (c2 — cow3y)? > 0, then we have

.
sign {Re () } = signf'(wd)- (24)
dTQ i
=iwag

Then we can get the following result.
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Theorem 3.4. If (H3), f'(w?) # 0 and 71 = 0 hold, then the infected equilibrium
E; is locally asymptotically stable for o € [0,79), and system (2) undergoes a Hopf
bifurcation at the infected equilibrium Ey when 7o = 75 (k = 0,1,2,...).

When 71 > 0, 7o = 75 € I, where [ is the stability internal such that the infected
equilibrium Fj is locally asymptotically stable when 71 = 0 and 7o € I. Then the
characteristic equation is Eq.(15). Since ¢ + ag + by > 0, then A = 0 is not a root
of characteristic equation (15).

If 4w(m)(w > 0) is a purely imaginary root of the characteristic equation (15),
separating real and imaginary parts gives

4 2 2 . 2 .
w" — asw” + as + (c2 — cow”) coswts + crwsinwry = (bow” — b2) coswTy — biwsin wTy,

—a1w® +azw + (cow2 — c2)sinwTs + ciwcoswTy = —(b0w2 — b2) sinwt — biw coswTy.
(25)
Squaring and adding the two equations of (25) lead to

[w* — asw? + ay + (c2 — cow?) coswTy + crwsinwry]?

+H[—a1w?® + azw + (cow? — ¢3) sinwry + ¢yw cos wri]? (26)
—b2w? — (bow? — by)* = 0.

Denote

F(w) = [w* — agw? + a4 + (c3 — cow?) cos wty + ciwsinwry]?

+—a1w® + azw + (cow? — co) sinwry + crwcoswry]? — biw? — (bow? — by)?.

Then we have lim F(w) = oo, since
w—r00

F(0) = (ag + ¢2)* — bgi
= (adEk1N5T1 +deT*OZC)2 - [dEklN(STl(kvl - OZ)P
= [deTl*OéC + dEklN(SleVl] [pdle*ac + (2a - le)dEklN(STl]

We can know that if ag + co — by < 0 holds, that is, F(0) < 0, then Eq.(26) has

limited positive real roots wy,ws, -+ , Wy,-
Denote
; 0s + 257
i 2+7]7j:172’_._ om, k=01,
1k
Wk

where 65 € [0, 27] is defined by

biwg[wy — asw? + as + (c2 — cow?) coswy TS + crwy sinwgTy)

sinfy = — b2w? + (bow? — ba)?
(bow} — ba)[—a1w} + aswy, + (cow} — ¢2) sinwg Ty + ¢1wy, COS Wi T3]
P T (o] — b’ ’
080y — (bowi — bg)[w,‘i — aswi + ag + (c2 — cowi) coswy Ty + crwy sinwy T3]
Pt T (b0 — b)?
blwk[falw,% + azwi + (cow;, — ¢2) sinwe Ty + c1wi oS wy TS|
- biwj + (bowy; — b2)? '
(27)
Define
)= min 1%, wo=w;i=1,2,...,m, (28)

1<k<m

where wy corresponds to 7.
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Let A(11) = a(m1) + iw(m) be the root of Eq.(15) satisfying a(lek) = 0 and
w(7),) = wo. Differentiating Eq.(15) with respect to 7, and a direct calculation give

1(_0\\—1 __ Bi1 SiIlw()T?-‘rB]zCOSUJ()T?-‘rBlgCOSUJ()(Tf—Tz*)-f-Bl;lSil’le(Tf—Tz*)
(a (T )) - b2 4+(b b 2)2 2
R 5 2%o 2—00wq ) Wy (29)
+7b1+2b0(b2*b0w0) — coswnt0
b2w2 +(bz —bow?)? 071

where
B11 = (.U()(bQ - bow?))(ag — 3@1&)(2)) + b1w§(2a2w0 — 40.)8)7
312 = [(bg — bowg)(2a2 — 4&)8) — b1 (a3 — 3a1w8)]w(2),
Blg = [(bg — bowg)(QG,Q — 4w3) — blcl]wg,
B14 = ClOJQ(bQ — bowg) + 2b160w8,

From the above discussions, we can get the following result.

Theorem 3.5. Assume that Eq.(26) has positive roots, and that 7 = 75 € I
and (Hy) hold. Then we have that all Toots of Eq.(15) have negative real parts
for 71 € [0,7)) and the infected equilibrium Ey is locally asymptotically stable for
7 € [0,70). In addition, if (o/(79))~t # 0, then system (2) undergoes a Hopf
bifurcation at the infected equilibrium Ei when 1 = 7'10.

From the previous discussions, sufficient conditions are given for Hopf bifurcation
to occur when 71 = 7. Next we analyze the direction of the Hopf bifurcation and
the stability of the bifurcating periodic orbits when 73 = 70 by normal form and
center manifold theory (see e.g. Hassard et al. [15]). As the details are given in the
Appendix, from (29), (34) and (35), we can compute the following quantities:

i 2
Ci(0) = % <g11g2o —2[g11]* - 90;|> %,
_ Re Cl 0))
2T T Re(V () (30)

Theorem 3.6. Assume that conditions of Theorem 3.5 hold. Then us determines
the direction of the Hopf bifurcation: if ps > 0(pe < 0), then the Hopf bifurcation
is forward (backward) and the bifurcating periodic orbits exist for T > 10 (1 < 70);
B2 determines the stability of bifurcating periodic orbits: the bifurcating orbits are
asymptotically stable(unstable) if B2 < 0(B2 > 0); and Ty determines the period of
the bifurcating periodic orbits: the period increases(decreases) if To > 0(T5 < 0).

4. Numerical simulations. In this section, we carry out numerical simulations
to illustrate our results on the variation of stability of E; and the occurrence of
Hopf bifurcation for several values of the time delays. Throughout this section, we
refer the parameter values of system (2.1) to Table 1. The parameter values given
in Table 1 refer to [6, 29, 31, 33, 37, 41].

Fig. 1 shows the relationship between the basic reproduction number R, and
growth rate of T-cells. The basic reproduction number Ry can be less than unity
when growth rate of T-cells 7 is reduced to 0.015 (day~!). The growth rate of
T-cells has an effect on the basic reproduction number, and then impacts on the
dynamics of the system.
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Variables Values

T(0) Uninfected T-cells 10 pl =1 [37]

T*(0) Productively infected T-cells 1076 pi—1 [6]

Vv (0) Virus 1076 pi—1t [6]

E(0) CTLs 10~% pi—1 [37]

Parameters Values

s Source term for uninfected T-cells 0.103 i~ T (day)~ T [6]

d Natural death rate of healthy T-cells 0.01 (day) ™! [6]

r Growth rate of T-cells 0.95 (day) ! [41, 29]

k Viral infectively rate 0.00065 pl day71 [6]

k1 Activation rate 0.00065 ul day71 [6]

Trmax Carrying capacity of T-cells 1000 ,ul71 [37]
Death rate of infected T-cells 0.514 day ™! [37]

dg Death rate of infected T-cells due to action of immune response | 0.812 ul day ! [37]

dgp Death rate of effector cells 1.618 day ! [37]

N Number of virus particles produced by each infected T-cells 1861 cells [37]

c Clearance rate of virus 0.517 day ™! [31, 33]

P Produce rate of effector cells 1.473 pl day ™' [37]

TABLE 1. Variables and parameters for viral spread

0 ‘ L L L L L
0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04
r

F1GURE 1. The relationship between the basic reproduction num-
ber and the growth rate of T-cells. The parameter values in Table
1.

According to [31, 33], set 0 < ¢ < 36 (day~'). Following the estimates of the
intracellular time delay 71 and the immune delay 75 in [22, 31], we assume that
71 < 2 (days) and 75 < 32 (days). From Wang et al. [41] and Perelson et al. [29],
we suppose 0.03 < r < 3 (day~!). We choose that the initial values are T'(0) = 10
cells ul=t, T*(0) = 1076 cells pl=t, V(0) = 1076 cells pl~! and E(0) = 1076
cells ul=t. Other parameter values of system (2.1) to Table 1. Correspondingly,
Ry = 2.3154e + 003 > 1, and E; = (0.9621,0.8699,1609.5,0.7919). We can get
(H;) and (Hs) hold. When 71 = 0, by direct computation we get weg = 0.7415 and
757 = 1.6558 +8.47365(j = 0,1,2,...). By Theorem 3.4 we know that the stability
of the infected equilibrium F; varies when 75 increases, and the infected equilibrium
E; is asymptotically stable for 75 € [0,1.6558). Fig. 2 illustrates the results. Fig.
3 illustrates the bifurcating periodic orbits are asymptotically stable.

Let 7o = 1.2 € [0, 1.6558), we can obtain 70 = 0.5300. By Theorem 3.5 we can get
that the infected equilibrium FE; is asymptotically stable when 7 € [0,0.5300). By
a direct computation, we can get C1(0) = —15.9427 — 46.2952i, 2 = —31.8854 < 0
and po = 15.0233 > 0. By Theorem 3.6, when 70 = 0.5300, the direction of the
Hopf bifurcation is forward and the bifurcating periodic orbits are asymptotically
stable. Fig. 4 and Fig. 5 illustrate the results.
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FIGURE 2. Behavior and phase portrait of system (2) with 7 = 0,
79 = 1.5. The infected equilibrium is stable. The parameter values
in Table 1.
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FIGURE 3. Behavior and phase portrait of system (2) with 7, = 0,
79 = 2. Hopf bifurcation occurs from the infected equilibrium. The
parameter values in Table 1.

We not only concern the local behaviors near the critical point, but we also
concern the dynamics when 75 away from the critical point. Therefore, we give a
bifurcation diagram for 7o € [0.001, 16] (see Fig. 6). It is plotted by using Matlab
software, which depicts the change of periodic solutions in the V-axis as 75 increases.
In the case of 71 = 0, by the rigorous mathematical analysis we know that the
endemic equilibrium is asymptotically stable for 75 € [0,1.6558), and the delay 7
destabilize the endemic equilibrium by leading to stable periodic oscillations when
T9 > 1.6558, and the fluctuation of viral load increases. The amplitude of periodic
solutions quickly drops near 7 = 1.6558 +8.4736 x 1 = 10.1294, and the fluctuation
of viral load is small at 75 = 10.13. When 75 > 10.13, the delay 75 can destabilize
the infected state leading to Hopf bifurcation and stable periodic oscillations, and
the amplitude of periodic solutions goes up gradually as 7o increases. Fig. 7-9
illustrate the results. When r, 7 and 75 are very large, we give the time history
and phase portraits to show that system (2) has chaotic motions (see Fig. 10-
11). Fig. 12 shows that system (2) has stable periodic, quasi periodic and chaotic
motions. Thus, immune response delay has an effect on the control of HIV.
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FIGURE 4. Behavior and phase portrait of system (2) with 71 =
0.4, 72 = 1.2. The infected equilibrium is stable. The parameter
values in Table 1.
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FIGURE 5. Behavior and phase portrait of system (2) when 7, =
0.7, 72 = 1.2. Hopf bifurcation occurs from the infected equilib-
rium. The parameter values in Table 1.
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FiGURE 6. Bifurcation diagram of V' versus 7o when 73 = 0 and
79 € [0.001,16]. The parameter values in Table 1.

199



200 HAITAO SONG, WEIHUA JIANG AND SHENGQIANG LIU

20

" lgmnAMMUMMMAAAHMMMMMMHMJMMMMMHM
0 100 200 300 400 500 600 700 800

20

= 13“1“\“&llMMMMHlHHHMMHMHHMMRHMHM
0 100 200 300 400 500 600 700 800
time t

x10°

2 T T T T T T T
e ;hr\r\MMMM\V\M\}U\MhMMMV\I\I\J\}\I\MMMV\V\I\I\I\I\MMMMI\A
0 100 200 300 400 500 600 700 800
time t

10 T T T T T T T
* o L AR AR AR ARRARRA LA AR AR RAARRLR
0

100 200 300 400 500 600 700 800
time t

FIGURE 7. Behavior and phase portrait of system (2) when 7y = 0,
75 = 10. Hopf bifurcation occurs from the infected equilibrium.
The parameter values in Table 1.
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FIGURE 8. Behavior and phase portrait of system (2) when 7, = 0,
7o = 10.13. Hopf bifurcation occurs from the infected equilibrium.
The parameter values in Table 1.
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FIGURE 9. Behavior and phase portrait of system (2) when 7, = 0,
79 = 13. Hopf bifurcation occurs from the infected equilibrium.
The parameter values in Table 1.
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FIGURE 10. When 711, 7o and r are very large, system (2) shows
chaotic phenomenon. 7 = 2, 7 = 20 and r = 3, and other param-
eters are given in Table 1.

1000

FIGURE 11. Simulating solution of system (2) when r = 3, 71 = 2
and 15 = 20, showing a chaotic attractor. Other parameter values
in Table 1.

The bifurcation diagram of V' versus r in the range 0.01 < r < 3 is shown in Fig.
13, and is realized by varying r in steps of 0.01. At the left end of the r range, up to
2.1, the infected steady state is asymptotically stable, but the viral load increases.
As r increases, r destabilize the infected steady state and leading to stable periodic
oscillations. Fig. 14 illustrates the results. These results imply that the growth
rate of T-cells have an effect on the dynamics of the HIV model.
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FIGURE 12. Phase portraits of system (2) at: (a)7s = 1.9; (b)m2 =
10; (¢)72 = 13.9; (d)72 = 15, showing the evolution of dynamics
types with increasing 7. Where m = 2 and r = 3, and other
parameters are given in Table 1.
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FiGure 13. Bifurcation diagram of V' versus r when 7, =0, 7 = 1
and r € [0.01,3]. Other parameter values in Table 1.

5. Discussion. In this paper, we incorporate an extra logistic term for target cells
into a model of HIV-1 infection with two time delays studied in [26]. We define a
basic reproduction number Ry which plays a major role in determining the uniform
persistence or clearance of viral load. When Ry < 1, the uninfected steady state
is globally asymptotically stable. When Ry > 1, the system is uniform persistent.
For the case of Ry > 1, given both the two delays are zero, then we show that the
infected steady state is asymptotically stable when the intrinsic growth rate of the
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FIGURE 14. Phase portraits of system (2) at: (a)r = 0.5; (b)r =
1.8; (¢)r = 2.4; (d)r = 2.8, showing the evolution of dynamics types
with increasing r. Where 71 = 0 and 75 = 1, and other parameters
are given in Table 1.

logistic term r is sufficiently small. In the case of the intracellular delay 7, that is
zero, by analyzing the distribution of the roots of the corresponding characteristic
equation, stability varies for the infected equilibrium when the immune delay 7
increases. Fixing 75, we get that there exists a first critical value of 71 at which
the infected equilibrium loses its stability and the Hopf bifurcation occurs. The
direction of the Hopf bifurcation and the stability of the bifurcating periodic solution
are investigated.

Comparing our results with those established in [26] without logistic growth, we
show some new results in our paper. First, we prove that the intracellular delay
71 may also destabilize the infected equilibrium by leading to a Hopf bifurcation
and stable periodic oscillations for some fixed immune delay 75, while in [26] it
was shown that 7 is unable to destabilize the infected steady state provided that
79 = 0. Second, we prove that, with the increase of the intrinsic rate for target
cells r, the behaviors of viral load may be destabilized into oscillations, moreover
by simulation we show that the oscillation interval will be enlarged as r increases.
Third, our simulations suggest that richer dynamics chaotic oscillations as observed
in Figs. 10-11 will occur in the system. Therefore, our results suggest that the
logistic growth for T-cells, the intracellular delay 71 or the immune delay 7o may
be responsible for the rich virus dynamics.

Determining the stability switching regions for a model with two positive delays
and logistic term, it is worth of further study on the combined effects of these three
elements, which we leave for future work.
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Appendix. In this section, by normal form and center manifold theory [15], we
analyze the direction of the Hopf bifurcation and the stability of the bifurcating
periodic orbits under the conditions of Theorem 3.5.

Assume that 75 > 70. Let 7 = 70 + p, then system (14) is transformed into an
FDE in C = C([~74,0], R*) as

&(t) = Ly(zt) + f(p, x1), (31)
where z,(0) = x(t +0) and L, : C — R* is defined by
Lug = A19(0) + Bip(—{) + Bawp(—75) (32)
where
r(l— £5) —kVi —d 0 —kTy 0
s 0 —(6+d,Ey) 0 —d, Ty
! 0 N§ —c 0
0 0 0 —dg
0 0 0 0
| ko0 kT o0
e 0 0 0 0
0 0 0 0
00 0 O
00 0 O
B2=119 00 0
0 p 00
p(t) = (p1(1), 02(t), pa(t), pal(t))”
and
— 7 —¢1(0)* — k¢1(0)0<P3(0) .
—d, s (0 0)+k — —
Flu @) = (19 + ) ©2(0)¢4(0) 01601( m1)e3(—71)

0

From the discussions in Section 3, we obtain that system (14) undergoes a Hopf
bifurcation at (0,0,0,0) when p = 0, and the corresponding characteristic equation
of system (14) with g = 0 has a pair of purely imaginary roots tiwy.

Using the Riesz representation theorem, there is a function n(6, u)(0 € [—75,0)
such that

0
Lup= [ dn(0,n)e(0), VeeCl. (33)
Denote
A1 + Bo, 6=0,
n0,n) =4 Bi, 0 e [-72,0),
_B26(9 + T2*)’ 0 e [—7’5, —T{)),
where

s0={1 570
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For ¢ € CY([—73,0], R*), define

{ dg?% 0 € [-73,0),

and

A 0 e[-75,0),
Rl = { fusp), 0=0.

Then system (14) becomes
zy = A(p)ze + R(p)ae,

where z4(0) = x(t + 0) for 6 € [—75,0). For v € ([0, 73], (R*)*), define an operator

wp={ B € [0.5)
TS AT 0)w(—t), s =0,

and a bilinear form
— 0 0 —
(1h(s),0(0)) = 1¥(0)p(0) — [ - Y(§ — 0)dn(0)p(£)dE,

Therefore, A(0) and A* are adjoint operators. From the above discussions, we know

that tiwg are eigenvalues of A(0) and so they are also eigenvalues of A*.
Denote

(iwo + ) (r(1 — 22-) — kVi — d — i)

mazx

= NokT ’
r(1— F-) = kVi — d — iwo
q3 - .l{?Tl I . i
(two + ¢)(r(1 — %) — kVi —d — iwo)pe "0T2
4= NOKT)(iwo + dr) :
. dwo—r(l— )+ kVi+d
92 = kl‘/lefiwo-r? ’
. lwo—r(1— )+ kVi+d) T — kViTh
%= (iwo =+ C)Vl ’
L =Ty (iwo — (1 — £25-) + kVi + d)
q1 = At ;

kyVie=iwor? (iwo + dg)
) 0 ) * ) 0 -1
D = (1465 + 65 + Gi + bV e g + pric i gp + b Tirde ot g, g,)
(34)

We can show that the vectors q(0) = (1, 2, g3, q4)T €% 0 € [—75,0), and ¢* (s) =
D(1,q5,q%,q;)e™"%, s € (0,75], are the eigenvectors of A(0) and A* associated with
the eigenvalue iwy and —iwg. Moreover, {(¢*(s),q(0)) =1, {(¢*(s),q(0)) = 0.
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Following the procedure in [15], we can obtain the coefficients:
920 = 2D [_ﬁ — kg3 + 2" (—doq2qs + k1Q3672iw°T?)} ;
g1 =D [~ 72— hlas + @) + da®" (@20 + G0a) + 1" (05 + G3)]
goz = 2D [_ﬁ — ks + @" (—deG2qa + kl%e2iw0T?)} .
921 = D{— 72— [4W{})(0) + 2Wy,) (0)] (35)
—k[2W1Y(0) + W (0) + B (0) + 205 W1 (0)]
- 4 —l _ 2 2
~dae" 20 W1 (0) + B W30 (0) + W30 (0) + 204 W37 (0)]
g [2W)) (—7f)em o Wyg) () e
ol iwoT? —iwot?
i [ Wiy (—70)et0™ 4 2q3 W} (—r)e 0]},
where for 6 € [—75,0),

) ) id , '
Wgo((g) = @q(o)ezwoe 4 &q(o)e—zwoe + H1€21w09,

wp 3wo
Wia(0) =~ q(0)e0” + Zlg(o)e ! 1 iy,
wo wo
Hy =2G7* —dyq2qs + k1gze” 20T
0 b
0
where
2iwo — (1 — 71 ) + kVi +d 0 KTy 0
Gy = —k1Vie~2iwor? Ziwo + 8+ dyB1 —kiTie 207 d, Ty
0 —N§ 2iwp + ¢ 0 ’
0 —pe2iwoTs 0 2wy + dg
and )
er — Klas + G3)
Hy = Gy —dy(q2qa + (JEQS) + k1(g3 + g3) ’
0
where
kVi+d—r(l— 22 0 KTy 0
G, — % 0+d,F1 —kiT} dITf<
2 0 —N§ ¢ 0
0 —p 0 dg

Consequently, go1 can be expressed definitely.
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