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ABSTRACT. An ODE system modeling the competition between two species in
a two-patch environment is studied. Both species move between the patches
with the same dispersal rate. It is shown that the species with larger birth
rates in both patches drives the other species to extinction, regardless of the
dispersal rate. The more interesting case is when both species have the same
average birth rate but each species has larger birth rate in one patch. It has
previously been conjectured by Gourley and Kuang that the species that can
concentrate its birth in a single patch wins if the diffusion rate is large enough,
and two species will coexist if the diffusion rate is small. We solve these two
conjectures by applying the monotone dynamics theory, incorporated with a
complete characterization of the positive equilibrium and a thorough analysis
on the stability of the semi-trivial equilibria with respect to the dispersal rate.
Our result on the winning strategy for sufficiently large dispersal rate might
explain the group breeding behavior that is observed in some animals under
certain ecological conditions.

1. Introduction. Gourley and Kuang [3] studied the following two-patch system
as a model for two neutrally competing species:

% = ul(al —Uuy — Ul) +d(u2 - U1)
aug

i = ug(ag — ug — va) + d(us — uz) (1)
ﬁ =v1(B1 — w1 —v1) +d(va —v1)

% = Ug(ﬂg — Uy — ’UQ) —+ d(’Ul — ’02),

where u; (resp., v;) is the number of species u (resp., v) in patch 4, ¢ = 1, 2; the linear
birth rates aq, aso, 81, 82 are positive parameters, and there is a diffusion between
the two patches with the same diffusivity (dispersal rate) d for both species. Two
species differ only in their birth rates.
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We denote
RY = {(u1,u2,v1,v2) € R*uy,up, vy,v2 >0},
RZX0 = {(u1,u2,0,0) € RY®|uy +us > 0},
R}*? = {(0,0,v1,v2) € RZ*|vy +v9 > 0} .

Each of RY Rixo and Rg_xz is positively invariant under the solution flow generated
by system (1). The semi-trivial equilibria (boundary equilibria) (us,%2,0,0) with
wy,uz > 0, and (0,0,71,T3) with 3,D2 > 0, for system (1), always exist. By
Lyapunov function method [2, 5], it is known that every solution of system (1)
initially starting from Rixo converges to (@1, 4s,0,0) and every solution initially
starting from RS_XQ converges to (0,0, 01, T3).

We are interested in the dynamics of system (1) in Ri. If o + as > 51 + PBa,
then for sufficiently large d, (u1,%2,0,0) is globally asymptotically stable among
the initial data in R% satisfying u1(0) + u2(0) > 0. Similar result holds for the
case a1 + ag < 1 + PB2. As ay + as and 1 + f2 measure the average birth rate
of the species u and v, these results indicate that the species with larger average
birth rate has the competitive advantage in a fast diffusion environment. It is thus
natural to inquire which species has the winning strategy when they have the same
average birth rate, i.e. a3 + as = (1 4+ [2. This interesting question was raised
and studied in [3]. It will be the focus of this work as well. To facilitate further
discussions, without loss of generality, we assume that 8; < 5. Following [3], we
introduce parameter o by setting a; = 81 — 0. Assuming a; + as = [; + B2, we
have as = B5 + 0. If we further require a; > 0 and as > 0, o is then restricted
to the domain (—f2,81). The following results on the stability of the semi-trivial
equilibria of system (1) were established in [3]:

Proposition 1.1. ([3]) If f2 > 81 and oy = 51 — 0, ag = P2+ 0 with 0 < o < fy,
and d is sufficiently large, then (0,0,71,03) is unstable and (uy,us,0,0) is linearly
stable.

Proposition 1.2. ([3]) If 52 > 1 and a1 = 1+ 0, az = P2 — o with o < 0 but
|o| not too large and d is sufficiently large, then (0,0,71,T2) is linearly stable and
(u1,TUs,0,0) is unstable.

Proposition 1.3. ([3]) If f2=01=8>0and oy = — 0, ag = B+ 0 with o of
either sign and |o| < 8. If d is sufficiently large, then (0,0,71,72) is unstable and
(U1,Ts,0,0) is linearly stable.

As |ag — ag| and |81 — Sa] reflect the spatial variation of the birth rate of the
species u and v, these results suggest that in a fast diffusion environment where
different species have the same average birth rate, the species that do well are those
that have greater spatial variation in their birth rates. These results led Gourley
and Kuang to pose the following conjectures on the global dynamics of (1) in [3]:

Conjecture 1. Assume that in system (1), 1 —o=a1 <1 < fPa<ag=f2+0
with 0 < o < B1, and d is sufficiently large. If u1(0) + u2(0) > 0, then

tlirgo(ul (t), UQ(t), Ul(t), 'UQ(t)) = (1_1,1, ﬂg, 0, 0)

Conjecture 2. Assume that in system (1), 1 —o=a1 <1 < P2 <ag=f2+0
with 0 < o < B1, and d is small enough so that (1) has a positive steady state E,.
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If u1(0) + u2(0) > 0 and v1(0) + v2(0) > 0, then
tliglo(ul (t)? ’U,g(t), U1 (t)7 U2(t)> = E,.

These conjectures, if true, suggest that the species that can concentrate its birth
in a single patch wins, if the diffusion rate is larger than a critical value. In short,
the winning strategy is simply to focus as much birth in a single patch as possible.
In this paper, we will establish the following result, which includes Conjectures 1
and 2 as special cases:

Theorem 1.4. Suppose that in system (1), f1 —o =01 <1 < P2 <z =pa+0
with 0 < 0 < B1. Then there exists some positive constant d* so that if d > d*,
(t1,7s2,0,0) is globally asymptotically stable among the initial data in Ri satisfying
u1(0) +u2(0) > 0; if d < d*, (1) has a unique positive steady state which is globally
asymptotically stable among the initial data in ]Rﬁ_ satisfying u1(0) + u2(0) > 0 and
v1(0) + v2(0) > 0.

Our result may explain some grouping behaviors in animal populations which
may be advantageous under certain ecological conditions. Theorem 1.4 proves that
in fast diffusion scenarios a winning strategy is to concentrate the birth in a single
patch. More specifically, for any positive birth rates (51,02) with 1 < B2, we
compare it with the extreme case (0,51 + (2); i.e., when o = B; and (a1, a2) =
(0, 81+ B2). Theorem 1.4 implies that the birth rates (0, 81 + B2) provide a winning
strategy in the sense that the population adopting it can drive the other population
with the birth rates (51, 82) to extinction. This result suggests that for a two-patch
habitat it can be more advantageous for the species to have a single breeding site,
provided that the dispersal of the species is suitably fast. We do not know whether
a similar conclusion can be drawn for multiple-patch models; see also [1].

Theorem 1.4 will be justified in Section 3. The case for larger birth rates for
u-species on both patches, namely, 81 < a1, f2 < a2, is discussed in Section 2. The
case of interlacing birth rates: a1 < 81 < B2 < s is investigated in Section 3.
We collect in Subsection 3.1 the monotone dynamical system theory to be applied
in later sections. The existence of positive equilibrium is studied in Subsection
3.2. The properties and stability of the semi-trivial equilibria are addressed in
Subsections 3.3 and 3.4. With the preparation in Subsections 3.1-3.4, we summarize
the main results and solve the conjectures in Subsection 3.5. We present the case
b1 < a1 < as < (B2 which is symmetric to a1 < 1 < B2 < s, in Section 4.
Two numerical examples illustrating the present theory are given in Section 5. The
paper ends with a conclusion section.

2. Larger birth rates for u-species: (; < «1,02 < as. In this section we
consider the case that u-species has larger birth rates than v-species in both patches,
namely, 81 < a1, 82 < aq. Intuitively, one would expect the extinction of v-species
in this situation. Mathematics indeed justifies this intuition, as illustrated in this
section. Let us set

Ri = {(ul,uQ,vl,vg) € Rfﬂul 4+ ug > O}.

Let ay = 1 + 01 and as = (B2 + 09 with 01,00 > 0. We first present the case
without dispersal, i.e., d = 0.

Theorem 2.1. Consider 1 < a1,82 < ag and d = 0 in system (1). Then
(o1, 02,0,0) is globally asymptotically stable in RY .
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Proof. Clearly, (a1, a3,0,0) is an equilibrium of system (1) with d = 0. We denote
21 = o and Uy = ag. Define V : R‘j_ — R by

V(Ul,’LLQ,’Ul,’UQ) = <’LL1 +’l}1 — 17,1 — 1_1,1 ln <U1>> + <U2 +1)2 — 'I._LQ — 17,2 ln <W>> .
Uq U2

Then
Vo = up(y —up —v1) +01(81 —ug —v1) — a1 (g —up — 1)
+  ug(ag —ug — va) +va(Ba — ug — va) — Ua(aa — ug — v2)
= [(ur4+v1) —w](er —uy —v1) — o101
+ [(uz +v2) — t2)(a2 — ug — v2) — 202
= —[(ur+v1) — ]’ = [(uz + v2) — a2]® — 5101 — o203,
<0.

The equality holds if and only if u; = a3 and us = as, v1 = 0,v3 = 0. The assertion
follows from the Lyapunov function theorem. O

The following theorem shows that the coexistence state does not exist for any
d > 0.

Theorem 2.2. Assume 1 < ay, B2 < ag and d > 0. Then there does not exist any
positive equilibrium in system (1).

Proof. Suppose otherwise that there exists a positive equilibrium (uf, ul, vy, v3),
uy,vf > 0,1 =1,2, so that the following equations are satisfied:

(al—u;—u;)w(%—n =0
(a2 —u3 —03) +d(G —1) =0
(Br—uf —of) +d(G 1) =0
(B2 —uj —v3) +d(3E—1) =0.

Combining the above four equations, we obtain 01 +d(a—b) = 0 and o +d(: —3) =

0, where a = Z—%,b = Z—% Subsequently, o1 + g2ab = 0. This contradicts to the
1 1
assumption 01,092 > 0 and uJ, u3, vy, v3 > 0. O
Next, we study the global stability of semi-trivial equilibrium (@1, @2,0,0) in
system (1) with d > 0. The scenario remains similar to d = 0. Note that @; and @
satisfy

Theorem 2.3. Consider 1 < «a1,82 < ag and d > 0 in system (1). Then
(1,12,0,0) is globally asymptotically stable in RY .

Proof. System (1) can be rewritten as

du =

ditl = ul(ul — Uy — ’Ul) — dﬁul + dUQ
du — a

7dt2 = UQ(’LLQ — Uy — ’Ug) — dl_T;’Uzz + dU1
duy Uz

201 + dvg — o101
7;/02 —+ d’l)1 — 02V2.

U

AL

Fr :vl(al—ul—vl)—d
)—d

dvs —
G =gty —ug —vo
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We define V : Rﬁ_ —RbyV =c1Vi+caVo+c3Vz+c4Vy, wheree; > 0,1 =1,2,3,4,
are to be determined, and

U
Vi = wp—u —uln (1)7
3}
U
Vo = ug—1ts—tgln (_2>7
U2
‘/3 = i,
V;l = V3.
A direct calculation yields
. U U
Vi = ’U,l(ﬂ1 — Uy — ’Ul) — da—zul + dug — 121(’1]1 — Uy — Ul) + dug — dﬂ,lf
1 1
N _ ur Uz U U2
= (ul—ul)(ul—ul—v1)+du2<—++1— 1>.
U1 U Ui1U2
Similarly, we obtain
3 N _ ug Uy U1z
Vo = (UQ_UQ)(U2_U2_U2)+dU1<_++1— ),
U2 3} Uru2
: _ _ U1 V2
Vo = vi(t1 —ug —v1) +disg (—_ + _> — o101,
Ui U2
: _ _ V2 U1
Vi = wva(tig —ug —v2) +dig (—_ + _> — O2V3.
U U1
We pick ¢; = ¢3 = 41 and ¢y = ¢4 = U9, then
V = ﬁl(ul —fbl)(ﬂl — U1 —Ul)+ﬂ2(U2—’L_L2)(’EL2 —UQ—’UQ)
U U UL U
+  diyis [2— ( 124 2)}
UiU U1U
+ v (U — up — v1) + Ugva(Ue — Uz — V2) — 01UV — O2laV2
< ap(ur — ) (T — ur — 1) + U (ue — U2)(Gg — ug — v2)
+ @i (81 — ur — 1) + U (e — Uz — V2) — 01UV — O2laVs,

where the equality holds if and only if u;%s = uyus. Subsequently,
VvV < —ti1 (uy +v1 — U1)% — Us(us + v2 — U2)? — o1 V1 — O2ll2Vs
< 0.

In addition, V(uhuQ,vhvg) = 0 if and only if uyts = Byus, uy +v1 = U1, Uus +v2 =
ug,v7 = 0, and vy = 0, i.e., u; = U1,us = Usg,v7 = 0 and vy = 0. The assertion
follows from the Lyapunov function theorem. O

To summarize, for birth rates satisfying 81 < ai,f82 < ag, globally attractive
equilibrium (@1, 42, 0,0) depicts the global dynamical scenario for system (1), and
the consequent extinction of v-species is independent of the dispersal rate d.

3. Interlacing birth rates: a; < 1 < 2 < ag. In this section, we consider the
following parameters

ay < B < B2 < ag,
i.e., u-species has larger birth rate than v-species in the second patch, while v-
species has larger birth rate than u-species in the first patch. Then we ask how this
distribution of birth rates is related to the species persistence or extinction.
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Gourley and Kuang [3] studied the local stability of semi-trivial equilibria under
the following assumption:

Condition (A): 0<ay =1 —0<P1 < fa<az=Lfs+0with0 <o <.

Two conjectures under this parameter condition were posed therein, as mentioned
in Section 1. Herein, we consider more general situation:

Condition (H) O0<a; =01 —01 <1< B <ay =02+ 09
With0<01§023nd0<01<51.

When o1 = 03, condition (H) reduces to condition (A).

We recall the monotone dynamics theory in Subsection 3.1, and discuss the exis-
tence of positive equilibrium in Subsection 3.2, properties for the semi-trivial equi-
libria in Subsection 3.3, the stability of the semi-trivial equilibria in Subsection 3.4,
and the coexistence of two species and the extinction of one species in Subsection
3.5.

First, when d = 0, i.e. there is no dispersal, the species with larger birth rate
prevails in each patch, as shown in the following result.

Theorem 3.1. Under condition (H) and d =0, (0, az, 1,0) is globally asymptoti-
cally stable in system (1), among the initial data in RY satisfying ui (0) +u2(0) > 0
and v1(0) + v2(0) > 0.

The proof of this theorem resembles that of Theorem 2.1, and is omitted.

3.1. Monotone dynamics theory. In this subsection, we recall some monotone
dynamical system theories. Denote by R’} = {xeR":2; >0,1 <i<n} the first
orthant of R™. Consider the following cones:

Kp={x€R":2;>0,1<i<k, andz; <0,k+1<j<n}=RE x (-R1F).
We write x <,, yify —x € K,,, and x <,, ¥y whenever y — x € IntK,,. For
x,y € R} and x <, y, we define [x,y],, = {z € R} : x <, 2 <, y} and
(X Y)m={2€R} : x <2<y}

A semiflow ¢ is said to be of type-K monotone with respect to K, provided
d+(x) < ¢+(y) whenever x <,,, y, t > 0.

A system of ODEs
x = f(x)

is called a type-K monotone system with respect to K, if the Jacobian matrix of
f is of the form
A A
]

where A; is a k X k matrix, A4 is an (n — k) X (n — k) matrix, As is a k X (n — k)
matrix, Az is an (n — k) X k matrix, every off-diagonal element of A; and Ay is
nonnegative, and As and As are nonnegative matrices, for some k with 1 < k < n.
Smith [6] showed that the flow ¢:(x) generated by the type-K monotone system is
type-K monotone with respect to the cone Kp,; i.e., if x,y € R} with x; < y; for
1<i<kandz; >y;for k+1<j <n, then for any ¢t > 0, (¢+(x)); < (¢:(y)); for
1< <kand ($(x)); > (6u(y)); for k+1<j<n.
We note that system (1) is a type-K monotone system with respect to

Ky = {(u1,u2,v1,v2) t u; > 0,v; <0, i =1,2},
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since the Jacobian matrix is given by

Oz1—2U1—7.)1—d d —Ul 0
d ag —2uz —ve2 —d 0 —U2
—U1 0 Bl—Qvl—ul—d d
0 —U2 d 62—2112—U2—d

For system (1), let us denote by Eg := (0,0,0,0) the trivial equilibrium, by Fg :=
(u1,12,0,0), and Eg := (0,0, 91, 02), U;, 0; > 0, ¢ = 1,2, the semi-trivial equilibria.
If w= (u1,us,v1,v2) € Ri, then (0,0,v1,v2) <p, (u1,us,v1,v2) < (u1,us,0,0),
and therefore,

¢t((O,O,U1,U2)) <m (;525((%1,’[1,2,1)1,’1}2)) <m ¢t((u17u2a0»0))7

for all ¢ > 0. Since ¢.((0,0,v1,v3)) = Es and ¢¢((u1,us2,0,0)) = Eg as t — oo, for
(u1,ug,v1,v9) € Rf_“, and uy + ug > 0, vy + vy > 0, it follows that all points in
Rixz are attracted to the set

r:= [0,1—[/1] X [07ﬂ2] X [07771] X [0762] - [EV»Eﬁ]m - {W S Ri . E\7 Sm w Sm Eﬁ}
If w = (u1,ug,vr,vy) with uy, ug,v1,v9 > 0, then ¢4(w) > 0 for ¢ > 0. Define
E and ET the sets of all nonnegative equilibria and all positive equilibria for ¢y,
respectively. Obviously, [Fy, Falm contains E and E, € (Eg, Eg)m for any E, €

E*. The following theorem restates Corollary 4.4.3 in [7] for system (1); see also
[6, 8.

Theorem 3.2. If Eq and Eg are both linearly unstable, then system (1) is per-
manent. More precisely, there exist positive equilibria F, and FE.., not necessarily
distinct, satisfying

E\? <m E** Sm E* <m Eﬁ-
The order interval

attracts all solutions evolved from w = (uy,us2,v1,v2) € Ri, with w1 + ugs > 0 and
v1 +wve > 0. In particular, if Ey. = F., then E, attracts all such solutions.

Hsu et al. [4] showed that, for two competing-species models, either there is a
positive equilibrium representing coexistence of two species, or one species drives
the other to extinction. As system (1) satisfies conditions (H1)-(H4) in [4], Theorem
B in [4] can be restated as follows.

Theorem 3.3. For system (1), the w-limit set of every orbit evolved from Ri s
contained in I' and exactly one of the following holds:

(a) There exists a positive equilibrium E, in T';

(b) ¢1(w) — Eg ast — oo, for every w = (u1,u2,v1,v2) € I' with uq 4+ ug > 0;

(c) ¢pe(w) = Eg ast — oo, for every w = (uq, ua,v1,v2) € I' with vq + vy > 0.

In addition, if (b) or (c) holds, w = (uy,uz,v1,v2) € RE\T, then either ¢,(w) — Eg
or ¢1(w) — Eg, as t — oo.

A system similar to (1) has been studied in Section 4.4 of [7]. Therein, monotone
structure was employed to obtain the attracting regions, and global convergence to
the semi-trivial equilibrium and the positive equilibrium. However, those results
are under conditions on eigenvalues of the Jacobian of the vector field at the semi-
trivial equilibria. Those quantities depend on the coordinate values of the semi-
trivial equilibria, and thus the theorem does not provide answers to the conjectures
mentioned in Section 1. Indeed, to see the complete scenarios, one needs to elucidate
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on how the dynamics depend on the parameters and especially, the dispersal rate
d.

3.2. Existence of positive equilibrium. The existence of positive equilibrium
for system (1) can be characterized completely, as shown in the following theorem.

Theorem 3.4. Under condition (H), there exists a d* > 0 so that system (1) has
a unique positive equilibrium (uf,ud, vy, v3) if and only if d < d*; in addition,
010
‘ 2 < 23132 122 .
0509 — a0y B309 — Bio1

Q1020102

Proof. System (1) has a positive equilibrium (u}, u3,vf,v3) if and only if

(01— —}) + (% 1) =0, (o — g —v3) +d(L —1) = 0,
1 2
* : )
v ()
(B —vf —u) (2~ 1) =0, (B 05 —u3) +d(h —1) =0
U1 Uy

is satisfied for uj,u3, v}, vs > 0. Let

* *
Uz U2

* 7 b: E
Uy U1

(3)

Combining each pair of equations (2), we obtain —oy 4+ d(a—b) = 0 and o5 +d(% —
#) = 0. Thus,
ab=22 = k,

g2
and 0 < k <1, as 0 < 01 < 03. Therefore

_ ot o2 + 4kd? po —O1Lt 0?2 + 4kd? (1)
2d T 2d '

Note that a, b are now expressed in terms of parameters, and a? > k > b%. With (3)
we substitute them back to (2) and obtain
(i) (a1 —uj—v])+dla—1)=0, (il) a(ag —aul —bv])+d(l —a) =0,
(iii) (B —vf —ui)+db—1)=0, (iv) b(Be —bvi —au})+d(1—b) =0
Solving (i) and (ii), we have
. aas+d—ad—k(a;+ad—d) .
uy = 2k , V] = a1 +ad—d—uj.
On the other hand, solving (iii) and (iv), we have
. DBy +d—bd—b*(B 4 bd — d)
e k— b2
The consistency can be verified: from d(a — b) = o1, we see that a1 + ad — d =
51+ bd — d and
acy +d—ad — k(o +ad —d) by +d — bd — b2(By + bd — d)
a?—k B k—0b2
Hence, the unique positive equilibrium exists for system (1) if and only if
acs +d —ad — k(o + ad — d)
a? —k

, v] = f1+bd —d—uj.

o +ad—d> >0, (5)
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or equivalently,

b d — bd — b? bd — d
B + (B + )>O

Bi+bd—d> - : (6)

First, since b < 1, we have 5 — b3, > 0, and
bBs + d — bd — b*(B1 + bd — d) = b(By — bB1) + d(1 — b) + b2d(1 — b) > 0,
for all d > 0. Next, we shall find the condition under which the left inequalities
of (5) and (6) hold. These inequalities are equivalent to G(d) > 0 and F(d) > 0
respectively, where
F(d) :=d(1 +a*)(a — 1) + a1a® — asa,
G(d) := k(B1 + bd — d) + bd — d — Bab.
Let us study the property for functions F and G. Note that

F(d) = %G(d).

We claim that G'(d) < 0, for all d > 0. Indeed, since b = AR AV i W,k‘ = 2,

we have
g1 b

S— L ——
d\/o? + 4kd?

b =V(d) =
We then compute

G'(d)=k(Md+b—1)+ Hd+b—1) — Bl
= (k+1)('d+b—1) — Bob/

01b ’
=k+1)(———=+b—-1) — 52D
4 )i +0=1) =
2kd
=k+1)(——= 1) — BV
B4 D~ 1)~
< 0.
Next, we show that
1020102

F(d 0, fi N d< ——~
( )> ’ ora - 0430'2704%0'17
B1B20102

G(d) <0, forall d> 29192
(@) By — For

We consider b < aalzk, then a = % > 2 5 1 and

= o

F(d) = d1+4ad®)(a—1)+a1a® — aza
d(1+a*)(a — 1)+ alaia — o)
> 0.

Note that

b . —01 =+ \/O’% +4k‘d2 < Ollk
B 2d T Qo
is equivalent to
0?2 + 4kd? <0 n &k

2d _ﬁ 0127
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and
Q120102
= 72 2 _ -
Q502 — Q701

On the other hand, considering b > % and using b < 1, we have

G(d) = k(Bf1+bd—d)+bd—d— b
= kdlb—1)+d(b—1)+ 1k — B2b
< 0.
Note that
) 01+ AT IR _ pik
2d — Bs

is equivalent to
V0?2 + 4kd? S I n M7
2d ~2d B
and
d> 251520 1C; 2 .
62 g2 — 51 01
We thus conclude that the system must have a positive equilibrium when

10020102
d<

a3oy —aloy’
and has no positive equilibrium when

4> B1520102
= Biog — Bior’

Since G'(d) < 0 for all d > 0, we can deduce that there is a unique point d* with

Q1020102 . B1B20102
2 2 d” < o 2
Q509 — Qo] 8309 — Bio1
such that F(d*) = G(d*) = 0. This completes the proof. O

Corollary 3.5. If 01 = 03 = o in condition (H), then d* can be computed exactly
as

g = (08— o) — /(e — a})> — 1681820 (8> — o)
8(f2 — 1)
Proof. If 01 = 09 =0, thenab=1,a > 1 > b, and
i AN R ey v
2d ’ 2d ’
By argument similar to above, we have
. aazx+2d—2ad—o;

— . *
uy = 21 , v =a1+ad—d—uj.

or
. DBy +d—bd—b*(B 4 bd — d)
= 1— 12
The consistency can be verified as
acs 4+ 2d —2ad —a;  bBa +d —bd — b*(B1 + bd — d)

, v] = f1+bd—d—uj.

a? -1 1— b2 ’
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and a; + ad — d = 1 + bd — d. Hence, the unique positive equilibrium exists for
system (1) if and only if
aas + 2d — 2ad — o

a1 +ad—d > o

> 0, (7)
or equivalently
bB2 +d — bd — b?(B1 + bd — d)
1-02
The left inequalities of (7) and (8) are equivalent to G(d) > 0 and F(d) > 0, where
F(d):=d(1+a*)(a—1)+aa® —aza and G(d):= 2bd —2d — fB2b + f31.
Notice that

B +bd—d>

> 0. (8)

a?—1
F(d) = 2" _qG(d).
=36
We claim that G’(d) < 0, for all d > 0. With b = =o+vo-+4d W, we compute
bo
b =b(d) = ————= >0,
(@) dvo? + 4d?

and
G'(d)=20b'd+b—1) - Bt/
ob

(T 1) = o
( 1P ) — B2
2d
—o(——t ) B
( NPT ) — B2
< 0.

Now, let us solve G(d) =0, i.e.,
0 = 2bd—2d—bB+

2d(—0 + V0?2 + 4d?) — 4d? — Bo(—0 + Vo2 + 4d?) + 231d
2d ‘

Since d > 0, we consider
2d(—0 + Vo2 + 4d?) — 4d* — Ba(—0 + /02 +4d?) +28,d = 0,
ie.,
(—2do — 4d* + Boo + 2B1d)* = (B2 — 2d)?(0? + 4d?),
and
4(By — a1)d® + (aF — a2)d + 1 B0 = 0.
Therefore, there are two roots

iy = (03 — o) £ /(03 — a1)? — 1681520 (B2 — 1)
8(B2 — a1)
Actually, the graph of G(d) only intersects d-axis at one point. Hence, the only

solution to equation G(d) =0 is

aj —af) — /(a3 — af)? — 1681820 (B> — )
8(B2 — 1)

This completes the proof. O

d*::d_:(
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Note that (uf,us, v}, vs) is a positive equilibrium of system (1) if and only if
(uf,ub,vi,vs) satisfies

a; —ul —vi =—d u—,{—l), Qg —uy — vy = —d @71, )
. F
—uf = =—d(¥ — —ur—ur=—d(%u —
B1—ui —vi =—d o 1), B2 —ub —vs=—d oF 1

Remark 1. From the proof of Theorem 3.4, Corollary 3.5, and (9), we have actually
obtained the following results.

(i) @ > 1, and ub > uj.

(if) b < 1, so vj < vj.

(iil) wivy < wujvi. If o1 = o9, then udvi = ujvy.

(iv) d(ubvi — uivl) = ogudvy = oruivi.

(v) vi,v5 = 0, as d — (d*)~. That is, the positive equilibrium (uf,u}, vy, v3)
degenerates and merges into the semi-trivial equilibrium (u;,us,0,0) at d = d*.

Corollary 3.6. Under condition (H), if d < d*, then
a1 <ul+v] < P1 < fo<uy+v; < as.

Proof. By Theorem 3.4, we have uj > uj and v; < vf. From (9), we see that
o1 <uj+v7 < B <P <us+vi <ag,ifd<d. O

3.3. Qualitative properties for semi-trivial equilibria. The following two
propositions provide some qualitative properties of the semi-trivial equilibria.

Proposition 3.7. If a; < ag, the following hold for all d > 0:
(1) ap < up < uz < gy
_27_2 _ —
(i) (e — ) — (02 —1z) = 2L <0, (o 1) +(az—72) =d [2— (2 + 2] <
0;
(111) ar <up < % < U2 < ag.
Proof. (i) We argue by contradiction. Suppose that 4 > 4. By the equations for
u;, 1 = 1,2, we have

{uﬂm—uﬁ+ﬂm—uﬂ:

Hence, 11 < a1, as 41(aq —u1) = d(a; — @2) > 0, and 4g > g, as Us(ae — U2) =
d(t — @y) < 0. Therefore, @y > @y > 1z > a9, which contradicts the assumption
a1 < ag. Thus 41 < 1p. Furthermore, oy < %7 and @s < ap. Therefore, ay < 41 <
Uz < Q.

(ii) By the equations of @;, i = 1,2, we have

al—alzd 1 — %2

5
ag—’L_LQZd 1—%
Then
_ _ d(u? — u3
(a1 — 1) — (g — ug) :M <0,
U1U

where the last inequality follows from %; < @s. By the equations of @; we also have

(al—ul)—i-(ag—uQ):d[Q—(w—i-z_“)} < 0.

up Uz
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(iii) From (i), we only need to prove #; < 1392 and 2192 < gy, By (i) and (ii),
a1+ ag < Uy + Uz < 2ue. Hence % < uy. To prove 17 < %, we argue
by contradiction. Suppose that @, > % Then, since function z(z — «y) is
monotone increasing for z > ay /2,

2 _ 2
o a5 —a
U1 (ul — al) Z % (10)
Similarly, since z(as — z) is monotone decreasing for z > as/2,
a3 —af
17/2(0(2 — ﬂg) < % (11)

From the equations for @; we have
Uy (aq — Uy) + Uz — u2) = 0,
which contradicts (10) and (11). O

The following proposition can be obtained by arguments similar to those for
Proposition 3.7 .

Proposition 3.8. If 81 < (2, the following hold for all d > 0:

(i) B1 <01 <02 < Pa; L.

(i) (B —51) = (B2—02) = “HE) <0, (Bi—0) +(B—72) =d [2— (
(iil) B1 < 1 < 2382 < 5, < Bs.

+

) <o

Note that for the special case d = 0, we have 4y = a1, U = ag, v1 = 1 and
U9 = 5. The next two propositions are dependent of the size of dispersal rate d.

S“»—-‘

S“l\)‘

Proposition 3.9. If a; < as, the following hold:

(i) @1, a2 — 0‘1;”"2 as d — 00;

ii) d is strictly decreasing with respect to s on (9F2 «y), and d is strictly in-
2

creasing with respect to uy on (aq, %)

Proof. (i) By the equations for @;, i = 1,2, we have
a1(aq —@y) +d(ag — 1) =0
g (o — u2) + d(u1 — ug) = 0.
From (12), @y and a9 satisfy
U3 — anlly — oty + 43 = 0,
regardless of the value of d. It can be seen from (12) that (a3 — @2) — 0 as d — 0.
Thus @, 42 — % as d — 00.
(ii) From Proposition 3.7, we have 4 € (a1, 2592) and 4y € (“5%2, a,). From
(12), w1 and uy satisfy
W2 — a1l + U5 — aotiy = 0.
Let us solve for #; as a function of us:
a1+ /a? — 4u3 + dastis
2
since 0 < ay < @1 and @e < . From (12), we can express d as a function of us:

Uy =

— — 72 —
U (g — U2) —u3 + oz _
d=— — = =: h(ag).
U — U1 _ o+ a% 74ﬁ§+4a2ﬂ2
uz — 2
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We claim that d is strictly decreasing with respect to @y on (%,ag). Direct
calculation yields

R (u2)
= [(—2112 + az) (az - <a1 + /a2 —4@2 + 4a2a2> /2> - (—ag + agﬁz) .
1y o o2 _\—3 _ - [ 2 _ a2 - 2
1-— 1 (0‘1 —4as + 4a2u2) (—8usz + 4as) /(B2 — (a1 +4/af —4u3 + dosts ) /2
= [(—2112 + az) <a2 - <a1 + /a2 —4u3 + 4a2a2> /2) + 1o (T — ag)
2 2 -1 2
+in (—U2 + az) (—2u2 + a2) (al —4a; + 4a2a2) 2] / (az - (a1 +4/a2 —4ud + 4a2a2> /2)

Let us focus on the numerator. For the first term, we see that

_ _ a1/ a?—4a2+4asiis
(—211,2 + 042) <U2 — s 3 2 ) <0,

on (2192 ay) since @y < 1s; for the second term,
U (1_1,2 - CMQ) <0,

on (@, ag); for the third term,

U (—’L_LQ + 042) (—2112 + 0[2) (a% — 4’&% + 40[2’&2)_5 <0,

on (2392 q,). Therefore, we obtain h'(ud2) < 0 on (21522 ay). Namely, d is

strictly decreasing with respect to 4y on (%,ag). Next, we prove that d is
strictly increasing with respect to @; on (a1, %) From (12), @; and ug satisfy

ﬂg — Qs + 7._1,% —u = 0.

Let us solve for w9 as a function of @;:

_ ot VaZ —4a? + daq iy
2

since a; < @1 < U2 < ag. From (12), we can express d as a function of :

,2 —
—ui + a1u -
L ! =: g(u1).

d:

_ az+y/al—4u3 +4ay Uy
uy — )

A direct calculation yields
. oo cetyed-daftdagar) o, L (02 a2 aeias) "% (_sa
(—2ay+aq) @ - —2 1= 2 | (—aftagay)|1-§ (a3 -4af+daray)” 2 (~8as+daq)
 agty/aZ-daftaaia, 2
4y - 2TV T I T

g'(a) =

ag+y/aZ—4a?tdaqa, _1
(—2aq1+aq) <ﬂ172+ +ay(ag —ap)+ (-3 +agay ) (231 +ay) (a§—4af+aara) " 2
P
_ agty/aZ—dal+aaqaq
L e A

Let us focus on the numerator. Every term is positive for u; between «; and

araz  Thus we obtain §'(@;) > 0 on (cy, ©422). Namely, d is strictly increasing
with respect to @; on (a, QI;O‘Z). O

The following proposition can be obtained by arguments similar to those for
Proposition 3.9.



TWO-SPECIES COMPETITION WITH DISPERSAL 961

Proposition 3.10. If 8, < B2, the following hold:

(i) 01,02 — L;’B"‘ as d — 0o;

(ii) d is strictly decreasing with respect to vy on (w,ﬁg), and d is strictly in-
creasing with respect to v on (i, W)

3.4. Stability analysis of the semi-trivial equilibria. In Subsection 3.1, we

have derived the Jacobian matrix for system (1). At (1, u2,0,0), the Jacobian
matrix is

o] — 2711 —d d —Uq 0
d Qg — 2@2 —d 0 —Ug
0 0 B1—u1 —d d ’ (13)
0 0 d P2 —uz —d

and at (0,0, 71, 03), the Jacobian matrix is

o] — UV — d d 0 0

d g — Uy —d 0 0
—U1 0 B1— 201 —d d

0 — d P2 — 203 —d

First, let us focus on the semi-trivial equilibrium (0,0, ¥1, ¥2).

Proposition 3.11. Under condition (H), the semi-trivial equilibrium (0,0, 71, 72)
is unstable in system (1) for any d > 0.

Proof. It can be computed that the two eigenvalues of matrix
b1 — 201 —d d
d Bo — 209 — d
are negative, under condition (H). The instability of (0,0, o1, v2) is determined by
the sign of the larger eigenvalue (denoted by Ay) of

d(p2 — 1) + p1(a1 — v1) = A1,
d(p1 — 2) + pa(a — U2) = Apa.

By a direct calculation,

1
)\+:§[(al—171+042—172—2d)+\/(a1—@1—a2+62)2+4d2 }

If aq — 01 +ay — s —2d > 0, then Ay is already positive for all d > 0. If
a1 — U1 + ag — Uy — 2d < 0, then we claim that A, > 0 for all d > 0. If not,

—(a1—171+042—172—2d)2\/(041—171—042+172)2+4d2

for some d > 0. A direct calculation yields

(a1 —v1)(ap — 02) — d(a1 — V1 + az — v2) > 0.
Since oy = f1 — 01 and agy = B2 + 09, we have
(B1 =01 —01)(B2 — Vo +02) —d(B1 — V1 + B2 — V2 + 02 —01) > 0.
Then

[d(l—;i)—al} {d(l—g;)-ﬁ-()’g] —d? [2— (;iﬂ’_};)} —d(og — 1) >0,

by the equations for ¥;, i = 1,2 and Proposition 3.8(ii). But then

oad (1 — ?) —o1d (1 - ?) — o901 —d(og —01) >0
1 2
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is a contradiction, as the left-hand side of the inequality is negative, due to 77 < v9
and 0 < 01 < g5. Therefore, Ay > 0 for all d > 0.

For the special case 07 = 02 = 0, we can provide another argument. Since
a1 = 1 — o and as = Py + o, we have

)\+:%|:(ﬂ171_)1+52*52*2d)+\/(ﬂ1761762+@2*20)2+4d2].

Hence, for any o > 0,
Oy 20 — By + P2 + 01 — U2 S —b1+ P2+ 01— V2

do \/(51*51*52+@2*20)Q+4d2 B \/(51*@1*52+@2*20)Q+4d2'

Hence, by Proposition 3.8(ii), we have

%20, for all o > 0.
oo

By the equation for v;, i = 1,2, we know Ay = 0 at ¢ = 0. Hence, Ay > 0 for any
o> 0.
As for the other eigenvalue

1
)\,:5 {(al—171+a2—172—2d)—\/(a1—171—a2+@2)2+4d2},

similar computation shows that A_ < 0 for any d > 0. This completes the proof. [

Next, we study the stability of (a1, 42,0, 0), by calculating the eigenvalues of the
two 2 x 2 Jacobian matrices obtained from (13):

ap —2u; —d d B1—uy —d d
[ d a2—2u2—d} and { d @—uQ—d} (14)

Proposition 3.12. Under condition (H), there exists a d > 0 so that the semi-
trivial equilibrium (11, u2,0,0) is asymptotically stable if d > d, and unstable if
d < d, in system (1); in addition,
Q120102 7 p1P20102

adoy — afoy Bioy — Bior’
Proof. First, we calculate the eigenvalues of the first matrix in (14), i.e., we solve
for A in -

d(p2 — 1) + @1(a1 — 2u1) = Ay,

d(p1 — ¢2) + pa(az — 2Us) = Apa.
By a direct calculation, the two roots are

1
)\1’2 = — [(al — 2’[141 + ao — 2@2 — 2d) + \/(Ckl — 2@1 — Qg + 2’[7,2)2 + 4d2} .

2
Note that a3 — 2ty + ag — 29 — 2d < 0, by Proposition 3.7(ii). Thus,
1
AL = 3 [(041 — 21 + ag — 2y — 2d) — /(a1 — 20 — @z + 205)% + 4d2} <0.

On the other hand,
(o — 20y + g — 20y — 2d) + /(a1 — 2ty — g + 20)? + 4d2
< (a1 —2u1 + ag — 2us — 2d) + |1 — 241 — ag + 2us| + 2d
< 2(a; — 2uy)
=2(ay — @) — 22Uy
<0,
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if a; — 241 — g + 26y > 0, by Proposition 3.7(i). If a; — 241 — ag + 2tp < 0, then

(o — 20y + g — 21y — 2d) + /(a1 — 2ty — g + 20)2 + 4d2
< 2(az — 2u2)
<0,
by Proposition 3.7(iii). Thus, A3 < 0. Notably, the signs of eigenvalues A; 5 are
independent of the size of dispersal rate d. Therefore, we obtain A\; 2 < 0 for d > 0.
Next, we calculate the eigenvalues of the second matrix in (14), which satisfy
d(p2 — 1) +1(B1 — 1) = Mg,
d(p1 — ¢2) + 2(B2 — U2) = Apa.
By a direct calculation, the two eigenvalues are
1

)\3,425 (ﬁ1—ﬂ1+52—a2—2d):F\/(51—ﬂ1—52+ﬂ2)2+4d2}-

Since oy = By — 01 and as = B + 09, we have

51—ﬂ1+62—ﬂ2—2d:a1—ﬂ1+a2—ﬂ2—(02—01)—2d<0,
by Proposition 3.7(ii). Hence,

/\3=% (61—ﬂ1+ﬂ2—a2—2d)—\/(,81—a1—62+a2)2+4d2} <0,

for d > 0. The following calculation focuses on the sign of the eigenvalue \4.
Consider
As = Aag(d) := (B1 — 1 + B2 — Uiz — 2d) + \/(B1 — U1 — Ba + U2)? + 4d>.
Note that (81 — @1 + B2 — 2 — 2d) < 0, and Ay(d) > 0 if and only if
(Br — 1) (B2 — u2) — d(Br — t1 + B2 — u2) < 0. (15)

Since a1 = 81 — o1 and ag = B2 + g9, (15) is equivalent to

(a1 — U +O’1)(OZ2 — Uy —0’2) - d(a1 — Ul + g — Ug — (0'2 —0’1)) S 0,

ie.,

{d(l—g?)—i—al} [d(l—Zl) —02] —d? [2— (g?ﬁé;ﬂ +d(og — 1) <0,

by Proposition 3.7(ii). This inequality is simplified to
d(O'QUQ—ij) SO’10'2. (16)

Now from (16) and the equations for @;:

a1(aq — @) +d(ig — 1) =0 an
tip(vy — g) + d(Ty — z) = 0,
we have
o1ls — 03ty — d(og — 01) > 0109 — 02001 — 01073. (18)

When the equality in (18) holds, the solution (@1, @2) of (17) satisfies

o oo o1o T d(oz —01) £ \/[o101 + d(02 — 01)]2 + dord[o1az — o201 + d(o2 — 01) — 0103)]
1= )
201

_ ogaz —d(o2 — o1) £ \/[Ugag —d(o2 — 01)]2 — doad[oras — o201 + d(o2 — 01) — 0102]
209 '
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Since 0 < a1 < @y and % < Uy < ag, we choose

i ora1 +d(oz — o1) + /[o1a1 + d(o2 — 01)]2 + dord[o1as — o271 + d(o2 — 01) — 0103]
1= )
201

__ ozaz —d(o2 —o1) + \/[02042 —d(o2 — 01)]2 — doad[or1as — o201 + d(02 — 01) — 0102]

209

From (18), we define
g(d) = [0’1112(d) — Ugﬂl(d) — d(O’Q — 0'1)] — [0’10[2 — 09011 — 0'10'2]. (19)

If d = 0, then @y = oy and @ = ag, and g(d) = o102 > 0. Recall that oy < @1 <
al;‘” < g < ag in Proposition 3.7(iii), and d is strictly decreasing with respect
to 4o on ("‘1;0‘2 ,a0), and d is strictly increasing with respect to @; on (a1, 0‘1;"‘2 ),
by Proposition 3.9. Thus, o1u2(d) — o211 (d) is a strictly decreasing function of d.
Accordingly, g(d) is a strictly decreasing function of d and there is a unique d > 0

such that g(d) = 0. More precisely,
g(d)>0,ifd<d
g(d)=0,ifd=d
g(d) <0, if d > d,

correspondingly,

>0, ifd<d
=0, ifd=d
A <0, if d > d.

Unfortunately, it is very difficult to find the exact value of d. Here, we shall estimate
the range of d. From Proposition 3.7(iii) and Proposition 3.9, we know ,Z—W) < 22

1(d)
and Ziggg is a strictly decreasing function of d. Moreover, g(d) < —cj109 — d(02 —

01) < 0 when @;(d) = 81 and u2(d) = B2. We consider % < Z?gjg < 22. By (16),

Q10010 s (d «
d= 212122 , when 72():—2,

a509 — ooy u1(d) o

d B1B20102 us(d) B
= 55 . a5 when — = —.

Bs09 — Bioy u(d) B

Hence,
Q1020102 7 B1B20102
ados — aloy B3oy — BP0,

Therefore, we obtain Ay > 0 if d < d_, and Ay <0if d > J, where
Q100102 = B1B20102
adoy — aloy B2oy — Bioy
Therefore, we conclude that at the semi-trivial equilibrium (@1, 42, 0,0), the four

eigenvalues of the Jacoblan matrix are Ay, Ag, A3 < 0 for all d > 0, and Ay > 0 if
d<d, M=0ifd=d,and \y <0if d > d. O

Corollary 3.13. If 0y = 09 = o in condition (H), then d can be computed exactly
as

(a3 —a?) — /(a3 — a3)? — 1631 B20 (B2 — Oél)
8(B2 — 1)

J:
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Proof. As 01 = 02 = o, (16) reduces to
a(2-2) <o
(5% U9

Ug — Uy > P2 — aq. (20)

and (18) reduces to

In addition, @, and us reduce to

Gy — a1 + \/af +24d(52 - 041)’ Ty = oo + \/043 —24d(/32 - 041)- (21)

From (20), we define
h(d) := (uz(d) — u1(d)) — (B2 — o).

In particular, if d = 0, then 4y = a1, s = @z, and h(d) = ¢ > 0. Observe that
h is a strictly decreasing function of d, by Proposition 3.7(iii) and Proposition 3.9.
Under condition (H), there exists a unique d > 0 such that h(d) = 0; in addition,
h(d) > 0 if d < d, and h(d) < 0 if d > d. This corresponds to Ay = 0 if d = d,
A > 0,if d < d, and Ay < 0 if d > d respectively. Now, let us find d > 0. When
the equality in (20) holds, by (21), we have

ag+ /a3 —4d(fy — 1) a1+ /of +4d(B2 — 1)
2 2

By a direct calculation, this is equivalent to

= P2 —ay.

2(Ba—a1)?—2(Ba—a1)(a—ai)—aian = —\/(04% +4d(B2 — 1)) (a3 — 4d(B2 — a1)),
and hence
4(By — aq)d* — (a3 — a3)d + By 20 = 0.

Therefore,

q, — (3= oD /(03 —a)? ~ 1681550 (F2 —on)

8(f2 — a1)

We choose d = d_, i.e.,

a3 —af) — /(03 — a2)? — 1651 B20 (B2 — 1)
8(f2 — aq)

This completes the proof. O

P

3.5. Coexistence of two species and extinction of one species. Recall Theo-
rem 3.4 that the positive equilibrium (uj,us, v}, v3) exists if and only if d < d*, and
Proposition 3.12 that the semi-trivial equilibrium (1, @z, 0, 0) is unstable if d < d,
and asymptotically stable if d > d. The range we estimated for d* in Theorem 3.4
coincides with the one for d in Proposition 3.12, when oo > 0. Moreover, d* = d,
when oy = 01, by Corollary 3.5 and Corollary 3.13. The following theorem asserts
that d* coincides with d exactly, and the dynamical scenario for system (1) becomes
completely transparent.

Theorem 3.14. d* = d, for any 01,02 with 0 < o1 < 7.
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Proof. From (16) and (19), we see that g(d) = 0 if and only if

i.e., d satisfies

- 1
d <0’2(_10'1> — 0109.
a

— 2
o1+ /o2 + 4kd
! L : (22)
2d
where k = 0y /09, as ia/t; > 1. When considering @y /% as a function of d, d = d

is the only value such that the expression (22) holds. From Remark 1, we see that
vy, vy — 0, and uj — 4y, ud — Gz, as d — (d*)~. Therefore,

Thus,

a =

> t 2 dk(d*) 2
lim a(d)= lim %(d) — g(d*) _oatvoi+t (d*)
d—(d*)~ d—(d*)= uj U1 2d*

as seen in (4) in the proof of Theorem 3.4. We thus conclude that d* = d. O

Combining the discussions in Subsections 3.1-3.4, we obtain the following coex-
istence of two species when d is relatively small.

Theorem 3.15. Assume that condition (H) holds for system (1). If d < d*, then
the unique positive steady state (uf,ud,vi,v3) is stable, and lim;_, oo (u(t), ua(t),
Ul(t)an(t)) = (UTaUEaUT»U§)7 for all (ul(o)vu2(0)7vl(0)7v2(0)) € Ri with ul(o) +
u2(0) > 0 and v1(0) + v2(0) > 0.

Proof. That the positive steady state (uf,us,v],vs) uniquely exists if and only if
d < d* was proved in Theorem 3.4. The instability of the two semi-trivial equilibria
was indicated in Propositions 3.11 and 3.12. Therefore, the assertions follow from
Theorem 4.4.2 and Corollary 4.4.3 in [7], or Theorem 3.2. O

The following theorem indicates that the v-species is driven to extinction when
d is relatively large.

Theorem 3.16. Assume that condition (H) holds for system (1). If d > d*, then
limy s o0 (1 (8), ua(t), v1(t), v2(t)) = (41, 42, 0,0), for all (ui(0),us(0), v1(0),v2(0)) €
R with u1(0) + uz(0) > 0.

Proof. If d > d*, then case (a) of the trichotomy in Theorem 3.3 does not hold, as
the positive equilibrium does not exist, by Theorem 3.4. Case (c) does not hold
since (0,0, 71, 72) is unstable, by Proposition 3.11. Therefore, case (b) holds. The
assertion now follows from Theorem 4.4.2 in [7] or Theorem 3.3. O

That the equilibrium (@, 9, 0,0) is globally asymptotically stable for d > d*
now follows from Proposition 3.12 and Theorem 3.16. At d = d*, the local stability
for (@, u2,0,0) can be concluded by some comparison argument. We have therefore
established Theorem 1.4 from Theorem 3.15 and Theorem 3.16.
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4. Other case. Propositions 3.11 and 3.12 actually improve and extend Proposi-
tions 1.1, 1.3 in Section 1, reported in [3]. Proposition 1.2 can also be generalized
in a similar fashion.

Consider 81 < a1 < as < f2 (compared to a; < 1 < P2 < as in Section 3).
More precisely, we consider

Condition (Hl): 0<fri<ar=p1401 <ay=Py— 09 < P,
B2 — B
72 .

We need o1 < % to ensure a1 < as. When o1 = o9, condition (H;) reduces
to the consideration in [3]. The following theorem can be obtained by arguments
similar to those in Theorem 3.4 and Corollary 3.5.

with0< o1 <ogand 0 < o1 <

Theorem 4.1. Assume that condition (Hy) holds. There exists a d* > 0, so that
system (1) has a unique positive equilibrium (uf,ud, vy, v3) if and only if d < d*.
In addition,
B1B20102 * Q10020102
B304 — Bio1 a3os —adoy’
In particular, if o1 = 02 = o, then

(83 = B?) — /(83 — B1)? — 161020 (az — B1)
8(aa — 1)
The following propositions improve and extend Proposition 1.2 in Section 1,

reported in [3]. They are obtained by arguments similar to those for Propositions
3.11, 3.12; and Corollary 3.13.

d* =

Proposition 4.2. Under condition (Hy), the semi-trivial equilibrium (41,42, 0,0)
is unstable in system (1) for any d > 0.

Proposition 4.3. Under condition (Hy), there exists a J7> 0 so that the semi-trivial
equilibrium (0,0, 01, v2) is unstable in system (1) if d < d, and asymptotically stable
if d > d, where
B1B20102 s Q100102
ﬂ30'276120'1 0430'2704%01.
In particular, if o1 = 09 = o, then
(85 = B1) — /(B3 — B1)? — 16a1az0(az — f1)
8(ag — B1)

It can be further shown that d* = d. Assertions similar to those in Theorems

3.15, 3.16 can thus be concluded.

J:

5. Numerical illustrations. We provide two examples to illustrate the bifur-
cation of dynamics for system (1) with respect to the dispersal rate d, which is
concluded by the present theorems.

Example 1. Consider system (1) with a1 = 1,0 =3, 1 = 1.5,82 = 2.5, i.e., 01 =
o9 = 0 = 0.5. Then d* = 0.3, according to Theorem 3.4. Figure 1 demonstrates
the bifurcation diagram with respect to the dispersal rate d. The globally stable
positive equilibrium (u}, ud, v}, v3) exists for d < d* = 0.3 and collides with the
semi-trivial equilibrium (%, %2,0,0) at d = d* = 0.3. For d > d = 0.3, (4,12, 0,0)
becomes globally attractive.
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a,=1,0,=3,8,=15,B,=2.5

3 - T - T T T
u'I
2+ o
u2
I,—[l ||
1 _
U,
0 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
d
3 T T T T T
- . -V1 i
2_ *
VZ
~ v,
~ 1
T Nag = 1
~ V2
4
~~~
Sy
0 | 1 L3 e [ P
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
d

FIGURE 1. Bifurcation diagram for the equilibria of system (1)
with 51 = 1.5, 2 = 2.5,01 = 09 = 0.5, with respect to d.

Example 2. Consider system (1) with 8; = 1.5, 83 = 2.5, same as Example 1, but
with a3 = 1.2, a9 = 3.1, i.e., 07 = 0.3,02 = 0.6. Then 0.13 < d* < 0.22, according
to Theorem 3.4, as marked by two vertical pale lines in Figure 2. The bifurcation
scenario, depicted in Figure 2, is similar to Example 1.

6. Conclusion. We have characterized the global dynamics for a system modeling
competition of two-species living in a two-patchy environment. The coexistence
state exists for smaller dispersal rate d < d* where d* can be expressed or esti-
mated by the birth rates. The stability of two semi-trivial equilibria (@1, @z, 0,0)
and (0,0,71,73) can also be analyzed completely. For the most interesting case
a1 < 1 < P2 < ag, where u-species has larger birth rate than v-species in the
second patch, while v-species has larger birth rate than u-species in the first patch,
(0,0,v1,72) is unstable for any d > 0. On the other hand, one of the eigenvalues
of the linearized system at (@1, u2,0,0) changes from positive to negative as d in-
creases from 0 to d*, and (1, 1s,0,0) becomes globally attractive for d > d*. Thus,
for a sufficiently small dispersal rate, the two species can coexist. For a sufficiently
large dispersal rate, the two species cannot coexist and the winning strategy is for
a species to concentrate its birth on a single patch. This winning strategy might
explain the group breeding behavior that is observed in some animals under certain
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(11 =1.2, 0(,2=3_'| , [31='] .5, Bz=2'5

3F=—= - — — |_ — T T T T T —
u1
2 B - == u2 .
—1 ||
1F i, [
0 1 1 1 1 1 1 1
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4
d
3 T T T T T T T
- . -V1 |
2 "1
V2 1
~ ~ vl
1+ ~o _
~o v,
~
N -~ o
0 L -~ e — e L |
0 0.05 0.1 0.15 0.2 0.25 03 0.35 0.4
d

FIGURE 2. Bifurcation diagram for the equilibria of system (1)
with f; = 1.5, 81 = 2.5,01 = 0.3, 05 = 0.6, with respect to d.

ecological conditions. Theorem 3.15 and Theorem 3.16 have resolved the conjectures
by Gourley and Kuang, stated in Section 1.
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