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ABSTRACT. In this paper, we propose and study network epidemic models with
demographics for disease transmission. We obtain the formula of the basic re-
production number Ry of infection for an SIS model with births or recruitment
and death rate. We prove that if Rg < 1, infection-free equilibrium of SIS
model is globally asymptotically stable; if Rg > 1, there exists a unique en-
demic equilibrium which is globally asymptotically stable. It is also found that
demographics has great effect on basic reproduction number Ry. Furthermore,
the degree distribution of population varies with time before it reaches the
stationary state.

1. Introduction. Infectious diseases have serious impacts on human health and
society, the study of emerging and reemerging epidemics has a long history, and
many mathematical models, both deterministic and stochastic, have been employed
to study such impacts [14, 1] . The modeling study of infectious diseases can be
traced back to the work in 1925 by Kermack and McKendrick [19, 15]. Since then,
the deterministic models have been served as main and powerful tools to study the
dynamics of the emerging and reemerging infection diseases. These deterministic
models and their many descendants are known as “mean-field” or “compartmental”
models because homogeneous mixing were assumed. The overwhelming majority of
epidemic models are based on a compartmentalization of individuals or hosts ac-
cording to the evolution and courses of the diseases. The basic or essential variables
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describing the number of related individuals include susceptible, infected and re-
covered in terms of a particular disease. For those infectious diseases with a longer
course, the related models usually involve demographics, including natural death
and birth, as well as other dynamical factors, such as immigration or migration
[14, 1, 25, 9, 6].

In a typical compartmental model for disease transmission, the individuals of the
population considered are usually divided into a number of compartments, com-
monly denoted by S (susceptible) and I (infective). These type of SIS models
usually consist of a set of differential equations describing the change rate in the
number of individuals in the compartments over time. If the total host population
size is N, hence N = S + I, then the total population size can be increased by
new births or immigration, and reduced by natural deaths or due to infection of the
disease. The birth and/or death rate will depend on the host population size. If we
use B(N) to denote the recruitment rate including birth and immigration, and use
D(N) for the per capita natural death rate, respectively, and use « to denote the
mortality rate due to the infection, then the model for the total population N can
be written as

N'(t) = B(N) — D(N)N — al. (1)

In the absence of infectious disease(s), in general the population size tends over
time to a positive equilibrium of (1) which is usually decided by the carrying ca-
pacity of the environment or supporting resources, that is, the population size at
which birth and death rates are balanced.

In homogeneous mixing models, one usually assumes that the contact transmis-
sion between susceptible and infective individuals occur randomly, and that the
I, infective individuals, make 7C'(N)I random contacts with the susceptibles that
could result in disease transmission per unit of time, here C(N) is the average
number of contacts each individual makes per unit of time, 7 is the transmission
probability per contact. Because the contacts are random, only a fraction S/N of
contacts are with a susceptible individual. Therefore the rate at which individuals
transfer from the susceptible to the infective compartment is 7C(N)IS/N, (assum-
ing no vertical transmission), we then have the following mean field equations

S"=B(N) —7C(N)% — D(N)S ++I, @)
I'=7C(N)&2 — ol — D(N)I — 1.

For the well known SIS type of model (2), there have been large amount of work
contributing to study the dynamics with different demographic assumptions and
incidence functions, we refer to the books [14, 1, 19] for extensive references. For
a population with fixed demographics, the incidence function is the key factor to
determine the disease dynamics. The most commonly used incidence functions are
bilinear or standard.

The bilinear incidence BSI, also know as mass action, 5SI = SN %I implies
that the contact rate is SN which is linearly proportional to the total population
size N. This would be a good approximation when the total population size N is
not too large because the number of contacts made by an individual per unit of
time should increase as the total population size N increases.

The standard incidence starts with the assumption that the contact rate C(N)
is a constant. Anderson and May [1] assume a classical mass action incidence
C(N) = BN, whereas Busenberg and van den Driessche [6] and Gao and Hethcote
[9] all assume the contact transmission rate C'(N) is a constant. However, the spread
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of an infectious diseases in a population depends not only on the character of the
disease, but also on the structure and mix of the population. Deterministic models
of infectious disease transmission often assume homogeneous random mixing which
implies that all individuals are equally likely to contact each other and, therefore, if
infected, are equally likely to infect susceptible members of the population, which is
rarely observed in reality. In large populations, individuals typically contact only a
small, clustered, subpopulation. The local correlations that result from transmission
in such structured networks are not well captured by standard mean-field models.
There have been extensive studies to overcome this shortcoming, one important
effort along this direction is the use of complex network models, and since then
great progresses have been made in the last decade [23, 24, 20, 21, 22, 12, 10, 13,
16, 26, 17, 30, 5].

The early work in this direction focus more on different net structures (small-
world networks and scale-free networks) or the impact of different degree distribu-
tion on the threshold values [23, 24, 20, 21]. In 2001, Romualdo Pastor-Satorras
and Alessandro Vespignani [24] find the absence of an epidemic threshold and its
associated critical behavior, which implies that scale-free networks are prone to the
spreading and the persistence of infections at whatever spreading rate the epidemic
agents possess. The stability of such networks models was studied in some recent
publications [26, 5].

If the member of a population is considered to be the number of nodes in a
network with their own degree (i.e. the number of potential contacts with other
members in the population), an undirected network of size N with node degree
distribution p(k) (k =1,2,...,n) is then well defined. The value (k) = >, kp(k) is
the average number of contacts each node can make. In an SI or SIS model, each
node in the network at any time can be either susceptible (S) or infectious ().
Let us assume that the whole population is divided into n distinct groups of sizes
Ni(k=1,2,...,n) such that each individual in group k has exactly k contacts, here
n denotes the maximum degree value of all nodes. For simplicity , we call the group

of size N group k. If the population size is N(N = >_ Ny), then the probability
k
that a uniformly chosen individual has k contacts is p(k) = Ni/N. If Sy and Iy

represent the number of susceptible and infectious individuals within the group k,
respectively, then

Sk + I, = N, S(t)ZiSk(t), I(t):ilk<t)~
k k

Let pr = I /Ny be the relative density of infected nodes with given degree k,
then 1 — py is the relative density of susceptible nodes. The following dynamical
mean-field model was proposed and studied in [23, 24, 12, 3]:

p1(t) = —pr + Th(1 — pr)O(t), (3)

where O(t) stands for the probability that an edge emanating from a node of degree
k points to an infected node, ©(t) = >", p(l/k)pi(t) , where p(I/k) is the probabil-
ity that a node with k degree connects to a node with degree [. For uncorrelated
networks [17, 5], p(I/k) = Ip(1)/(k), which means that the probability that a node
points to a node with degree [ is proportional to its degree and the degree distri-
bution p(l). From the definition of ©(t), it is independent of k for uncorrelated
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networks [5] :

> kp(k)pi

o) = =R @
(k)

In model (3), Ny = Np(k) is a constant for the given degree distribution p(k)

provided the total population size N remains a constant, hence (3) can be reduced

to

I;C(t) :—Ik—l—Tk(Nk—Ik)@(t), (5)
where
> kp(k)p > kI
o) = -+ = 5 : (6)
(k) > k(Sk + I)
k=1

Networks can be classified as homogeneous and heterogeneous based on the vari-
ation of the degree distribution [3] . Homogeneous networks usually assume that the
networks of contacts among individuals has very small degree fluctuations. In other
words, the degree k fluctuates very little and we can assume that k ~ (k). Typically,
such distribution includes Delta and Poissonian degree distribution. For Delta de-
gree distribution, each individual shares the same degree k, then, ©(t) = I /N, and
the rate at which individuals transfer from the susceptible to the infective of (3)
is reduced to a homogeneous mixing model like (2), and if k = N, the incidence is
bilinear, but if k # N, the incidence is similar to the standard incidence. The main
difference lies in the lack of demographics. For a Poissonian degree distribution,
the network is composed of a set of N different vertices, in which each one of the
N(N—1)/2 possible edges is present with probability p (the connection probability),
and is absent with probability 1 — p. This procedure results in a random network
with average degree (k) = pN, and for a Poisson degree distribution in the limit of
large N and constant (k), we have

k
plk) = e~ " %

Heterogeneous networks assume that the degree of vertices is highly fluctuant
and the average degree is no longer a meaningful characterization of such networks,
for example, the power law distribution p(k) ~ k™7 for large k is scale-free networks

[2].

Though model (3) or (5) describes the transmission dynamics of disease in terms
of incidence probability O(t), the variation of population size was ignored, it also
requires that the total number of population N and degree distribution p(k) to be
fixed. In other words, model (3) or (5) works only for a fixed network with constant
degree distribution. Yet, in real world applications, for the infection disease which
run over a longer course, the impact of the demographics including new born or
death as well as the migration will definitely change the degree distribution p(k),
hence the degree distribution becomes time dependent. As far as we know that the
network models for disease transmission with such important character of changing
degree distribution has not been well addressed or investigated in previous studies.

In this paper, we shall incorporate the demographics of a population into the
modeling for disease transmission in a complex network. By using the models
with demographics, we will study the impact of the demographics on the degree
distribution of the population and study the dynamical behave of some concrete
SIS models for infectious transmission on complex networks.
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2. Epidemic models in complex networks with demographics. Without loss
of generality, we start with an SIS model, by dividing the population into two classes,
susceptible S and infected I. Let N be the total population, then N = S 4+ I. As
in the introduction, let B(N) be the recruitment rate and D(NN) be the per capita
natural death rate of the population.

We consider all the population and their contacts as a network. Each person in
a community can be regarded as a vertex in the network, and each contact between
two individuals is represented as an edge (line) connecting the two vertices. The
number of edges emanating from a vertex, that is, the number of contacts a person
has, is called the degree of the vertex. We classify the population into groups based
on the number of contacts the individual can make per unit of time. Let Ny be
the total number of individuals who has k contacts, per unit of time, k =1,2,---n,
n is the maximum number of contact each individual can make per unit of time
(1<n<N). Let ﬁ = (N1, Ny, N3 --- | N,). If we let S, and I be the susceptible
and infected individuals at time ¢, then

n n n
NkZSk—i—Ik,N:ZNk,S:ZSk,IZZIk. (7)
k=1 k=1 k=1

Correspondingly, the degree distribution p(k,t) = N (¢)/N(t) becomes time de-
pendent.

We make the following basic assumptions about the network upon which the
infectious diseases models will be established:

(A1) The recruitment rate B(N) is distributed into group k at the probability
r(0 <71, < 1), hence > rp = 1.
k=1

We assume that each new member entering the network is susceptible. The
natural death rate is denoted by D(N)N.

(A2) The recovery rate for each group are the same, which we denote by ~. For
a disease, we assume that the contact transmission rate between the infected
and susceptible node is the same across the whole network we denote this rate
by 7.

(A3) We must consider how a new member enters and chooses the &k other vertices
to which it contacts. Let us define the attachment probability II,(k, ﬁ) that
a given edge of a newly added vertex attaches to a given preexisting vertex
of degree k, and we need also consider that edges removed of other vertex of
degree k due to the deaths of individuals. Let II4(k, Nz) be the respective link
removal probability for a node with degree k. Contributions from processes in
which a vertex gains or loses two or more edges in a single unit of time will be
neglected. Assume that each node has at least 1 and at most n links, n < N.
This implies that when a link is attached to a node with degree n, since
any node cannot has a degree greater n, we suppose this link immediate are
rewired to a preexisting vertex of degree k with k < n, namely, I1,(n, ﬁ) =0.
Similarly, the link of a node with degree 1 is rewired when its edge is removed
because of the death of another individuals, and maintain degree 1, namely,
IT4(1, N) = 0. In these two cases, we ignore other individual degrees changes.
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The sum of I, (k, ﬁ) across all nodes is 1 (see [18]), namely,

iﬂa(/{, N)N; = 1.

k=1

Similarly, the sum of I1,;(k, ﬁ) across all nodes is 1, i.e.,

3

S a(k, N)N, = 1.

k=1

(A4) Assume that the network does not have correlations, then the conditional
probability p(j]k) that a given vertex with degree k is linked to a vertex with
degree j by one edge is proportional to jp(j), which is independent of its own
vertex degree k (see [23, 24]), hence we have

where (k) = > kp(k). The probability that a link from a site points to
k=1

another site with at least one infected individual becomes

Based on the above assumptions and discussions, we can have the following SIS
model when n > 2,



S} =r B(N)

S!, =r, B(N)

I, =mnS,©

k=2,...n

[,/C =7kSLO —
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— D(N)Sy — 7810 + 71, — B(N) Y iriT1,(1, N) S,

i=1

N) SN (2, N)S,
I{ :7'51@ - D(N)Il - ’}/Il

N) imna@, N)I + D(N) Xn:iNin(z NI,

=1

— D(]\f)S)C — Tksk@ +"/Ik

N) i”‘i[na(k - 17 Nk)Sk—l - Ha(kv ﬁ)sk}

N) i iNi Mgk + 1, N) S 1 — Ta(k, NS,

i=1
D(N)Ii; — Iy

N) iiri[ﬂa(k -1, ﬁ)lk-—l — I, (k, ﬁ)lk]

n

+ D(N) SN Mgk + 1, N)Tyr — gk, N)I),

i=1
— D(N)S,, — ™S,©0 + I,

N) iinﬂa(n —1,M)S,_1 — D(N) ZZN a(n, N)S,,

=1

— D(N)I, — 71, + B(N Zm (n—1,N) 1

N) iiNin(n M1,

-1

1301

(10)

and if n = 1, one can establish the model (2). It follows from (10) immediately that
we have the total number of individuals in group k satisfies the following equations

dNy <y
“ =B(N)ri — D(N)N; — B(N) ;zriﬂa(l, NN,
N) zn: iN,ILy(2, N)Na,
% =B(N)ry — D(N)Ny + B(N Zm (=1, N)Ny_y —
+ D(N) iiNi[Hd(k + 1, N)Niyr — Ma(k, N)N,,
dN,,
— =B(N)r, = DIN)N, + B(N Zm (n—1,N)N,_
~ D(N) zn:iNin(n, NN,
k=2,..,n— 11:1

1, (k, NN
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where the term B(N)ry in (11) represents the addition of a individual of degree k to
the network. The terms B(N) Z ir I, (k—1, ﬁ Ni—1 and —B(N Z ir I, (K, ]7

Ny, describe the flow of vertices from degree k—1 to k and from k to k—!—l as they gain
extra edges when newly added vertices are attached. The terms D(N) Z iN; I (k+

i=1

1, ﬁ)NkH and —D(N) i iN; I (k, ﬁ)Nk describe the flow from degree k+ 1 to k
and from k to k — 1 as lv:elrtices lose edges when one of their neighbors is removed
from the network due to deaths, i iD(N)N; represents lost the total number of
sides in the network by deaths. =

From (11), we know that the total number of individuals N(t) satisfies

N'(t) = B(N) — D(N)N(t). (12)

We are interested to explore the impact of demographics on the transmission of
a disease over a complex network, the new recruitment and death will change the
connection transmission probability when a new member is introduced or removed
from the network. There have been different ways of modeling the recruitment rate
in dynamical modeling for a single population. In the book [19], the following two
types of recruitment functions B(N) and death functions D(N) are commonly used:

(B1) B(N)=A, D(N) = p, A>0,p> 0;
B2) B(N) = ( + 28y and D(N) = p+ X, b >0, > 0, K > 0.

With the above combinations of B(N) and D(N), respectively, the total number
of individuals of the network N (t) will satisfy respectively one of the following two
equations

N'(t) = A— uN(t), (13)

N'() = (b~ )N (L~ %), (14)

Each of the above equation has a positive equilibrium which is globally asymp-
totically stable. Therefore we only focus and consider the case that the equation
(12) has a unique globally asymptotically stable equilibrium N*. In this case, the
total population approaches asymptotically to a constant.
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Since we are only interested in the asymptotic dynamics of the transmission of
the diseases on the network, we can then rewrite (11) as the following

AN, . .

W :B(N )7‘1 - D(N )N1
— BN S ir L (1, N)N, + D(N*) SN T14(2, N) N,

% —B(N*)r. — D(N*)Ny,
+ B(N*) Z iri[Ha(k -1, N?)Z\]}’c—l - Ha(kv ﬁ)Nk]

— (15)

+ D(N*) S iNi[Ha(k + 1, N) N1 — a(k, NNy,

WMo _ g ;MNWV+BWﬂi:II(—LmN

dt - Tn n - 1rillg (N 5 n—1
—Dmﬂinmﬂmﬁm%
k=2,..,n— IZ:1

3. Dynamics of network models with demographics. The two different types
of recruitment function would lead to different dynamics over the networks, due to
the complexity of the systems. We consider the simplest SIS model and its dynamics
under the assumption (B1), i.e. the recruitment and per capita natural death rats
are constants A and p respectively. We assume a new node is recruited and it
links to a randomly selected node, i.e., the probability that a node is selected for
attachment is uniformly distributed (see [18, 4]). Hence

Mo(k N) &~ o =
N;
=1

1
—, k=1,2,--,n—1.
N’ )~ 7n

3

In this internal network, we assume that (A4) holds. In this case, the probability
that each edge of a individual is pointing to other vertex of degree k is proportional
to the fraction of edges emanated from these vertices. Thus, we can take

k
Hd(k,ﬁ)%ni, k=2,---,n.
> kN
k=1
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Then model (10) becomes,

A Z k"l’k
Si :T’lA - /LSI - TSIC"') + ’YII - %Sl + 2;1,527
A Z k’l'k
I =7810 — pul; — I — k%h +2uls,
SIQ =rzA — uSk — TkSKO + I},
A E k7‘k
+ %[Sk—l — Sk] + u[(k 4+ 1)Sk+1 — ESk],
A Z k}?“k
I, =7kSkO — uly — vI + k%[[k_l — L] + pl(k 4+ 1) L1 — ki,
A kg
Sy, =rnA — pSy — TSRO + I, + %Sn,l — S,
n
A Z kT’k
I =mnS,© — pl, — I, + %I,ﬂ_l —nud,.

(16)
The flow diagram of the transmission of system (16) is depicted in Figure 1.

il o nd
S] < = ief A < 3#33 ki S3 ...... Sn—l = .F'.‘}LSYW i SJ
3 Fy Fy Y 4
<. b 225,6| 14, 368.6] s (n-15,.80 W Aoy N84 0,
¢ al; Nny al, ¥ : qly =
l.rl ! 2}113 - ]-’2 S.UI_: IB ...... I”_l ’ HMH I’T
lﬂf lﬂ;, lm il ul,
v v

FIGURE 1. Flow diagram of the transmission dynamics in system
n
(16), where ¢ = 4 > kry.
k=1

Correspondingly, model (11) for population in each group becomes,
n

dil\;l = ATl — % ‘ 17:7’1']\71 — MNl +2}LN2,
i=

% = Ar + % Z iTi[Nk—l — Nk] — uNg + /L[(k + 1)Nk+1 _ ka]’ (17)
=1
% = ATn + % ;iri]\fﬂ,l — ,U/Nn — nﬂNn;

k=2--- n—1
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Note that the total number of individuals N (t) satisfies (13), which has a unique
globally asymptotically stable equilibrium N* = A/u. Since we are only interested
in the asymptotic behavior of system (17), we can reduce (17) to following the
equations:

dé\th = Ary — pueNy — uNy + 2uNo,
P = Ary, + pe[Ng—1 — Nig] — uNi + p[(k + 1) Ny1 — kN,
e = Ary, + pieNy—1 — Ny — npNy,

k=2---,n—1

(18)

n
where ¢ = > ir;.
i=1
In order to study the transmission dynamics of system (16), we start with system

(18).
Let
—(c+1)u 2p
cp —(c+3)u 3p
S cp —(c+4)p 4p
cp —(c+n)u np
cp —(1+n)p

Let T' = diag(d1,02, -+ ,0,), 01 = 1, & = /<5,2 < i <, and d; = p\/c(1+1),
then one can verify that

—(c+Dp dy
d1 *(C‘F 3)[,L d2
T*l T 7+ d2 —(C + 4),[,6 d3

d",2 —(C + Tl)/J dnfl
dn—1 —(1+n)u
Obviously, J and J* have same eigenvalue, and J* is real symmetry matrix. Since,
a real symmetric matrix has real eigenvalues, we use Gerschgorin circles theorem
for J to estimate its eigenvalues. Every eigenvalue of J lies within at least one of
the Gershgorin discs:

Dy ={A: —2e+ D <A< —ph,
Dy={\:—pu2c+2k—-1) <A< —p,k=2,3,--- ,n—1},
Dy={\:=2n+1)u <A< —pl.

By Theorem 1.2 in [27], we know that the system (18) has a unique endemic
equilibrium Py = ( Ny, N3, ---, N}) and En: N} = A/u. If we denote N* =
(N§, N3, -, NHT, ﬁ = (Ary, Arg, - 7/11"7,,)1T,1therl
N*=J'R.
Thus, we have the following theorem.

Theorem 3.1. System (18) has a unique equilibriumPy = (N7, N5y,--- ,N}), and
it s globally asymptotically stable, i.e., tlim Ni(t) = N}
—> 00
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By Theorem 3.1, we will study the limiting system of (16):

n

Si = TlA - 5151 Z ZIl + /1,(1 + C)Sl —+ ’Y-[l + 2/,LSQ,

=1
n

I =315 121 il; — (1 + pe+ )1 + 2uls,
Sy = kA — Br.Sk éﬂz —u(1+k+¢)Sk + Ik + peSk—1 + u(k +1)Sky1,
I}, = BrSk Zé il; — [+ k+ ) + ), + pelp—1 + p(k + 1) T4,
S — 1A —B,S, ilzf — (14 1) S+ VLo + pCSn_1,
=

I = B,5n ;ZIZ — [l +n) + A, + peln—1 — ply,

k=2,--- ,n—1.
(19)
where [ = Tk
> kNE
k=1

It follows from Theorem 3.1 that system (19) has a unique disease-free equilibrium
Ey = (Nikaéka 7N;,70707"' 70)

Note that only the compartments Ix(k = 1,2,...,n) are involved in the calcu-
lation of the basic reproduction number Ry. We define g + pc + v = 6 and let

o1 — 0 201 4+ 2 301 e ko ce noy
oo+ puc 209 —0—2u 309+4+3u - koo noo
M= Tk 20’k 30k kakfafku Nnog ’
On 20, 30, . koy, coonop—y—(n+1)p

where, 0; = ;5F. Obviously, M is irreducible and has non-negative off-diagonal
elements. Let

B 261 - kB1 - nB op 201 -+ koy -+ no
B2 2B -+ kB2 -+ nPa oy 209 -+ kog - nogy
[ S I
! Br 2Bk - kBk -+ npy ’ o 20, -+ kop -+ nog ’
6.” QBTL e kbn . '. : n.Bn O:TL 20.—n e k&n : '. : n&n
—6 2u 0 0 0 0 0
ue —0—2pu 3 0 0 0 0
0 e —0—3u 4p 0 0 0
V= : : : : : : :
0 0 e —0—ku (k+1)p 0
0 0 0 0 ite —v—(n+1u

Following the notations in van den Driessche and Watmough [29] and the concepts
of next generation matrix, one can compute to get the basic reproduction number
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Ro = p(FV~1), where p represents the spectral radius of the a matrix, and Ry <
1 s(M) <0, Ry >1« s(M) >0, where

$(M) := max{Re) : X is an eigenvalue of M}.

To calculate the expression for Ry, first, we will transforms the tridiagonal matrix
V' = (Vij)nxn to a symmetric tridiagonal matrix.
Let

T = diag(d1,02,- - ,0,), 01 = 1, 8; = \/<-,2 < i < n, and d; = pr/e(1 + 1),
then if we denote V* =T~ 1VT = (hij)nxn, one can verify to yield that
—0 dy
d1 —0 — 2,u d2

d2 —0 — 3/1, d3

dp—o —0—(n—1)u dp—1
dn—1 —y—(n+1u
where v;; = %hij. Note that the sums of each column of matrix are the same p+y,
J

so V is an irreducible nonsingular M-matrix. Thus V! is a positive matrix. Using
the methods in [8], for V* = (h;;j)nxn, One can obtain

(-1 H dihis i# 3,
where |V =1 and |[V*|(1 <i<n)is the ith order principal minor determinant of
V.
Now we can give the expression of Ry. Note F' is a matrix of rank 1, so Ry =
p(FV 1) is just the trace of FV ™! ie

Ro= o(FV1) =3 (3 i) = zoj > )

Jj=1 =1 =1

In general, it is difficult to give the implicit form of Ry due to the fact of implicit

form for the equilibrium. For the particular case of n = 2, one can calculate to get

w _ A(ri+2) ox _ A(1+42r2) T(ri+2) 27(142r3)
S = u(31+0) .Sy = M(3+T)2 ; 7r1+431“2), oy = 7r1+4(1+f L therefore to
obtain the basic reproduction number

and o1 =

T[(r1 4+ 2) (7 + 3 + 2pc¢) + 4(1 + 272) (v + 2p + pe)]
[re+ 41+ r2)y(y +4p+ pe) + B+ )]

Ry =
where ¢ = r1 + 2rs.

Remark 1. When A — 0, u — 0, it corresponds to the case with no demographics
for the network models and the system (16) becomes the system (3), i.e., the network
will be reduced from dynamic into static. By the references [23, 24], we know the
basic reproduction number for the static network has the form of

L _ T ()
RO_W(’C)’
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which depends only on the degree distribution. The degree distribution needs to
be given in advance, and for different degree distribution, R has different values.
However, for the network model with recruitment and deaths, the basic reproduction
number Ry depends on ry, u, v and 7 (see the case n = 2 for example) but does not
degree distribution. In fact, the degree distribution function p(k,t) varies as time
increases. When ¢t — oo, tlilgop(k,t) = tlggo Ni/N = uN}/A. That is, our results

are different from those in static network [23, 24, 20, 21, 22, 12, 13, 26, 5, 2, 4],
therefore, demographics (including recruitment and death) contributes to the basic
reproduction number, which is important to decide the endemics of the disease over
the network.

Theorem 3.2. For system (19), if Ry < 1, then the disease-free equilibrium Ey =
(Sy,---8%,0,---0) is globally attractive, where Sy = N (k=1, 2, ..., n).

Proof. We only need to prove that tlim I.(t) = 0.
—00
By Theorem 3.1, we have that for any € > 0, if ¢ is sufficiently large,

Ni(t) = Sk(t) + In(t) < Nf +¢, k=1,2,---,n

holds. Thus, from (19), we have

n

I <Bi(ST+e) > il — (u+ pe+ ) + 2uls,

i=1
n

I < Bu(Si +€) 2o ily — [u(1 + &+ ¢) + 3] + peli—1 + plk + 1)y,
1=1

I, < Bn(Sh+6€) > ili — [l +n) + 3] In + peln1 — pln,
i=1
k=2---,n—1

It then suffices to show that for the following system

I = Bi(S; +¢) ; il — (4 + pic+ )11 + 2us,

I, = Br(Sy; +¢) é il — (L +k+c+ ) + pely—1 + p(k + 1), 20)
I}, = Bn(S; +¢) i il; — [p(1+n) + ]I, + pely—1 — ply,

k=2, ,n—l.l:1

all the solutions tend to zero.

Since s(M) < 0 and s(M + M) is continuous for small €, we can fix an € > 0
small enough such that s(M + eM7) < 0. As a consequence, solutions of equation
(20) tend to zero as t goes to infinity. Then by the comparison theorem, tlirgo I;(t) =
0.

Next, we will show that when Ry > 1, system (19) admits a unique endemic
equilibrium which is globally attractive.



EPIDEMIC MODELS FOR COMPLEX NETWORKS 1309

It follows from (16) that we can rewrite system (19) in an equivalent form:

dé\il = Ary — pucNy — pNy + 2uNo,
e = Ary, + pe[Ne—1 — Np] = pNi + p[(k + 1) Nyg1 — kNg],
W = Ary, + peNy—1 — pNo — npNy,,

n

I = Pr(Ny — L) Y2 il — (o + pe + ) I + 2ula,
i=1

I = Br(Ng — 1) Y- il — [p(1 + k +¢) + Yy + pelp—1 + p(k + 1) Ix1,

=1
n

I =B, (N, — I,) Y il; — [p(1 +n) + v, + pely—y — ply.

i=1
k=2,--- ,n—1
(21)
To investigate the global dynamics of (21), we first show that (21) admits a compact
and positively invariant set. 0

Lemma 3.3. For system (21), every forward orbit in Ri” eventually enters into

G:= {(ﬁ,?) € R ZNk < 370 < I < N},
k=1

where ﬁ = (N1, Ng, - ,Nn),? = (I1, 12, -+ ,1I,) and G is positively invariant for
(21).

Note N(t) = > N satisfies (13), then Lemma 3.3 follows from straightforward
k=1

calculations.
For (21), clearly, the first n equations are independent of the last n equations.
By Theorem 3.1, we have tlim Ni(t) = N{. Then (21) has the following limiting
—00
system:

n

If = Bu(NT — In) 32 ily — (p+ pe+v) 11 + 2uls,

i=1

Il = Be(Nj — 1) > il — [w(1 + k +¢) + ]I + peli—1 + p(k + 1) L1,
=1

I, = Bn(Ny — L)) >0 idy — [p(1+n) + ]I + pely 1 — plp,
i=1

k=2 ,n—1.

Lemma 3.4. For system (22), the set
Gii={(i.Io, L) =T € R :0< Iy <N k=1,2,-- ,n}
is positively invariant.

Proof. First we will show that It (¢t) > 0 forany ¢t > 0and k = 1,2, --- ,n, and initial

value I(0) € G1. Otherwise assume that exist a kg € {1,2,--- ,n} and o > 0, such
that Iy, (to) = 0. Let t* = inf{t > 0, I, (t) = 0}, it follow that
Ty (%) = Bro Nity D iLi(t") + pelig 1 (8%) + plko + 1) I (£7),
i=1
then I} (t*) > 0, but the definition of ¢* implies I;, (t*) < 0, this is a contradiction.
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Second, we show that for any ¢t > 0, I(t) < N} and k =1,2,--- ,n.

For any initial value mﬁ € Gh, let x4 (t) = N — I, (t). It follows from (22) that
we have the following system:

oy == Brwy Y i(N7 —a) + (p+ pe+7)(N] = 21) = 2u(N5 — ),
i=1

== Braw Y AN — ) + [p(1 + k4 ¢) +7)(NF — 1)
=1

— pe(Np_y — zi—1) — p(k + 1)(Nigq — @),
Ty, = = Bay ZZ(N: — ;) + [u(L+n) +Y(Ny — 25) — pe(Ny_q — Tn-1),
=1

k=2, ,n—1.

(23)
We will show that for any ¢ > 0, 2x(t) > 0 and k = 1,2,--- ,n. If this were not
true, there would exist a ko(1 < ko < n) and to > 0 such that zy, (o) = 0. Let
t** = inf{t > 0,2, (t) = 0}, it follows that

Tk, (7)) = [(+ko+e)+7 N, —peNy, = pu(ko+1) Nii, 1 +Hhuewig -1 (87)+pc(ko+1)zrg 11 (E™).
Since
[1(1 + ko + ¢) + 7] Ng, — peNg, —y — (ko + 1)Ng 1 = Arg, > 0,

thus zj (t**) > 0, but the definition of ¢** implies x} (¢**) < 0, this is also a
contradiction. Thus, it follows that Iy, () < Ny . O

Theorem 3.5. For the case when Ry > 1, system (22) admits a unique endemic
equilibrium E7 = (If,- -+, I) which is globally asymptotically stable with respect to
7(0) € G1.

Proof. We will use the theory of cooperate system to prove the global stability,
therefore we only need verify the assumption in Corollary 3.2 [33] for system (22).
In fact, let ? : G; — @1 be defined by the right-hand side of (22), ? =
(f1,-+, fn). Clearly 7 is continuously differentiable, 7(0) =0, fz(?) > 0, for all
€ Gy with I; = 0, and 9f;/0I; > 0,1 # j for ? € G, so is cooperative.
Clearly D? = (0fi/0x;)1<i j<n is irreducible for every ? € Gy. For every a €
(0,1) and I, > 0.
Note that for Vo € (0,1) and Ij, > 0,

n

felal) =al(BeNj; — alx) Y ili = [u(1 + k + ¢) + I + pele—1 + p(k + 1) 11]
=1

>o(BeNy — I) Y ili — [u(1 + k + ¢) + ATk + peli—1 + p(k + 1) I 41]
=1

:afk(?)7

thus 7 is strongly sublinear on G;. By Lemma 2 and Corollary 3.2 [33] , one can
conclude that (22) admits a unique endemic equilibrium Ej = (I7,--- ,I) which

is globally asymptotically stable with respect to ?(0) € Gy. O
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Next, by a similar proof as in Theorem 3.1 [11], we will prove the following
theorem.

Theorem 3.6. If Ry > 1, then system (21) has a unique endemic equilibrium
E* = (N1*7 7N:;7Iika"' 71;:)
which is globally asymptotically stable with respect to (ﬁ(()), ?(0)) €G.

Proof. Let ®(t) : R3™ — R%" be the solution semiflow of system (21), w be omega

limit set of @(ﬁ(O),?(O)),(ﬁ(O),?(O)) € G. By Lemma 1 and Lemma 1.2.1
in [32], w is an internal chain transitive set for ®(¢). Obviously, for system (21)
there are only two equilibria Ey and E* when Ry > 1. By Theorem 3.1 and
Theorem 3.5, it is not difficult to verify that ®(¢) satisfies the condition of Theorem
1.2.2 in [32] , thus, w should be either E, or E*.

Next, we prove that w = {E*}. If this were not true, then w = {Ey}, then we

should have , ligl N; = N7, , ligrn I, =0(i=1,2,--- ,n). Since s(M) > 0, we can
—+o00 —+00
choose a small € > 0 such that s(M — eMy) > 0, where
1 2x1 -+ kx1 -+ nxl
2 2x2 -+ kx2 -+ nx2
Ma=1 % 2xk o kxk -~ nxk
n 2xn -+ kxn -+ nxn

It follows that there exists a ¢ such that 5;(N;(t) — I;(t)) > B;N; — e, for t > t,i =
1,2,--- ,n. Thus, we have

1> (38— o) ; iL, = (ji+ pe + 7)1 + 2ula,
I, > (BrS; —€) i:l ily = [p(1+k +c) + ] + pelp—1 + p(k + 1) I,
1> (55— €) 32 iTs = [0(1 + 1)+ + ey — pl,,
k=2,--- ,n—1.7;1
Let ¥ = (v1,--- ,v,) be a positive eigenvector of M — eM; associated with s(M —

eMs). Choose an small number « such that ? > a¥. Then by the comparison
theorem,

T > aexp[s(M — eM)(t — D)V, t>17,
and hence I;(t) — 4oo0(i = 1,2,---,n) which contradicts to I;(t) — 0. Conse-
quently the unique endemic equilibrium E* is globally attractive. O

By Theorems 3.2, 3.6 and Lemma 3.3, and limit system theory (see [28, 7]), for
model (16), we have the following theorem.

Theorem 3.7. When Ry < 1, the disease-free equilibrium Eg = (Nf,--- ,N},0,
-,0) 4s globally asymptotically stable in G. If Ry > 1, the disease-free equilibrium
is unstable and there is a unique endemic equilibrium

EB* = (Sik’ ’S:”Ii"... ’I:;)
which is globally asymptotically stable with respect to (ﬁ(O), ?(O)) €Gqd.
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4. Numerical simulations. In this section, we will perform a series of numerical
simulations to verify the mathematical analysis. For simulation purpose, we consider
a network with constant recruitment rate A = 5000 and an initial size as Si(0) =
I,(0) = 10000, and other parameters are chosen as: p = 0.006, v = 0.02 (also see
them in Table 1). The probability ry of an individual entering group k, take two
forms: poisson or scale-free distributions.

TABLE 1. Description of parameters in system (16).

Parameter Value Comments
A 5x 10°  recruitment rate of populations
1 6 x 103 natural death rate of populations
¥ 2 x 1072 recovered rate of the infectives
T 0~1 contact transmission rate between the infected and susceptible node
A 4 exponent of poisson distribution
n 100 maximal degree
x 10 — 141 —

100
18 50

— 12000 100
16|

14 10000

12 8000

038 6000
0.6 4000|
0.4

2000
0.2

S

500 1000 1500 2000 2500 3000 0 500 1000 1500 2000 2500 3000

(a) (b)

FIGURE 2. (a) The numbers of the Ss¢ and I5g; (b) The numbers of
the Sl()(] and Iqqp.- Here, T = 00000001, A=4and Ry ~ 7x 1074 <
1.

Firstly, we give the case that the basic reproduction number Ry < 1 with poisson
distribution ry = eflzﬁk JER_, e;:f‘k with A = 4. Fig. 2 shows the numbers of the
susceptibles and infectives with k& = 50 and 100, respectively. As shown in Fig. 2,
the disease will die out in both cases. If we consider rp = k*4/2Z:1k’4, one can
calculate to get Ry ~ 2x 1072 < 1. As shown in Fig. 3, the disease will also extinct
for the population.

Now, we consider the case when Ry > 1. We still use rj, = &2 /sr_ e4% Iy
Fig. 4, we show the time series of Ssg, Iso, S100 and I19g with Ry =~ 11. One can
see that the disease will persist and converge to a positive stationary state. If we
change rj as k‘4/22=1k_4, we have Ry =~ 5 > 1. Similarly, as shown In Fig. 5,
the disease will also converge to a positive stationary state, which means that the
endemic state is stable.

In Fig. 6, we show the degree distribution with respect to k and time. One can
see that, when time is large enough, the degree distribution is stationary. However,
for a short period, the degree distribution varied with time. In other words, the
network in our model is dynamics not static. In Fig. 7, we give the time series
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—S,

—l —

15 15

0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000

(a) (b)

FIGURE 3. (a) The number of the S5 and I5; (b) The number
of the Sg and Is. Here, 7 = 0.0000001, r, = k=*/S7_ k=% and
Ro~2x1073 < 1.

0.6 0.6]

0.4 0.4]

0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000

(a) (b)

x10°

Total number of the infective
PR R P R R R
N w A 0 o N »

"
P

o

1000 2000 3000 4000 5000

(©

FIGURE 4. (a) The number of the S5 and I5g; (b) The number
of the S1gp and I1gp; (¢) The total number of the infective. Here,
7=0.008 and Ry ~ 11 > 1.

of p(5) and p(10) for two kinds of r; and if time is small, p(5) and p(10) change
as time increases. Furthermore, we found that the stationary degree distribution
depends on the form of the probability ri. If rp, = e;:ﬁk /30, 67;4&7 then the
stationary degree distribution is poisson distributions; if 7, = k’4/27§:1k’4, then
the stationary degree distribution is scale-free distributions, which can be seen from
Fig. 8.

From the theoretical analysis, one can see that the basic reproduction number
is a quantity to characterize the dynamics of network models. In order to show
the impact of demographics, we look at basic reproduction number with respect

to the parameters p (death rate), A (exponent of r, = ‘37,:!)‘&' /X, f;f‘k

) and v
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FIGURE 5. (a) The number of the Sy and Iy; (b) The number
of the S5 and Is; (c) The total number of the infective. Here,
7=0.008, r, =k~4/S7_ k™ and Ry ~ 5 > 1.

FIGURE 6. Degree distribution is regarded as a function of k and
—4 4k —4 4k
time. (a) rp = < ,:14 JER_ & ,:!4 ; (b) ry = k=*/X7_ k™% Other

parameter values: A = 5000, v = 0.02, . = 0.006 and 7 = 0.008.

(exponent of r, = k7/E}_1k™"). When ry, is in the form of poisson distribution,
we give the plot of Ry with respect to p and A in Fig. 9(a). One can see that Rg
is a decreasing function of 1 and an increasing function of A\. That is to say, when
w is small or even zero, Ry > 1 and thus the disease will persist. And when A is
small, the disease will die out due to that Ry < 1. When r, = k=% /37_ k™", we
give the plot of Ry with respect to p and v in Fig. 9(b). As the death rate and v
increases, the basic reproduction number decreases.

5. Discussions. In this paper, we propose and study network epidemic models
with demographics, and consider the effect of network topology due to population
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0.07, 0.02
p(5) 0018
0.0
/ 0.016)
0.05| 0.014] p(S)
008 0.012)
0.01]
003 0.008]
002 o(10) 0006 1o /
0.004
0.01] — 0002
0 1000 2000 4 3000 4000 5000 0 1000 2000 3000 i:ODD 5000 6000 7000 8000
ime ime
(a) (b)
FIGURE 7. Time series of p(5) and p(10). (a) r, =

e_;!4k JER_, e_:!4k; (b) i, = k=4/S7_, k=% Other parameter val-
ues: A = 5000, v =0.02, x = 0.006 and 7 = 0.008.

0.1 10°

0.1

0.08

Pk
°
8

Pk
o
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0.04

0.02

(a) ' (b) ‘

FIGURE 8. (a) Stationary degree distribution with 7
67,;4’@ JER_, 67,:!4}6; (b) Stationary degree distribution with r; =
k=1/xn_ k=* (log-log plot). Here, 7 = 0.008 and Ry > 1.

FIGURE 9. (a) The plot of Ry as a function of y and A with

e = S /8 87;!’\76; (b) The plot of Ry as a function of 1 and
v with rp, = k7V/X}%_, k™). Other parameter values are taken as:
A = 5000, v = 0.02 and 7 = 0.008.

births or recruitment and deaths. We establish the basic reproduction number Ry
for SIS model by investigating the local stability of the infection-free equilibrium.
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We further prove that the infection-free equilibrium of SIS model is globally asymp-
totically stable by qualitative analysis of the dynamics of the model system and by
utilizing the method in [31]. We show that if the basic reproduction number is more
than one, then there exists a unique endemic equilibrium and globally asymptoti-
cally stable for the SIS models.

It is known that, in the static network, basic reproduction number Ry depends
only on the degree distribution. However, in a dynamic network with recruitment
and deaths, it does not depend on the degree distribution. And from the system
(16), we know that the degree distribution of population varies with time before
it reaches the stationary state (see Fig. 10), which is different from the previous
work [23, 24, 20, 21, 22, 12, 13, 26, 5, 2, 4]. Furthermore, we found that basic
reproduction number Ry depends on the demographical parameters (u or \) (see
Figs. 8-9). However, Ry does not depend on the recruitment rate A (if recruitment
rate is chosen as a different form, this conclusion may not hold). The reason is that
the infection rate equals to the ratio of the edges connected with the infected in
all the edges in the network, which is similar to the standard infection rate in the
mean-filed epidemic models.

It should be noted that, in our model, we choose II,(k, ﬁ) = 1/N. In fact,

1, (k, ﬁ) = 1/(N —1) should be a better and realistic choice. Meanwhile, in system
(10), the total population N(t) follows the equation (13). In the future work, we
will investigate the dynamical behavior of the network models N(¢) that satisfies
the equation (14) or (15).

In this paper, we only consider the case of the network models with constant
recruitment rate. If we consider cases of changing recruitment rate or other forms
of demographics, one would expect much more complicated dynamics. It will also
be interesting to use network models to study spreading of vector-borne diseases
involving multiple-populations. We are working on to apply network modelings for
vector-borne diseases.
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