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ABSTRACT. In this paper, we consider a stochastic SIRS model with parameter
perturbation, which is a standard technique in modeling population dynamics.
In our model, the disease transmission coefficient and the removal rates are all
affected by noise. We show that the stochastic model has a unique positive
solution as is essential in any population model. Then we establish conditions
for extinction or persistence of the infectious disease. When the infective part
is forced to expire, the susceptible part converges weakly to an inverse-gamma
distribution with explicit shape and scale parameters. In case of persistence, by
new stochastic Lyapunov functions, we show the ergodic property and positive
recurrence of the stochastic model. We also derive the an estimate for the
mean of the stationary distribution. The analytical results are all verified by
computer simulations, including examples based on experiments in laboratory
populations of mice.

1. Introduction. Numerous health agencies frequently use mathematical models
to analyze the spread and the control of infectious diseases in host populations.
There is an intensive literature on the mathematical epidemiology, for examples,
[11, 15, 16, 18] and the references therein. In particular, [3, 22] are excellent books
in this area.

One of classic epidemic models is the SIR model, which subdivides a homoge-
neous host population into three epidemiologically distinct types of individuals, the
susceptible, the infective, and the removed, with their population sizes denoted by
S, I and R, respectively. It is suitable for some infectious diseases of permanent or
long immunity, such as chickenpox, smallpox, measles, etc. For some diseases, see
e.g. influenza and sexual diseases, the removed or recovered individuals finally go
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back to the susceptible state, called the SIRS model, which can be characterized by
the following differential equations

dS = (A= BSI —dsS+yR)dt,
dI = (BSI — (d; +v)I)dt, (1)
dR = (vI — (dr + v)R)dt.

Recall that the parameter A > 0 is the rate of susceptible individuals recruited
into the population (either by birth or immigration) per unit time; 8 > 0 is some
transmission coefficient and it is assumed that the rate at which the susceptible
individuals acquire the infection is proportional to the number of encounters be-
tween the susceptible and infective individuals per unit time, being 8SI; dg > 0 is
the natural mortality rate or the removal rate of the susceptible individual; d; > 0
is the removal rate of infectious individual and usually be the plus of the natural
mortality rate and the mortality rate caused by the disease; v > 0 is the recovery
rate of infective individual; dg > 0 is the removal rate of the recovered individual
and vy > 0 is the rate at which the recovered individual loses immunity. It is well

known that if the reproductive number Ry = % < 1([3], [6], [13], etc), Eq.

(1) has a globally stable disease free equilibrium Ey = (%, 0,0) whilst Ry > 1 there
exists a unique globally stable endemic equilibrium E* = (S*, I*, R*).

There is variability in the spread of the disease and this is incorporated in a
model via assumptions about stochasticity in the transmission coefficient 5 and the
removal rates dg,d; and dr which is one of the standard ways for the stochastic
model posed(see e.g. [9], [17], [12]). By stochastic Lyapunov functions, we obtain
some analytical results for stochastic model posed in this paper. In particular we
establish conditions for extinction or persistence of the infective population. In
case of persistence, we show the existence and the uniqueness of the stationary
distribution. Furthermore, we derive an estimate for the mean of the stationary
distribution.

Throughout this paper, we let (Q, F, {F; }+>0,P) be a complete probability space
with a filtration {F;}¢>0 satisfying the usual conditions (i.e., it is increasing and
right continuous while Fy contains all P-null sets), and let B(t) be a n-dimensional
standard Brownain motion with independent individuals B;(t),1 < i < n. In
practice we usually estimate a parameter by an average value plus an error term.
In this case, the parameters 3, dg,d; and dr in Eq. (1) change to random variables

5, Ez;, dr and dp respectively such that
B =p+ erroro,Zi; = dg + errory, d~1 =d; + errorg,cfi; = dg + errors.

Accordingly, Eq. (1) becomes

dS = (A — BSI —dsS + yR)dt — SIerrorgdt — Serrory dt,
dI = (BST — (dy + v)I)dt + Slerrorgdt — Ierroradt, (2)
dR = (vI — (dr + v)R)dt — Rerrorsdt.

By the central limit theorem, the error term error;dt,0 < i < 3 may be approx-
imated by a normal distribution with zero mean and variance o2dt,0 < i < 3

respectively. That is, error;dt = N(0,07dt). Since these error;dt,0 < i < 3 may
correlate to each other, we represent them by N-dimensional Brownian motion
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B(t) = (Bi(t),--- , Bn(t)) as follows
N

errorgdt =y J0y;dB;(t), 0<i<3,
j=1

where dB;(t) = B;(t + dt) — Bj(t), 0;; are all real numbers such that

N 3

2 2 . 2 2
o; ZZZJU, 0<:<3, 0 Z:ZO'Z-.

j=1 i=0

Thus Eq. (2) is characterized by the following It6 SDE

N N
dS = (A — BSI — dsS +yR)dt — SI Y 00;dB;(t) — S > 01;dB;(t),
j=1 j=1
N N
dl = (,BSI — (d] + U)I)dt + SIZUOdej(t) — IZO’deBj(lf), (3)
j=1 j=1
N
dR = (vI — (dg +7)R)dt — R _ 03;dB;(t).
j=1

Obviously when 02 +03+02 =0,d(S+I+R) = (A= (dsS+d;I +drR))dt and
thus S + I + R is bounded. There are lots of papers in such a case. For example,
Tornatore, Buccellato and Vetro [24] discuss the asymptotic stability of the disease
free equilibrium of SDE SIR model; Chen and Li [7] study another SDE version of
the SIR model both with and without delay where they introduce stochastic noise
in a way different from ours and that of Tornatore, Buccellato and Vetro [24]; Lu
[17] extends the results of [24] by including the possibility of temporary immunity
and improving the analytical bound on the sufficient condition of the stability of
the disease free equilibrium. Recently, Gray et. al [9] establish the conditions of
extinction and persistence of the SDE SIS model. But few papers consider the both
perturbation of the disease transmission coefficient and the removal rates, which
may happen in the real world. In our model, S + I + R is not bounded in case of
02 + 02 + 02 # 0 even if it is sufficiently small. Here we use the limit results of
Chow [8] and moments methods to derive conditions on the asymptotic stability of
the disease free equilibrium. In the case of persistence, by new stochastic Lyapunov
functions to counteract high-order terms, we establish conditions for persistence of
I(t), where we show the existence of its stationary distribution and ergodic propertys;
We also give an estimate of the mean by ergodic theorem.

The paper is organized as follows. In Section 2, we introduce some preliminaries
to be used in later sections. In Section 3, we prove the positivity of the solution
which is essential in stochastic population dynamics. In Section 4, we establish
the conditions for extinction of infectious diseases whist the susceptible population
converges weakly to an inverse-gamma distribution with explicit shape and scale
parameters, where the mean and the variance of the susceptible are also expressed.
In Section 5, we discuss the ergodicity of SDE model under mild conditions. The
means of the stationary distribution are also estimated by ergodic theorem. In
Section 6, we make a concluding remark to end the paper.
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2. Examples. In this paper we will use the law of large numbers for martingales
and criteria on ergodicity of SDE, so we recall some classic results on them.

Assume that (sp,Fn,n > 1) is a martingale with Els,| < oo, and 21 = s1,
Xy = Sp — Sp—1 for n > 2. The following result is given by Chow (Theorem 5(a) in
[8]), and we introduce it as a lemma.

Lemma 2.1. Let (yn, Fn_1,n > 2) be strictly positive stochastic sequence such that
Ez,y,t <oo. If 1 <p <2, then

lim s,y,'=0
n—roo

a.e. where

> E(jeal?|Fa-1)y,” <00, yn 1 oo,
n=2

Next, we give some criteria on the ergodic property. Denote

Ri:{xERl:xi>0f0ra111§i§l}.

In general, let X be a regular temporally homogeneous Markov process in F; C Rﬂ_
described by the SDE

d
dX (t) =b (X(t)) dt + Z Or (X(t)) dB, (t)7 (4)

with initial value X (tg) = z¢ € Ej and B,(t),1 < r < d, are standard Brownian
motions defined on the above probability space. The diffusion matrix is defined as
follows
d . .
A@) = (Aij(2)1<i 01 Aig(@) =Y oh(@)o) (@),
r=1

Define the differential operator L associated with equation (4) by

l l

L*Zb-( ) 9 +1 ZA.,( )872
o i 83?, 2 & G\t 835183:]

=1 1,7=1

If L acts on a function V € C*1(E; x R, ; R), then
I

l
av 1 0V
i=1 v i,j=1 v
where V, = (372/1’ o %) and V,, = <8$j{§;j>m. By Ito’s formula, we have

d
V(X (1) = LV(X(O)dt + 3 Va(X(0)or (X (1)) dB, (1),

Lemma 2.2. ([10]) We assume that there exists a bounded domain U C E; with
regular boundary, having the following properties:

(B.1) In the domain U and some neighborhood thereof, the smallest eigenvalue
of the diffusion matriz A(x) is bounded away from zero.

(B.2) If x € E;\U, the mean time T al which a path issuing from x reaches the
set U is finite, and sup,c i o7 < 00 for every compact subset K C Ej.
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Then, the Markov process X (t) has a stationary distribution v(-) with density in
E; such that for any Borel set B C E

lim P(t,2, B) = u(B),
and

1 T
Pz{ Jim /O f(a(t))dt = . f(x)v(dx)} =1,
for all x € E; and f(z) being a function integrable with respect to the probability
measure v.

Remark 1. (i) The existence of the stationary distribution with density is shown
to Theorem 4.1 on page 119 and Lemma 9.4 on page 138 in [10] while the ergodicity
and the weak convergence are shown to Theorem 5.1 on page 121 and Theorem 7.1
on page 130 in [10].

(ii) To verify Assumptions (B.1) and (B.2), it suffices to show that there exists a
bounded domain U with regular boundary and a non-negative C2-function V such
that A(z) is uniformly elliptical in U and for any « € E;\U, LV (z) < —C for some
C > 0 (See e.g. [25], page 1163).

3. Existence and uniqueness of positive solution. In order for the SDE SIRS
model to make sense, we must show that this model has a unique global positive
solution. Since the SDE SIRS model is a special SDE, the existing general existence-
uniqueness theorem on the SDE (see e.g., [19], [20]) is not applicable. We need to
establish the following theorem.

Theorem 3.1. For any given initial value (S(0),1(0), R(0))" € R%, the SDE (3)
has a unique global positive solution with probability one, namely,

P{(S(t),I(t),R(t)) € R3,vt >0} = 1.

Proof. Note that the coefficients of SDE (3) are locally Lipschitz continuous. By well
known results, there is a unique local solution on [0, 7.), where 7, is the explosion
time.

Assume that mg > 0 is sufficiently large such that S(0), 1(0), R(0), all lie in the
interval [mg v mo]. For each integer m > my, define the stopping time

T = inf{t € [0,7.) : min{S(t), I(t), R(t)} < m~ " or max{S(t),1(t), R(t)} > m}.

As usual, we set inf() = oo. Clearly, 7, is increasing. Set 7o, = lijn Tm, Where
m o0

0 < 7oo < 7e a.e. If we show that 7., = oo a.e., then 7. = oo and the solution
remains in Ri for all ¢ > 0, a.e. If this statement is false, then there is a pair of
constants 7' > 0 and € € (0,1) such that

P{reo <T}>e.
Hence there is an integer m; > mg such that
P{r,, <T} > e for all m > m;. (5)
Let # = (5,1, R), we define the C*-function V; : R} — R, as

Vi(z) = (S—a—alogg) +(I—-1—-logl)+ (R—1—-1logR),

where a is a positive constant to be determined later.
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By Itd’s formula, we see

LVl(SC)
A I
N —dsS—dil—dpR+a(pl+ds— 2 - ) _gg_ YL
S S R (6)
N N
+d1+v+dR+y+aZ(Iaoj+alj2+ZSJOJ—UQJ + 02,
j=1 j=1

Let af < dj, then there exists a constant Cy such that
N N
LVl(if) S Cl + CLZ(IUO]' + 0'1]‘)2 + Z(SO’OJ' — O'Qj)z.
j=1 j=1
Define a function V3 : RS — R, by
Va(z) = (S+ T+ R)? x=(S,I,R).

Then
LVa(z)

N
=2(S+1+R)(A—dsS —diI —drR)+» _(So1; + Ioa; + Rog;)? -
j=1

<(SHIT+R?+ XN+ (0] +05+03)(S+T+R)?
<Cy+C3(S+1+ R)?,

where Csy, C3 are positive constants.
Let V(z) = Vi(z) + Vo(x). By (6) and (7), then there exists a positive constant
C such that

LV (z) < C+CV(x).
Let V(z,t) = et (1 + V(x)), then
LV (z) = —Ce Y1+ V(z)) + e “'LV(z) <0

Let z(t) = (S(t),I(t), R(t)),t > 0, by Itd’s formula, we have for any m > m;
- t/\T.m -
EV (@t A )t A ) = )+ E/ w)ds < V(@(0).  (8)

Set Q, = {7, < T} and by (5), P{Q,,} > e. Note that for every w € Q,,,
V(2(Tm,w)) > by, := min{V (y)|y has a individual as m~! or m} — oo, as m — oo.
It then follows from (8) that

ebm < BV (2(m, w)I0,,)] < TV (2(0)).
Letting m — oo leads to the contradiction
00 > TV (2(0)) > oo.

Therefore 7., = 00, a.e., whence the proof is complete. O
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4. Disease extinction. In the preceding section, positive solutions have already
been discussed. In an epidemic model, disease extinction or persistence are two of
the most interesting topics. In this section, we will establish conditions for disease
extinction in the SDE SIRS model (3) and discuss disease persistence in the next
section.

Lemma 4.1. Let N(t) = S(t) + I(t) + R(t), then there exists some po > 1 such
that for any p € (1,po),

E NP(t) )] < +oc. 9
sup £ max | N7()) < o0 9)
Proof. Obviously, there exists some pg > 1 such that for any p € (1, pg),
. —1)o?
¢, = pd— M S
Note that

N
dN(t) = (A — (dsS(t) + diI(t) + drR(t) Z So1; 4 Iogj + Ros;)dB;(t).

For any p > 1, we have
d (O30t N7 (1))
=0 NP1 (1) — pNP*1 (t)(dsS(t) + drI(t) + drR(t))

(10)
+ ]LNP 2 Z SO’lj + 10'2]‘ + RO’gj)2 + 0.5C'pr(u)]dt + dM(t),
Jj=1
where M (t) = —f pNP~L(1)ed-2Cpu Z;-V:l(Salj + Ioaj + Ros;)dB;(t), t > 0, is a
local martmgale R
Denote max{dgs,ds,dgr}, min{dg,d;,dr} by d, d respectively, then
E (30'5CPth(t))
t
<NP(0) + E/ ¥ 5% [\pNP~ ! (u) — pdN® (u)
0
—1)o?
+MNP(U) +0.5C,N?(u)| du
t
<NP?(0)+ E / e?59 [ApNP =1 (u) — 0.5C, NP (u)] dt.
0
Hence,
K
0.5Ct 0.5Cpt
P"ENP(t) < NP(0 —_— P
‘ () < N7(0) + eSO
where K = sup,~(Apz?~* — 0.5C,z?). This implies for any p € (1,po),
sup EN?(t) < NP(0) + < +oo0. (11)

t>0 B 0.5C),
By (10), we have
n+1 N
NP(t) < NP ApNP~ () — O, NP(u)] dt M(t
tefﬁi’iu () < NP(n) + /n PN ) = GNP () dt + | max [M()],

where M(t) = [1 pN?~'(u) S0 (Sou; + Ioa; + Ros;)dB;(t), t € [n,n +1].
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Therefore,

E( max Np(t)>
ten,n+1]

n+1 —
<ENP(n)+ / [ApENP~!(u) + CLEN?(u)] dt + E ( fnax . |M(t)> .
n ten,n+

By (11), there exists a positive constant Cy independent of n such that

E (temax Np(t)> <C,+E ( max |J\7(t)|> . (12)

[n,n+1] te[n,n+1]

_NP(t) — NP(n) — / IADN?™ (u) — pNP~ (u) (dsS (u) + drT(u) + dpR(w))
N
+p(p7Np 2 Z SO’lj + IO’Qj + RCng)2 du.

Hence for some Cy > 0, we have

|M(t)] < NP(t) + N?(n) 4+ Cy /t [NP~!(u) + NP(u)] dt. (13)

n

For any p € (1,po), there exists p’ > 1 such that pp’ € (1,pg) and the constants
C3,Cy independent of n, we have

E <temax M(t)|p’>

[n,n+1]

<Cs max E|M(t)"
te[n,n+1]

n+1
<CyE [Npp (t) + NPP' (n) + / [N@—UP (u) + NPP (u)] dt}
§C4a

where the first inequality is derived from the maximal inequality for martingales,
the second by (13) and Jensen’s inequality, and the last by (11).
By (12), we have

1/p
E ( max N”(t)) <Ci+ (E ( max | M(t)P )) < 400,
te[n,n+1] te[n,n+1]

whence the proof is complete. O

Lemma 4.2. Forany1<j <N,

17
Jim / S(dB;(1) =0, Jim /0 [(8)dB, (1) =0,

lim —/ R(t)dB;( 0, a.e.
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Proof. Note that for any T € [n,n + 1),

l/ S()dB; (1) = n/s £)dB; ( /S £)dB; (

Let z; = f t)dBj(t), 1 < i < n. For some p € (1,pg), by B-D-G inequality,
there exists some C < 400 such that

i p/2
Elz;|? < CE (/ SQ(t)dt> <CFE < max S”(t))
i—1

teli—1,4]
<CsupFE < max Np(t)> < 400,
n t€[n,n+1]

where the last inequality is derived from Lemma 4.1.

Then
Zoo (Jzi|P|Fic1) ) ZOO Elx;[P
" <i—1 ) T S

i=1
which implies

> \P| E,
>y @zl Fin) o e
i=1 w

and thus by Lemma 2.1

lim f/ S(t)dB;( a.e. (14)

n—o00 N

On the other hand, by Lemma 4.1 again we have
Z P { max / S(t)dB;(
ot Ten,n+1] T
max / S(t)dB;(
Ten,n+1]

ngng( s 0)

IN

3

IA
Q

=1
t€[n,n+1]

(i 1p> supE( max N”(t)) < +00.

np te[n,n+1]
{nh—{%oTeI[rrlLafzil]T/ S(t)dB;( } ’ (15)

Taking (14) and (15) into account, we get

IN
Q

Applying Borel-Cantelli lemma, we see

.17
Th_rgo T ), S(t)dB;(t) =0, a.e.
In the similar way, we can prove the other results and hence the proof is complete.
O

Lemma 4.3.
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Proof. For any € > 0, we have
N(T) =1
P R SEALS < —F NP(t) ) < ,
Z {Te%lﬁzxﬂ T E} - ; ePnP teﬁl,arfil] ®) oo

where the last inequality is derived from Lemma 4.1.
Applying Borel-Cantelli lemma, we see

N(T
]P’{lim max ():0}:1.
n—ooTen,n+1] T
The proof is hence complete. O
Theorem 4.4. If
)\(54‘21 00'02'> 252 d n
= 32] - % 5 <1and0§§—s ﬂJrZUojogj ,
ds(di+v+ %) 2 (di+v+ %) A =

then for any initial value, SDE (3) obeys

. logI(T) A o3 N
= heh S A E - 2] - .e.
Th_{réo T S ds 8+ laojagj dr +v+ 5 2 <0, ae. (16)
j=

In other words, the disease decays exponentially with probability one.

Proof. By Ito’s formula, we have

N T N
log(I(T)) = log(I / Fa(t)dt+) oy, /O S(t)dB;(t)— Y 02;B;(T), (17)
j=1 J=1

where f(z) =S — (df +v) — %Z;\[:l(Saoj — 09;)? for v = (S,1) € R3.
Define

R = 5(0)+ S0+ RO, 2(0) = (30). 1)) and y(0) = T110) + T R
then
F0)
:ﬂS(t)f(d]+U) — *O’O 200]021 2%
~ o3 1,5
=50 - yle)) ~ (dr+ v+ 2) Sod(N +Zao]azj o)

N N 5
N (o
B+ E o0jo2; | N(t)— | B+ E 00j02; | y(t) — (dI + v+ 22)
Jj=1 J=1
U% N2 277 0(2) 2
- TR + AN () - TR

N o
B+ oojoa | N(t) = | B+ 0002y — 0 | y(t) — <d1+v+ 22)

Jj=1 Jj=1

~ BR0) + BN ()~ ult) — Dy?(0),
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where € > 0 is a constant to be determined later.
Assume that eo? < 8+ Z;\Ll 00j025, then

3 v o3\ _ o5
flz@®) < | B +;anazj N(t) - (d, +v+ 2) -5 N

+BE ) - 22 - BEW -2 - ) (13)

N ~ 0'2 520'2
< | B+ o0jos; —oge N(t)—(d1+v—|—22>+ 0.

2

j=1
Recall that N(t) = S(t) + I(t) + R(t), then
N
AN(t) = (A= dsN(t))dt + Y _(So1; + Ioa; + Ros;)dB; (t).
j=1

Thus, we see

N(T) — N(0) ds [T~ Lon (7
—— :)\7?/0 N(t)dt+TjZl/0 (Sa1j + Loz + Ros;)dBy(t).

Let T — oo, Lemma 4.2 and Lemma 4.3 yields

1T A
— N = — .€.
T/o (t)dt s’ a.e

Since Lemma 4.2 and Lemma 4.3 implies that
e _ o Bi(M)

2

N
. logI(T) A o5 A202
Jm e < | B2 ooz | (v S ) = G <0,

j=1
The proof is hence complete. O

Remark 2. In the deterministic model (1.1), A is the rate of susceptible individuals
recruited into the population (either by birth or immigration) per unit time; /3 is
some transmission coefficient and it is assumed that the rate at which the suscep-
tible individuals acquire the infection is proportional to the number of encounters
between the susceptible and infective individuals per unit time, being B8SI; dg is
the natural mortality rate or the removal rate of the susceptible individual; dj is the
removal rate of infectious individual and may be the sum of the natural mortality
rate and the disease mortality rate; v is the recovery rate of infective individual;
dp is the removal rate of the recovered individual and + is the rate at which the
recovered individual loses immunity. Thus, from the biological point of view, %
is the average death age of the susceptible individual, that is, the average lifes-
pan of the susceptible individual, ﬁ is the number of the susceptible population
without infection during the life span; ;- is the mean infective period, or the
mean course of infection. It is well-known that the basic reproductive number R
of the deterministic model (1.1) is just the product of the transmission coefficient
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B per unit time, the number di of when all of the individuals in the population
S

are initially susceptible and the mean infective period ﬁ’ which is actually the

average number of secondary infections produced by one infected individual dur-
ing the mean course of infection in a completely susceptible population and thus
determines whether a disease persists or goes extinct.

Because of the existence of random fluctuations in the environment, we consider
the stochastic model (1.3) to investigate how the randomness affects the behavior
of the disease transmission. By Theorem 4.4, under some mild condition and

N Ao 1
R(];aij = ﬂ + 00025 — 220 —
ds ; 2ds | dr+u+Z
A (ﬁ + 50 00.102.7') X202
ds (dr+v+%)  2d (d+v+ %)
<1,
we obtain
N 2
log I(T) = A 5 o8 (A
< _ 2 _ -z
Tlgnoo T =7 54—;00]023 dr +v+ 5 5 \ds
o3
= d] + v + ? (Ro;gij — 1)
<0, a.e.

It seems that in the stochastic model (1.3), the random fluctuations impose some
effect on the transmission of infectious diseases. Note that under the condition of
Theorem 4.1, the average number of secondary infections in the stochastic model is
less than 1 which implies that the disease dies out eventually.

Theorem 4.5. Under the conditions of Theorem 4.4, the susceptible class S(t) of

the SDE (3) converges weakly to an inverse-gamma distribution v, which is the

distribution of the reciprocal of a gamma distribution with shape parameter %‘%s +1
1

2
ag
and scale parameter 5}. Furthermore, we have

T A

and if dg > %%, then
1 (/T A2 o2 A2
lim — S(t)——) dt=—"— [+ .
TEEOTA (() ds) 2ds—a%(ds> ) e
Proof. In the same way as Theorem 4.4 was proved, we can show that
1 2
lim sup T log R(T) < — (dR +v+ 02?’> <0, ae. (19)

T—o0

Recall that N(t) = S(t) + I(t) + R(t), t > 0 and

N
AN(t) = (A= dsN(t) + f(£)) dt + Y (o1;N () + g;(1))dB; (1),
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where f(t) = (ds*d])[(t)ﬁ*(ds*dR)R(t) and g; (t) = (O’Qj*O’lj)I(t)ﬁ*(O'gj701j)R(t)
forany t > 0,1 <j < N.
Applying Theorem 3.1 in [21] again,

N(T)

~ T ~
=o(7) N(0)+/O OTH(t) [ A+ f(2) Z‘legj
N T _
5 / <1>1<t>gj<t>dBj<t>) ,

where ®(t) = exp {— (ds + %f) t— Zévzl Ulij(t)}, t>0.
Similar to the proof of R(t), we get by (16) and (19)

T
TIEI;OQ(T)A O~ ( Zaljgj )dt—O
On the other hand, note that limy_,o ®1(T) = 0o and by (16), (19) again,

/°° (D71()2g2(t)
0 (1+®71(1)?
Thus Theorem 3.4 in [21] yields

Th_r)réo@ (Z/ t)dB;(t )) =0, a.e.

N(T) = &(T) <N(O) + /OT A%*(t)dt) +0(1), ae.,

where o(1) 0,
limT‘)OO R( ) = 0

dt < oo, a.e., 1 <j < N.

In all,

a.e. as T — oo. On the other hand, since limp_, o I(t) =
a.e.
T ~
S(T) = o(T) (N(O) +/ )\<I>1(t)dt> +0(1), a.e. (20)
0
Let X (t) be the solution characterized by the SDE
dX(t) = (A — dsX(t))dt + X (¢ Zolde X(0) = N(0). (21)
By Theorem 3.1 in [21], X (¢) of the SDE (3 ) can be expresses as
T
X(t) =®(T) (N(O)+/ )\<I>_1(t)dt> .
0

Thus (20) yields
Tliinm(S(T) - X(T)) =0, a.e. (22)

Assume that {B(t),t > 0} is a standard Brownian motion. Since the processes
{Z _,01;B;(t),t > 0} and {01B(t),t > 0} are equivalent in distribution, we may
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mmmez _, 01;dB;(t) by 01dB(t) in the SDE (21). Let Y (t) = X(t) — 2, then
Y(t) satlsﬁes
A
dYA:—dSYdt+al<Yz+d>dBuy (23)
S
Theorem 2.1 (a) in [4] with C' = 1 implies that Y (¢) is stable in distribution, so
does X(t). Let ¢(x) = exp (—2 N A dsydy) We have

oty?

/ x)dx = 00, / z)dx = o0, / < 0.
1 ‘71‘1

So X(t) is ergodic (Theorem 1.16 in [14]), and its unique invariant distribution
v has density (Maz?p(z))~", where p(x) = exp (U ~ + Q;L;lnx) x>0, M is a
1

normal constant. By computation, v is an inverse-gamma distribution, which is

the reciprocal of a gamma distribution with shape parameter 2(%5 4+ 1 and scale
1

parameter g It is clear that the stability in distribution implies that the limiting
distribution is just the invariant distribution. Therefore, X (t) converges weakly to
v as t — oo. By (22), we conclude that S(t) converges weakly to v, too.

Note that

N(T) N(0) d dr [T dr [T
7f:ﬁF+AA§O @ﬁf%AI@ﬁh%A

N .7
— Z/ (O'ijS(t) + O'le(t) + O'3jR(t))dBj(t).
j=1"9
Under conditions of Theorem 4.4, we get

1 (T
lim —/ I(t)dt =0, lim —/ R(t)dt =0, a.e.,
T—oo T 0 T—oo T

which yields, together with Lemma 4.2 and Lemma 4.3,

1 /T
Th_{réof ; S(t)dt:ds, a.e
After computation, we get
f/ 52
T,
:f ; (S() dt+—/ X(t)dt+f/0 X“(t)dt.
By (22) and limp_,o0 7 fo (t)dt = 2, we have
T , 1 (T
Tlgnmf/o (S(t)— X(1) dt:Tlgr;OT/O (Sit)— X)X (t)dt =0, a.e
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Therefore,

, 1 (7 A\ 1 (7 A\
2
Applying Itd’s formula to (X (t) — ﬁ) , we get
1 A\
o7 <X(T) — ds>
2 2 2 T
oy (A Aoy / A
== |- — X(t) — = | dt 24
2<ds) +dsTo < () ds o
2 T 2 T
o7\ 1 A o1 / A
—(dg - L) = X(t) - = A xw)(x(t) -2 )dB
(as-F) 7 [ (x0-7) a+ 3 [ xw (x0- 32 ) anw.
If dg > %%, similar to the way in the proof of Lemma 4.1, 4.2 and 4.3, we derive

lim — (X(T) - ds)2 =0, lim ;/(JTX(t) (X(t) - dl) dB(t) =0, a.c.

17 A2 o2 A\
lim — X(t) - = = (& e.
Tg%oT/O ( ®) ds> dt st—O'% (ds) ) e

This completes the proof. O

Example 4.1. To illustrate our analytical results, we introduce a SIRS model which
is used to investigate the dynamics of Pasteurella muris in colonies of laboratory
mice (see [2]). We choose parameters in p362 and from p363 in [2]. That is to say,
A = 0.33, and the other parameters are as following

Parameter | ds dgr dr v v
Value/day | 0.0056 | 0.006 | 0.006 | 0.0066 | 0.04 | 0.0021

To see the effect of random fluctuations,we consider the following diffusion coef-
ficient

0.01 0 0 0
0 0.001 0 O
0 0 05 0
0 0 0 01

Note that in the deterministic model, Ry = 2.9057. Hence, the infectious disease will
persist in the deterministic model. For the stochastic model, it is easy to check that
the conditions of Theorem 4.4 are satisfied and the infectious disease will eventually
extinctive in the effect of random fluctuations. In Fig.1, the red, blue and green lines
represent the susceptible, the infective and the recovered individuals, respectively.
It is seen that the infective and the recovered individuals are forced to expire. The
following table shows sample means and variances at different time which are very
close to our theoretical results in Theorem 4.5.

Time point 20 40 60 80 100
Sample mean 57.1999 | 56.1885 | 55.1778 | 55.2005 | 55.1588
Sample variance | 0.0356 | 0.0318 | 0.0257 | 0.0285 | 0.0233
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To verify the density function of the stationary distribution v, we use software
R to get an estimate for the kernel densities of v and S(t), respectively. In Fig.2
and Fig.3, these histograms of kernel densities look alike, and thus confirm our
analytical results.

0 20 40 60 80 100

FIGURE 1. The simulation of SDE

Histogram of v

I
—
—F

Density

0.000 0.005 0.010 0015 0.020 0.025

04

50 100 150

FIGURE 2. The histogram of the limit distribution

5. Ergodicity. In this section, we discuss the persistence of SDE (3) by ergodic
property of Markovian processes.

Theorem 5.1. If matriz (oy;) is full row bank, Ry > 1, d := min{dg,d;,dr} > 602
and

d ’}/d]
d C; ) 52 Cy | I*?
<S+ds+dR 1) /\<d5+dR 2)

A ( i +dr)dr+7) | iR Cg) B2

U(ds —|—dR) ds +dgr
V(ds + d[) dI +U> 2 1% *2 *2 *2 )\408
I"+C158° 4+ CoIl** + C3R*™ + ————,
(B(ds tdr) B )7 T ’ ST B 60?)

where (S*,I*, R*) is the unique endemic equilibm’um of the deterministic model
_ (ds+dr) dr+ * _ 2 _ 2
()Cl_Q(WJrM)I B+ e T 208 Co = 2%, Os = 5 +

~(dr+dr)

Was, then the SDE (3) is ergodic and positive recurrent Markovian process.
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Histogram of S

\

Density
L L I
—

0.000 0.005 0.010 0.015 0.020 0.025

04

FI1GURE 3. The histogram of the susceptible individuals

Proof. Note that the diffusion coefficient g(x) of the SDE (3) is defined as

where glj({E) = —SIO’oj —SO’lj, ggj(x) = SIO'()j —102]‘7 ggj(.%') = —R0'3j, 1 S] S N.

If matrix (ok;)o<k<si<j<n is full row bank, then rank(g(z)) = 3 and thus
A(z) := g(x)g" (x) is positive definite in R3. Since g(x) is continuous in z, A(z) is
uniformly elliptical in any compact set K C R3+.

By Lemma 2.2 and its remark, it suffices to find a positively stochastic Lyapunov
function V' (z) and compact set K C R% such that LV (z) < —C for some C' > 0
and = € R} /K.

When Ro > 1, there exists unique positive equilibrium (S*, I*; R*) of (1) such
that

A+ R = BS*I* +dgS*, 8S* =d; +v, vI* = (dr +7)R". (26)

For any x = (S,I,R)” € R3, we consider a stochastic Lyapunov function V; as
follows

I I I
Vife) =T —I" ~I'log 7. = I' (I*—l—logl*) > 0.

Itd’s formula and (26) yield

N
I*
LVl(a?):(I—I*XBS—d]—U ?; UQJ _O'QJ

N N odI* . o2I*
=B —I") (S~ 8 )+°TSQ—SI jz:laojazj—i—QT

< B —TI*)(S — S*) +03I*S?* + 031
Define V5 as follows

Valw) = 5 (R~ R
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Then by (26) we compute
LVa(a) = (R— R*)(0I — (dn + 1)) + L B
=v(R—R)I -1 — (dg + 7)(R — R*)* + %%RQ.
Define V3 as follows
Vi(a) = %(5— S*+1—I"+R—R')

Then applying It6’s formula and (26) again, we get

LV3(Z‘)
:(SfS*+I—I*+R7R*)()\deS—dII—dRR)

N
1
+ 5 ;(Uljs + O'QjI+ Oij)z

<(S—8*+I—I"+R—R)\—dgS —dil —dgR)
+ %(52 +I* + R*) (0} + 05 + 03)
< —ds(S—8*)? —dy(I—TI")? —dr(R— R*)* + %2(52 +I* + R?)
—(ds +dr)(S = S)I —I") = (ds + dr)(S — S*)(R - R")
—(d; +dr)(I = I*)(R — R").
Define V} as follows
Vila) = 5(5— 5.
Direct computation leads to

LVy(x)
N
Z(O’QjSI + 0‘1jS)2

j=1

= —dg(S — §*)% — B(S — 8*)(SI — S*I*) + (S — 8*)(R — R*)

1

=(S — §")(A = BSI —dsS +7R) + 5

N
1
+ 5 Z(OOjSI + O'1jS)2

j=1
< —dg(S — S*)* = BS*(S — S*)(I —I*) — B(S — S*)*I
+7(S = S*)(R — R*) + 02S5%I* + 018>
< —ds(S —8%)? = BS*(S = S*)(I — I*) +~(S — $*)(R — R")
+ 02S%1% + 0152
Define V5 as follows

Vi(z) = i(S+I+R)4.
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We compute

LVs(x)

=(S+ T+ R>*\—dsS —diI —drR)
3 N
+ E(S + 1+ R)2 Z(oljS + O'le—l— Uij)Q

j=1

2
SA(S+I+R)3—d(s+1+3)4+%(s+1+3)4,

where d = min{ds,dr,dr}.
Applying Young’s inequality, we get

MS+I+R)P< s +3—d(S+I+R)4
which yields
Al d 302
L — = - = I+R)"
Vs(x) < w5 (4 2)(S+ + R)

At last, we consider

v(ds + dy) d[+’U

"\ Bldstdn) "B

Y(ds + dr) d1+v> y(dr + dr)
V(z) = + v L Edr)y,
() <5(ds+dR) B v(ds +dg)
2
U
Vs +Vy Vs.
+dS+dR st +d— 025
Applying Itd’s formula and (26), yield
LV (z)
vds 12 ydr 2
dg S — 8" — -1
< ds+dR>( ) dS+dR( )
v(dr +dr)(dr + ) vdr > “\2
+ R—R
( v(ds + dr) ds +dgr ( )
~v(ds + dr) d1+U> 2 1% 2 (’y(ds—Fd[) d]-FU) 9
+ osI*S* + o5l
(ﬁ ds + dgr) B 0 B(ds + dg) B 2
2 2
‘73 v(ds + dg) Yo 2 2 2 2 2712
R? S“+1°+ R°) + 29 + 268271
T wds rdm) T 2ds - )| )+ orS + o
4
B 02(S+1+ R)*
d (d— 602)
dr
—o ) (s—s— (-2 —c>1—1*2
< ds+dR 1)( ) <ds+dR 2) ( )
y(dr +dgr)(dr + ) vdr > 2 Aog
- C R—R)"+ —+——
( v(ds + dg) ds+dn O2)! ) d3(d — 602)

) 02" + C1S™2 + CoI*2 + C3R™.

1021
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If (25) holds, then the expression

(ds+ Vds 01>(ss*)2+( ndr Cz)(II*)z

ds +dgr ds +dgr
v(d; +dr)(dr +7) vdg ) 02
- C R—R
( U(ds+d3) ds +dr ? ( )
V(ds +d1) dr +U> 2 7% %2 *2 *2 /\40—(2)
= I"+C8™ +Col*™* 4+ C3R™ + ———
<ﬁ(ds+dR) B 72 ' ? ’ d3(d — 602?)

lies in the positive zone of R? and thus there exists a positive constant € > 0 and a
compact set K of Ri’_ such that for any x € Ri /K,

<d5+ 7ds —cl)(s—s*)2+( 7 _02)(1_1*)2

ds +dr ds +dr
(dr + dr)(dr +7) vdR ) ©2
- C R—R
( U(ds erR) ds +dp 3 ( )
’}/(ds +d1) dl +U> 2 7% *2 *2 *2 /\40%
> I"+CS*"+Col™* +C3R*™* 4+ ———"— +¢.
= (/3<ds tdg) B )7 T 2 T P62 C

Hence for any = € R} /K,
LV(z) < —e <.

Applying Lemma 2.2, we prove the ergodic property and the positive persistence of
the SDE (3) whence the proof is complete. O

Remark 3. In fact, the variances of errors usually should be small enough to justify
their validity of real data, otherwise, the data may not be considered as a good one.
When o;; are very small, condition (25) is satisfied.

Theorem 5.2. Under the conditions of Theorem 5.1, let p denote the stationary
distribution of the SDE (3). Then we have

d
dS/ x,u(dx, dyv dZ) + <dl + vanR ) / y,LL(dI,dy, dZ) = >‘a
R2 dr+7v) Jre

U/ yu(de, dy,dz) = (dR—i-'y)/ zu(dz, dy, dz),
R3 R3

+ +
2

N 2
B+ 000 / ru(dz, dy,dz) — O;O/ P u(de,dy,dz) = dr +v + 2.
=1 Ry 2 Jry 2

Proof. Consider

— T T r
w A d?s /0 S(t)dt — % (bt - %R /0 R(t)dt

1L [T
+ T;/O (UOjS(t) +0'1j1(t) +O'3jR(t))dBj(t).

Let T — oo, by ergodic theorem and Lemma 4.2, 4.3, we have

ds |
R

zp(de, dy, dz) + dl/ yu(de, dy,dz) + dR/ zp(de,dy,dz) = X, (27)
3

3 3
+ izt Ry
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Similarly, by

- T N T
w _ %/0 I(t)dt — dR%/O R(t)dt+;j§_:103j/0 R(t)dB;(t)

we have

v / yu(dr,dy,dz) = (dp+7) | zu(de, dy,dz), (28)
RS

+
which, together with (27), yields,

ds [ anlde.dy.dz) + <d1 n
RS

+

[ 2
R

vdp

dz,dy,dz) = A\
dew) / yu(dz, dy, dz)
Applying Itd’s formula to log I(t), yields

log I(T) — log 1(0)
T

N
1
= ,6-'—;0’0]‘0'2]' T/o S(t)dt — — /52

_ <d, +ot ”25) +;§:/OT(0035@) o1,)dB; (1),

log I(T)
R T

By the ergodic theorem again, we get limp_,

% = 0, a.e. If this statement is false, then lim7_, % >0

exists, a.e. Now, we claim

that lim7_, o
or limr_, o0 % < 0, a.e. This means that limyp_,, I(T) = oo or 0, a.e., which
contradicts the conclusion of the weak convergence to the invariant distribution p
lying in Ri’_. Therefore, we have
log I(T
lim L() =0, a.e.
T—o0

and hence

N 2 2
+ 00024 zp(dx, dy, dz _% 22 p(de, dy, dz :d1+v+2,
B 02 dx,dy,d
) R3 2 R.’i 2

+

whence the proof is complete. O

6. Discussion. Stochastic epidemic models have been studied by many authors,
see e.g., [1, 5, 23]. In this paper, we impose the stochasticity on the disease trans-
mission coefficient § and the removal rates dg, dy,dr of deterministic model (1). If
we only consider perturbation of 3, then N(t) = S(¢) + I(¢t) + R(t) is uniformly
bounded, and some papers, see e.g. [7], [17] and their references, mainly study its
extinction, but there are few papers concerned with its ergodic property. If the
removal rates are also affected by noise, which may happen in the real world, N(¢)
is unbounded even if the noise is small. In such a case, we adapt Chow’s approach
([8]) and the moment estimate to establish the conditions for extinction of the in-
fective population. Furthermore, we construct new stochastic Lyapunov functions
to study the ergodic property of the SDE (3). When the deterministic model has
an endemic equilibrium, under some mild conditions, we prove that the SDE (1.3)
is ergodic. In such a case, by ergodic theorem, the average of the solution converges
to the mean of the stationary distribution as the time increases.
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