MATHEMATICAL BIOSCIENCES do0i:10.3934/mbe.2014.11.1181
AND ENGINEERING
Volume 11, Number 5, October 2014 pp. 1181-1198

IMPACT OF DELAY ON HIV-1 DYNAMICS OF FIGHTING A
VIRUS WITH ANOTHER VIRUS'

YUN TIAN, YU BA1 AND PEI YU

Department of Applied Mathematics
Western University, London, Ontario N6A 5B7, Canada

(Communicated by Yang Kuang)

ABSTRACT. In this paper, we propose a mathematical model for HIV-1 infec-
tion with intracellular delay. The model examines a viral-therapy for control-
ling infections through recombining HIV-1 virus with a genetically modified
virus. For this model, the basic reproduction number R are identified and its
threshold properties are discussed. When Rg < 1, the infection-free equilib-
rium Ej is globally asymptotically stable. When Rg > 1, Ey becomes unstable
and there occurs the single-infection equilibrium Es, and Eg and Es exchange
their stability at the transcritical point Rg = 1. If 1 < Rg < Ri, where
R is a positive constant explicitly depending on the model parameters, Eg
is globally asymptotically stable, while when Rg > R1, Es loses its stability
to the double-infection equilibrium Ej. There exist a constant Rg such that
E, is asymptotically stable if R1 < Ro < Rz, and Es and E,; exchange their
stability at the transcritical point Ro = R1. We use one numerical example to
determine the largest range of R for the local stability of F; and existence of
Hopf bifurcation. Some simulations are performed to support the theoretical
results. These results show that the delay plays an important role in determin-
ing the dynamic behaviour of the system. In the normal range of values, the
delay may change the dynamic behaviour quantitatively, such as greatly reduc-
ing the amplitudes of oscillations, or even qualitatively changes the dynamical
behaviour such as revoking oscillating solutions to equilibrium solutions. This
suggests that the delay is a very important fact which should not be missed in
HIV-1 modelling.

1. Introduction. Human immunodeficiency virus (HIV) is a serious mortal lentiv-
irus, which can cause acquired immunodeficiency syndrome (AIDS). Reports have
known that many people are killed by AIDS every year, and yet, until today, there
is no effective way to cure the AIDS. Thus, many scientists and researchers have
been focusing on the study of controlling the infections. One of the approaches
developed recently, offered by genetic engineering, is to use recombinant virus ca-
pable of controlling infections of HIV [15, 12]. Recently, Revilla and Garcia-Ramos
established a 5-dimensional ordinary differential system to investigate the control of
the infections by introducing a recombinant virus to fight the virus [13]. Later, this
model was studied by Jiang et al. [6] in detail to show various bifurcation patters
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and rich dynamics, as well as a control study given in [17] by introducing a constant
injection rate of the recombinant virus to this model.

A standard and classic in-host model for HIV infection can be described by the
following differential equations:

T = A—dx — Bav,
y = PBxv —ay, (1)
v = ky—pva

where x(t), y(t), v(t) are the density of virus-free host cells, infected cells, and a
pathogen virus, respectively, at time ¢. The production rate and death rate for the
healthy cells are respectively A and d. [ is the constant rate at which a T-cell is
contacted by the virus. It is also assumed that once cells are infected, they may die
at a rate a due to the action of either the virus or the immune system, and each
produces the pathogens at a rate k during their life which on average has length
1/a.

In [13], a second virus is added into model (1) which may cause the infected cells
to have a second infection, called double-infection, leading to a modified model as

T = \—dx — Pxv,

y = Brv —ay — awy,

Z = awy — bz, (2)
v = ky—pv,

w = cz — qu,

where w(t) and z(¢) are the recombinant (genetically modified) virus and double-
infected cells. After the second virus is enrolled, once the cells which have been
infected by the pathogens are infected again by the recombinant, they can be turned
into double-infected cells at a rate awy, where the recombinants are removed at a
rate qw. The double infected cells die at a rate bz, and release recombinants at rate
cz. Having established the model (2), the authors of [13] analyzed the structure of
equilibrium solutions and presented some simulations. Later, in [6], the authors fully
analyzed the stability of all three equilibrium solutions and bifurcations between
these equilibria, as well as proved the existence of Hopf bifurcation. Further, in [17],
the fifth equation of model (2) is modified as w = 7 + ¢z — qw, where 7 is a control
parameter to measure the injection rate of the recombinant, and then a complete
dynamical analysis is given in this article, showing that increasing n is beneficial
for controlling/eliminating the HIV virus [17].

In this paper, to further improve the model (2), we introduce a time lag into the
model (2), since in real situation, time is needed for the virus to contact a target cell
and then the contacted cells to become actively affected. This can be described by
the eclipse phase of the virus life cycle. Moreover, we assume that the probability
density that a cell still remains infected for 7 time units after being contacted by
the virus obeys an exponentially decay function. Therefore, following the line of
[18, 19], model (2) can be modified to

£(t) = A —dx(t) — Br(t)v(t),

/ peTa(t — ) (t —7) —ay(t) — aw(t)y(?),

aw(t)y(t) — bz(t), (3)
ky(t) — pu(t),

w(t) = ca(t) - qw(t)
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where 7 denotes the average time for a viral particle to go through the eclipse
phase. Because the dimension of the system is higher than two, model (3) may
exhibit some interesting dynamic behaviors (Hopf bifurcation, limit cycles and even
chaos), which would make the analysis of the system more complicated. Thus, the
main goal of this paper focuses on dynamical behaviour of the system with delay,
in particular, on equilibrium solutions and their bifurcations. More importantly, we
want to find the impact of the delay on the dynamical properties.

The rest of this paper is organized as follows. In next section, for system (3) we
will discuss the well-posedness of the solutions, equilibria and their stability. Also,
in order to properly define biologically meaningful equilibria, the basic reproduction
number Ry will be defined. In Sections 3, 4 and 5, we analyze the stability of the
three equilibria: disease-free equilibrium Ej , single-infection equilibrium F,, and
double-infection equilibrium Fg4. It will be shown that Ej is globally asymptotically
stable for 0 < Ry < 1, Es is globally asymptotically stable for 1 < Ry < Ry,
where Ry > 1 is a constant defined in terms of the system parameters, and Fy4
is asymptotically stable for Ry < Ry < Rp, where Rj denotes a Hopf critical
point from which a family of limit cycles bifurcate. A numerical example is present
in Section 6 to demonstrate the theoretical predictions. Finally, conclusion and
discussion are drawn in Section 7.

2. Well-posedness, boundedness of solutions, equilibria and basic repro-
duction number. Because of biological reasons, all variables in model (3) must
be non-negative. Therefore, for any non-negative initial values, the corresponding
solution must remain non-negative. We have the following result.

Theorem 2.1. All solutions of system (3) remain non-negative, provided the given
conditions are non-negative, and bounded.

Proof. For convenience, let X = C([—7,0]; R®) be the Banach space of continuous
mapping from [—7,0] to R® equipped with the sup-norm. Let x(¢) = (z(t),y(t), 2(t),
v(t),w(t))” and x;(0) = x(t+0) for § € [—7,0]. By the fundamental theory of FDEs
(see, e.g. [4]), for any initial condition ¢ € X with ¢ > 0, we know that there exists
a unique solution x(t, ¢) satisfying x(0, ¢) = ¢(9), 8 € [—7,0].

System (3) can be written as x(t) = f(x;), where

A — dx(0) — B+ (0)v:(0)
Be~Tay(—T)ve(—7) — ay:(0) — aw:(0)y:(0)
f(Xt) = aw(0)y:(0) — b2¢(0)
ky:(0) — pv.(0)
cz(0) — qu(0)

It is easy to see that if any ¢ € X satisfies ¢ > 0, ¢;(0) = 0 for some 4, then
f;(¢) > 0. Therefore, according to Theorem 2.1 (on page 81) in [14] we know that
x(t,¢) > 0 for all ¢ > 0 in its maximal interval of existence if ¢ > 0.

Next, to show the boundedness of the solution (z(t),y(¢),z(t),v(t), w(t)), we
define

B(t) = cke™Tx(t) + cky(t + 7) + ckz(t + 1) + %v(t +7)+ %w(t + 7).

Then, the derivative of B(t) with respective to time ¢ along the solution of trajectory
of system (3) is given by
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B(t)

= cke™ T [X — dx(t) — Bo(t)z(t)]
+ ck [5670'7 t)x(t) —ay(t+7) — aw(t + 1)yt + 7')]
+ck[aw( Tyt +7) — bz(t + 7)]

o

bk
+ 5 [ky(t +7) —pou(t+ T)] + 5 [cz(t +7)—qu(t+ T)}
= cke” "\ — dcke”“Tx(t) — gcky(t +7)— gckz(t +7)
ac bk
- pgv(t +7)— q?w(t +7)

k
<0 for B(t) > C—e_‘”,
m

k
>0 for B(t) < c—e_’”,
m

< cke™ X —mB(t)

where m = min{d, §, Q,p, ¢} This implies that B(t) is bounded, so are z(t), y(t),
z(t), v(t) and w(t). O

Model (3) has three possible biologically meaningful equilibria: disease-free equi-
librium Ej, single-infection equilibrium Es and double-infection equilibrium FEg,
given below:

EO:(%,O, 0, 0, 0),

ap kBAe™ " — adp kBXe " — adp
E, :(% bg  g(aBAcke” T — Babkq — aacdp)
dacp + Bbkq’ ac’ ac(fbkq + acdp) ’
bkq aBAcke T — Babkq — cacdp
acp’ a(pbkq + acdp) ) '

We define
a A PeT 7k k;ﬁ)\ Car
Ro = d a p adp

?

where % is the average number of healthy cells available for infection, 2 G;M is the
average number of host cells that each HIV virus infects, and £ is the average
number of HIV viruses that an infected cell produces. Therefore, R is the basic
reproduction number.

It is seen that the disease-free equilibrium is independent of the delay. If Ry < 1,
FEy is the only biologically meaningful equilibrium. If Ry > 1, there is another
biologically meaningful equilibrium E; (single-infection equilibrium). The double-
infection equilibrium F, exists (biologically meaningful) if and only if Ry > 1,
where

aficke™ T — aacdp  acdp

Fa = Babkq ~ Bbkq

Hence,
Bbkq
acdp”

Ry >14< Ry > Ry, where Ry =1+

Note that R; is independent of the delay.
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3. Stability of the disease-free equilibrium FEj. First, for the local stability
of Ey, we have the following theorem.

Theorem 3.1. When Ry < 1, the disease-free equilibrium Ey is locally asymptoti-
cally stable; when Ry > 1, Ey becomes unstable and the single-infection equilibrium
FE occurs.

Proof. The linearized system of (3) at the disease-free equilibrium Fjy is

i(t) = —da(t) — Zo(t),
§(t) = Be " Ju(t — 1) —ay(t),
i(t) = —bz(t),

o(t) = ky(t) — po(t),
w(t) = cz(t) — qu(t),
for which the characteristic equation is given by

(E+DE+B)E+)]E +(a+p)t+ap— e r07] =

Obviously, for the local stability of Ey, it suffices to only consider the following
equation

Ak —(a T
D0(§)=§2+(a+p)£+ap—%e @+ — 0, (4)
If Ry > 1, it is easy to show for real £ that
Do(0) = ap(l —Rg) <0, lim Dy(&) = +oo.
=+

Hence, Dy(§) = 0 has at least one positive real root. Therefore, if Ry > 1, the
infection-free equilibrium Ej is unstable.
Next, consider Rg < 1. When 7 = 0, equation (4) becomes

Ak
€+ (atnetap—2E =0 )
In order for the two roots of (5) to have negative real part, it requires ap—BAk/d > 0,
which is equivalent to Rg|r—o < 1. Thus, all the roots of (5) have negative real part
when Rg < 1. From [2], we know that all the roots of (4) continuously depend on

7. And the assumption

. Q& 7)
hmsup{ P

could ensure that there are no roots existing in the infinity for equations in the form
P&, 1)+ Q(&,7)e 8™ = 0 (see [1]). Obviously, (6) holds here for (4), and hence
Re(§) < 400 for any root £ of (4) when Rg < 1. As a result, for Ry < 1, the only
possibility for the roots of equation (4) to enter into the right half plane is to cross
the imaginary axis when 7 increases. Thus, we define £ = iw, (w > 0), to be a
purely imaginary root of (4). Then we get

: 1€l — o0, Re(€) > O} <1, forany 7, (6)

kBA ;
—w? +ila+p)w+ap — %6_((1-“@')7— =0. (7)
Taking moduli of (7) gives
kBA 2
Hy(w?) = = + (a* + p*)w® + a?p® — (—5 e“”) =0.

Clearly, Ho(w?) has no positive real roots if Rg < 1. Therefore, all the roots of (4)
have negative real part if Ry < 1. O
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Further, for the global stability of Ey, we have the following result.

Theorem 3.2. If Ry < 1, the disease-free equilibrium Ey is globally asymptotically
stable, implying that none of the two virus can invade regardless of the initial load.

Proof. We construct the following Lyapunov function:

Vo = e_;T {x(t) _ 3}2 n %y(t) + %z(t) + %v(t) + 20

cd
A t
+2pe [ autman

-7

Using non-negativity of the solution and Ry < 1, the derivative of V with respective
to time ¢ along the solution of system (3) can be expressed as

% ‘(3) — e aft) - g} [\ — da(t) — Bo(t)z(t)]
+ (gt = ryo(e =) - ay(®) ~ b2(0)
- % [ky(t) — po(t)] + % [e2(t) — qu(®)]
+ %(;ar [£(t)o(t) — x(t — T)o(t — )]
o= 2P - (- e
=— e [a(t) - %]2 [d+ Bo(t)] - %(1 ~RoJul®) - %w(“
<0,

and the equality holds for z = %, v =w = 0. Thus, by LaSalle’s invariance principle

[8], we conclude that Ej is globally asymptotically stable. O

4. Stability of the single-infection equilibrium F,. From the analysis given
in the previous section, we know that at the critical point Ry = 1, the disease-free
equilibrium Ejy becomes unstable and bifurcates into the single-infection equilibrium
E, which exists for Rg > 1. Thus, in order to study the stability of Ey, we assume
Ro > 1 in this section. Similarly, for the local stability of Fs, we have the following
result.

Theorem 4.1. If 1 < Ry < Ry, the single-infection equilibrium E4 is asymptoti-
cally stable; when Rg > Ry, Es becomes unstable.

Proof. The linearized system of model (3) at Fs = (x5, ys, 0, vs,0) is

) = —(d+ Bvs)x(t) — Brsv(t),

) = Be T [vsa(t — 1) +wo(t — 7)] — ay(t) — aysw(t),
2(t) = aysw(t) — bz(t),
o(t) = ky(t) — po(t),
w(t) = cz(t) — qu(t),
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with the corresponding characteristic equation given by D;(£)D2(£) = 0, where

Di(€) = €+ (b+ q)¢ + by — SokPA T — adp)

Bak ’
kB kB
Dy(€) = € + (a+p+ aipe*‘”)f2 + [C%e*”(a +p) +ap|¢

+ kBXe™ ™ —ap(€ + d)e” 57,
First, note that D;(£) can be rewritten as

D1(§) =& + (b+ )& + bg(1 — Ry),

which indicates that D;(€) = 0 has two roots with negative real part if and only

if Ry <1 (i.e. Ro < Ry), or one positive root and one negative if Ry > 1 (i.e.

Ro > R1). Therefore, if Ry > Rj, the single-infection equilibrium Ej is unstable.
For Dy(§) = 0, we rewrite it as

&+ aa(1)E% + a1 (7)€ + ao(7) — (1€ + c2)e ™ =0, (8)
where
ax(T)=a+p+ %eﬂ”, ai(1) = %e*‘”(a +p) + ap,

ap(T) = kBAe™, ¢ =ap, co=apd.
It is easy to see that £ = 0 is not a root of (8) if Ry > 1, since
ag(T) — ca = kpre™ " —apd = apd(Ry — 1) > 0.
When 7 = 0, (8) becomes
€3+ az(0)€2 4 (a1(0) — ¢1)€ + ag(0) — ¢z = 0. (9)

Applying the Routh-Hurwitz criterion (see [3]), we know that all the roots of (9)
have negative real part, because

kB

az(0) = a+p+ —— >0,
ap
kB
a1(0) —c1 = :Lp(a—&-p) > 0,

ag(0) — c2 = kBA — apd = apd(Ro|r=o — 1) > 0,

and

az(0)(a1(0)—c1) — (ag(0)—c2)

kBN kBA

<a+p+ ai)i(a +p) — (EBX — apd)
p / ap

k232 )2 kBA

T Tazp? (a+p)+ “ap

(a® + ap + p*) + apd > 0.

Therefore, any root of (8) has negative real part when 7 = 0. As discussed in
Section 3, we know that all the roots of equation (8) depend continuously on 7.
Also, (6) holds for (8), and hence Re(§) < +oo if Dy(§) = 0. Then, the roots of
equation (8) can only enter into the right half plane by crossing the imaginary axis
when 7 increases. Thus, we define ¢ = iw (w > 0) to be a purely imaginary root
of (8), and then obtain

—iw® — az(1)@? +ia1 (1)@ + ag(T) — (icrw + ca)e "7 =0,
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Taking moduli of the above equation results in
Hy(w?) = @® + [a3(7) — 2a1(7)] = 10)
+ [a?(T) — 2ag(7)as (1) — cﬂ w? + ag(r) —c2=0

Since

a3(1) — 2a1 (1) = a® + p*> + d*RE > 0,

a}(7) — 2a0(7)az(r) — 2 = d*(a® + p*)RE > 0,

ao(1)? — 3 = a?p?d*(R2 — 1) > 0,
all the coefficients of H(w?) are positive. Then the function Hg(w?) is monoton-
ically increasing for 0 < w? < co with Hs(0) > 0. This implies that equation (10)
has no positive roots if Ry > 1. Hence, all the roots of (8) have negative real part
for v >0if Ry > 1. O

Also, we we can show the global stability of Ey, as given in the following theorem.

Theorem 4.2. If 1 < Ry < Ry, the single-infection equilibrium E is globally
asymptotically stable, implying that the recombinant virus can not survive but the
pathogen virus can.

Proof. We construct the Lyapunov function Vy = Vi 4+ Bxsvse™ %" Vo with

b
Vi=e ¥ (x—zslnz)+ (y—yslny) + z + 9(v —vsnv) + —w,
c

k
vy /tt (x(n)v(n) I x(n)v(ﬂ)>dn.

LsUs TsUs

Substituting F into (3) yields three identities G; = 0, i = 1,2,3, where G; =
A —dxs — Prsvs, Go = Be " xsvs — ays, G = kys — pvs. Then we have

Vigi = Vigi — e (1= 2)G1 = Gy — -Gy
T Vg kg
— dxse_‘” (2 _ E _ ﬂ) + ﬁxsvse—a‘r <1 _ E _ T ) + %’07
T Ts T TsUs k

Vl,yy = Vl,yy. + G2
(y —ys)z(t —)v(t —7)

= Brvse T [1 + } —ay + a(ys — y)w,

y"I"S’US
Viw® = V140 + (1 - yvs)GQ + oGy = Brsvse™ T (1 — yvs) +ay — %v,
' ' sU k sU k
. . bq
V1,22 = ayw — bz, Viw = bz — —w,
c

which yields
‘/l,a:-f + ‘/l,yy + ‘/l,zz + Vl,v".} + ‘/l,ww
Ts _yvs | oyt —mlt—1) v }

= Brsvse” T [3 —

x YsU YT Vs TsUs
_ z T adp
drse 7 (2 - = —) —_— — R ,
+ dzge el + Bk (Ro 1w

where y, = %(RO — 1) has been used. And for Va, we have

dVa v z(t-T)u(t—1) I x(t—T)U(t—T)-

dt ToUs ToUg U

(12)
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Combining (11) and (12) yields

A% . . : : , —ar AV5
: = Vl,zx + Vl,yy + Vl,zz + Vi,v” + Vl,ww + ﬂxsvse o 2

dt 1(3) dt
—at Ls z adp —at
=dzse (2 ~ x—é) + W(Ro Ry)w + Brsvse” "W,
where
wogo Lo Yo parltomlton) g 2EmTEoT)

T Ysv YTsUs v
because the following inequality
n bi n bz
Nz 2 <
n Zai —i—lnHai <0,
=1 i=1
holds for any positive a; and b; (see [7]). Therefore, %kg) < 0 when Ry < Ry,

and the equality holds when x = x4, y = ys, v = vs, w = 0. Then, by LaSalle’s
invariance principle [8], we conclude that E; is globally asymptotically stable. [

5. Stability of the double-infection equilibrium FE;. At the critical point
Ro = Ry, the single-infection equilibrium F,; becomes unstable and the double-
infection equilibrium FE; comes into existence for Ry > R;. To discuss the stability
of E4, we assume Ry > R; in this section. We have the following result for the
stability of Fj.

Theorem 5.1. For model (3), there exists an Ry > Ry such that the double-
infection equilibrium Eg is asymptotically stable for Ry < Ry < Rs.

Proof. The linearized system of (3) at Eg = (4, Yd, 2d, Vd, W) 18

@(t) = —(d+ Bvg)x(t) — Brav(t),

y(t) = Be T [vgz(t — 7) + zqv(t — 7)] — (a + awg)y(t) — ayaw(t),

2(t) = awqy(t) — bz(t) + ayqw(t), (13)
o(t) = ky(t) —po(t),

w(t) = cz(t) — qu(t).

By straightforward but tedious algebraic manipulations, we obtain the characteristic
equation of (13), given by

D(O) = (6 + P)E+ dR) €6 + b+ ) (¢ + a7?) + abg (T2~ 1))
PG+ DE b e »

4 3
= +) AL =) Bigle T =0,
=0 =1

where
R
Ay = dR, +aR—O+b+p+q7
1

R
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R R
Ay = ad(b+p + q)Ro + plb + o) (s + aR—i)) + abq(R—f -1),

Ay = adp(b+ q)Ro + abg(p + dRy) (% — 1),

Ao = abdpg(Ro — R1), '

B3 = ap%f, By =ap(b+d+ q)%, By = apd(b+ q)?;fi)7

showing that all A; (i =1,2,3,4) and B, (j = 1,2, 3) are positive for Ry > R;.

When 7 = 0, it has been shown in [6] that there exists a constant R > R; such
that Ey is locally asymptotically stable when Ry € (R1, R3), implying that all the
roots of (14)|,—¢ have negative real part.

Obviously, D(§) satisfies (6), which implies that D(§) = 0 has no roots in the
infinity Re(§) = +o0o. Following the procedure as shown in Sections 3 and 4, we
let R(w) and S(w) respectively be the real and imaginary part of D(iw) (w > 0),
given by

R(w) = Ayw* — Ayw? + Ag + Bow? cos(wT) + (Bzw? — By )w sin(wT),
S(w) = w® — A3w® + Ajw — Byw? sin(wT) + (Bsw? — By )w cos(wT).

Solving the equations R(w) = 0 and S(w) = 0 for sin(wT) and cos(wT), and then
substituting the results into the identity, sin?(wwr) + cos?(wr) = 1, yields

H(w?)
(B3w2 — Bl)QWQ + B§w4

where H(w?) = @' + a;@® + asw® + asw* + ayw? + a5, with

=0 <= H(w? =0,

a; = A2 — 243,

ag = 2A; —2A,A4 + A3 — B3,

az = 2A0As — 2A1 A3 + A3 + 2B1Bs — B3, (15)
ay = A? —2A0A; — BE,

as = A3

In what follows, we shall prove that there exists an Ry > R; such that all the
roots of H(x) = 0 have negative real part when Ry € (R1, Ra), that is, there are no
positive real roots for H(w?) = 0. Therefore, for Ry € (R1, Ra), the roots of (14)
stay in the left half complex plane and Ej is locally asymptotically stable.

The necessary and sufficient conditions for Re(z) < 0 when H(z) = 0 are given
by

Al =a; >0,

AQ = ajaz —as > 0,

Az = a3y — al(a1a4 — a5) >0,

A4 = a4A3 — as [agAQ — (a1a4 — a5)} >0,
As =asA4 > 0.

A straightforward calculation shows that
RQ
A = R%d2—|—a2R—% +p? 4+ (b+q)* >0,

for any positive parameter values. Obviously, As = A3A, > 0 when Ay > 0.
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For As, Az and Ay, it is not easy to determine their signs for general Ry. Hence,
we take a continuity argument below. At Rg = Ry,

As|lro=pr, = d*(R? —1)*Fy + d*(F? 4 2d*Fy, — a*p?)(R? — 1)
+ [0+ q)* + d*](a® + d* + p*) Fy > 0,
Aslry=r, = d*[d*(a® + p*) R} + (a* + a®p® + p*") R} + a’p°| Fo > 0,
where

Fi=ad>+p*+(b+q)* >0,
By =d*(Fy —a®)(Fy — p*) (R} — 1) + (b+q)?[d* + (b + ¢)°] Fi > 0.

and Ay|lpy=r, = a®d®p?(b + q)?(R? — 1)As|r,=r, > 0. We know that A;, i =
2, 3, 4, continuously depend on Ry. Hence, there exists an Ry < R% such that A;,
1 =2, 3, 4, are all greater than zero if Ry < Rg < Rs. O

In [6], it is also proved that E; could lose its stability through Hopf bifurcation
when Ro|-=o is far greater than Ry. So when 7 > 0, Hopf bifurcation may occur
from FEg4 if R is further increased from R;. To obtain the critical point at which a
Hopf bifurcation takes place, we need solve the equations R(w) = 0 and S(w) =0
for 7 and w, if we take 7 as our bifurcation parameter. Then, we can determine the
corresponding value(s) of Rg, and choose the smallest one Ry, satisfying R, > R;.
Denote by 7, and wy, the corresponding values of 7 and w.

Following [5], there are three additional conditions which need to be satisfied,

R(w)=0 = S(w@)#0 (or S(w)=0 = R(w)#0) for Ry <Ro<R,, (16)

9D(¢,7)

0 17
¢ 5:iwh,fzm7é ’ 1
and
d
Re(df)‘ <o0. (18)

E=iwy, T=Th

The condition (16) implies that there are no solutions satisfying R(w) = S(w) =0
if Rg € (R1, Rp), for which the characteristic equation D(&) = 0 given in (14) does
not have purely imaginary roots. From the proof of Theorem 5.1, we know that all
roots of D(€) = 0 have negative real part for R € (R, Rp,), which means that the
equilibrium F; is asymptotically stable if Ry > Ro < Rp,. If all the three conditions
(16), (17) and (18) hold, we then conclude that (14) has a pair of purely imaginary
roots and all other roots with negative real part at 7 = 7, (i.e., at Ry = Rp),
implying existence of a Hopf bifurcation. Therefore, at the critical point 7 = 73,
E,; loses its stability and bifurcates into a family of limit cycles.

6. Numerical simulation. In this section, we present a numerical example and
some simulations by using dde23 from the software MATLAB R2012a, to illustrate
the theoretical results obtained in previous sections.
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FIGURE 1. Simulation of system (3) for 7 = 1.6 € (72, 71), showing
convergence to the stable equilibrium FEj.

Table 1. Parameter notations and the sources for their values

Definition Value(day 1) Source
A Production rate of host cell 0 ~ 10 cell/mm? [11]
d Death rate of host cell 0.01 [9]
B Infection rate of host cell by virus 0.004 mm?/vir ~ [13]
a Death rate of HIV-1 infected cell 0.5 [11]
a Infection rate by recombinant Assumed ao = [13]
b Death rate of double-infected cell 2 [13]
k  HIV-1 production rate by a cell 50 vir/cell [13]
p Removal rate of HIV-1 3 [11]
¢ Production rate of recombinant 2000 vir/cell [13]

by a double-infected cell
q Removal rate of recombinant Assumed g=p [13]

The notations and typical values of the parameters used in model (3) are given
in Table 1.The precise value of 7 is not obtained. But it is estimated that the value
of 7 is between 1.0 ~ 1.5 days [11]. Here, we choose 7 as the bifurcation parameter.

For computer simulation, we set A = 1, d = 1/180, a = 8 = 1/260, a = 0.5,
b=2p=¢q=23, k=80, c=1800. Then, Ry = 480/13¢7%°7 and R; = 17. The
disease-free equilibrium FEj is now given by

Ey = (180, 0, 0, 0, 0),
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which is globally asymptotically stable for 7 > 7 = 7.2176734929, ie., Ry < 1.
When 7 < 11, Ey becomes unstable and the single-infection equilibrium FE occurs,
given by
39 o.5r —osr 13 160 45, 13
g€ , 2e 240,0, 3¢ 5 , 0),
which is globally asymptotically stable for 7, > 7 > 79 = 1.5512468048. See Figure 1
for the simulations of system (3) when 7 = 1.6.

Further decreasing 7 to pass through the critical value ™ will cause F; to lose

its stability, giving rise to the double-infection equilibrium,

180 13 8 _;5 13 208 4800 _; 4

— =, —e T — — —e 07 —130).
TR T 60 9 17 © )

The corresponding characteristic equation (14) at the above Ey4 becomes

E, = (

d =

240 . 1457 5828 . 709
5 O.oT 4 —0.57 SVINES
D) =&+ (221 180 )5 ezt TR s
15664 _, - , (AT96 .. 55T
20054 —o5r 19 2096 o5 000 19
+(663e )5+<221e 60)5 (19)
2 g5 1T (720, 212 )y sy
3¢ 20 (2215 & 2215)6 =0

Let R(w,7) and wS(w,T) be the real and imaginary parts of D(iw) (w > 0),
yielding

240 1457 15664 19 24 17
R(w,7) = (—e‘O‘E’T—f— ) 4 ( o057 _ —)wQ—i— —057  +f

221 180 663 12 13 20
720 20 212
+ (ﬁw?’ — ﬁw) e 057 sin(wT) + 1—3w26_0‘5T cos(wT),
5828 _o.. 709 4796 .. 557
S, ) = w' = ( 663 ¢ +E)w2 21 T 60
720 20 212
(ﬁwz - ﬁ)e_o"r” cos(wT) — Ewe_0'57 sin(wT),
w
1.0
0.8 R(wm,1)=0
S(w,1)=0
06|
04t
02}
0 L L L L L L L L L J
0 0.4 0.8 1.2 1.6 2 1

FIGURE 2. Plots of the curves R(w,7) = 0 and S(w, ) = 0 in the
T-w plane with (w, 7) € [0,2.1] x [0, 2].
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Solving the equations R(w,7) = 0 and S(w,7) = 0 by using the built-in com-
mand “fsolve” in Maple results in

(13, 03) = (0.8357983104, 0.4193565828).

Taking into account

720 20 212 4
(ﬁw3 - ﬁw> sin(wwT) + EWZ cos(wT) > —ﬁ\/w2(32400w2 + 1) (w? + 25),
we have R(w,7) > R(w), where
~ 4 3916
R(@) = 5= [60w4 - 2w + 102 - /(324007 + 1)(@ + 25)} =057
1457 , 19 , 17
20 ‘ 3 ‘
) —
(]j5j\ = | 125‘\ {\ =
X(t :
. Y 1 UL L |
10\/mW‘\)‘M‘:‘WN\**7‘~ v : 05 )MJO(’%A%}J‘W%%KnJ G 1
! 0 |
5 00 400 : 00 800 1000 'O-HW—SW 000
2 ‘ 60 ‘
1.15 . 28 | o
Z([)O . =1 / ‘ =
5 v(t)30 \O f Mk 1
0 Al A AR ABLY 20 }f/r‘/m[\j}ﬂwﬂfkﬂﬁ\d e
-05 ,
K U R (1
100 ‘
s 2§
500 vy il '
w() yo 1
0 JLI\J_AAA ANNRNAAL \ 05
0 L
~500 2040 B0 801000 0% i) " 15 0

FIGURE 3. Simulation of system (3) for 7 = 1.45, 1.2 and 1.0,
taken from the interval 7 € (73, 72), showing convergence to the
stable equilibrium FEj.

It can be shown that for any 7 > 0, E(w) > 0 if w > 2.1. Thus, there are no
roots of R(w,7) = 0 for @w > 2.1, implying that the curve R(w,7) = 0 in Figure 2
must be below the horizontal line w = 2.1 (not shown in Figure 2), and so (73, w3) is
the only intersection point. Given that all the roots of (19) continuously depend on
7, it follows from Theorem 5.1 that E; is asymptotically stable when 75 > 7 > 73.
The simulations for 7 = 1.45, 1.2 and 1.0 are shown in Figure 3, from which we
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FIGURE 4. Simulation of system (3) for 7 = 0.8 < 73, showing
bifurcation to a stable limit cycle.

observe that all the components of a solution have more oscillating behaviors with
larger amplitude, and they take longer time to converge to F; when 7 is decreased
from 75 to 73.

Finally, to consider possible Hopf bifurcation, first it is easy to see from Figure 2
that

S(w,7)=0 = R(w,7)<0, for o <7 <73,

indicating that condition (16) is satisfied. Moreover, the other two conditions also
hold:

D
W — —0.8115344435 + 0.7314225159 # 0,
§ {=iws, T=T3
and g
Re(dT)‘ — —0.0137073586 < 0.

{=iws, T="T3

Thus, the roots of (19) have positive real part when 7 < 73, and (19) has a pair
of purely imaginary roots at 7 = 73, implying existence of a Hopf bifurcation.
Therefore, we conclude that when 75 > 7 > 73, the equilibrium solution F, is
asymptotically stable. At the critical point, 7 = 73, E4 loses its stability through
a Hopf bifurcation, giving rise to limit cycles. See the simulation shown in Figure
4. Further, the stability of limit cycles and the direction of bifurcations can be
determined by using the center manifold theory and normal form theory for delay
differential equations (e.g., see [16]). Detailed discussions on this part are out of
the scope of this paper.
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FIGURE 5. Simulation of system (3) for 7 = 0, showing oscillating behaviour.

In order to demonstrate the importance of the delay to be included in the model,
in the following we will compare the results obtained above to that given at 7 = 0.
It is easy to see that R0|T:0 = % > R; = 17, and thus both the disease-free
equilibrium, Ey, and the single-infection equilibrium, F7, are unstable when 7 = 0.
To find the stability of the double-infection equilibrium, E4, we set 7 = 0 in (19) to
obtain

365197 211709 15209 , = 163463 259
f + €+ aen’

5 4 3
DO =&+ 39780 & 9945 & 2652 13260 260
which yields a purely pair and three negative eigenvalues: 0.03214833+0.76348925 ¢,
—0.08306245, —3.91260798, and —5.24904353, indicating that E; is also unstable.
Therefore, at 7 = 0, the system must exhibit oscillating behaviour, as shown in
Figure 5. Comparing the results in this figure with that in Figure 4 shows that
at 7 = 0, the solution trajectory converges much fast to reach its steady-state
value than that in Figure 4 for 7 = 0.8 More importantly, it is noted that the
amplitudes of the oscillations in Figure 5 is almost double of that in Figure 4
though their frequencies are almost not changed. The above observation shows that
lack of even small delay in model (2) can cause significant quantitative changes in
solutions. Moreover, for normal values of delay, the model (3) with delay can exhibit
qualitatively different behaviour, compared with the model (2) without delay. For
example, at 7 = 1.2 days, which is within the normal range of delays 7 € (1.0, 1.5)
days [11], model (3) shows convergence to the stable double-infection equilibrium
Eg, see Figure 3. At the marginal normal value 7 = 1.6, model (3) gives the stable
single-infection equilibrium FEj, see Figure 1. These significant qualitative changes
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due to existence of delay can not be observed from the model (2) without delay
involved. This indeed suggests that the delay is a very important fact which should
not be missed in model (2).

7. Conclusion and discussion. In this paper, we present a more realistic HIV-1
model of fighting a virus with another virus by adding delay to the model. The de-
tailed analytic study has shown that the improved model with delay, like the model
without delay, also has three equilibrium solutions: the disease-free equilibrium Ej,
single-infection equilibrium F,, and double-infection equilibrium Ej, and a series of
bifurcations occur as the basic reproduction number, Ry, is increased. It has shown
that Ey is globally asymptotically stable for Ry € (0,1), and becomes unstable at
the transcritical bifurcation point Ry = 1, and bifurcates into Es, which is globally
asymptotically stable for Ry € (1, Ry). Es loses its stability at the another tran-
scritical bifurcation point Ry = Rj, and asymptotically stable for Ry € (R1, Rp)-
Finally, E; becomes unstable at the Hopf critical point Ry = Rp, and bifurcates
into a family of limit cycles.

When the delay is chosen as the bifurcation parameter, it is shown that the delay
plays an important role in determining the dynamic behaviour of the system. In
the normal range of values, the delay may change the dynamic behaviour quantita-
tively, such as greatly reducing the amplitudes of oscillations, or even qualitatively
changes the dynamical behaviour such as revoking oscillating solutions to equilib-
rium solutions. This indeed suggests that the delay is a very important fact which
should not be missed in HIV-1 modelling.

In this paper, only Hopf bifurcation has been considered. It is interesting to
know whether the model can exhibit double Hopf bifurcation if, besides the delay,
one more system parameter is chosen as second bifurcation parameter. Another
interesting question arises if we include another fact of delay to model (3), that
is, the existence of virus production period for new virions to be produced within
and released from the infected cells (see [10]). When this second delay is included,
model (3) becomes

i(t) = A —dx(t) — Bz(t)v(t),

y(t) = Be  Ma(t —m)v(t — 1) — ay(t) — aw(t)y(?),

£(t) = aw(t)y(t) — bz(t), (20)
0(t) = ke"@2y(t — ) — pu(t),

w(t) = cz(t) — qu(t),

where 7 and 75 represent the latent period and virus production period, respec-
tively. Then for this model, future work includes the study on the dynamical be-
haviour and bifurcation patterns of the model, and how the two delays influence
stability and bifurcations. More interestingly, with these two delays as bifurcation
parameters, can the model exhibit double Hopf bifurcation? Studying these ques-
tions will help to well understand the impact of delays on dynamical behaviour of
HIV-1 model.
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