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Abstract. Due to their very high replication and mutation rates, RNA viruses
can serve as an excellent testing model for verifying hypothesis and addressing
questions in evolutionary biology. In this paper, we suggest a simple determin-
istic mathematical model of the within-host viral dynamics, where a possibility
for random mutations incorporates. This model assumes a continuous distri-
bution of viral strains in a one-dimensional phenotype space where random
mutations are modelled by Brownian motion (that is, by diffusion). Numer-
ical simulations show that random mutations combined with competition for
a resource result in evolution towards higher Darwinian fitness: a stable pulse
traveling wave of evolution, moving towards higher levels of fitness, is formed
in the phenotype space. The advantage of this model, compared with the pre-
viously constructed models, is that this model is mechanistic and is based on
commonly accepted model of virus dynamics within a host, and thus it allows
an incorporation of features of the real-life host-virus system such as immune
response, antiviral therapy, etc.

1. Introduction. Viral evolution is probably the most significant single factor ac-
countable for emergence of new and drug-resistant pathogens and preventing a de-
velopment of effective drugs and vaccines. Furthermore, due to their extremely high
replication rates (reaching and in some cases exceeding 105 per day) and high rates of
mutation (of approximately 10−4–10−5 per nucleotide base per cycle of replication)
combined with recombinogenic properties of reverse transcriptase [15, 18], RNA
viruses can also serve as excellent models for addressing questions and verifying
hypothesis in evolutionary biology. Despite its apparent significance, comparatively
little mathematical work, in particular using deterministic modeling, has been done
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so far in modeling viral evolution. The usual approach in this direction is to employ
multi-strain models which explicitly assume the existence of a discrete [6, 16, 21] or
continuous [7, 14, 19, 24] set of viral strains. These strains can be arranged into a
discrete or continuous phenotype space (also known as variant space, strain space,
or fitness space); among other advantages, the concept of phenotype space allows
to define a distance between phenotypes [4, 5, 6]. The strains are either predeter-
mined [2, 3, 8, 22], or emergence of new strains is assumed to be possible due to
random mutations; the latter can be modeled by dispersion (diffusion) [7, 14, 24, 19]
or its finite-difference equivalent [6, 21], or directly described by a stochastic pro-
cess [16].

Tsimring et al. [24] suggested a model of viral evolution where random mutations
are described by diffusion in a one-dimensional continuous fitness space. The model
exhibits solutions in the form of a pulse-type traveling wave of evolution. An appar-
ent defficiency of the Tsimring et al. model is that the model is phenomenological,
and, as such, the model is not derived from biologically motivated hypotheses or
assumptions, but is, instead, an equation with an expected dynamics. The model
assumes a sort of “predation” of the more fit viral strains upon the less fit strains:
the presence of more fit strains makes the proliferation of the less fit strains nega-
tive, while the presence of the less fit strains promotes the proliferation of the fitter
strains. (Thus the model implies that there is no reproduction if the only one strain
is present.)

To study co-evolution of a pathogen and an immune response (antigen drift)
within a host Sasaki [20], Haraguchi and Sasaki [7], and Sasaki and Haraguchi [21]
constructed a pathogen-antibodies model with a discrete or continuous one-dimen-
sional strain space. In these studies, all strains were assumed equal and not interact-
ing in any way; this made the concepts of the positive selection and the increasing
fitness meaningless in this model framework. The model exhibits the evolution
of antigen variants in the form of a pulse traveling wave in the strain space; on
this basis, the authors came to a conclusion that the antigenic drift, by which the
pathogen can continuously escape the immune defence, is driven by immune re-
sponse. However, a more detailed analysis shows that the pulse wave observed in
these studies is a result of superposition of two distinct traveling waves. The first of
these waves is of the standard Kolmogorov-Fisher type [11] and describes the spread
of the pathogen in the strain space by diffusion; this wave is followed by a delayed
wave of specific immune response, which annihilates the strains which activate this
response (and thus changes the shape of the first wave). For this model, neither
existence of the first of these waves, nor its speed of propagation depends on the
presence or absence of the second wave. Lin et al. [14] further develop the Sasaki
model introducing the idea of a cross-immunity between the near strains into the
model. The Lin et al. model shares the shortcomings of the Sasaki model (such as
the same level of fitness of the strains and their interact only via cross immunity,
which makes the idea of positive selection meaningless) and also exhibits a pulse
traveling wave (which is also a superposition of two traveling waves, the first of each
is of Kolmogorov-Fisher type).

There is also a significant literature focused on the dynamics of several strains
with partial cross reaction (usually via cross-immunity), which circulate simultane-
ously in a population.

In this paper we suggest a mathematical model of the virus dynamics within a
host, which is based on the biologically motivated Nowak-May and Wodarz et al.
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models where a possibility for random mutations is incorporated. Simulations with
this model demonstrate that random mutations combined with competition for a
resource result in evolution towards higher Darwinian fitness.

2. Model. A basic model of virus dynamics within a host is comprises three inter-
acting populations, namely susceptible cells, infected cells and free virus particles,
and postulates that the free virus particles are able to infect the susceptible cells
(which after an instance of infection move into the infected population), and that
the infected cells produce the free virus particles. Such a model also assumes some
form of reproduction or recruitment of the target cells. Seminal models of this type
are due to Anderson and May [1], who formulated such a model to describe the
spread of microparasites with a free-living infecting stage in a insects population,
and Nowak and May [17], who suggested such a model to study HIV dynamics in
vivo. In the Nowak-May model, the dynamics of the populations are governed by
the following equations:

du(t)

dt
= b− αu(t)x(t) − σu(t),

dv(t)

dt
= αu(t)x(t) −mv(t), (1)

dx(t)

dt
= kv(t)− cx(t).

Here, u(t), v(t) and x(t) are populations of uninfected (susceptible) target cells,
infected cells and free virus particles, respectively. The model postulates that there
is a constant influx of the susceptible cells with rate b, that the rate of infection
is proportional to the populations of susceptible cells and free virus particles, that
the infected cells produce free virus particles at a rate kv(t), and that average life
spans of the susceptible cells, infected cells and free virus are 1/σ, 1/m and 1/c,
respectively.

If the life span of free virus particles is considerably shorter that these of the
susceptible and infected target cells (that is, if c � σ,m hold), than the free virus
population quickly converges to a quasi-equilibrium level proportional to the in-
fected cell population [10, 25, 26]. This allows a reduction of the 3-dim Nowak
and May model (1) to a 2-dimensional model. Indeed, if dx(t)/dt = 0 holds (at a
quasi-equilibrium state), then x(t) = kv(t)/c. Hence the third equation in system
(1) can be omitted, and the system takes the form

du(t)

dt
= b− βu(t)v(t) − σu(t),

dv(t)

dt
= βu(t)v(t) −mv(t), (2)

where β = αk/c. This model, which is due to Wodarz et al. [27], is probably the
simplest model of virus dynamics, and this will be the basis for a model developed
in this paper.

Properties of both these models are well-studied (see e.g. [12, 13, 25]). In par-
ticular, the generic properties of model (2) are entirely determined by the basic
reproduction number of the infected cells R0 = bβ/σm, which serves as a measure
of Darwinian fitness of the virus for this model. Specifically, if R0 ≤ 1, then an
infection-free equilibrium state Q0 = (u = b/σ, v = 0) is the only equilibrium state
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of the model, and it is globally asymptotically stable (that is, for non-negative ini-
tial conditions the system eventually converge to the equilibrium state). If R0 > 1,
then, apart from equilibrium state Q0, the model has a positive (endemic) glob-
ally stable equilibrium state Q∗ = ( b

σ
1
R0

, σ
β
(R0 − 1)), where both sub-populations

coexist.
Let assume that several viral strain simultaneously coexist. Each strain is de-

scribed by a set of parameters, and all possible values of these parameters form a
phenotype space; we assume that this space is continuous. In model (2) framework,
a strain is characterized by its basic reproduction number R0, which, as we men-
tioned, measures strains’s Darwinian fitness. Therefore, for model (2) it suffices to
consider a 1-dimensional phenotype space M = {s ∈ [0,∞)}, where variable s is
proportional to R0 (and hence it can serve as a measure of fitness as well). Then
v(t, s) is the distribution of the infected population in the strain space, and the
total infected population is V (t) =

∫

∞

0
v(t, s)ds.

The basic reproduction number R0 is proportional to the ratio of parameters β
and m. For the sake of simplicity, let assume that m is the same for all strains,
whereas β is a function of s. We assume in this paper that β(s) = as (where a > 0);
then the basic reproduction number is R0 = bβ/σm = bas/σm. New strains emerge
as a result of random mutations, which in a continuous strain space can be modeled
by dispersion. These assumptions lead to the following equations:

du(t)

dt
= b− u(t)

∫

∞

0

β(s)v(t, s)ds − σu(t),

∂v(t, s)

∂t
= β(s)u(t)v(t, s) −mv(t, s) + µ

∂2v(t, s)

∂s2
. (3)

The natural boundary condition for v(t, s) at s = +∞ is zero. The choice of a
condition at s = 0 is not obvious; for convenience we use the no-flux condition
∂v(t,0)

∂s
= 0. The system (3) should be complemented by non-negative initial condi-

tions u0 = u(0) and v0(s) = v(0, s).
The variable u is measured in cells·mm−3; v is the density of cells in the phe-

notype space, and hence it is measured in cells·mm−3. The cell production rate b
is measured in cells·mm−3·day−1; m and σ are measured in day−1, β and a are in
mm3·cells−1·day−1, and µ (variance of the distribution of v over s) is in day−1.

3. Results. Figures 1 to 4 show results of numerical simulations. For these simula-
tions, we consider HIV as the case study, and the system parameters correspond to
these for patient 2 in [9, 23]: b = 20 cells·mm−3·day−1, m = 0.8 day−1 and σ = 0.02
day−1. For convenience of presentation, a =10−3 mm3·cells−1·day−1; that yields
β(s) = s/1000 mm3·cells−1·day−1, and R0 = 1.25s. In simulations, µ is equal to
10−8, 10−7 and 10−6 day−1.

To mimic a real life situation, in Figures 1 to 4 the initial virus load was assumed
very low and the initial strains dispersion was narrow (see Fig. 3(a)):

v(0, s) =



















8(s− 0.9975) for 0.9975 ≤ s < 1.0,

0.02 for 1.0 ≤ s ≤ 1.005,

8(1.0075− s) for 1.005 < s ≤ 1.0075,

0 otherwise.

However, computations show that variations in magnitude or dispersion of the
initial infective level have a negligible effect on the long-term dynamics, and that
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for a relatively wide initial distribution its uppermost non-zero end only matters,
whereas the rest of the initial non-zero interval relatively quickly disappears. It is
noteworthy that the Tsimring et al. model exhibits the same effect [24].

Figure 1 shows the distribution of infected cells in the viral phenotype space
in time for 10 years for µ = 10−6; formation of a pulse traveling wave moving
towards increasing fitness (larger s) is clearly visible. (In this Figure, color corre-
sponds to concentration; see the legend on the right side of Figure 1.) This Figure
shows that random mutations in combination with competition for a “resource”
(susceptible target cells in this case) are sufficient to initiate viral evolution. For
µ = 5 · 10−7 day−1, the target cells (CD4+ T helper cells in this case) level reached
200 cells·mm−3 in roughly 10 years, which roughly corresponds to clinical observa-
tions [17].

A noteworthy feature of the traveling wave in Fig. 1 is that the speed of evolution
varies. (Figures 2 and 4, which show the dynamics of the uninfected and infected
populations, also exhibit this phenomenon.) Figures 1 and 2 show that the speed
of evolution depends on both the fitness of the viral strains and the abundance
of the susceptible target cells: evolution goes faster as the fitness grows, until the
susceptible population drops below a certain threshold; after this the shortage of
susceptible cells slows evolution, and thereafter its speed remains approximately
constant. In Figures 1, where µ = 10−6, this slow-down occurs after about 6.7
years after initial infection; for smaller µ evolution reaches this threshold later, but
the change of the dynamics becomes even more evident (see curves for µ = 10−7

and 10−8 in Fig. 2).
For relatively low µ (e.g. for µ = 10−8 in Fig. 2), for µ = 10−8 the varying speed

of evolution leads to the dynamics which has close qualitative resemblance with a
typical progression of HIV infection. In Fig. 2, a relatively short initial transition
period is followed by a longer period of slow evolution, which corresponds to a slow
decreasing of the susceptible target cells (CD4+ T cells) level. This period ends with
a fast acceleration of evolution resulting in a fast drop of the susceptible CD4+ T
cells level. This picture resembles the asymptomatic stage of HIV infection, when
CD4+ T cells counts slowly decreasing, and the abrupt drop of the CD4+ T cells
level at the end of this stage leading to the development of AIDS.

Simulations also show an increase of the viral diversity; Figure 3(b) shows dis-
tributions of the infected population in the viral phenotype space after 10 years of
evolution for µ = 10−6, 10−7 and 10−8. It is noteworthy, that on a long run the
viral diversity is nearly independent from its initial diversity.

4. Discussion and conclusion. Our objective was to construct a reasonably sim-
ple biologically motivated mathematical model of within-host RNA virus evolution.
The suggested model is a straightforward extension of the Wodarz model of virus
dynamics, where we assume the viral strains to be continuously distributed in a
1-dimensional phenotype space and incorporate a possibility of random mutation of
the virus. Numerical simulations demonstrated that for this model random muta-
tions combined with competition for a resource (the susceptible target cells in this
case) result in evolution towards higher Darwinian fitness.

A noteworthy result is that for this model the speed of evolution is not constant,
as it is for the Tsimring and the Sasaki models, but depends on (i) the fitness of
strains and (ii) the abundance of susceptible target cells. This feature results in
the dynamics, which qualitatively resembles the typical dynamics of HIV infection:
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Figure 1. Distribution of the infected cells in the viral phenotype
space in time for 10 years. Please note formation of a pulse-type
traveling wave of evolution and the varying speed of the wave.
Here, b = 20 cells·mm−3·day−1, m = 0.8 day−1, σ = 0.02 day−1,
a = 10−3 mm3·cells−1·day−1 and µ = 10−6day−1. The colors cor-
responds to infected cells (and viral) concentration: dark blue is
for zero concentration, while brighter colors are for non-zero con-
centrations (see a legend on the right-hand side).

following a short transition period, there is a prolonged period of relatively slow
evolution (when the CD4+ T cells level is slowly decreasing), which follows by a
period of a fast acceleration of evolution (and hence by an abrupt drop of the CD4+

T cells level). This period of slow evolution is similar to the asymptomatic stage
of HIV infection, which ends with a rapid drop of the CD4+ T cells level and a
development of AIDS.

In this paper, for the sake of simplicity, immune response is not included in the
model. A reason for this is that an objective was to demonstrate that immune
response is not necessary to initiate viral evolution, and that competition for a
limited resource is sufficient for natural selection. However, incorporating immune
response into this model is a reasonably straightforward task. The obtained results
indicate that immune response, when it is unable to eliminate virus, can accelerate
evolution. Indeed, as we mentioned, the simulations demonstrate that a scarcity of
the limiting resource slow evolution down, and hence a cutting the less fit strains
of a distribution and thus providing more resources for newly emerged fitter strains
should accelerate the speed of the traveling wave of evolution.
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Figure 2. The dynamics of the uninfected CD4+ T cells levels for
10 years for µ = 10−6, 10−7 and 10−8.
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Figure 3. Distribution of the infected population in the pheno-
type space; here (a) is the initial distribution, and (b) are the
distributions at t = 10 years for µ = 10−8, 10−7 and 10−6. (Please
note different vertical scales in (a) and (b).)

For simplicity we also assumed in this paper that incidence rate β (which for this
model is a product of the rate of virus production by an infected cell, an average
life span of a virus particle and the probability of infecting a cell by a virus particle)
varies for different strains while the coefficient m is the same for all strains. We
equally could assume the opposite, that is that m(s) is a function of s while β is
fixed. For instance, one could postulate m(s) = σ + a/s; this definition implies
that the fitness is inversely proportional to the cytopathogenicity of the virus: that
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Figure 4. The dynamics of infected population (a) and the infec-
tive force (b) for 10 years for µ = 10−8, 10−7 and 10−6.

is σ < m holds for the wild strain, and m(s) tends to σ as s → ∞. However,
for the Wodarz model (2), which serves as a basis for model (3), as well as for a
more complex 3-dimensional Nowak-May model, the viral fitness is described by a
single parameter R0, and, as a result, the latter assumption leads to an analogous
outcome.

Details of fitness landscape is also left out of the scope of this paper. Instead we
simply postulated a linear growth of fitness with variable s. While this assumption
is hardly realistic, as on a large scale it implies an unlimited growth of the fitness,
it is sensible as a “first approximation” in a limited region of the phenotype space,
in particular taking into consideration that actual fitness landscapes for specific
virus are an object of intensive research. Moreover, this assumption is sufficient
to demonstrate that evolution goes toward increasing fitness and enables us to
make a conclusion that for a “nonlinear” fitness landscape evolution goes to a local
maximum of the fitness. Howeevr, more complicated landscapes can be incorporated
into this model when specific details of these will be known.
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