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ABSTRACT. In this article, we propose a general predator-prey system where
prey is subject to Allee effects and disease with the following unique features:
(i) Allee effects built in the reproduction process of prey where infected prey (I-
class) has no contribution; (ii) Consuming infected prey would contribute less
or negatively to the growth rate of predator (P-class) in comparison to the con-
sumption of susceptible prey (S-class). We provide basic dynamical properties
for this general model and perform the detailed analysis on a concrete model
(SIP-Allee Model) as well as its corresponding model in the absence of Allee
effects (SIP-no-Allee Model); we obtain the complete dynamics of both models:
(a) SIP-Allee Model may have only one attractor (extinction of all species), two
attractors (bi-stability either induced by small values of reproduction number
of both disease and predator or induced by competition exclusion), or three
attractors (tri-stability); (b) SIP-no-Allee Model may have either one attractor
(only S-class survives or the persistence of S and I-class or the persistence of S
and P-class) or two attractors (bi-stability with the persistence of S and I-class
or the persistence of S and P-class). One of the most interesting findings is
that neither models can support the coexistence of all three S, I, P-class. This
is caused by the assumption (ii), whose biological implications are that I and
P-class are at exploitative competition for S-class whereas I-class cannot be
superior and P-class cannot gain significantly from its consumption of I-class.
In addition, the comparison study between the dynamics of SIP-Allee Model
and SIP-no-Allee Model lead to the following conclusions: 1) In the presence
of Allee effects, species are prone to extinction and initial condition plays an
important role on the surviving of prey as well as its corresponding predator;
2) In the presence of Allee effects, disease may be able to save prey from the
predation-driven extinction and leads to the coexistence of S and I-class while
predator can not save the disease-driven extinction. All these findings may
have potential applications in conservation biology.
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1. Introduction. Allee effects, referred to a biological phenomenon characterized
by a positive correlation between the population of a species’ size or density and
its per capita growth rate at its low population sizes/densities [1, 50, 57], have
great impacts in species’ establishment, persistence, invasion [3, 9, 24, 45, 50, 63,
71, 78] and evolutionary traits [22]. Empirical evidence of Allee effect has been
reported in many natural populations including plants [25, 29], insects [53], marine
invertebrates [68], birds and mammals [21]. Various mechanisms at low population
sizes/densities, such as the need of a minimal group size necessary to successfully
raise offspring, produce seeds, forage, and/or sustain predator attacks, have been
proposed as potential sources of Allee effects [19, 42, 54, 61, 62, 66, 67]. Recently,
many researchers have studied the impact of Allee effects on population interactions
[e.g., see [44, 45, 46, 47, 52, 62, 77, 82] as well as the interplay of Allee effects
and disease on species’s establishment and persistence [37, 38, 48, 49, 73, 81]. All
these research suggest the profound effects of Allee effects in population dynamics,
especially when it couples with disease.

Eco-epidemiology is comparatively a new branch in mathematical biology which
simultaneously considers the ecological and epidemiological processes [5]. Hadeler
and Freedman [33] first introduced a eco-epidemiological model regarding predator-
prey interactions with both prey and predator subject to disease. Since the work
of Hadeler and Freedman (1989), the research on eco-epidemiology as well as its
biological importance has gained great attention [5, 7, 8, 13, 14, 15, 26, 32, 35, 39,
69, 70, 74, 75, 80]. Many species suffer from Allee effects, disease and predation.
For instance, the combined impact of disease and Allee effect has been observed in
the African wild dog Lycaon pictus [12, 20] and the island fox Urocyon littoralis
[4, 17]. Both the African wild dog and island fox should have their enemies in the
wild. Thus, understanding the combined impact of Allee effects and disease on
population dynamics of predator-prey interactions can help us have better insights
on species’ abundance as well as the outbreak of disease. Therefore, we can make
better policies to regulate the population and disease. Thus, for the first time,
we propose a general predator-prey model with Allee effects and disease in prey to
investigate how the interplay of Allee effects and disease in prey affect the population
dynamics of both prey and predator. More specifically, we would like to explore the
following ecological questions:

1. How do Allee effects affect the population dynamics of both prey and preda-

tor?

Which conditions allow healthy prey, infected prey and predator to coexist?

3. In the presence of Allee effects, can disease save the population from predation-
driven extinction?

4. In the presence of Allee effects, can predation save the population from disease-
driven extinction?

N

We will try to answer the questions above by 1) obtaining a complete global picture
of the population dynamics of the proposed susceptible prey-infected prey-predator
interaction model (SIP-Allee Model) as well as its corresponding model without
Allee effects (SIP-no-Allee Model); 2) comparing the dynamics of the model with
Allee effects to the one without Allee effects.

The rest of the paper is organized as follows: In Section 2, we provide the detailed
formulation of a general prey-predator system with prey subject to Allee effects
and disease; and we show the basic dynamical properties of such general model.
In Section 3, we obtain the complete dynamics of a concrete model when it is
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disease free and/or predation free (i.e., the submodels of SIP-Allee Model); and we
compare the dynamics to their corresponding models in the absence of Allee effects.
In Section 4, we provide detailed analysis and its related numerical simulations to
obtain the complete dynamical feature of this SIP-Allee model. Our results include
sufficient conditions on its global attractors as well as its corresponding basins of
attractions in different scenarios. In Section 5, we perform analysis of SIP-no-
Allee Model under the same assumptions. In addition, we provide the biological
implications on the impacts of Allee effects, disease and predation. In Section 6, we
conclude our findings and provide a potential future study. In the last section, we
provide detailed proofs of our analytic findings.

2. Development of the model. We start from the assumption that prey is facing
an infectious disease that can be captured by an SI (Susceptible-Infected) framework
where predator (P-class) feeds on both susceptible prey (S-class) and infected prey
(I-class). Let S be the normalized susceptible prey population; I, P denote the
infected prey population and the predator population, respectively, both of which
are relative to the susceptible prey population; and N = S + I denotes the total
population of prey.

In the absence of disease and predation, we assume that the population dynamic
of prey can be described by the following generic single species population model
with an Allee effect:

45 = rS(S—-0)(1-29) (1)
where S denotes the normalized health prey population; the parameter r denotes
the maximum birth-rate of species, which can be scaled to be 1 by altering the time
scale; the parameter 0 < 6 < 1 denotes the Allee threshold (normalized susceptible
population). The population of (1) converges to 0 if initial conditions are below
while it converges to 1 if initial conditions are above . We would like to point out
that S in this case is the total population of prey N, i.e., S = N and there is no
infectives.

We assume that a) disease does not have vertical transmission but it is untreat-
able and causes an additional death rate; b) I-class does not contribute to the
reproduction of newborns; and ¢) the net reproduction rate of newborns is modi-
fied by the disease (e.g, infectivies compete for resource but do not contribute to
reproduction). Then in the presence of disease (i.e., I > 0) and the absence of
predation (i.e., P = 0), the formulation of susceptible prey population dynamics
can be described by the following (2):

as

I
= - rS(S—0)(1—5—1) = 6(N) S (2)

the net reproduction modified by disease . .
new infections

where ¢(INV) is the disease transmission function that can be either density-dependent
(i.e., (N) = BN which is also referred to the law of mass action) or frequency-
dependent (i.e., ¢(IN) = (). Thus, the formulation of infective population can be
described by the following (3),

G = o(N)xS -~ pl

the natural mortality plus an additional mortality due to disease

(3)
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In the presence of disease but in the absence of predation P = 0, a general SI model
subject to Allee effects in prey can be represented as follows:

B = pS(S—-0)(1—-S—1)—¢(N)£S "
4
@ = NS —ul

where the parameter p denotes the death rate of I-class, which includes an additional
disease-induced death rate. The SI model (4) is a special case of an SI model studied
by Kang and Castillo-Chavez [49] where ¢(N) = SN,p = 0,; = 0 and ay = 1.
This modeling approach is similar to the work by [11, 18, 23, 37] regarding the effects
of Allee effects and disease (our detailed approach of the host population without
disease and predation is represented in Appendix). There are many literatures using
this phenomenological model (4) to study the disease dynamics as well as invasion
of pest (e.g., see [2, 27, 30, 36, 55, 58, 63]).

In the presence of predation, we assume that predator consumes S and I-class
at the rate of h(S, N) and h(I, N), respectively, where I-class has less or negative
contribution to the growth rate of predator in comparison to S-class. The functional
responses h(S, N),h(I,N) can take the form of Holling-Type I or IT or III, i.e.,

Holling — Type I : h(S,N)=aS; h(I,N) = al
Holling — Type I1 : h(S,N):#gH; h(I,N):#SI_H
Holling — Type IIT :  h(S,N) = % h(I,N) = m

Therefore, a general predator-prey model where prey is subject to Allee effects and
disease, is given by the following set of nonlinear differential equations:

& = rS(S—0)(1-5-1)=d(N)%S —h(S,N)P,
Al = G(N)LES — h(I,N)P — ul, (5)
4P = P[ch(S,N)+~vh(I,N) —d].

where all parameters except v are nonnegative. The parameter d represents the
natural death rate of predator; the parameter ¢ € (0,1] is the conversion rate of
susceptible prey biomass into predator biomass; and ~ indicates that the effects of
the consumption of infected prey on predator which could be positive or negative.
More specifically, we assume that —oo < v < ¢; v < 0 indicates the consumption of
infected prey increases the death rate of the predator (see [16]), while v > 0 indicates
the consumption of susceptible prey increases the growth rate of the predator. The
biological significance of all parameters in Model (5) is provided in Table 1.

In summary, the formulation of a general SIP model (5) subject to Allee effects
in prey is based on the following three assumptions: (a) Disease does not have
vertical transmission but it is untreatable and causes an additional death rate;
(b) Allee effects are built in the reproduction process of S-class which I-class does
not contribute to; (c) Predator consumes S and I-class at the rate of h(S, N) and
h(I, N), respectively, whose growth rate is benefit less or even getting harm from
I-class. Our modeling assumptions are supported by many ecological situations.
For example, in Salton Sea (California), predatory birds get additional mortality
though eating fish species that are infected by a vibrio class of bacteria and could
also be subject to Allee effects (see more discussions in [5, 16]). In nature, it is also
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possible that predator captures infected prey who is given up by predator due to its
unpleasant taste or malnutrition from infections. We would like to point out that
the assumption (c) is critical to the dynamical outcomes of (5) as we should see
from our analysis in the next few sections.

To continue our study, let us define the state space of (5) as X = {(S5,I, P) € R}
whose interior is defined as X = {(S,I,P) € R% : SIP > 0}. In the case that
#(N) = S, we define the state space as X = {(S,1,P) € R} : S+ I > 0}. Notice
that h(x, N) is chosen from Holling Type I or II or III and ¢(N) = SN or 3, then
the basic dynamical property of (5) can be summarized as the following theorem:

Theorem 2.1 (Basic dynamical features). Assume that
ce (0,1, d>0,0€(0,1), —co <y <e, pu>rb.

Then System (5) is positively invariant and uniformly ultimately bounded in X with
the following property
limsup S(t) + I(t) < 1.

t—o0

In addition, we have the following:

1. If WS < u, for all N > 0, then limsup,_, . I(t) = 0.
2. If S(0) < 6, then lim;_, o, max{S(t), I(t), P(t)} = 0.

Notes. The assumption of u > rf follows from the fact that the natural mortal-
ity rate of the susceptible prey is rf (see the derivation of this assumption in the
Appendix A). Theorem 2.1 indicates that our general prey-predator model with
Allee effects and disease in prey has a compact global attractor living in the set

{(S, ILP)EX:0<S+I<1,0<8+1+P < miosvsy {*Srffn’{z)fj}’N”mi“{“’d}} .

In the case that ¢(N) = 8 or SN, then we can replace the condition wS <u
by B < u since the inequality f < p combined with the fact that % < 1 and
limsup,_, . S(¢) < 1 can imply WS < p. In addition, Theorem 2.1 implies that
initial population of susceptible prey plays an important role in the persistence of
S, or I or P due to Allee effects in prey. One direct application of Theorem 2.1 is
presented as the following corollary:

Corollary 1. [Range of susceptible and infective population] Assume that
€(0,1],d>0,0 € (0,1), —co <y < c,u>r6.

Then a necessary condition for the endemicity of the disease of System (5) is as
follows:

liminf S(¢) > 0 and limsup I(t) <1 —6.

t—oo t—00

Theorem 2.1 and its corollary 1 provide the basic dynamical features of the

general prey-predator model (5). In order to explore more complete dynamics of
(5), we will focus on the case when ¢(N) = BN and h(x,N) = az. Then, in
the presence of both disease and predator, depending on whether infectives have a
positive or negative impact on the growth rate of predator (i.e., the sign of v being
positive or negative), the predator-prey model subject to Allee effects (e.g., induced
by mating limitations) and disease (5) can be written as the following if we scale
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away r (ie.,r=1):

45 = 5(S—0)(1—S5—1)—BSI—aSP S[(S—0)(1—S—1I)—BI—aP]

= Sfi(S.1,P),

(6)
4L = BSI — alP — pl =1 [BS — aP — y] = Ifs(S,1,P),
2 —q(cS+~I)P—dP=PbS+al —d] = Pfs3(5,1,P)

where the parameter a indicates the attack rate of predator. For convenience, we
let b = ac € (0,a] and o = a7y € (—00, ac]. Variables and parameters used in Model
(6) (SIP-model) are presented in Table 1.

Variables/Parameters | Biological meaning

Density of susceptible prey

Density of infected prey

Density of predator

Allee threshold

Rate of infection

Attack rate of predator

The total effect to predator by consuming susceptible prey
Death rate of infected prey

Conversion efficiency on susceptible prey

Conversion efficiency on infected prey

The total effect to predator by consuming infected prey
Natural death rate of predator

TABLE 1. Variables and parameters used Model (6)

Qo2 aoT o @O~ W0M

Notes. The term S(S —60)(1 — S —1I) of % in (6) models the net reproduction
rate of newborns, a term that accounts for Allee effects due to mating limitations
as well as reductions in fitness due to the competition for resource from infectives.
Our model normalizes the susceptible population to be 1 in a disease-free environ-
ment; and defines the infected prey population as well as the predator population
relative to this normalization. Our modeling approach (see the Appendix A) and
assumptions (a), (b), (c) require that the parameters of (6) are subject to the
following condition:

HO0<0<1l,u>0,0<b=ac<aand —oco<a<b

The features outline above include factors not routinely considered in infectious-
disease models. Allee effects are found in the epidemiological literature (e.g., see
[35, 37, 73]) as well as in the predator-prey interaction models [9, 77]. The rest
of our article is focus on studying the dynamics of this simple SIP model (6) that
incorporates Allee effects in its reproduction process, disease-induced additional
death, and disease-induced effects on predation.

3. Dynamics of submodels. In order to understand the full dynamics of (6), we
should have a complete picture of the dynamics of the following two submodels:
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1. The predator-prey model in the absence of the disease in (6) is represented as

?f = S[(§-0)(1-5)—aP]=5/(5,0,P), (7)

The submodel (7) has been introduced by other researchers (e.g., [9, 76, 77]).
For convenience, we introduce a disease-free demographic reproduction num-
ber for predator

R§ =3 (8)

which gives the expected number of offspring b of an average individual preda-
tor in its lifetime <. The reproduction number R{" is based upon the assump-
tions that the susceptible prey is at unit density (i.e. S = 1) and the disease
is absent (i.e. I =0). The value of RY < 1 indicates that the predator cannot
invade while the value of Ry’ > 1 indicates that the predator may invade.

2. The ST model in the absence of predation in (6) is represented as

G = SUS-0(1-5—1) =5l =SH(S,1,0), ()
e = I[BS—ul=1f(S,1,0).

Kang and Castillo-Chavez [49] have studied a simple SI model with strong
Allee effects (where they consider a susceptible-infectious model with the pos-
sibility that susceptible and infected individuals reproduce with the S-class
being the best fit, and also infected individuals loose some ability to compete
for resources at the cost imposed by the disease. The submodel (9) is a special
case of the SI model studied by them where p = 0,7 = 0 and ag = 1. We
adopt the notations in [49] and introduce the basic reproductive ratio

Rj=14 (10)

whose numerator denotes the number of secondary infections 8S* = g per
unit of time (at the locally asymptotically stable equilibrium S* = 1) and
denominator denotes the inverse of the average infectious period p. The value
of R} < 1 indicates that the infection cannot invade while R > 1 indicates
that the disease can invade.

A direct application of Theorem 2.1 to the submodels (7) and (9) gives the following
corollary:

Corollary 2 (Positiveness and boundedness of submodels). Assume that both (7)
and (9) are subject to Condition H. Then both submodels are positively invariant
and uniformly ultimately bounded in Rf_. In addition, the submodel (9) has the
following property:

limsup S(t) + I(t) < 1.

t—o0

In the next two subsections, we explore the detailed dynamics of both submodels
(7) and (9).

3.1. Equilibria and local stability. It is easy to check that both submodels (7)
and (9) have (0,0), (6,0) and (1,0) as their boundary equilibria. For convenience,
for Model (7), we denote

EE = (0.0), B = (0.0), BF = (1,0) and £F = (7.2 (= —0) (1- 7))

A -
while for Model (9), we denote
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1 _9 _ 1
B = (0,0), B} = (6,0), Ef = (1,0) and Ef = | 2, () (-5)
0 R

where EF | E! are interior equilibria for the submodel (7) and (9), respectively, pro-
vided their existence. The local stability of equilibria of both submodels (7) and
(9) can be summarized in the following proposition:

Proposition 1. [Local stability of equilibria for submodels (7) and (9)] The local
stability of boundary equilibria of both submodels (7) and (9) is summarized in Table
2 while the local stability of interior equilibrium of both submodels (7) and (9) is
summarized in Table 5. Moreover, the equilibria EY of the submodel (7) undergoes

a supercritical Hopf-bifurcation at RY = 03_1 and the equilibria E! of the submodel
(9) undergoes a supercritical Hopf-bifurcation at R} = H;Jr— W.
Boundary Equilibria | Stability Condition
EF and E} Always locally asymptotically stable
EF Saddle if R < 5; Source if R§ > 4
E} Saddle if R} < 5; Source if R{ > &
EF Locally asymptotically stable if RE < 1; Saddle if R > 1
ET Locally asymptotically stable if RY < 1; Saddle if R} > 1

TABLE 2. The local stability of boundary equilibria for both sub-
models (7) and (9)

Interior Equilibrium | Condition for existence | Condition for local asymptotic stability
Ef L<R{ <y 1 <RI < 557
— 2_
E! 1<Rb<1 1 < Rl < B0V P2 0048 egg/ﬁ‘;_@f‘”‘*

TABLE 3. The local stability of interior equilibrium for both sub-
models (7) and (9)

Notes. Local analysis results provided in Proposition 1 and Table 3 suggest that
the coexistence of prey and predation at the equilibrium EF in the subsystem (7)
is determined by the Allee threshold 6 since Ef is locally asymptotically stable
if

2 2 1
1< Rl < i <=
0 S 1M1 e

And the coexistence of health prey and infected prey at the equilibrium E} in

the subsystem (9) is determined by both the Allee threshold 6 and the disease
transmission rate 3 since E! is locally asymptotically stable if

1<R(I)< p-b+ »52f39+5 sinceﬂia+ '52750+5 <

1
B+ B0 — 62 B+ 56 — 62 0
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3.2. Disease/predation-driven extinctions and global features of submod-
els. In this subsection, we focus on the disease/predation-driven extinctions as well
as the features of global dynamics of both submodels. First, we have the following
theorem regarding the extinction of one or both species:

Theorem 3.1. [Eztinction] Assume that both submodels (7) and (9) subject to
Condition H. Then

1. If RF <1, then the population of predator in the submodel (7) goes extinction
for any initial condition taken in Ri [see Figure 1(a)]. Similarly, if R} <1,
then the population of infectives in the submodel (9) goes extinction for any
initial condition taken in R [see Figure 1(c)].

2. If R > &, then System (7) converges to (0,0) for any initial condition taken
in the interior of Ri, which is predation-driven extinction [see Figure 1(b)].
Similarly, if R} > %, then System (9) converges to (0,0) for any initial condi-
tion taken in the interior of Ri, which is disease-driven extinction [see Figure
1(d)].

3. If S(0) < 0, then all species in both submodels (7) and (9) converge to (0,0).

Notes. The second item in the statement of Theorem 3.1 is disease/predation-
driven extinctions due to Allee effects of the susceptible population. The predation-
driven extinction is also called “overexploitation” where both prey and predator go
extinct dramatically due to large predator invasion [76, 77], i.e., predator reproduces
fast enough to drive the prey population below its Allee threshold, thus lead to the
extinction of both species. The biological explanation of disease-driven extinction is
credited to the large disease transmission rate (i.e., the basic reproduction number
R} is large) while the reproduction of the susceptible population is not fast enough to
sustain its own population. Thus, the susceptible population drops below its Allee
threshold and decreases to zero, which eventually drives the infected population
extinct eventually. The third item in the statement of Theorem 3.1 does not always
hold if Condition H does not hold. For example, if we drop the assumption p >
0, then the condition S(0) < 6 does not always lead to the extinction of both
susceptible and infective population in the submodel (9).

3.2.1. Global features of submodels (7) and (9). The dynamics of global features of
submodels (7) and (9) are similar. Fix 8 = 0.6,0 = 0.4,a = 1,b = 0.1, and vary
the basic reproduction numbers RY, Rl for the submodel (7), the submodel (9),
respectively:

1. For the submodel (7):

(a) 0 < RY <1: This leads to the predation free dynamics with EF’ U E¥ as
attractors according to Theorem 3.1 [see Figure 1(a)].

(b) 1 < REY < 1.428571 = ﬁ: There is a transcriptical bifurcation at
R = 1. When increasing the value of RY from 1, Ef becomes unstable
and the unique and locally asymptotically stable interior equilibrium Ef
occurs is locally asymptotically stable [see Proposition 1 and Figure 2(b)].

(c) 1.428571 = 1—19 < RE < 1.437398001: There is a supercritical Hopf-
bifurcation at RY = 1.428571 = ?20 which leads to the unique stable
limit cycle [see Proposition 1 and Figure 2(b)]. Wang et al. [77] has

provided the proof of the uniqueness of the limit cycle.
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(a) Predation-free state for the sub- (b) Predation-driven extinction state for
model (7) when RJ = 0.6. Here, the submodel (7) when RY = 3. Here,
E(I)D U E{D is the global attractor. E(I; is the global attractor.

(c) Disease-free state for the submodel (d) Disease-driven extinction state for
(9) when R} = 0.5. Here, Ef |JE{ is  the submodel (9) when R} = 2.6. Here,
the global attractor. Eé is the global attractor.

FIGURE 1. Phase portraits of submodel (7) (first row) and (9)
(second row) when 5 =0.6,0 = 0.4,a = 1 and b = 0.1. Notice that

R(I)ngandRé:%

(d) At REY = 1.437398001: There is a heteroclinic bifurcation at R =
1.437398001 [see Figure 2(c)], i.e., there is a heteroclinic orbit connect-
ing Ef to EéD . The disappearance of the unique stable limit cycle is
associated with the occurrence of heteroclinic connections: Outside the
heteroclinic cycle the trajectory goes asymptotically to extinction equi-
librium Ef’, while for initial conditions inside the heteroclinic cycle the
trajectory converges towards the heteroclinic cycle. Sieber and Hilker
[64] and Wang et al. [77] have provided the proof of the existence of the
heteroclinic orbit.

(e) 1437398001 < R < 4 = 2.5: The predation-driven extinction occurs:
the heteroclinic orbit is broken and all trajectories in the interior of Ri
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converge to EL’: For initial condition inside the curve bounded by the
stable manifold of EY’, the orbit oscillates before finally converging slowly
to E{” while all orbits above the unstable manifold of Ef converge towards
EF [see Figure 2(d)].

(f) Rf > = 2.5: The predation-driven extinction occurs and the system
has no interior equilibrium any more. All trajectories in the interior of
R? converge to EY [see Figure 1(b)].

2. For the submodel (9):

(a) The submodel (9) exhibits exactly the same dynamics feature as the sub-

model (7) when we increase the value of R} from 0: A transcritical bi-

B—0+/B2—BO+5 _ — 1.5420,

T A BI—6T
the unique interior equilibrium E! is locally asymptotically stable [see

Figure 3(a)]. At RY = b 9;_;5[; 9[230+ = 1.5420, a supercritical Hopf-
bifurcation occurs which leads to a unique stable limit cycle for 1.5420 <
R} < 1.569462683 [see Figure 3(b)]. The heteroclinic bifurcation occurs
at R} = 1.569462683 [see Figure 3(c)] and disease-driven extinction occurs

when R} > 1.569462683 [see Figure 3(d) and 1(d)].

The impact of Allee effects: Without Allee effects, the submodels (7) and (9)
can be represented as the following two models:

furcation occurs at R{ = 1, For 1 < R} <

G -SL-S-aPl, G=50-5-I-pI (11)
> — pbS —d, a = 1188 =yl

The two models above have the same dynamics as the traditional Lotka-Volterra
Pedator-Prey model: If Rf < 1,k = P,I, then both models of (11) has global
stability at (1,0); while if R > 1,k = P, I, then both models of (11) has global
stability at its unique interior equilibrium. Compare this simple dynamics to the
dynamics of submodels (7) and (9), we can conclude that the effects of Allee effects:

1. Importance of initial conditions: Allee effects in the susceptible popula-
tion, requires its initial condition being above the Allee threshold to persist.

2. Destabilizer: The nonlinearity induced by Allee effects destablizes the sys-
tem which lead to fluctuated populations (e.g., stable limit cycle).

3. Disease/predation-driven extinction: This occurs when the basic repro-
duction number of disease or predation is large enough to drive the susceptible
population below its Allee threshold, thus all species go extinct.

4. Dynamics of the full S-I-P model. After obtaining a complete dynamics of
disease/predation free dynamics of the full SIP model (6) in the previous section,
we continue to study the dynamics of the full model. We start with the boundary
equilibria and their stability of (6). It is easy to check that System (6) has the
following boundary equilibria:

Eq = (0,0,0), Eg = (6,0,0), By = (1,0,0), By = (7.0, 2 (e = 0) (1= 7))

e (i G0,

RIv 7

The existence of E% requires 1 < RO < % while the existence of E} requires
1<Ri<3
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(a) Stable interior equilibrium for the (b) Stable limit cycle for the submodel
submodel (7) when RE = 1.42222 (7) when RE = 1.431

™ 0.12

04
08
X
208

0.0
X
0

0.02

(c) Heteroclinic orbit for the submodel (d) Predation-driven extinction for the
(7) when RE = 1.437398 submodel (7) when RE = 1.4373981

FIGURE 2. Phase portraits of submodels (7) (ﬁgures (a)-(d)) and
(9) (figures (e)—(h)) when = 06,0 =04, =1 and b =
Notice that R} = 3 and R} =

I\Tb

Proposition 2. [Boundary equilibrium and stability] Sufficient conditions for the
existence and the local stability of boundary equilibria for System (6) are summarized
in Table /.

Notes. Notice that

2 ﬂ 0++/B%2—p0+p

1+ 6= B+ B6 — 62 0
thus according to Proposition 2, both E% and E% can be locally asymptotically
stable if
B—0++/B*—pB0+p
1<RY < —— 1<R]
St ST gt S T g e
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submodel (9) when R = 1.52

0.16-
0.4
0.12-
0.1
y 0.0
0.06-
0.04-
0.00-

0.1§
0.14
0.12

0.4

Y

0,06
0,04
0.02

0.16
0.14
0.12

0.

w008

0.06
0.04
0.0

submodel (9) when R = 1.548
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(c) Heteroclinic orbit for the submodel (d) Disease-driven extinction for the
(9) when R = 1.569462683 submodel (9) when R} = 1.569462684

FIGURE 3. Phase portraits of submodels (7) (figures (a)-(d)) and
(9) (figures (e)-(h)) when § = 06,0 = 0.4,a =1 and b = 0.1
Notice that R{ = g and R} = %
and
2 (G +6-6) (7-0) (1-=)
Rl \R] < RP < 1 14 A7 . R}
1 —0)— 1 _ 1 Ry
Wrp 7o) “(Ra ) (1-7)

For convenience, let d = p = 1,8 = 1.5,0 = 0.2, then, according to Condition
H, we have

1<Rh=0=15< 2002000 01704 RE =5 =b>a, 125 = 5 ~ 1.667,
and

i 1 18-90
Ré ) 1.967

I
0
= 295-0.233a°
Ap+9-0- “(*f DI '
0 O
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Boundary Equilibria | Stability Condition
Ey Always locally asymptotically stable
Ey Source if Ry > % and RE > (17; otherwise is saddle
FE; Locally asymptotically stable if RY <1 and R§ < 1
EDIED
B I . . P 2 RY R 23
b ocally asymptotically stable if 1 < Ry < 135 and wr < 14 I E—
E; Locally asymptotically stable if 1< R < Mm# and
o o
RE _q_ ~(a-0) (-7)
B} A +6-0)

TABLE 4. Sufficient conditions for the existence and local stability
of boundary equilibria for System (6)

(g G Ca) ) e Gred) 0oap)

Rl " - 3

Thus, according to Proposition 2, we have the following statement when d = u =
1,6=1.5,0 =0.2:

1. Both E% and E% are locally asymptotically stable if the following inequalities
hold [see the blue region of Figure 4(a)]

_ pP 3b> 2.95-0.233
L <b= Ry <167, sprsmoano-n <0< " 1eer >~ <ash

2. E% is locally asymptotically stable and E¢ is locally asymptotically stable in
the SI-plane but is unstable in Ri if the following inequalities hold [see the
green region of Figure 4(a)]

_ pP 2.95—0.233 3b2
1<b=Ry <1.67,b> max{ eeT S Ta(1=0.30) (=) }, —oco < a<h

3. E% is locally asymptotically stable and E% is locally asymptotically stable in
the S P-plane but is unstable in Ri’_ if the following inequalities hold [see the
yellow region of Figure 4(a)]

_ pP : 2.95—0.233c 3b>
1<b=RE < 1.67,b < min {25028 000 d —so<a <h

According to Proposition 2, sufficient conditions for E% and E? being locally

asymptotically stable in the SP-plane, SI-plane, respectively, but being unstable
in R3 are as follows:

—0++\/B>— 30+
1 P 1 I ﬁ
<R < l<fo< g -
and
(& -0)(1-7) _ms Ay +5-0)
1<1+ <7P<
R i -a G 04

which is impossible when a < 0 since
d(zr +B8-0)
1 1 1
Ay +5-0)—o (3 -0) (1-7)

In addition, numerical simulations suggest that even if o > 0, E% and E% cannot

be locally asymptotically stable in the SP-plane, ST-plane, respectively, but being
unstable in RY.

<1 when a <0.
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Stability Regions of E: and E:,

15,101,002, H'n:l .5;R:=b
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. R; 14 15 16 2149

(a) Stability regions of the boundary equilibria E% and
Ei
I

The existence of interir equiiia €

[ ot nl g e BP
Bet et R 5,

05

051

b
-15-
9| L L L “lhl
.7
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(b) Regions of the existence of E§

FIGURE 4. Fix 8 = 1.5;u =d = 1;0 = 0.2 and a = 3. The left
graph indicates the stability regions of the boundary equilibria E%
and E%: i) In the blue region, both boundary equilibria E% and E%
are locally asymptotically stable (tri-stability case, there is a unique
unstable interior equilibrium E}); ii) In the green region, E% is lo-
cally asymptotically stable while E¢ is unstable (there is no interior
equilibrium); iii) In the yellow region, E? is locally asymptotically
stable while E% is unstable (there is no interior equilibrium). The
blue region in the right graph is the region when System (6) has a
unique interior equilibrium which is a saddle. The white region in
the right graph indicates no interior equilibrium.
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4.1. Global features. In this subsection, we first explore sufficient conditions that
lead to the extinction of at least one species of S, I, P. Our study gives the following
theorem:

Theorem 4.1. [Basic global features]Assume that System (6) is subject to Condi-
tion H. Then

1. If R} <1, then limy_, oo I(t) = 0. If, in addition, RE <1, then
tlggo max{I(t), P(t)} = 0.

While if R} <1 and Rf > 1, then limy_, (S(t), I(t), P(t)) = Ej.
2. Ifa <0 and RY <1, then limy_,, P(t) = 0. If, in addition, R} < 1, then

tlggo max{I(t), P(t)} =0.

Ifa < 0,RY <1 and R} > %, then for any initial condition taken in the
interior of Ri, we have
Tim (S(1). 1(1). P(t)) = Ep.
While if o > 0 and RE + @ <1, then limy_,o P(t) = 0. If, in addition,
R{ <1, then
tlim max{I(t), P(t)} = 0.
—00

Ifa>0,RE+ @ <1 and R} > %, then for any initial condition taken in
the interior of R‘:’L, we have

tlim (S(t),1(t), P(t)) = Ep.
—00
3. All trajectories of System (6) converge to Ey if S(0) < 6.

Notes. A direct implication of Theorem 4.1 is that the coexistence of S, I, P
population in System 6 requires R} > 1 and

1-6
Mwhena>0.

RY >1when a < 0; R >1—
One interesting question is that if « > 0 but 1 — @ < R < 1, then what
happens to the dynamics of System 6, e.g., can predator be able to persist under
certain conditions? This has been partially answered by Theorem 4.2: System 6 has
no interior equilibrium as long as R < 1. In fact, predator is not able to survive
in this case.

4.2. The interior equilibrium. If System (6) has a locally stable interior equilib-
rium, then we can say that S, I, P-class can coexist under certain conditions. Thus,
in this subsection, we explore sufficient conditions for the existence of the interior
equilibrium and its stability for System (6). For convenience, let

d_q _p_ dB=0)
B=—(B-0)+ 7 1,C:M—a

b aHdEL:(SZ,IZ,P]:),k:]_,?

where
Sy = B=vB-AC vgz%755:m7 vl;Q%‘,p}::g(5;_%),[;25(%_52>7k:172,

T
0

If 8> u,ie., R} > 1, then we have follows
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—a 2 a(p—0)— —0
—0(2 —0)—4a —0)— — —
= (B-0)2+ Ei—a)Z 4d(B—0)—4 (Mb_ei 2(d—a)(B—9)

{<«6—9F+§§-32+4“ﬂ—“-4“ﬁ;2f2“-a”6-”-(z—z—«ﬁ—enzifa<o

>(679)2+((z:2))§+4d(570)740(13;793;2((1—&)(5*9):(g:z,(ﬁ,g))z if a>0
Therefore, we can conclude that when R} > 1, we have

d— d—
S§<b—aifa<0 S§>b <

if a > 0. (12)

In the case that = 3 (i.e., R{ = 1), we have Sj = =% and S} < 0. Now we have
the following theorem regarding the number of interior equilibrium and its local
stability:
Theorem 4.2. [Interior equilibrium/Assume that Condition H holds for System
(6).
1. System (6) has no interior equilibrium if one of the following conditions is
satisfied:
(a) {Ré < 1} or {R(If <l,a< b} or
(b) {a>0,R{ >4} or {a>0,R} >R} or

(c) {a<0, R5:%< Z:fg <max{0,Rlé}} or

b—a) ((0-B+4=2 )+ 24220
(d) {a>}f_ie}or{u<0+( ) +Zaa)+ba)}.

B—0

In the case that a > 0, R} > % and RE > %, every trajectory of System (6)
with an initial condition taking in the interior of Ri converges to Fy, i.e.,

Jim ((2).1(0). P(1)) = Eo.

2. System (6) has at most one interior equilibrium EY = (S5,13, Py). The exis-
tence of B} requires
(g —0) d
p—0 =t

S~}

@
>

provided that

1 1
max{#0, ﬁ} < S5 < min{1, F} when a >0, or,
0 0

1
1> S5 > max {0, when o < 0.

1
R Ty
In addition, the real parts of all eigenvalues of the Jacobian Matriz evaluated
at EY can never be all negative.

Notes. Theorem 4.2 suggests that System (6) has at most one interior equilibrium
which is always unstable (see Figure 4(b) as an example), and there is no coexistence
of S, I, P. Even though we are not able to prove this analytically, we do have
performed extensively simulations to confirm this. The biological reason for this is
that we assume disease of prey has negative impact on predator. We also notice
that the existence of the unique interior equilibrium indicates the tri-stability of the
system, i.e., any trajectory starting from the interior of Ri either converges to Fj
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or SP-plane or SI-plane. For example, let 8 =1.5;u=d=1;0 =0.2;a = 2;a =
0.5;b = 1.35, then we can obtain follows regarding System (6):

1. The locally asymptotically stable boundary equilibria:
Ey = (0,0,0), B = (0.66667,0.079096, 0) and E% = (0.74074,0,0.070096).

2. The unique interior equilibrium Ej = (0.7329,0.0211,0.0497) where the ei-
genvalues of Jp; are

A1 = —0.1146 4+ 0.3713¢, A2 = —0.1146 — 0.37137 and A3 = 0.018896 > 0.

3. System (6) has only three attractors Eg, E¥ and E% where their basins of
attractions are presented in Figure 5(b): The white regions are the basins of
attraction of Fp; the blue regions are the basins of attraction of E%; and the
green regions are the basins of attraction of E%.

In addition, the second part of Theorem 4.2 implies that the full SIP system has
only one attractor Ey when its subsystem (7) has predation-driven extinction and
its subsystem (9) has disease-driven extinction in the case that a > 0, i.e., RE >
5. k=P1.

Based on our analysis and numerical simulations, the predator-prey system (6)
with prey subject to Allee effects and disease can have one (i.e., extinction of all
species), two (i.e., competition exclusion or bi-stability) or three (i.e., tri-stability)
attractors but can never have the coexistence of S, I, P-populations. We summarize
the global dynamical features of System (6) as follows (also see Table 5):

1. The importance of initial conditions: From Theorem 4.1, we know that
if S(0) < 0, then the trajectory converges to Fy, i.e., the extinction of S, I, P
occurs. In addition, when System (6) exhibits bi-stability or tri-stability (see
below), different initial conditions may lead to different attractors.

2. The extinction state Ej is always an attractor due to Allee effects in prey
according to Proposition 2. In addition, Theorem 4.1 and Theorem 4.2 implies
that Ep is a global attractor if (R} < 1,R{ > 1/0) or (a < 0,RY < 1,Rl >
1/0) or (a >0, Ry + 229 <1 Rl > 1/0) or (a > 0, RE > 1/6, R} > 1/6).

3. The bi-stability occurs in the absence of an interior equilibrium in the fol-
lowing two cases:

(a) Only susceptible prey is able to survive: According to Theorem 4.1,
this occurs when both the reproduction number of disease and predator
are small, i.e., both Ré <1 and R(I; <1.

(b) Competition exclusion: In this case System (6) has two attractors:
one is Fy and the other one is either in SP-plane or in SI-plane which
can be a locally asymptotically stable boundary equilibrium E} (or E% if
in SP-plane) or the unique stable limit cycle around E? (or around E%
if in SP-plane). See Figure 5(a) as an example.

4. The tri-stability in the presence of the unique interior equilibrium: Theorem
4.2 indicates that System (6) can have at most one interior equilibrium which
is always unstable; thus (6) has no coexistence of S, I, P-populations. In this
case, (6) has three attractors: one is Ey, the second one is a locally asymptot-
ically stable boundary equilibrium E% or the unique stable limit cycle around
E? that locates in SI-plane and the third one is a locally asymptotically sta-
ble boundary equilibrium E% or the unique stable limit cycle around E% that
locates in S P-plane (see Figure 5(b) as an example).



DYNAMICS OF SIP WITH ALLEE EFFECTS

SIP-3D Basins of Attractions
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(a) Basins of Attractions of Ey and E%
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(b) Basins of Attractions of Fy, E% and E!

FIGURE 5. The left graph is presenting the basins of attractions
of Ey (white regions) and E¢ (blue regions) when 8 = 1.5;6 =
0.2;d = p = Lia=-100;b =55 < a=6 (R > %, R} = 1.5)
and S(0) € [0.70,0.75], 1(0) = [0.001,0.05], P(0) = [0.002,0.05];
The right graph is presenting the basins of attractions of FEy
(white regions),E% (green regions) and E% (blue regions) when
B =150 =02d=p=1la=2a=05b=135 (R} =
1.35, R} = 1.5) and S(0) € [0.70,0.75], I(0) = [0.001,0.1], P(0) =
[0.002,0.1].
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5. The effects of disease & predation-driven extinction: Theorem 4.1 and
Theorem 4.2 indicate that all populations go extinction if (R} < 1, RY > 1/6)
or (@ < 0,RY < 1,R} > 1/6) or (a > 0,RY + U0 < 1 Rl > 1/6) or
a>0,RE > 1/0,RE > 1/0). In addition, there is no interior equilibrium if
(a>0,RP >1/0) or (a <0, =2 < max{0, = R }). The interesting question is

that what population dynamics of System (6) in the following two cases:

(a)

o <0,Rf > % and 1 < R{ < §: In this case, competition exclusion oc-
curs, i.e., only S and I-class are able to coexist while P-class goes extinc-
tion. In fact, E% can be locally asymptotically stable if a < 0 and |«
large enough such that the following condition satisfied (from Proposition

2)
]G

For example, let 8 =1.5;u=d =1;0 = 0.2;a = —100;b = 5.5 < a = 6,

then we can obtain follows regarding System (6):

(i) The locally asymptotically stable nontrivial boundary equilibria: E%
= (0.66667,0.079096, 0)

(i) The unique interior equilibrium £ = (0.7231,0.0298, 0.014104) where
the eigenvalues of J B are

CN‘H
N—

2
1< Rh < 28NS and L < RE < RE (1 <

2 ci.""

L
RI
5

A1 = —0.38780 4 0.668107, Ay = —0.38780 — 0.668107, and A3 = 0.57608.

(iii) System (6) has only two attractors Ep and E? where their basins
of attractions are presented in Figure 5(a): The white regions are
the basins of attraction of Ey and the blue regions are the basins of
attraction of EY.

1 <R§ < § <R{: According to Proposition 2, E} cannot be locally

asymptotically stable since it requires

Ry <R |1+ (?_9)( #)
J7

P P (R%_e) <1_R%) P _1
Let F(Ry) =Ry | 1+ >—>—22 ] 1< Ry <, then we have

RE)2(u—0
max, < pp< 3 {F(RE)} = F(}) = § since F'(RE) = =0 > o,
However, we have § < R{, thus it is impossible that R} < F(R{’) holds.
Numerical simulations suggest that System (6) has global stability at Eq
and there is a orbit connecting E% to Ej.

6. The parameter a does not affect the existence and local stability of E%, B}
and the unique interior equilibrium Ej.

5. The impact of Allee effects, disease and predation. First, we would like
to explore the impact of Allee effects by comparing the dynamics of (6) to the
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Attractor(s) | Sufficient Condition Biological Implications
Ey From Theorem 4.1: 1. Ré <1, R(’f > | No interior equilibrium & No E}, Ef;
%; 2. a <0, Ro <1, Ro > é; 3. Predation/Disease-Driven  extinction
0<a<bRl+ u(l 9 <1, Rl > 97 combined with the lowl rcprodugtlon
From Theorem 4.2: 4 o> 0,RP > valug leads to the extinction of all
57 Ré > %; From Simulations: 5. 1 < | SPecies.
RE < 3 <RI
EyU Eq From Theorem 4.1: RéD < 1land Ré <1 | No interior equilibrium & No E}, E}
Low reproduction values of disease and
predation makes susceptible prey be the
only possible survivor.
EyUE, From Proposition 2 and Theorem 4.1 | 1. Competition exclusion: No in-
combined with simulations (e.g., Figure | terior equilibrium; E} exists; Predator
4): 1 < R(I]’ < ﬁv%é < 1+ | wins and disease free; 2. Prefiation
can not save prey from disease-
(?_9) ( ﬁ) induced extinction: No interior equi-
M librium; Predator is the inferior com-
petitor
EyU EY From Proposition 2 and Theo- | 1. Competition exclusion: No in-

rem 4.1-4.2 combined with sim- | terior equilibrium; E}; exists; Predator
ulations  (e.g., Figure  4-5(a)): | wins and disease free; 2. Disease can
1 B—6++/B*—B6+8 R save prey from predation-induced
1 < RO < ——B180—-02  RI < . . . . . .
p+8 Ry extinction: the unique interior equi-
a(%*‘*) (1**) librium exists, no E%, disease is the su-
1——8 JA 8/ and {1. R < 1; : Lo P
d(sr +/5 0) 0 ’ | perior competitor.
P
or2. Ry > 9}

EyUESUET

From Proposition 2 and simulations
(e.g., Figure 4-5(b)): 1 < RE <

Tri-stability: Unique unstable in-
terior equilibrium; Has both E} and

a9\ (1- E}; Different initial conditions lead to
2 R} RrY R . . .
TH0 RE < 1+ ~2—~4~—072 and | predator wins or disease wins
B—O+/B*— ﬁ9+ R
R< T B+BO—6% ’R0<1_
a(%:e) (-3)
d( 1+3 0)

TABLE 5. From the analysis of the stability of equilibria and nu-
merical simulations, sufficient condition for the global attractors
for System (6) as well as its corresponding biological implications

following model without Allee effects in prey:

4 = S(1-S-1)-BSI—aSP=S[1—-S—(1+p) —aP]=Sgq(S,1,P),
dL = BSI—alP—pl =1[8S—aP —p]=1f(S,1,P), (13)
42 = q(cS+yI)P—dP =PbS+al —d = Pfs(5,1,P)
where the biological meaning of all parameters are listed in Table 1. The SIP-
model without Allee effects (13) has the following boundary equilibria: EJ® =
(0,0,0), E7* = (1,0,0) and
i \na  _ 1 RE—1 d d
(e = (50 Segt) = (3,05, )
i\na _ 1 o—1 _(r _B—
@)™ = (g aiam0) = (4 0% 0)
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as well as the unique interior equilibrium

(E)™ =

bRE(1+8)—aRE (RL+8) b[RE (B+RE-R{(1+8)] B[b(1+8) (R —RE)—aRE (Rf—1)]
RERI(1+8)(b—a) *  RERI(1+8)(b-a) aRERE(1+B)(b—a)

_ (d(gfg;(zgj)m’ ”(Effé;(iilif% <1+a)a<éilﬁ+—ﬂb);zi:z§ﬁ—u)) — (51, P,
(15)
Therefore, (E%)™® exists if and only if RY > 1 while (E%)"® exists if and only if
R} > 1. In addition, we can conclude that (E;)"? exists if and only if the following
inequalities hold

d(1+8)—a(l4p)
W>O = d(1+ﬁ)*a(1+ﬂ)>0
1+8 a
= o > €
b(1+p)—d(1+B)
W>O = b(1+u)—d(1+,8)>0

(16)
& <t eds-bu<b—d,

Qepdobil—e(Boi) 5 0 & (1+ B)(dB — bp) — a(f — ) > 0

a(B—p)
& dp—bu > 5

since we assume that b > « holds for (13) (e.g., predator hunts less infective prey
than healthy prey and may even be harmed by infective prey due to the disease).
Now we summarize main global dynamics of Model (13) as the following theorem:

Theorem 5.1. [Dynamics of SIP-model without Allee effects]Assume that a > b >
«a. Then the following statements hold:

1. Model (13) is positively invariant in X and bounded by

b

0, 1] > [0, 1} x [0, e ]

with the following property
limsup S(t) + I(t) < 1.

t—o0
2. If RL < 1, then the infective population of Model (13) goes extinct. In addi-
tion, if RE < 1, then Model (13) has global stability at E}*; while if RY > 1
instead, then Model (13) has global stability at (EL)"*. Similarly, the prey
population of Model (13) goes extinct if
(RY <1,a<0) or (R <1- %,a>0).
In addition, Model (13) has global stability at (E})™® if
ad
d
3. The existence of the unique interior equilibrium (E;)™® requires R) > 1, RY >
1 and both nontrivial boundary equilibria (ES)"® and (E4)™® are locally asymp-
totically stable. In addition, the interior equilibrium (E;)"® is always unstable.
4. If (EL)™ is unstable, then (E})™ exists and is stable; while if (E})™® is
unstable, then (E%)™® exists and is stable.

(a>0,Ry<1—= Ry >1)0r(a<0, RY <1, Rl >1).
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Notes. Theorem 5.1 suggests that it may be impossible for System (13) to have
the coexistence of S, I, P-population under the assumption that b > pu since the
permanence of (13) may occur only if

a>b>0and R} > Rf.

In addition, Theorem 5.1 and numerical simulations suggests that the dynamics of
System (13) with b > « can be classified into the following three cases:

1. Only S-population persists: This occurs only if both Ry’ <1 and R} < 1.
2. Competition exclusion: either S and P persist or S and I persist. This
occurs if

Ry >1, R >1, and du (R — RY) >b—d > 0= S and P persist

or

RY > 1, Rl > 1, and du (Ré — R(I)D) < a(lﬂJr_;) = S and I persist.
3. Bi-stability: This occurs when both (E%)"® and (E%)" are locally asymp-
totically stable, i.e.,
RY >1, Rl >1, and W <du (RS —RE) <b—d
Depending on initial conditions, the trajectories may converge to (EL)"e or
(Ep)e.
By comparing the population dynamics of System (6) (with Allee effects in prey)
to the population dynamics of (13) (no Allee effects in prey), we are able to obtain
the following conclusion:

1. The impacts of Allee effects in the full SIP model: Not surprisingly,
Allee effects make the system prone to extinction and initial conditions playing
an extreme important role in the surviving of S health prey, or the surviving
of I, P when System (6) has tri-stability. In addition, System (6) has more
complicated disease-free or predator-free dynamics (e.g., limit cycle, hetero-
clinic orbit, disease/predation-driven extinction) than (13) does due to the
nonlinearity introduced by Allee effects.

2. The impacts of disease and predation: Notice that both System (6)
(with Allee effects in prey) and System (13) (no Allee effects in prey) can not
have the coexistence of S, I, P-population. This interesting phenomenon is
due to the assumption b > «, i.e., predator cannot distinguish the infected
and healthy prey but the consumption of the infected prey has less or even
harm the growth of predator. The proofs of our analytical results imply that
the coexistence of all S, I, P-population is possible only if b < «;, i.e., predator
can have more benefits in the capture and consumption of the infected prey
than the healthy prey. In fact, if b > «, then under certain values of parame-
ters, both System (6) and (13) can exhibit the locally asymptotically interior
equilibrium or stable interior limit cycle (see the coexistence condition and its
related numerical simulations in [35, 65]).

3. The impacts of Allee effects, disease and predation: In the presence of
Allee effects and predation-driven extinction (i.e., R > %) in the subsystem
(7) of System (6), disease may be able to save the predation-driven extinction
and have the coexistence of both S and I. However, predation can not save
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the disease-driven extinction (i.e., R} > §). This suggests that disease may
be the superior competitor and predator is the inferior competitor.

6. Discussion. Mathematical modeling has been a great tool for understanding
species’ interactions as well as the disease dynamics, which allow us to obtain useful
biological insights and enable us to make correct policies to maintain the diversity
in nature. Many mathematical models have been used to understand the impacts
of Allee effects on species’ abundance and persistence [9, 24, 50, 52, 71] especially
in the presence of disease [37, 38, 48, 73, 81]. Recently, there is significant research
on eco-epidemiological models [5, 13, 15, 26, 35, 37, 69] that incorporate both the
interactions of species and disease since the first work introduced by Hadeler and
Freedman [33]. For example, recently Bairagi et al. [5] studied the role of infection
on the stability of predator-prey systems with different response functions. In this
article, we propose a general predator-prey model with prey subject to Allee effects
and disease. There are three unique features of our assumptions: (a) Disease has
no vertical transmission but it is untreatable and causes additional mortality in in-
fected prey; (b) Allee effects built in the reproduction of health prey while infected
prey has no reproduction; (c) Predator captures health and infected prey at the
same rate but the consumption of infected prey has less benefits or even causes
harm to predator. These assumptions contribute great impacts on the dynamical
outcomes of the proposed model. To explore how interplay among Allee effects,
disease and predation affect species’ abundance and persistence, we focus on a con-
crete system with additional two assumptions: (d) disease transmission follows the
law of mass action; (e) prey and predator have Holling-Type 1 functional responses.
In a nutshell, we summarize our main findings as well as their related biological
implications as follows:

1. Based on assumptions (a), (b), (c), we propose a general model described
by nonlinear equations (5). Model (5) is general enough to cover all common
scenarios: i) prey and predator can have Holling-Type I or II or III; ii) the
disease transmission can be density-dependent or frequency-dependent, whose
basic dynamical properties have been given in Theorem 2.1. Theorem 2.1
and its corollary 1 indicate that Allee effects in prey make initial conditions
being extremely important for the persistence of prey as well predator, which
partially answers the first question listed in the introduction regarding the
impact of Allee effects.

2. Proposition 1 and Theorem 3.1 combined with numerical simulations [see Fig-
ures 1, 2, 3] provide us a full picture on the dynamics of the concrete model
(6) when it’s disease-free or predation-free: these subsystems have very com-
plicated features due to the nonlinearity introduced by Allee effects. By com-
paring to their corresponding models without Allee effects, we can conclude
that Allee effects can destablize systems and make the system prone to extinc-
tion through disease or predation-driven extinction or small initial conditions.
These results not only provide us an access to investigate the full system but
also partially answer the first question listed in the introduction.

3. Proposition 2 and Theorem 4.1 combined with numerical simulations [see Fig-
ure 4] indicates that the full system can have the extinction of all species
(caused by the combinations of the low reproduction number, disease and
predation-driven extinctions), bistability (caused by the low reproduction
numbers of both disease and predator, competition exclusions, disease-driven
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extinction, or predation-driven extinction) and tri-stability. One of our most
interesting findings is that disease may be able to save prey from predation-
driven extinction and leads to the coexistence of S and I-class while predation
cannot save the disease-driven extinction. These answer the last two questions
listed in the introduction regarding how the interplay among Allee effects, dis-
ease and predation may promote species’ persistence. In addition, Theorem
4.2 and numerical simulation [see Figure 5] suggests that there is no coex-
istence of health prey, infected prey and predator. This answers the second
question listed in the introduction regarding the possibility of coexistence.

4. Theorem 5.1 gives us the global picture of the dynamics of the SIP model with-
out Allee effects. The comparison study between the concrete SIP model with
its corresponding model without Allee effects implies that no coexistence
of S, I, P-population is not caused by Allee effects but it is caused by our
assumption (c): predation on infected prey has less or negative contribution
to the growth rate of predator, i.e., b > a > —oo. The biological explanation
for this is that I and P-class are at exploitative competition for S-class whereas
I-class cannot be superior and P-class cannot gain significantly from its con-
sumption of I-class. Further more, our analysis and simulations show that the
coexistence of S, I, P-class occurs only if b < « and the interior attractors can
be very complicated, e.g., limit cycles. This result complement the previous
study on SIP systems without Allee effects but with assumption that preda-
tor may gain more benefits from hunting weak/sick prey, which may promote
prey surviving and avoid the disease-driven extinctions [see more discussions
in [35]].

6.1. Potential future work. Transmission of disease is influenced by aggregation
patterns in the host population as well as its social organization. Two different
types of incidence rate (new infections per unit time) are usually distinguished [6,
34, 56, 59]: density-dependent transmission (also called mass action transmission)
is the case when contact rate between susceptible and infective individuals increases
linearly with population size; while frequency-dependent transmission (also called
standard incidence or proportionate mixing) is the case when number of contacts is
independent of population size. We focused on a concrete example when disease has
density-dependent transmission in this article. It will be interesting to explore how
frequency-dependent incidence rate may generate different dynamics in the presence
of Allee effects and predation in the future.

Holling-Type I functional response in predator-prey interaction occurs when
predator’s handling time can be ignored, which has the form h(N) = aN with
a being the attack rate of predator and N being the prey density. This functional
responses implies that there is no upper limit to the prey consumption rate and sati-
ation of the predator. While Holling-Type II or III functional response has predator
satiation at the high density of prey [40]: Holling-Type II represents an asymptotic
curve that decelerates constantly as prey number increases, e.g., h(N) = lﬁi—I\;\/ with
k being the half-saturation constant, while Holling-Type III functional response
is sigmoidal, rising slowly when prey are rare, accelerating when more abundant
and last reaching a saturated upper limit, e.g., h(N) = #N;z, which is suitable
to describe predation when switching prey and learning ability are more common
to predator [60]. The predation satiation property of both Holling-Type II or III
functional responses can be mechanisms of generating Allee effects in prey [28]. Tt
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will be interesting to explore how double Allee effects may arise from predation
satiation and Allee effects built in the reproduction of prey, and thus, may produce
different dynamical outcomes.

7. Proofs.
Proof of Theorem 2.1.

Proof. For any S > 0,1 >0,P > 0, we have

@ =0, d—l =0 and d—P =0
dt {g_g dt | — dt |p—g
which implies that S = 0, I = 0 and P = 0 are invariant manifolds, respectively.
Due to the continuity of the system, we can easily conclude that System (5) is
positively invariant in Ri.

Choose any point (S,I,P) € X such that S > 1, then due to the positive
invariant property of (5), we have

ds 1
— = —-0)(1—-S—-1)—¢(N)—S —h(S,N)P .
| =S5 -0 -5 D - o) S — (s, NP <0
In addition, since we have % =0 and C(ITS < 0, thus we can

S=1,1=0,P=0 ts=1,1+P>0

conclude that
limsup S(t) < 1.
t—00

Now we define the following two functions as N(t) =S+ 1T and Z(t) =S+ 1+ P,
then we have

djz;ft) =rS(S—0)(1—-N)—pul —P[h(S,N)+h(I,N)] <rS(S—0)(1—N)—ul (17)
%Et) =7rS(S—0) (1 — N)—pIl—dP—P[h(S,N) + h(I,N) — ch(S,N) — vh(I,N)]. (18)

Since p > rf > % and limsup,_, . S(t) <1, then for any € > 0, there is a T large
enough such that for any ¢ > T, we have
dN(t)
dt

<rS(S—=0+4u/r)—[rS(S—0)+u N

02
<r(l+e)(1+e—0+pu/r)— [Z+u] N.

By applying the theory of differential inequality [10] (or Gronwalls inequality) and
letting € — 0, we obtain
—rf
limsup N (¢) = limsup S(¢) + I(t) < rorvt

= 2
t—o00 t—o0 o — %

This implies that both N(¢) and I(¢) are uniformly ultimately bounded. Similarly,
since ¢ € (0,1] and —oco < v < ¢, then we have for any € > 0, there is a T large
enough such that for any ¢t > T,

dz(t) rS(S—6) (1= N)—pl —dP — P[h(S,N) + h(I,N) — ch(S,N) — vh(I, N)]
rS(S—60)(1—-N)—ul —dP = L — min{u,d}Z

IN I
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Le=maxg g1 40<n< rorotp | ) {rS(S—0)(1— N)+ min{yu,d}S}.
N

This implies that limsup,_, . Z(t) = limsup,_, ., S(t)+I1(t)+P(t) < m where

L.= max {TS(S—H) (1—N)+min{p,d}}.
{0<S<1,0SN< =1y
r=t

Thus P(t) is also uniformly ultimately bounded. Therefore, System (5) is positively
invariant and uniformly ultimately bounded in X.

The fact that
5 = rS(S—-0)(1-S—1)—¢(N)LS—h(S,N)P<rS(1—-S—-1)(S—0)—¢(N)%S

dt

U = G(N)ES — (I, NP = ul < 6(N) %S — ul <1 (2905 — o)

dat

implies that the dynamics of the SI model (4) can govern the dynamics of S, I-class
in Model (5). If WS < u, then the SI model (4) has no interior equilibrium since
limsup,_,. S(t) < 1. Then according to Poincaré-Bendixson Theorem [31], any
trajectory of (4) converges to either a locally asymptotically stable equilibrium or a
limit cycle. However, no interior equilibrium and no equilibrium on /-axis indicates
that any trajectory converges to a boundary equilibrium located on S-axis. Thus,
we have
limsup I(¢t) =0 if MS < .
t—o00 N

Assume that the initial susceptible prey population is less than 6 and the initial
infective population is large enough, the susceptible prey population can increase
at the beginning due to the possibility of

ds

a5 ¢V (0))
dt

N(0)

= r5(0) {(5(0) —0)(1 - S(0) — I(0)) — 1(0)} > 0.

t=0

However, the susceptible prey population can never increase to 6 since

1 g {(sa) (1SI)¢(N)I] ’H = MW

— 0.
dt |s=0 N N ’s:e <

This implies that
S(t) < 0 whenever S(0) < 6, for all ¢ > 0.

Since %S < w implies that lim sup,_, . I(t) = 0, thus the limiting dynamics is

% = rS(S —0)(1—S) with S(t) < 6.

This indicates the susceptible prey population will eventually converge to 0. There-
fore, we have

lim max{S(t), I(t), P(t)} = 0.

t—o00
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Now assume that %S > p, for all N > 0. Since p > 76 and limsup,_, . S(t) <0,
then we have

@< S|rs-0)(1-85-1)- %01

< rS[(S-0)1-95)—(S—0+pu/r)

< rS[(S-0)1=8)—(—0+pu/m)I<rS(S—0)(1-25)
This implies that lim;_, o, S(¢) = 0. Therefore, we have
tlim max{S(t),1(t), P(t)} = 0 whenever S(0) < 0.
— 00

In the case that S(0) = 6, then we have S(t) < 6 if I(0) + P(0) > 0 or S(t) =
0 if 1(0) + P(0) = 0.

Without loss of generality, let us assume S(0) + I(0) > 1 and I(0) > 0. Then
according to the argument above, we have

tlirrolo max{S(t),I(t), P(t)} = 0= limsup S(¢) + I(t) <1

whenever there exists a T such that S(T") < 6.
Now assume that S(t) > 6, for all ¢ > 0, then whenever N(0);1, we have

dN(t)
dt
Therefore, we have

= rS(S—0) (1= N) — pI — P[A(S,N) + h(I,N)] < rS(S —0) (1 = N) — uI <0.

limsup N(t) = limsup S(¢) + I(¢) < 1.

t—o00 t—o0

Proof of Proposition 1.

Proof. The Jacobian matrix of the submodel (7) at its equilibrium (S*, P*) is pre-
sented as follows
S*—0)(1—-S")—aP*+S*(1—-25"+40 —aS”
while the Jacobian matrix of the submodel (9) at its equilibrium (S*, I'*) is presented
as follows
" _ [ (S —0)(1—S* —I*) — BI* + S* (1 — 25" — " +0) S*(—S*+0—p) }
(S*,I*%) ﬂ]* ﬂs* — i .
(20)
After substituting (S*, P*) = EX u =0,0,1,i into (19), we obtain the eigenvalues
for each equilibrium:
1. EF = (0,0) is always locally asymptotically stable since both eigenvalues
associated with (19) at Ef’ are negative, i.e.
)\1 = —f and )\2 = —d.

2. EF = (0,0) is a saddle if Rf < % and is a source if R}’ > % since both
eigenvalues associated with (19) at Ef’ can be represented as follows:

A1 0(1-6)(>0)

A = df (Ry —3){

<0 if Ry <%
>0 if RE>%.
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3. EF = (1,0) is locally asymptotically stable if RY < 1 and is a saddle if
RE > 1 since both eigenvalues associated with (19) at E¥ can be represented

as follows:
Moo= (0-1)(<0)
_ P <0 if RY<1
Ao = d(RO - 1) {>0 if R%’>1.
. . . ey P e ey (1 1 (1 S
4. The unique interior equilibrium FE; = (S*, P*) = (R{)” - (Rg,’ 6) (1 R{f))
exists only if 1 < R’ < %. The Jacobian matrix evaluated at EI is given by
1 2 a
2 {A —B] A (1+0-%) -
cC 0 b (1 1
= S -e)(-a) o

whose characteristic equation is given by
N —AN+BC=0
where BC' > 0 and

2
A>01fR£’>1—

y; while A < 0 if R <

2
1+06°
This indicates that the eigenvalues of J* , are

E'ﬁ

 A—/AZ_4BC A+ VA2 —4BC

A= 5 and Ao = 5 when A% > 4BC
or
A —ivABC — A? A+iv4ABC — A?
Al = ! 5 ¢ and Ay = R 5 ¢ when A? < 4BC.
Therefore, EF exists and is locally asymptotically stable if

12, 2
’1+6"  1+6°

Notice that A = 0 when R} = ﬁ, and

1< Ré’ < min{

dA (0+1)RY —2(0RY + RS —2) .. dA
B = 3 with -
d(Ry) (RT) d(Ry)
thus according to Theorem 3.1.3 in [79], we know that the submodel (7) un-
dergoes a Hopf-bifurcation at RY = 9%. Then apply Theorem 3.1 from [77],
we can conclude that the Hopf-bifurcation is supercritical.
Similarly, after substituting (S*,I*) = EL u = 0,60,1,i into (20), we obtain the
eigenvalues for each equilibrium:

0+1)3
P 2 :( s ) >0,
Ry =125 4

1. Ef = (0,0) is always locally asymptotically stable since both eigenvalues
associated with (20) at EJ are negative, i.e.

)\1 = —6 and )\2 = —U.

2. E} = (0,0) is a saddle if R{ < § and is a source if R{ > § since both

eigenvalues associated with (20) at E/ can be represented as follows:

A= 6(1-60)(>0)
<0 if Rl<31
Ao = pb (R~ 5) {>0 if R2>%
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3. Bf = (1,0) is locally asymptotically stable if Rf < 1 and is a saddle if R} > 1

since both eigenvalues associated with (20) at E{ can be represented as follows:

A= (-1 (<0)
_ I <0 if R{<1
Ay = p(RG—1) {>0 if R2>1.
1 ] 1— 1
. The unique interior equilibrium Ef = (S*,I*) = [ 4r, (Ré 12/(3_9R6> ex-
RIL

ists only if 1 < R} < % since from Condition H, we have

1 o 02 _ 07 +487—408 (0 —2p)°
R—{)+6—973+6—0>@+B—07 15 =15 > 0.

The Jacobian matrix evaluated at EZI is given by

1 121W+9) 7$(%+ﬂ79)

JI — |: A -B :| _ Ré Ro RL(IJ+B70
E! c 0
#(5=) (-7 .
#5”3’9

whose characteristic equation is given by
A — AN+ BC =0
where BC' > 0 and

1 1
A=111-2 (Ré 9) (1 Ré) +0| = (B+B6—6%)(R{)* —2R{(8—0)—1
+8 (RE)?(1+RL(8-0)) ’

0 B+ 50— 5T 50—02

_ 1 Rl — (B—0)++/B%2—BO0+p RI — (B—0)—+/B2—pO0+p
- 1\2 T 0 .
(R$)"(1+RE(B-0))

Thus, we have

A>01ng>ﬁ_9+Vﬁ2_59+ﬂ

B+ B0 —62
. e B0+ /B> —BO+ B
while A < 0if Ry < 57 5002 .
This indicates that the eigenvalues of J! ‘E’ are
A—+A2—-4B A+ VA2 —-4B
A = - C and 2y = 2 S © When A2 > 4BC
or
A —ivV4BC — A2 A+iv4BC — A2
Al = ! 5 ¢ and A\ = R 5 ¢ when A? < 4BC.

Therefore, EY exists and is locally asymptotically stable if

B0+ T BIHE, _ f-0+ I 501

B+ B0 —6° B+ B0 — 67

1
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— 2_
Notice that A = 0 when R} = H;r— W and

dA 2./B(B—-0)+ 8
Ji 1_B—0+VpB2-pB6+p 2 7~ 0
d (RO) Ro=""3756—e7 (B+0(B—10)) (Ré) (1 + Ré (B — 9))
Thus according to Theorem 3.1.3 in [79] and Theorem 3.1 in [77] again, we can
conclude that the submodel (9) undergoes a supercritical Hopf-bifurcation at

Rl _ B0/ 3015
! = :

B+po—062

O
Proof of Theorem 3.1.

Proof. The detailed proof for the submodel (7) is similar to the proof for the sub-
model (9), thus we only focus on the submodel (9).

According to Proposition 1, if R} < 1 or R{ > 4, then the submodel (9) only
has three boundary equilibria EL,u = 0,6, 1 where EQI is a saddle and E{ is locally
asymptotically stable when R} < 1 while EGI is a source and E{ is a saddle when
R} > 1. For R} = 1, E{ is nonhyperbolic with one zero eigenvalue and the other
negative while Eé remains saddle. For R} = %, Eé is nonhyperbolic with one zero
eigenvalue and the other positive while EY remains saddle.

According to Theorem 2.1, the submodel (9) has a compact global attractor.
Thus, from an application of the Poincaré-Bendixson theorem [31] we conclude
that the trajectory starting at any initial condition living in the interior of Ri
converges to one of three boundary equilibria EZ, u = 0,6, 1 when (9) has no interior
equilibrium. This implies that limsup,_, .. I(¢t) = 0 when R} <1 or R} > . Since
E} is the only locally asymptotically stable boundary equilibrium when R} > #,
therefore, System (9) converges to (0, 0) for any initial condition taken in the interior

of Ri.
The third part of Theorem 3.1 can be a direct application of results from Theorem
2.1. Therefore, the statement holds. O

Proof of Proposition 2.

Proof. The local stability of equilibrium can be determined by the eigenvalues \;, i =
1,2, 3 of the Jacobian matrix of System (6) evaluated at the equilibrium. By simple
calculations, we have follows:
1. The equilibrium Ey = (0,0, 0) is always locally asymptotically stable since its
eigenvalues are

A= —9(< 0)7 Ay = —,u(< 0), A3 = —d(< 0)
2. The equilibrium Ey = (6,0, 0) is always unstable since its eigenvalues are

; I_1 e pP _1
A =0(1—0)(>0), ho = pub (R — §) {5y 1} wisl da=db (RE —3) {501} pbot
3. The equilibrium E; = (1,0,0) is locally asymptotically stable if R} < 1 and
RE < 1 since its eigenvalues are
. 1 . P

M= (0= 1) (<0 de = p (R = 1) {50 33 RiSr A = (RS =) {55 i 5y

where the sign of \; indicates its eigenvector pointing toward (< 0) or away from (>
0) the equilibrium in S-axis (i = 1), I-axis (i = 2) and P-axis (i = 3), respectively.
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According to Proposition 1, the equilibrium EbL = (R%’ 0,1 (R—IP — 9) (1 - RLP))
. . . . . . 0 0 . 0
is locally asymptotically stable if it is locally asymptotically stable in the submodel
(7) and

J S—)

e (d=0) (1= ) -0 B 1o L))

dr
Idt

s

which indicates that disease is not able to invade at E}p

() (-7)
Ao N M/ g

RE» L 156 ’
0 R]

Similarly, the equilibrium E? = is locally asymptoti-

cally stable if it is locally asymptotically stable in the submodel (9) and

L) (1--2 L) (1-%
4r =bS + I*d_i+—a L B 7d<O@R75<17QR6 Ry
Pdt |~ a = Rl A A0 Rl d(L +8-0)

which indicates that predator is not able to invade at E}.
Therefore, we can conclude that E% is locally asymptotically stable if

b2 R} (7R1P —9) (1—?113)
1< R, d—5<1 o 0
< 0<1+9an R5< + m

and E¢ is locally asymptotically stable if

B-0+F-B9+3  RE

B+ B6—0° R} d(gr + 58— 6)

1< Rl <

Proof of Theorem 4.1.

Proof. If R} < 1, then 8 = % < p. According to Theorem 2.1, we have
lim; 0o I(t) = 0, i.e., the limiting dynamics of System (6) is the submodel (7)
which has only boundary equilibrium (0, 0), (¢,0) and (1,0) when R} < 1. Then
Poincaré-Bendixson Theorem [31, 72] to (7), we can conclude that lim;_, o P(t) = 0.

Therefore, we have

Jim max{I(t), P(t)} =0 if R<1&Rl < 1.
— 00

While if, in addition, we have R{ > % instead, then from Theorem 3.1 we can
conclude that the omega limit set of S P-plane is EgUFEgUE;. Since Ré < 1 indicates
that, for any € > 0, all trajectories enter into the compact set [0, B] x [0, €] x [0, B]
when time large enough, therefore, the condition R(I) < 1and R(})D > % indicates that,
for any € > 0, all trajectories enter into the compact set M = [0,1] x [0,¢€] x [0, ¢]
when time large enough. Choose € small enough, then the omega limit set of the
interior of M is Fj since FEj is locally asymptotically stable and Ey, F; is unstable
according to Proposition 1. Therefore, the condition R} < 1 and RY > é indicates
that lim; o (S(¢), I(t), P(t)) = Ep.

If & > 0, then from the proof of Theorem 3.1 and Corollary 1, we can conclude
that limsup,_, . I(t) < 1 — 6. This indicates that for any € > 0, there exists a time
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T such that

dP B p al—0) eb+a)
Pdt<b(1+e)+oz(19+e)dd<R0 + 7 + 7 —1) forallt>T
which implies that lim, . P(t) = 0if RY + 2290 < 1. 1f RE+ 2129 — 1 then we

can apply Poincaré-Bendixson Theorem [31, 72] to (9) to obtain that lim; ,., P(t) =
0. The rest of the second item of Theorem 4.1 can be shown by applying the similar
arguments of the proof for the first item in Theorem 4.1.

The third item of Theorem 4.1 can be shown by a direct application of Theorem
2.1, i.e., all trajectories converge to Ey whenever S(0) < 6. O

Proof of Theorem 4.2.

Proof. Direct applications of Theorem 4.1 imply that System (6) has no interior
equilibrium if

(1-90)

Rl <1or(a<0RE<1)or(a>0RE+2 T <V

Thus, we omit the detailed proof for these cases.
If (S*, I*, P*) is an interior equilibrium for System (6), then S* is a positive root
of the quadratic equation

=015 (G 5)) 02 G - 5) -5 (s ) -0

& S82-BS+C=0
provided that

(21)

a_q p— 6 — L=
B:—(ﬂ—9)+(z 7C_ b <
-1 -1
and
B 1 b (1
P == I I'=—|—%-5* . 22
. S Rl >0, o \BP S*) >0 (22)

The equation (22) implies that a necessary condition for the existence of the
interior equilibrium (S*, I*, P*) is as follows:

1 1 1 1
— < 8" < — if @ >0; while S* >max{—, —5} if a <0.
A Urg )
In the case that R} = % = 1, we have §* = ‘;:—Z, thus the interior equilibrium

(8*, I*, P*) exists if

1<S*<Lpif0z>0; while $* > max {1, Lp}ifoz<0.
Ry Ry
This is a contradiction to limsup,_, ., S(¢) < 1 according to Theorem 2.1. This
implies that there is no interior equilibrium if R} = 1. Notice that Theorem 4.1
indicates that one necessary condition for System (6) having an interior equilibrium
is that R} > 1 otherwise lim;_,, I(¢) = 0, thus, there is no interior equilibrium if

Ry < 1.

Recall that Theorem 2.1 and Theorem 4.1 indicate that § < S* < 1. Therefore,
the existence of an interior equilibrium (S*, I*, P*) requires R} > 1 (i.e., u < f3)
and
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max{0 1}<S*<min{1 1}ifcu>0

X Y 15T Yy P ;
R§ Ry

hile 1 > S* > ma; {9 L 1}ifa<0

w x{0, —, — .

Ry’ Ry

This implies that there is no interior equilibrium (S*, I'*, P*) if

1 1
max{#6, ﬁ} > min{1, ?} when a > 0
0 0

or
1 1
max{@, R7(1)7 Fg} 2 1 when a < 0.
1
(R§ <RE, a>0) or (Rgzg,a>0) or (RE <1,a<0).
Since we assume that System (6) satisfies Condition H, thus we have
0<f<l,u>0,0<b<aand —oo < a<b.

The requirement R} > 1 implies that § < u < 8. The equation (21) has only one

B+\/E232’w if
a(p=0)=dB=0) (opcac B0 _ 4
p—6  a=g
)

Therefore, there is no interior equilibrium if

positive root S5

d(B—0
oo pw—0— (ﬁa ) _
g -1 b—a
Therefore, System (6) has a unique interior equilibrium E} = (S3, I3, P5) where
G¥ — B+vB?=iC ¢
2 = 2 1
1 . 1
a< =g max{#6, Rl } < S5 < min{1, R—OP} when o > 0,
B—0

or,
1 1
1>S5> max{@,—, —} when o < 0.
R; RG
In the case that o < 0, it is easy to check that C' < 0 since § < p < § implies that
holds whenever o < 0. Thus, it is impossible that (21) has two positive

a < “ilg
=0
roots when o < 0. If (21) has two positive roots
G _B-VBiC . _B+VB-iC
1= 5 0= (%
2 2

d I

then it requires that o > 0 and
B > 0&—-(B-0+E2>000<p-0< 925t a<min{d,d},
C a(p—"0)
2

B > 4C & (8- 0)+ (f=2) + Aliaialt)
Thus, B > 0 and C > 0 require that
— -0

st 0 < o < min{b,d} and0<6—9<%<u—9

0<pB-0<
b—ao
which is a contradiction since 0 < y — 6 < 5 — 6 and b > «. Therefore, System (6)
has at most one interior equilibrium FE% and System (6) has no interior equilibrium

> 0o =fdBoh) L g s 0<f-6<

if C > 0 or B? < 4C which implies follows:
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1. C>0&sa>

b-a) ((0-B+5=8)"+29552
2. B2 - 4C <00 < g4 2l b2) +7% )
The argument above implies that System (6) has at most one interior equilibrium

Ej with S3 = BEYEEZAC From (12), we have

o d—«
i Lok
b—a1a>0,52<b—a

S > ifa<0

which implies that
d—
S; > b—o‘ >1whenb>a>0,d>b(ic, R <1).
-«
This is a contradiction to the fact that limsup,_, . S(t) < 1. Therefore, System (6)
has no interior equilibrium if RY <1, > 0. Combining the discussions above, we
can conclude that System (6) has no interior equilibrium if

Ry <1,a<b.

The existence of E} requires
1 1
max{#0, R—é} < S5 < min{1, R—g,} ifa>0

while

1 1
1> S5 > max {6, 5} if o < 0.
0

RRE
This implies that System (6) has no interior equilibrium if

-«
S; < TR < max {6,

1
T :maX{H,R—})}WhenR0P>1,oz<0

1 1
RYRE
since

1 d d-a
R0 b-a
The above argument also implies that System (6) has no interior equilibrium if

% and R > %
which implies that, according to Proposition 1, the only possible boundary equilibria
for System (6) are Ey, Ep and E; where only Ej is locally asymptotically stable;
FEy is a source and F1 is a saddle with one stable manifold on S-axis. This implies
that all trajectories of System (6) that are not living on the stable manifold of F;
converge to Ej.

The local stability of the interior equilibrium

B2 = (sz,a(%)sg),a(sz%))

can be determined by the eigenvalues of the Jacobian Matrix of (6) evaluated at
this equilibrium, i.e., JE;:

when R(})D >1,a<0.

a>0, RY >

Sz (1+6—24+(2-2)835) S5(0-8-S3) —aS3
JEé _ B(d—abs‘g) 0 _a(d—abss) (23)
b(BS5 —pu) a(BS5—p) 0

a a
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where its characteristic equation reads as follows:

N34 52 [a(1+9)*5+(b*20¢)55] A2 _ ﬁSS(Sé‘*@Jrﬁ)(d;bSS)+ad(ﬁs§*M)/\

(24)

+S;(d*bsi;)(ﬁsik*#)[a*d+(5*9+255)(b*0‘)] _ ()\1 _ /\)(}\2 _ /\)(}\3 _ /\) =0.

with \;,7 = 1,2, 3 being roots of (24). If all real part of A\;,7 = 1,2,3 are negative,

then we have
2?21 A = S;[a(1+9)—;l+(b—2a)sg} <0

< 2=20E0 6 0 < o < min{b/2,d/(1+6)}
{ 204 it o > max{b/2,d/(1+ 0)}

g 52 > 2a—b
> dfba(;re) ifa<0
S NN = BS3 (S3—0+8)(d—bS3)+ad(8S5—n)
i,j=1,i#5 7' o
= BS3(S5—0+8) D L q(8Ss —p) >0
JEEpY = TUES5(Ss — ) o —d+ (B0 +255)(b—a)] <O

d—a
= —(B—0)
* b—a
& Sp< a7

= B/2
Notice that the existence of Ej requires C' < 0 (since it is impossible for (21)
having two positive roots), thus, we have

B+ +vB?2—-4C
S5 = % > B/2
which is a contradiction to the fact that all real part of A;,7 = 1,2, 3 being negative
requires S5 < B/2. Therefore, the real parts of eigenvalues of J j can never be all
negative. O

Proof of Theorem 5.1.

Proof. Tt is easy to check that (13) is positively invariant in Ri since S = 0,P =
0,1 = 0 are invariant manifolds, respectively. For any initial conditions taken in
R3, we have

ﬁ <8(1—-5)=limsup S(t) < 1.
dt t—o0

Thus, for any € > 0, then there exists some time 7' large enough such that
as dI

— 4+ —=<(14¢(l-=S—-1I)foralt>T= limsupS(t) + I(t) < 1.
dt dt t—o00

Now define V = Z)(Saiﬂ) + P, then we have

V. < bSU=5"D _prp BT 4 oPI —dP < b/a—bla(S + 1) — dP

dt — a
= limsu V(t) < —L—.
Ptoo — amin{1,d}

This indicates that limsup, , . V() < m. Thus, the first statement of The-

orem 5.1 holds.
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From the positive invariant property of (13), we have follows

;TS = S(1—-S—1)—BSI—aSP<S[1—S—(1+/)1],
& ST alP -~ uI <185 — 4.

Thus the infective population of (13) is always less or equal to (if P = 0) the
infective population of the following dynamics:

ng S[L—=5—(1+p)]
G = [B5—u
which is the well-known Lotka-Volterra prey predator system that has lim;_, o I(t) =
0 if R} <1 (see the detailed proof in [51]). Therefore, the infective population of
(13) goes extinct if R} < 1. This implies that the limiting system of (13) is the
well-known Lotka-Volterra prey predator system again:

8 = S[1-5-aP)

dp PbS —d]

dt

which has global stability at (1,0) when RY < 1 and has global stability at
P
( 1 o _1) when R > 1 by using the local stability of boundary equilibria,

RP" okl
Poincaré-Bendixson Theorem and Dulac’s criterion [31]. The detailed proof can be
found in [51]. Similarly, we can prove the dynamical properties of (13) when

(R <1,a<0)or (R(I;glf%,a>0).

Thus, the second part of of Theorem 5.1 holds.

The argument above indicates that one necessary condition for (13) having an
interior equilibrium (E;)™* = (S*, I*, P*) (see the detailed expression of (E;)"™® in
(15)) is that Rf > 1, i.e., 8 > p. Thus from (16), we can conclude that (E;)"®
exists if and only if

1+5

a(f—p) a
df — by > —— and max{l, -} < —— <
A=bn>—="5 g <1
Now if R(I)D <1, ie., d <b, then we have 1 < % <
Thus, the existence of (E;)™® requires
Rl >1and R > 1

which indicates the existence of (E%)"® and (E%)"e.
Notice that (E%)™® is globally stable in the SI-plane (i.e., P = 0) and (E%)™®
is globally stable in the SP-plane (i.e., I = 0), therefore, the locally stability of

since 5 > p,b > a.

ol Q. o

< 1 which is impossible.

(Ej)" and (Ep)™® is determined by the signs of 42 (B 4 (B4 e respectively,
ie.,
dp aP*(1+B)(b—a) dI I*(146)(b — a)
7’ - , —| =P T (25)
dt |(Eiyne Ié] dt |(EL)na b
This implies that if we have (E;)"* = (S*,I*, P*) € intR%, then %|(Ei)w <0
I

and 4 < 0, thus, both (E%)™® and (E%)™® are locally asymptotically stable

oy e
whenever (E%)" exists. Therefore, the existence of (E;)"™® requires R} > 1, RY > 1
and both (E%)™* and (E%)™® being locally asymptotically stable. If one of (E%)™®
and (E%)™ is unstable, then there is no interior equilibrium, thus, (13) can never
be permanent due to Schauder fixed point theorem [see Theorem 6.3 by [41]] when
b> a.
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Let J(g,)ne be the Jacobian matrix of System (13) evaluated at
(E:)" = (57,17, P7).
Then by simple calculations, we can obtain that
det(J(g,yna) = aS*I*P* (14 B) (b— ) > 0.
Therefore, (E;)™* is always unstable whenever it exists.

Assume that (E%)™® is unstable, then from (15), (16) and (25), we have the
following inequalities hold

b>dand dB — by =du (R — RY) >b—d>0.
Therefore, we have R} > RL > 1, i.e., 8 > pu, thus (E%)"® exists. Then (E%)"® has
to be stable, otherwise, (13) is permanent which is impossible. Therefore, if (E%)"®
is unstable, then (E%)"® exists and is stable.

Assume that (E%)"® is unstable, then from (15), (16) and (25), we have the
following inequalities hold

B8 > p and dﬂ—bg:dﬂ(R{)—R{f) < alf=n)
1+ 53
If d > b, ie., RY <1, then we have
a(f —p)
<b<d=dB—bu>bf—pu) >
a<b< B—buzb(f—p)>———7
which is impossible. Thus, we have RY > 1 which implies that (E%)"® exists and
is stable. O

Acknowledgments. The research of Y.K. is partially supported by Simons Col-
laboration Grants for Mathematicians (208902), NSF DMS (1313312) and School of
Letters and Sciences at ASU. Sourav Kumar Sasmal and Amiya Ranjan Bhowmick
are supported by senior research fellowship from the Council for Scientific and In-
dustrial Research, Government of India. We would like to thank Editor and two
referees for their valuable comments to improve this manuscript significantly.

REFERENCES

[1] W. C. Allee, Animal Aggregations. A Study in General Sociology, University of Chicago Press,
Chicago, 1931.

[2] L. H. Alvarez, Optimal harvesting under stochastic fluctuations and critical depensation,
Mathematical Biosciences, 152 (1998), 63-85.

[3] P. Amarasekare, Interactions between local dynamics and dispersal: Insights from single
species models, Theoretical Population Biology, 53 (1998), 44-59.

[4] E. Angulo, G. W. Roemer, L. Berec, J. Gascoigen and F. Courchamp, Double Allee effects
and extinction in the island fox, Conservation Biology, 21 (2007), 1082—-1091.

[5] N. Bairagi, P. K. Roy and J. Chattopadhyay, Role of infection on the stability of a predator-
prey system with several response functions — A comparative study, Journal of Theoretical
Biology, 248 (2007), 10-25.

[6] M. Begon, M. Bennett, R. G. Bowers, N. P. French, S. M. Hazel and J. Turner, A clari-
fication of transmission terms in host—microparasite models: Numbers, densities and areas,
Epidemiology and Infection, 129 (2002), 147-153.

[7] E. Beltrami and T. O. Carroll, Modelling the role of viral disease in recurrent phytoplankton
blooms, Journal of Mathematical Biology, 32 (1994), 857-863.

[8] E. Beretta and Y. Kuang, Modelling and analysis of a marine bacteriophage infection, Math-
ematical Biosciences, 149 (1998), 57-76.

[9] F. S. Berezovskaya, B. Song and C. Castillo-Chavez, Role of prey dispersal and refuges on
predator—prey dynamics, SIAM Journal on Applied Mathematics, 70 (2010), 1821-1839.


http://dx.doi.org/10.5962/bhl.title.7313
http://www.ams.org/mathscinet-getitem?mr=MR1637991&return=pdf
http://dx.doi.org/10.1016/S0025-5564(98)10018-4
http://dx.doi.org/10.1006/tpbi.1997.1340
http://dx.doi.org/10.1006/tpbi.1997.1340
http://dx.doi.org/10.1111/j.1523-1739.2007.00721.x
http://dx.doi.org/10.1111/j.1523-1739.2007.00721.x
http://www.ams.org/mathscinet-getitem?mr=MR2483183&return=pdf
http://dx.doi.org/10.1016/j.jtbi.2007.05.005
http://dx.doi.org/10.1016/j.jtbi.2007.05.005
http://dx.doi.org/10.1017/S0950268802007148
http://dx.doi.org/10.1017/S0950268802007148
http://dx.doi.org/10.1007/BF00168802
http://dx.doi.org/10.1007/BF00168802
http://www.ams.org/mathscinet-getitem?mr=MR1629476&return=pdf
http://dx.doi.org/10.1016/S0025-5564(97)10015-3
http://www.ams.org/mathscinet-getitem?mr=MR2596503&return=pdf
http://dx.doi.org/10.1137/080730603
http://dx.doi.org/10.1137/080730603

[10]
(1]

(12]

(13]
14]

[15]

(16]

(17)

(18]
(19]
[20]
21]
(22]
23]

24]
[25]

[26]
27]
28]
29]
(30]
(31]

(32]

33]

34]
(35)

(36]

37)

DYNAMICS OF SIP WITH ALLEE EFFECTS 915

G. Birkhoff and G. C. Rota, Ordinary Differential Equations, Massachusetts, Boston, 1982.
D. S. Boukal and L. Berec, Single-species Models of the Allee effect: Extinction boundaries,
sex ratios and mate encounters, Journal of Theoretical Biology, 218 (2002), 375-394.

R. Burrows, H. Hofer and M. L. East, Population dynamics, intervention and survival in
African wild dogs (Lycaon pictus), Proceedings of the Royal Society B: Biological Sciences,
262 (1995), 235-245.

J. Chattopadhyay and O. Arino, A predator-prey model with disease in the prey, Nonlinear
Analysis, 36 (1999), 747-766.

J. Chattopadhyay and S. Pal, Viral infection on phytoplankton—zooplankton system—a math-
ematical model, Ecological Modelling, 151 (2002), 15-28.

J. Chattopadhyay, R. Sarkar, M. E. Fritzche-Hoballah, T. Turlings and L. Bersier, Parasitoids
may determine plant fitness — A mathematical model based on experimental data, Journal of
Theoretical Biology, 212 (2001), 295-302.

J. Chattopadhyay, P. Srinivasu and N. Bairagi, Pelicans at risk in Salton Sea—an eco-
epidemiological model-1I, Ecological Modelling, 167 (2003), 199-211.

D. L. Clifford, J. A. K. Mazet, E. J. Dubovi, D. K. Garcelon, T. J. Coonan, P. A. Conrad
and L. Munson, Pathogen exposure in endangered island fox (Urocyon littoralis) populations:
Implications for conservation management, Biological Conservation, 131 (2006), 230-243.
F. Courchamp, L. Berec and J. Gascoigne, Allee Effects in Ecology and Conservation, Oxford
University Press, Oxford, 2008.

F. Courchamp, T. Clutton-Brock and B. Grenfell, Inverse density dependence and the Allee
effect, Trends in Ecology & FEvolution, 14 (1999), 405-410.

F. Courchamp, T. Clutton-Brock and B. Grenfell, Multipack dynamics and the Allee effect
in the African wild dog, Lycaon pictus, Animal Conservation, 3 (2000), 277-285.

F. Courchamp, B. Grenfell and T. Clutton—Brock, Impact of natural enemies on obligately
cooperatively breeders, Oikos, 91 (2000), 311-322.

J. Cushing and J. Hudson, Evolutionary dynamics and strong Allee effects, Journal of Bio-
logical Dynamics, 6 (2012), 941-958.

A. Deredec and F. Courchamp, Combined impacts of Allee effects and parasitism, Oikos, 112
(2006), 667-679.

J. Drake, Allee effects and the risk of biological invasion, Risk Analysis, 24 (2004), 795-802.
J. Ferdy, F. Austerlitz, J. Moret, P. Gouyon and B. Godelle, Pollinator-induced density
dependence in deceptive species, Oikos, 87 (1999), 549-560.

H. I. Freedman, A model of predator-prey dynamics as modified by the action of parasite,
Mathematical Biosciences, 99 (1990), 143-155.

A. Friedman and A. A. Yakubu, Fatal disease and demographic allee effect: Population
persistence and extinction, Journal of Biological Dynamics, 6 (2012), 495-508.

J. C. Gascoigne and R. N. Lipccius, Allee effects driven by predation, Journal of Applied
Ecology, 41 (2004), 801-810.

M. Groom, Allee effects limit population viability of an annual plant, The American Natu-
ralist, 151 (1998), 487-496.

Y. Gruntfest, R. Arditi and Y. Dombronsky, A fragmented population in a varying environ-
ment, Journal of Theoretical Biology, 185 (1997), 539-547.

J. Guckenheimer and P. Holmes, Nonlinear Oscillations, Dynamical Systems, and Bifurca-
tions of Vector Fields, Springer-Verlag, 1983.

F. M. D. Gulland, The Impact of Infectious Diseases on Wild Animal Populations-A Review.
In: Ecology of Infectious Diseases in Natural Populations, Cambridge University Press, Cam-
bridge, 1995.

K. P. Hadeler and H. I. Freedman, Predator—prey populations with parasitic infection, Journal
of Mathematical Biology, 27 (1989), 609-631.

H. W. Hethcote, The mathematics of infectious diseases, SIAM Review, 42 (2000), 499-653.
H. W. Hethcote, W. Wang, L. Han and Z. Ma, A predator—prey model with infected prey,
Theoretical Population Biology, 66 (2004), 259-268.

F. M. Hilker, Population collapse to extinction: The catastrophic combination of parasitism
and Allee effect, Journal of Biological Dynamics, 4 (2010), 86-101.

F. M. Hilker, M. Langlais and H. Malchow, The allee effect and infectious diseases: Extinction,
multistability, and the (dis—)appearance of oscillations, The American Naturalist, 173 (2009),
72-88.


http://www.ams.org/mathscinet-getitem?mr=MR2026330&return=pdf
http://dx.doi.org/10.1006/jtbi.2002.3084
http://dx.doi.org/10.1006/jtbi.2002.3084
http://dx.doi.org/10.1098/rspb.1995.0201
http://dx.doi.org/10.1098/rspb.1995.0201
http://www.ams.org/mathscinet-getitem?mr=MR1680305&return=pdf
http://dx.doi.org/10.1016/S0362-546X(98)00126-6
http://dx.doi.org/10.1016/S0304-3800(01)00415-X
http://dx.doi.org/10.1016/S0304-3800(01)00415-X
http://dx.doi.org/10.1006/jtbi.2001.2374
http://dx.doi.org/10.1006/jtbi.2001.2374
http://dx.doi.org/10.1016/S0304-3800(03)00187-X
http://dx.doi.org/10.1016/S0304-3800(03)00187-X
http://dx.doi.org/10.1016/j.biocon.2006.04.029
http://dx.doi.org/10.1016/j.biocon.2006.04.029
http://dx.doi.org/10.1093/acprof:oso/9780198570301.001.0001
http://dx.doi.org/10.1016/S0169-5347(99)01683-3
http://dx.doi.org/10.1016/S0169-5347(99)01683-3
http://dx.doi.org/10.1017/S1367943000001001
http://dx.doi.org/10.1017/S1367943000001001
http://dx.doi.org/10.1034/j.1600-0706.2000.910212.x
http://dx.doi.org/10.1034/j.1600-0706.2000.910212.x
http://dx.doi.org/10.1080/17513758.2012.697196
http://dx.doi.org/10.1111/j.0030-1299.2006.14243.x
http://dx.doi.org/10.1111/j.0272-4332.2004.00479.x
http://dx.doi.org/10.2307/3546819
http://dx.doi.org/10.2307/3546819
http://www.ams.org/mathscinet-getitem?mr=MR1055744&return=pdf
http://dx.doi.org/10.1016/0025-5564(90)90001-F
http://www.ams.org/mathscinet-getitem?mr=MR2897886&return=pdf
http://dx.doi.org/10.1080/17513758.2011.630489
http://dx.doi.org/10.1080/17513758.2011.630489
http://dx.doi.org/10.1111/j.0021-8901.2004.00944.x
http://dx.doi.org/10.1086/286135
http://dx.doi.org/10.1006/jtbi.1996.0358
http://dx.doi.org/10.1006/jtbi.1996.0358
http://www.ams.org/mathscinet-getitem?mr=MR0709768&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR1024702&return=pdf
http://dx.doi.org/10.1007/BF00276947
http://www.ams.org/mathscinet-getitem?mr=MR1814049&return=pdf
http://dx.doi.org/10.1137/S0036144500371907
http://dx.doi.org/10.1016/j.tpb.2004.06.010
http://www.ams.org/mathscinet-getitem?mr=MR2605711&return=pdf
http://dx.doi.org/10.1080/17513750903026429
http://dx.doi.org/10.1080/17513750903026429
http://dx.doi.org/10.1086/593357
http://dx.doi.org/10.1086/593357

916

(38]
(39]
[40]
[41]
42]
[43]
[44]

[45]

[46]
[47)
(48]

[49]

[50]
[51]
[52]
[53]
[54]
[55]
[56]
[57]
58]
[59]
[60]
(61]
(62]
[63]
[64]

[65)

Y. KANG, S. K. SASMAL, A. R. BHOWMICK AND J. CHATTOPADHYAY

F. M. Hilker, M. Langlais, S. V. Petrovskii and H. Malchow, A diffusive SI model with Allee
effect and application to FIV, Mathematical Biosciences, 206 (2007), 61-80.

F. M. Hilker and K. Schmitz, Disease—induced stabilization of predator—prey oscillations,
Journal of Theoretical Biology, 255 (2008), 299-306.

C. Holling, Some characteristics of simple types of predation and parasitism, Canadian En-
tomologist, 91 (1959), 385-398.

V. Hutson and K. Schmitt, Permanence and the dynamics of biological systems, Mathematical
Biosciences, 111 (1992), 1-71.

J. Jacobs, Cooperation, optimal density and low density thresholds: yet another modification
of the logistic model, Oecologia, 64 (1984), 389-395.

S. R. J. Jang, Discrete-time host—parasitoid models with Allee effects: Density dependence
versus parasitism, Journal of Difference Equations and Applications, 17 (2011), 525-539.

S. R. J. Jang, Allee effects in a discrete-time host—parasitoid model, Journal of Difference
Equations and Applications, 12 (2006), 165-181.

Y. Kang, Dynamics of A General Contest Competition Two Species Model Subject to Strong
Allee Effects, Submitted to the Journal of Theoretical Population Biology, 2013. (Under
revision).

Y. Kang, Scramble competitions can rescue endangered species subject to strong Allee effects,
Mathematical Biosciences, 241 (2013), 75-87.

Y. Kang, A. R. Bhowmick, S. K. Sasmal and J. Chattopadhyay, Host—parasitoid systems with
predation—driven Allee effects in host population, preprint.

Y. Kang and C. Castillo-Chavez, Multiscale analysis of compartment models with dispersal,
Journal of Biological Dynamics, 6 (2012), 50-79.

Y. Kang and C. Castillo-Chavez, A Simple Epidemiological Model for Populations in The
Wild with Allee Effects and Disease Modified Fitness, Journal of Discrete and Continuous
Dynamical Systems—B, 2013, (Accepted).

Y. Kang and N. Lanchier, Expansion or extinction: Deterministic and stochastic two—patch
models with Allee effects, Journal of Mathematical Biology, 62 (2011), 925-973.

Y. Kang and L. Wedekin, Dynamics of a intraguild predation model with generalist or spe-
cialist predator, Journal of Mathematical Biology, 67 (2013), 1227-1259.

Y. Kang and A.-A. Yakubu, Weak Allee effects and species coexistence, Nonlinear Analysis:
Real World Applications, 12 (2011), 3329-3345.

M. Kuussaari, I. Saccheri, M. Camara and I. Hanski, Allee effect and population dynamics in
the Glanville fritillary butterfly, Oikos, 82 (1998), 384-392.

B. Lamont, P. Klinkhamer and E. Witkowski, Population fragmentation may reduce fertility
to zero in Banksia goodii-demonstration of the Allee effect, Oecologia, 94 (1993), 446-450.
M. A. Lewis and P. Kareiva, Allee dynamics and the spread of invading organisms, Theoretical
Population Biology, 43 (1993), 141-158.

H. McCallum, N. Barlow and J. Hone, How should pathogen transmission be modelled?
Trends in Ecology € Evolution, 16 (2001), 295-300.

[jstor.org/stable/1931412] H. T. Odum and W. C. Allee, A note on the stable point of popu-
lations showing both intraspecific cooperation and disoperation, FEcology, 35 (1954), 95-97.
V. Padrén and M. C. Trevisan, Effect of aggregating behavior on population recovery on a
set of habitat islands, Mathematical Biosciences, 165 (2000), 63-78.

A. Potapov, E. Merrill and M. A. Lewis, Wildlife disease elimination and density dependence,
Proceedings of the Royal Society - Biological Sciences, 279 (2012), 3139-3145.

R. Ricklefs and G. Miller, Ecology, Williams and Wilkins Co., Inc., New York, 4th ed., 2000.
B.-E. Sther, T. Ringsby and E. Rskaft, Life history variation, population processes and pri-
orities in species conservation: towards a reunion of research paradigms, Oikos, 77 (1996),
217-226.

S. J. Schreiber, Allee effects, extinctions, and chaotic transients in simple population models,
Theoretical Population Biology, 64 (2003), 201-209.

J. Shi and R. Shivaji, Persistence in reaction diffusion models with weak Allee effect, Journal
of Mathematical Biology, 52 (2006), 807-829.

M. Sieber and F. M. Hilker, The hydra effect in predator—prey models, Journal of Mathemat-
ical Biology, 64 (2012), 341-360.

B. K. Singh, J. Chattopadhyay and S. Sinha, The role of virus infection in a simple phyto-
plankton zooplankton system, Journal of Theoretical Biology, 231 (2004), 153-166.


http://www.ams.org/mathscinet-getitem?mr=MR2311672&return=pdf
http://dx.doi.org/10.1016/j.mbs.2005.10.003
http://dx.doi.org/10.1016/j.mbs.2005.10.003
http://dx.doi.org/10.1016/j.jtbi.2008.08.018
http://www.ams.org/mathscinet-getitem?mr=MR1175114&return=pdf
http://dx.doi.org/10.1016/0025-5564(92)90078-B
http://dx.doi.org/10.1007/BF00379138
http://dx.doi.org/10.1007/BF00379138
http://www.ams.org/mathscinet-getitem?mr=MR2783365&return=pdf
http://dx.doi.org/10.1080/10236190903146920
http://dx.doi.org/10.1080/10236190903146920
http://www.ams.org/mathscinet-getitem?mr=MR2205086&return=pdf
http://dx.doi.org/10.1080/10236190500539238
http://www.ams.org/mathscinet-getitem?mr=MR3019695&return=pdf
http://dx.doi.org/10.1016/j.mbs.2012.09.002
http://www.ams.org/mathscinet-getitem?mr=MR2994279&return=pdf
http://dx.doi.org/10.1080/17513758.2012.713125
http://www.ams.org/mathscinet-getitem?mr=MR2795701&return=pdf
http://dx.doi.org/10.1007/s00285-010-0359-3
http://dx.doi.org/10.1007/s00285-010-0359-3
http://www.ams.org/mathscinet-getitem?mr=MR3111989&return=pdf
http://dx.doi.org/10.1007/s00285-012-0584-z
http://dx.doi.org/10.1007/s00285-012-0584-z
http://www.ams.org/mathscinet-getitem?mr=MR2832975&return=pdf
http://dx.doi.org/10.1016/j.nonrwa.2011.05.031
http://dx.doi.org/10.2307/3546980
http://dx.doi.org/10.2307/3546980
http://dx.doi.org/10.1007/BF00317122
http://dx.doi.org/10.1007/BF00317122
http://dx.doi.org/10.1006/tpbi.1993.1007
http://dx.doi.org/10.1016/S0169-5347(01)02144-9
http://dx.doi.org/10.2307/1931412
http://dx.doi.org/10.2307/1931412
http://www.ams.org/mathscinet-getitem?mr=MR1765201&return=pdf
http://dx.doi.org/10.1016/S0025-5564(00)00005-5
http://dx.doi.org/10.1016/S0025-5564(00)00005-5
http://dx.doi.org/10.1098/rspb.2012.0520
http://dx.doi.org/10.2307/3546060
http://dx.doi.org/10.2307/3546060
http://dx.doi.org/10.1016/S0040-5809(03)00072-8
http://www.ams.org/mathscinet-getitem?mr=MR2235529&return=pdf
http://dx.doi.org/10.1007/s00285-006-0373-7
http://www.ams.org/mathscinet-getitem?mr=MR2864847&return=pdf
http://dx.doi.org/10.1007/s00285-011-0416-6
http://www.ams.org/mathscinet-getitem?mr=MR2105582&return=pdf
http://dx.doi.org/10.1016/j.jtbi.2004.06.010
http://dx.doi.org/10.1016/j.jtbi.2004.06.010

DYNAMICS OF SIP WITH ALLEE EFFECTS 917

[66] P. Stephens and W. Sutherland, Consequences of the Allee effect for behaviour, ecology and
conservation, Trends in Ecology & FEvolution, 14 (1999), 401-405.

[67] P. A. Stephens, W. J. Sutherland and R. P. Freckleton, What is the Allee effect? Oikos, 87
(1999), 185-190.

[68] A. Stoner and M. Ray—Culp, Evidence for Allee effects in an over—harvested marine gastropod:
Density dependent mating and egg production, Marine Ecology Progress Series, 202 (2000),
297-302.

[69] M. Su and C. Hui, An ecoepidemiological system with infected predator, in 3rd International
Conference on Biomedical Engineering and Informatics (BMET 2010), 6 (2010), 2390-2393.

[70] M. Su, C. Hui, Y. Zhang and Z. Li, Spatiotemporal dynamics of the epidemic transmission
in a predator-prey syatem, Bulletin of Mathematical Biology, 70 (2008), 2195-2210.

[71] C. Taylor and A. Hastings, Allee effects in biological invasions, Ecology Letters, 8 (2005),
895-908.

[72] H. R. Thieme, Convergence results and a Poincaré—Bendixson trichotomy for asymptotically
autonomous differential equations, Journal of Mathematical Biology, 30 (1992), 755-763.

[73] H. R. Thieme, T. Dhirasakdanon, Z. Han and R. Trevino, Species decline and extinction:
Synergy of infectious diseases and Allee effect? Journal of Biological Dynamics, 3 (2009),
305-323.

[74] E. Venturino, Epidemics in predator-prey models: Disease in the prey, In Arino, O., Azel-
rod, D., Kimmel, M., Langlais, M. (Eds.), Mathematical Population Dynamics: Analysis of
Heterogeneity, 1 (1995), 381-393.

[75] E. Venturino, Epidemics in predator-prey models: Disease in the predators, IMA Journal of
Mathematics Applied in Medicine and Biology, 19 (2002), 185-205.

[76] G. A. K. v. Voorn, L. Hemerik, M. P. Boer and B. W. Kooi, Heteroclinic orbits indicate
overexploitaion in predator-prey systems with a strong Allee effect, Mathematical Biosciences,
209 (2007), 451-469.

[77] J. Wang, J. Shi and J. Wei, Predator—prey system with strong Allee effect in prey, Journal
of Mathematical Biology, 62 (2011), 291-331.

[78] M. Wang, M. Kot and M. Neubert, Integrodifference equations, Allee effects, and invasions,
Journal of Mathematical Biology, 44 (2002), 150-168.

[79] [978-0-387-21749-9] S. Wiggins, Introduction to Applied Nonlinear Dynamical Systems and
Chaos, Texts in Applied Mathematics, 2, Springer, New York, 1990.

[80] Y. Xiao and L. Chen, Modelling and analysis of a predator—prey model with disease in the
prey, Mathematical Biosciences, 171 (2001), 59-82.

[81] A. A. Yakubu, Allee effects in a discrete-time SIS epidemic model with infected newborns,
Journal of Difference Equations and Applications, 13 (2007), 341-356.

[82] S. R. Zhou, C. Z. Liu and G. Wang, The competitive dynamics of metapopulation subject to
the Allee-like effect, Theoretical Population Biology, 65 (2004), 29-37.

Appendix A- an approach of Model (4). In the absence of disease and pre-
dation, we assume that the population dynamic of prey can be described by the
following generic single species population model with an Allee effect:
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- rdS
<~

natural mortality

= rS(S-6)(1-25)

(26)
where S denotes the normalized susceptible prey population; the parameter r de-
notes the maximum birth-rate of species, which can be scaled to be 1 by altering
the time scale; the parameter 0 < 6 < 1 denotes the Allee threshold (normalized
susceptible population). This approach assumes that the susceptible prey popula-
tion has a constant mortality rate rf. This property is inherited by the infected
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prey I-class, thus in the presence of disease, I-class has a constant mortality pg+ 76
which is a sum of the natural mortality and the additional mortality due to disease.

We assume that a) disease does not have vertical transmission but it is untreat-
able and causes an additional death rate; b) I-class does not contribute to the
reproduction of newborns; and c) the net reproduction rate of newborns is modified
by the disease (e.g, infectives compete for resource but do not contribute to repro-
duction). In the presence of disease (i.e., I > 0) and the absence of predation (i.e.,
P = 0), the formulation of susceptible prey population dynamics can be described
by the following (27):

%: rS(S—0)(1—5—1) - ¢(N)i8 (27)

the net reproduction modified by disease due to the competition for resource

|

new infections
where ¢(N) is the disease transmission function that can be either density-depende-
nt (i.e., ¢(N) = BN which is also referred to the law of mass action) or frequency-
dependent (i.e., ¢(N) = ). Thus, the formulation of infective population can be
described by the following (28),

ar
N—— natural mortality

X s additional mortality due to disease
Infected population per unit time

S(N) xS — (10 + pa) I

= ¢(N)£S - &L

the natural mortality plus an additional mortality due to disease
(28)
where the parameter p > 70 denotes the death rate of I-class, which includes an
additional disease-induced death rate. This modeling approach is similar to the
work by [11, 18, 23, 37] as well as many others [2, 27, 30, 36, 55, 58, 63] regarding
the effects of Allee effects and disease.
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