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ABSTRACT. Infection age is an important factor affecting the transmission of
infectious diseases. In this paper, we consider an SIRS model with infection
age, which is described by a mixed system of ordinary differential equations
and partial differential equations. The expression of the basic reproduction
number % is obtained. If Zy < 1 then the model only has the disease-free
equilibrium, while if Zy > 1 then besides the disease-free equilibrium the
model also has an endemic equilibrium. Moreover, if Zy < 1 then the disease-
free equilibrium is globally asymptotically stable otherwise it is unstable; if
Zo > 1 then the endemic equilibrium is globally asymptotically stable under
additional conditions. The local stability is established through linearization.
The global stability of the disease-free equilibrium is shown by applying the
fluctuation lemma and that of the endemic equilibrium is proved by employing
Lyapunov functionals. The theoretical results are illustrated with numerical
simulations.

1. Introduction. In most epidemiological models for the transmission of infectious
diseases, the infectious individuals are assumed to have the same infectivity. This
assumption is reasonable in modeling communicable diseases such as influenza [2]
and sexually transmitted diseases such as gonorrhea [7]. However, in the study of
the HIV/AIDS epidemic, early infectivity experiments and the measurements of
antigen and antibody titers suggest the possibility of an early infectivity peak (a
few weeks after exposure) [6] and a late infectivity plateau (one year or so before
the onset of “full-blown” AIDS) for HIV-infected individuals [12, 20, 21]. Therefore,
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it is necessary to incorporate the infection age (that is, the time that has passed
since infection) into modeling.

By aggregating individuals with certain infection-ages into groups and by assum-
ing homogeneity in each infection-age group, some researchers formulate infection
age models governed by systems of ordinary differential equations or systems of dif-
ference equations. To name a few, see [9, 19, 28]. Then, to unify such models with
an arbitrary number of stages, models described by systems of ordinary and differ-
ential equations are proposed (see, for example, [1, 4, 5, 10, 16, 18, 24, 25, 26, 27]
and the references therein).

Though epidemic models with infection age have been studied extensively, most
of the works only focus on the local stability of equilibria. To the best of our
knowledge, results on global stability of equilibria are established only in [16, 25, 26].
In [16], Magal et al. studied an SI model; while in [25], Yang et al. considered an
DI-DS model. As we know, in some infectious diseases, the infected can recover
and be infected again. Therefore, it is worthy to study SIS and SIRS models. The
purpose of this paper is to study the global stability of an SIRS model with infection
age. This model is a special case of the one proposed in [27]. However, to be self-
contained, we formulate the model in Section 2. For some recent results on the
stability of SIRS models described by systems of ordinary differential equations, we
refer readers to [3, 11, 13].

The remaining of this paper is organized as follows. After formulating the model
in Section 2, we study the existence of equilibria in Section 3. We obtain the
expression of the basic reproduction number %Zy. If Zy < 1 then the model only
has the disease-free equilibrium; while if Z, > 1 then the model also has an endemic
equilibrium besides the disease-free equilibrium. Section 4 is the main part of this
paper, which is devoted to the stability of equilibria. We first develop the results
on the linearized system around an equilibrium and its characteristic equation.
These results are then applied to establish the local stability of the equilibria. The
significant contribution of this paper is the global stability of equilibria. The global
stability of the disease-free equilibrium is established by applying the fluctuation
lemma and that of the endemic equilibrium is obtained by employing Lyapunov
functionals. The paper concludes with a brief discussion together with numerical
simulations to illustrate the main theoretical results.

2. The model formulation. In the classic SIRS models, the total population
is divided into three epidemiological classes: susceptible, infected, and recovered
(or removed). The numbers of individuals in these classes at time ¢ are denoted
respectively by S(t), I(t), and R(t). Our model is based on the following SIRS
model,

%it) = A= BS@H)I(t) — uS(t) + 6R(),
%(t) = BSWI() — (1 + k)I(),
th’f) = RI(t) — (u+ S)R(E).

Here A is the recruitment rate of susceptibles, 3 is the transmission coefficient, y is
the natural death rate, 1/k is the infectious period, and ¢ is the progression rate of
the removed.

To incorporate the age of infection (for simplicity, referred to age in the remaining
of this paper), let a denote the age and let i(¢,a) denote the age density of infected
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individuals at time ¢. Then we obtain the following model described by a system of
ordinary and partial differential equations,

é%Q:A_S(t) wﬁwmtwm—uﬂﬂ+ﬂwy

. o 0
0i(t,a) . di(t,a) = —(p+ k(a))i(t,a), (1)
ot da
dR(t)

oo
——f:/ k(a)i(t, a)da — (11 + 8)R(t),
with the boundary and initial conditions

ﬂAmBMMmamm £>0,

S(0) = Sp = 0, R(0) = Ry > 0,
i(0,a) = io(a) € LY (R4, R),

where B(a) is the transmission coeflicient with age a, 1/k(a) is the infectious pe-
riod of infected individuals with age a, and L (R4, R) = {f : Ry — R|f(z) >
0 for € Ry and [;° f(z)dz < oo}. From the perspective of biology, 3(a), k(a) €
Cpu (R4, R;), where CBU(R+, R, ) is the set of all bounded and uniformly contin-
uous functions from R, into R;.

Notice that the total population at time ¢ is

N(t)=S()+ /Ooo i(t,a)da + R(t).

We can easily see that N(t) satisfies the following ordinary differential equation,

dN(t)
—2 = A —uN(t).
pn uN(t)
It follows that
. A
AN = @

For convenience, we rewrite (1) as follows,

Ot) | O] (it baitt,a),
%ﬁzGu ><»cwu
() [° Bla)i(t,a)da,  t>0, (3)
Z(O,a) =ig(a) € L+(R+,R),
V(0)=Vp € R2,
where
vin = %),
R(t)
c=(" " ).
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a)da + dR(t
G(i(t,a),V(t) = ( ;ﬁ; o (Z ’ +0R(t) ) _
0 a)i(t,a)da

a
Set X =Y xR? where Y = R x L' (R, R) with H ( H = la|+ Bl &, r)-
¢

Furthermore, we define
X; =Y, xR?, Xo =Y, x R?, Xoy = XoN Xy,
where
Yy =Ry x LL (R4, R), Yy = {0} x L*(R,, R).
Define A; : D(A;) CY =Y by

a0 ~6(0)
0 ¢/ — (u+ k(@)

with D(A;) = {0} x WHH(R,R). If A € C with ReA > —pu, then A € p(A;), where
p(Ay1) is the resolvent set of A;. Moreover, if A € p(A;) and

o0
Y ¢

ola) = =0 g [ o I KO ==y )
0

then

Now we can rewrite (3) as

d [ 0 0 0

J— = Al + Fl 7V<t) )

dt ( i(t,.) ) ( i(t, ) ) (( i(t, ) ) )

dv(t) 0

S o oV + By V)|, (4)
i (( i) ) )

i(0,a) = ig(a) € LL (R4, R),
V(0) =V, e RE,

i
—
/
o~
= o
~_—
<
=
~
Il
—
&
o
~
<
=
~

5 0 v = (t) J3° B(a)i(t,a)da + SR(t) .
i(t,.) I k(a)z(t, a)da

To express (4) as an ordinary differential equation on a Banach space, we write

0
mw:<(, )7vm).
i(t,.)
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Let L: D(L) C X — X be the linear operator defined by

tae)= (A " ).—ov).
itt,.)

where D(L) = Z x R? with Z = {0} x WH1(R,,R). It follows that Xo = D(L) and

Xo+ = D(L)N X4. So D(L) = Xj is not dense in X. We consider the nonlinear

Fi(u(t)) :
map F': D(L) — X defined by F(u(t)) = . Then (4) can be rewritten

Fy(u(t))

as
dult) — Lu(t) + F(u(t)),
. - (5)
w(0) = | Vo | € D(L).
io(")

The following result can be obtained by using the fact that the nonlinearities are
Lipschitz continuous on bounded sets, by using (2), and by applying the results
in [15].

Proposition 2.1. There ezists a uniquely determined semiflow {U(t)}1>0 on Xot

0
such that, for each u = LV () | € Xoy, there exists a unique continu-

i(t,.)
ous map U € C(Ry, Xot) which is an integral solution of the Cauchy problem (5),
that is, for allt >0,

3 U(s)uds € D(L) and  U(tyu=u+L [ U(s)uds + [ F(U(s)u)ds.

Since k(a) is uniformly continuous, we can deduce that the semiflow {U(%)}:>0

is asymptotically smooth. Moreover, {U(t)}¢>0 is bounded dissipative by using (2).

Define i = [max {p,p+k(a),n+6} and Q:={X € C: Re(\) > —i}. By using
<a<oo

the results in [22], we obtain the following lemma.

Lemma 2.2. If A € Q then A € p(\). More precisely, for any A > —[, any

« 0
, hr € X, and , 71 € D(L), we have
(0 (05 ® »2
(M= L)~ o (2 B 0 1
() P2 ® ¥2
if and only if
pa) = e Ot [ Ok ) (6)
0
-
1 )\ + N,
_ o
Y2 = T =

Ap+d
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Moreover, L is a Hille-Yosida operator and

M
M- < o—eoe—— for Re(A\) > —ji and n > 1.
IO = )7 € s »)
@ 0
Proof. For any €Y and € D(A;), we have
P
. 0
(M — Ay) = ,
¥
that is,
e(0) = o
¢'a) = —(A+p+k(a)p+v
Then (6) follows easily. From the definition of L, one directly gets
A+ w)pr =11,
(At 1+ 0)p2 = .
Thus
o L
1 )\ n ,LL7
oy = V2
2 Ap+d
For any A > —/i, we have
o
(- 1) s
(G 2 <
frng 0 )\,ﬁjﬂ
e~ f(;‘(/\+;t+k(l))dla + foa e~ fS“(AJrquk(l))dl,(/)(s)dS >\+,¢;1,2+5 N

IN

j/ae—ﬂf0+u+kUDﬂ¢(sﬁk da
0

/oo ‘6_ f[f(x+p+lc(l))dl‘ dala] + /oo
0 0

[al [l
A+ul (At p 0

< o] +/°<> e()‘+’l)7|w(7)|/oo|e_(’\+’l)a\dad7+ 1] + Vel
T +al o Jo r A+pl A+ p+0

+

1
< - .
< Repy a0+ Il 1]+ )
The results immediately follow. O

3. Existence of equilibria. In this section, we consider the existence of equilibria
of (5). Denote

m(a) = e Jok()ds, a>0,

K = /0 ” Bla)e e (a)da,
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/0 ~ k(a@)e—"rn(a)da.

Note that K1 < [* k(a)w(a)da = 1.
Theorem 3.1. Let %y = AK/u. Then the following statements are true.

0

0
(ii) If Zo < 1 then Py is the only equilibrium of (5) while if %o > 1 then it also
has an endemic equilibrium P* given by

S T

(i) Equation (5) always has a disease-free equilibrium Py = ,

0 1
P* = - —pa ’ E(OI;Kl ’ (7)
1(0)e 7 (a) e
where
- A= z)
i(0) = T 5 k. ‘/gfo{ . (8)
T oprs
0 S
Proof. Suppose that ©w = B N € Xy is an equilibrium of (5).
i(a) R
Then we have
—I—S/ Bla = 0, (9)
—i'(a) = (n+k(a)i(a) = 0, (10)
A— S/ B(a)i(a)da — puS +6R = 0, (11)

/ k(a)i(a)da — (p+86)R = 0. (12)

It follows from (10) that i(a) = i(0)e **m(a). If i(0) = 0 then we easily get the
disease-free equilibrium Py. Now, suppose that i(0) # 0. It follows from (9) and (12)
respectively that S = 1/K and R = i(0)K;/(u + ). These, combined with (11),
tell us that i(0) is given by (8). Noting K; < 1, we see that i(0) > 0 if and only
if Zy > 1. Thus if Zy < 1, then (5) only has the disease-free equilibrium Py; if
Ho > 1, then, besides Py, (5) also has an endemic equilibrium P* given by (7).
This completes the proof. O

Notice that S(a)e #%m(a) is the probability of an infected person with age a
infecting a susceptible and still staying in the infected compartment due to death
and treatment. So the biological meaning of the basic reproduction number %, is
the total expected number of the infected susceptibles.

4. Stability of equilibria. In the previous section, we obtained the existence of
equilibria. In this section, we study their stability. The local stability is obtained
by analyzing the spectrum of the linearized operator around each equilibrium.
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4.1. Linearized systems and their characteristic equations. Let © be an
equilibrium of (5). Linearize (5) about @ to obtain the linearized system,

% = (L + DF(u))y(t),
y(0) =yo € D(L).

Denote the part of L in D(L) by Lo, that is, D(Lg) = {z € D(L) : Lz € D(L)}

0
and Lou = Lu for u € D(Lg). It follows that, for , 7 € D(Ly),
¥» P2
we have
0 0 -
LO ) 1 = ~ ) e )
@ ©2 Aiop —(1+0)p2

where Ao = —¢' — (u + k(a))p with D(Ay) = {p € WH(R,,R) : ¢(0) = 0}.
Then we can easily get the following result.

Lemma 4.1. The linear operator Lg is the infinitesimal generator of the strongly
continuous semigroup {Tr, (t) }1>0 of bounded linear operators on D(L) and for each
t > 0 the linear operator Tr,(t) is defined by

0 ©1 0 e Htp,
TLo(t) 5 = ~ s (o)t s
¢ ©2 Ty, (D e Wty
where
—~ e f_t(f“"k(l))dl(p(a — t), a 2 t7
Ty, (t)pla) = ‘
0, otherwise.

Definition 4.2 ([14]). Let L : D(L) C X — X be the infinitesimal generator of a
linear Cy-semigroup {7 (t)}:>0 on a Banach space X. We define the growth bound
wo(L) € [—00,00) of L by

wo (L) = lim

t—o00

(|72 (6] )
t

The essential growth bound wy ess(L) € [—00,00) of L is defined by

In(||T
wo,eos(L) = lim M

)
t—o0

where || TL(t)||ess is the essential norm of T7(¢) defined by
ITL(@)lless = £(TL(t) Bx (0,1)).
Here Bx(0,1) = {z € X : ||z||x < 1} and, for each bounded set B C X,
k(B) = inf{e > 0 : B can be covered by a finite number of balls of radius < e}
is the Kuratowski measure of non-compactness.

Now we estimate the essential growth bound of the strongly semigroup gener-
ated by (L + DF(@))o, which is part of L + DF (@) in D(L). Note that for any
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0
7 1 € D(L), we have

@ ¥2

0
DF(u) ) .
@ ¥2
DB 5 : 77 ?
) (i() 0 @0 ) ( DR@@ene )

o1 J57 BlaYi(a)da+ S [° B(a)p(a)da
0
—p1 [3° Blai(a)da — S [;° Bla)p(a)da + oo
Iy k(a)p(a)da

We can easily see that DF(@) is a Fredholm operator. It follows from Lemma 2.2
and Definition 4.2 that

wo,ess(Lo) < wo(Lo) < —fi.
Due to Thieme [23], we obtain
Wo,ess(L + DF(u))o < —f1 < 0.
In summary, we have proved the following result.

Theorem 4.3. The essential growth rate of the strongly continuous semigroup gen-
erated by (L + DF(@))o is strictly negative, that is, wo ess((L + DF())o) < 0.

To study the stability of the equilibria, we denote @ := DF(u) for simplicity of
notation. Let A € Q. Since A — L is invertible, it follows that Al — (L + DF(u)) =
A — (L + Q) is invertible if and only if I — Q(M — L)™' is invertible. In addition,

M= (L+Q) ' =W\ —L)'[I—Q\ —L)™]1.

Consider
@
(I—Q\ — L)) N R e B
@ P2 (0 Y2
By Lemma 2.2, we obtain
«Q 0 ¥
© e~ Jo OFntk®)dly, fO“ e~ JEOAutkD)dly, (5)ds )
Q =
¥1 ):'j_lﬂ d)l

P2
2 PR P2
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Noting the definitions of DF and DB, we obtain

el v
A(A) 901 = \IJ(Aa 1/}) + ’(/}1 )
»2 o
o = 1,
where
7% J5° B(a)i(a)da
SK() g 0
_ =7 0°° B(a)i(a)da
A()‘) = I- _SKO‘) _f P A+Z+6 ’ (13)
Ki(\) 0 0
K(\) = / B(a)m(a)e~MMadq,
0
K\ = / k(a)m(a)e~MHada,
0
§f0°° B(a) foa e~ f;’(>\+u+k(l))dl¢(8)d5da
(A Y) = =S 7 Bla) [y e~ 7 OFntkD)dly (5)dsda | - (14)

i bla) Ji e OO () dsda

Lemma 4.4. The following statements are true.
1) c(L+Q)NQ=0,(L+Q)NQ={X € Q:det A(N\) =0}.
(ii) Suppose A € p(L+Q)NQ. Then

s (2 (2))=((2) ()

if and only
Pla) = e M(a) (AN T (a, 1, 02)" + TN )
+/a - fsa(A+“+k(l))dl<p(8)dS,
0
w _ (A()‘)_1<(aﬂ<p1»902)T +\II(>‘790))2
1 )\ +/J )
by = (AN (e 1, 02)" + TN, 0))3
2 AFp+o ’

where A(X) and U(A, @) are defined respectively by (13) and (14), and ();
denotes the ith element of a vector ().

Proof. Assume that A € Q and det(A())) # 0. Then we have

e (()(2))

¥ P2

= (M L)Y - QA — L)1)~ (( “ ) , ( ! ))
¥ P2
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0 {05
(0 o

Thus (ii) follows from Lemma 2.2. We also see that {A € Q:detA(N) # 0} C
p(L+Q) and hence o(L+Q)NY C {A € Q : det A(X\) = 0}. Now, assume that A € 2
and det A(X) = 0. We want to show that A € o,( L —|— @), that is, we want to find a

nonzero solution to (L + Q)u = Au. In fact, for u = € D(L),
we have
- —H
(L+Qu = #(0 !
—¢' = (u+k(a —(p+0)p2
B(u)u
+ DFs(u)
0

Then (L + Q)u = Au gives
—¢(0) + B(w)u = 0,
—¢ = (n+k(a))p = Ap,
—(A+p) 0 1
0 —(A+p+9) 2

(15)

From the second equation of (15) we get ¢(a) = p(0)e~AMex(q). Substituting it
into the other equations of (15) yields A()\)(¢(0),¢1,¢2)T = 0. This implies that
(L + Q)u = Au has a nonzero solution if and only if we can find (¢(0), 1, ¢2)T # 0
such that A(X\)(¢(0), 1, ¢2)T = 0, which is true since det A(A) = 0. This proves
that A € 0,(L + Q) and hence the proof is complete. O

With the above preparation, we are ready to study the stability of equilibria.
4.2. Stability of the disease-free equilibrium Pj.

Theorem 4.5. The disease-free equilibrium Py is locally asymptotically stable if
Py < 1 and it is unstable if %y > 1.

Proof. At Py, we have
A
ﬁK(A) 0 0

s
X u+s
Ki(A) 0 0

Obviously, det(A(X)) =0 if and only if 1 = %k(x\) Notice that |%K(A)| < %, for
all A € C with nonnegative real parts. Therefore, if Zy < 1 then %K’ (A) < 1. This
implies that all solutions of det(A(A)) = 0 have negative real parts if %y < 1 and
hence Py is locally asymptotically stable if Z; < 1. Now suppose that Z, > 1. Note
that %K(A) is a decreasing function with %k(()) = %y and %K(A) — 0as A — oo.
Therefore, if %, > 1 then there always exists a positive solution to det(A(A)) = 0.
This means that P, is unstable if Z; > 1 and the proof is complete. O
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To deal with the global stability of Py, we need some notations. For a function

¢ : Ry — R, we denote
Yoo = liminf (1) and ©°° = lim sup ¢(t).
t—o0 t—o0

Lemma 4.6 (Fluctuation Lemma [8]). Let ¢ : Ry — R be a bounded and contin-
uously differentiable function. Then there exist sequences {s,} and {t,} such that
Sn = 00, th = 00, P(Sn) = Yoo, P (Sn) = 0, w(tn) = ¢, and ¢'(t,) = 0 as
n — 0.

Theorem 4.7. Suppose that %y < 1. Then the disease-free equilibrium Py is a
global attractor, i.e., lim (i, S, R) = (0, 2,0).

t—o0 =
Proof. By Proposition 2.1, any solution interested is nonnegative. It follows from (2)
that N*° = % and hence S < % Integrating the equation for i in (1) along the
characteristic lines, t — a = constant, yields

B(t —a)e "**m(a), a<t,

i(t,a) = ( ) (a) (16)
7;0 (CL - t)eiﬂt W?a(i)t)7 a > ta

where B(t (t) [y B(a)i(t,a)da. Substitute i(t,a) into B(t) to obtain
/ B(a)B(t — a)e—"x(a)da + F(t), (17)

where F(t) = S(t) [~ 4o a—t)e_“t%da. By Lemma 4.6, there exists a sequence
{tn} such that t,, — oo and B(t,) — B> asn — co. Then in (17) letting ¢t = ¢,, and
n — oo gives us B® < S®K B since tlggo F(t) = 0. This implies that B> = 0
since B> > 0 and S®K < AK/u =%, < 1. So tlgglo B(t) = 0. This, combined
with (16), gives tllrgloi(t,a) =0foralla e Ry.

Now, we get from the equation on R(¢) in (1) that

%ﬁt) - /O Ka)B(t — a)e™**n(a)da — (i + ) R(t)

k(a)i — t)e Mt Md .
—l—/t (a)io(a —t)e Py a
With the help of Lemma 4.6 again, there is a sequence {v,} such that v, — oo,
R(v,) = R, and % R(v,) — 0. Then we can get R < Kﬁfgc =0.
Finally, we apply Lemma 4.6 to S.. It follows from the first equation of (1) that

Soo > A/p. This, combined with S < A/u, gives tlim S(t) = % and hence the
— 00

proof is complete. O

4.3. Persistence. When %, > 1, P, is unstable. We show that in this case the
system is persistent and hence the disease will establish.
Let I1: Xo — L'(R4,R) be the Poincare projector defined by

0 (%]
I(v) = v1(t,a) for v = , € Xo.
U1 V3
Set
M=Xo,, My={veM:I(v)#£0},  My=M)\ M,
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Following [15], we have the following lemma.

Lemma 4.8. The subsets My and My are both positively invariant under the
semiflow {U(t) }i>0, namely, U(t)Mo C My and U(t)0My C OM, fort > 0.

The persistence of (5) is established by using the results in Magal and Zhao [17].
For this purpose, since P, is globally asymptotically stable in 0Mj, it is sufficient
to prove that there exists ¢ > 0 with the property that for each v € {y € My :
|1Po — y|| < e} there exists tg > 0 such that

|1Po = U(t)v]| > ¢ for ¢ > 1.

This shows that Py is the largest invariant set for U in the neighborhood of Py and
also leads to

W#(Po) N Mo =0,
where
WS(Po) = {’U S X0+ : tlim U(t)’U = PQ}

Theorem 4.9. Assume that %y > 1. The semiflow {U(t)}i>0 is uniformly per-
sistent with respect to the pair (0My, My), that is, there exists € > 0 such that
tlim |IIv(t)|| > € for x € My. Moreover, there exists a compact subset <% of My
—00

which is a global attractor for {U(t)}i>0 in M.

Proof. By way of contradiction, assume that for every n € N there exists v, € {y €
My : |[Po — y|| < 745} such that

1
Py—U(t)v,|| < ——  for t > 0. 18
1Py~ Ul < 1 for (18)
. 0 vy
Write U (t)v, as , . Then we have
ot U3
1

n _ 0: n _ 0< > .
|vg (t) — S°| = |S™(t) S|_7n+1 fort >0

0
Moreover, the map t — is an integral solution of the Cauchy problem
vt
4 0 4 0 N o3 (t) [5° Bla)vy(t, a)da
dt " - 1 n
vy (t, ) U1 0
for t >0,
0 0
v1'(0,) vTo
Since vB(t) > S° — n-lu’ by the comparison principle, we deduce that

o~

U?(t7'> > ’U?(t,-), (19)
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where @(t, -) is a solution of the linear abstract ordinary differential equation

0 - 0 (5° = 5&5) o~ Blaye(t,a)da
% o (t, ) - oy i 0
for t > 0,
0 B 0
v1'(0, ) Yo

(20)
We can easily see that, for all n large enough, the dominated eigenvalue of the linear
equation (20) satisfies the characteristic equation

. 1
0 _
K(Aon) (s - 1) =1.

Since Zy > 1, using similar arguments as in the proof of Theorem 4.5, we can easily
show that Ag,, > 0 for all n large enough. Since vf € My, we have II(v}) = viy(a) #
0. Thus

H n Aont| —
Jim [Tt = Jim oo = oo
and hence it follows from (19) that
Jlim [lof (¢, )| = lim [[o7(2,-)]| = oo
This contradicts with (18) and the proof is complete. O

4.4. Stability of the endemic equilibrium P*. As noted earlier, P* exists if
and only if Zy > 1.

Theorem 4.10. The endemic equilibrium P* is locally asymptotically stable if Zo >
1 and pp > 9.

Proof. The characteristic equation of (1) at the endemic equilibrium is

?E(A):1+f° /\+ a)da (1— Mﬁ(A))

A+pu+o

or

K At+pu+o

as S = 1/K. To show that P* is locally asymptotically stable if Zy > 1, it suffices
to show that all roots of (21) have negative real parts. The proof is based on the
observation that roots of (21) depend continuously on §. We complete the proof in
three steps.

Step 1. Show that (21) with § = 0 has no roots with nonnegative real parts. When
d =0, (21) reduces to

EN _ o8 da SK1(N)
— 9 )\ + <1 - ) (21)

RO) || [ Aw)ila)dn
K A+ p '
By way of contradiction, assume that (22) has a root Ao = ug + ivg with ug > 0.

Then substitute /\0 into (22) and equate the real parts to get

fo e —(utuo)a cos(voa)da (,u + UO) fooo 5(a)g(a)da
=1+ 2 2
K (uo + p)? + v

(22)

)
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which is clearly impossible as the left hand side is less than 1 while the right hand
side is larger than 1.

Step 2. Show that (21) has no roots on the imaginary axis. Again, by way of
contradiction, suppose that iw is a root of (23). For the simplicity of notation,
denote [, B(a)i(a)da by C. Then we have

A pu+C = (A+u)SIA((/\)+Om. (23)
Then
p+C+iw=(iw+u)S fooo B(a)m(a)e Hre~wadq
N Co [, k(a)w(a)e e~ "dq (24)

w446

Note that the modulus of the left hand side of (24) is /(1 + C)? + w? while the
modulus of the right hand side of it is

Co [° k(a)m(a)e " e~ da
w4+ p+0

(iw + p)S /000 Bla)m(a)e " e~ dq +

(o)
(n+0)2 +w?
cé

e

C262
\/M2+w2+u2+w2+205

IN

u? +w? +

IA

w2+ w? +

< (n+C)? + w? when p > 6.

Thus we have a contradiction and this proves that (21) has no roots on the imaginary
axis.

Step 3. Show all roots of (21) has negative real parts. By way of contradiction,
suppose that (21) has a root with nonnegative real part. Then the real part of it
must be positive by the result of Step 2. By the continuous dependence of roots
of (21) on 4, there exists a dy € (0,0) such that (21) with 6 = dp has a root on the
imaginary axis, a contradiction to the result in Step 2 again. This completes the
proof. 0

Finally, we study the global stability of P*. The following result can be easily
proved by applying Theorem 4.9 and Lemma 3.1 of [16].
Lemma 4.11. There exist constants M > € > 0 such that for each complete orbit

0 V2 .
, of U in oy we have

v (%
1 3 teR

e < S(t), R(t), /OO B(a)i(t,a)da < M forteR.
0

By using Volterra’s formulation of the solution, we have

i(t,a) = B(t —a)e " n(a),
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where B(t

and hence
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a)da. Furthermore,

B(t—a) S(t—a) [;°B()i(t — 7, 7)dT

2 : 2
€ i(t,a) < %

i(0) = i(a) ~ i(0)

The following result tells us that P* is globally asymptotically stable under some
additional conditions.

Theorem 4.12. Let #Zy > 1 and 6 < p. If uS > 6R and k(a) = k, then the
endemic equilibrium P* is globally asymptotically stable.

Proof. By Theorem 4.10, it suffices to show that P* is globally attractive. This is
achieved by using the Lyapunov functional approach. To construct the Lyapunov
functional, we first introduce a function g := (0,00) > u +— u — 1 — lnu. It is well
known that g is nonnegative and attains its minimum value 0 only at u = 1. Also,
for the simplicity of notation, we denote z = S/S and z = R/R. Then we construct
the Lyapunov functional as follows,

U(t) =

where Ug(t) = g(x), U;(t) =

—R)2/(2k5).

5(R(t)
First, we have
dUs(t)
dt

<
(-
-

1—

H\H

\_/\_/\/

1_,

Us(t) + U;(t) + Ug(t),

Jo~ ©la)g(5)da, ©(a) = [ BW)i(Ddl, Ur(t) =

i(a)

1dS

S dt

% A— S —S(t) /0 ~ Bla)i(t, a)da + 53)
% {(MS + S/OOO B(a)i(t,a)da — (5R>

—uS — S(t) /0 B(a)i(t,a)da + 5R]

+ [ ta

—u(l—i)(w—l) ‘55 <1—i)(z—l)

o (13- )

Then due to the integral transformation and character of ©(a) we have

Note that

Jo~ Bla)i(

du;

it,0)

i(0)

—Amﬂmmw
a)(

i(t,a)

i(a)

i(t,0) i(t,0) i(t,a) i(t,a)
|:Z(O) —In—= — = + In ]da

1(0) i(a) i(a)

Jda = 0 [ sa)i(a)da - o f;° Bla)itt, a)da
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Thus
w - _M<1_3€>(z—1)+5§<1—;> (z—1)
o - 1 i(t,0) i(t,a)
+ i B(a)i(a) _1—;—111 70) +In i(a ]da

- _u(1_i> (a:—l)—|—5§<1—i> (== 1)
ool o)

Moreover, it follows from k(a) = k, % =5+ %MR, and I(t) = [T i(t,a)da =
& — S(t) — R(t) that

dUR(t) . i B é_ B B
M~ L= B [k (5 - 50 - RO) — (a+ HR0)|
= ;Sg(R(t) B)-k(S(t) ~ 5) — (u+ 6 + K)(R(t) - FO)
- _2(2_1)(55—1)—5}% (“k%“k)( ~1)?
Therefore,
YO (Y B (e )

= [+ Ze-y) (2-o- 1) - S o1y
- st o (3) +o (=55 ey )
< -5 (- —i)—(f’;(wkm(z—w

[ o) o)

Let M be the largest invariant set of {(S(t),(¢,a), R(t)) : d%gt) = 0}. We show

that M = {P*}. Obviously, {P*} C M. Now, since g(u) = 0 if and only if u =1,

we have that d({iit)

<

= 0 if and only if

S(t) =15, R(t) = R, and i('t7a) (0 _ 1 for a € (0,00). (25)
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Then dzgt) 0. This, combined with (25), yields

0 = ﬁ—A uS — S/ B(a)i(t,a)da + SR

. 5/ B(a)(i(a) — i(t, a))da
-3 /0 B(a)(i(a) — i(t, 0)em(a))da

= S/O B(a)i(a)da—i(LO)S/o Bla)e™"*m(a)da
= 4(0) —i(¢,0),

or i(t,0) = ¢(0). It follows from (25) that i(t,a) = i(a) for a € (0,00). This proves
that M C {P*}. Therefore, M = {P*} and it follows that P* is globally attractive.
This completes the proof. O

5. Discussion. In the study of the global behavior of diseases, prevalence has
played a vital role on predicting the dynamics of the disease transmission in the long
run and taking more efficient control measures such as vaccination and curetment
for immunization in the communicable diseases. In particular, the global stability
of the epidemic model with infection age becomes much more interesting from the
realistic views to theoretical views.

In this paper, we obtain the global asymptotic stability of the disease free equi-
librium P, by using integral semigroup theory and fluctuation lemma, that is, the
disease will die out when the basic reproduction number %y < 1. When %, > 1,
the disease is persistent and the endemic equilibrium is also globally asymptotically
stable under some additional conditions.

Let’s reexamine the global stability conditions on the endemic equilibrium. It is
easy to see from the expressions of S, i(0), and R that

LOR_GUOKy 0Ky -]
- Py u+61—‘”jg
+ 6 — K1 %,
= ut L0 = B[ (K% — 1)].

p+6(l—Ky)  p+6(1-Ky)

Hence ,u— 9B > 0is equivalent to § € Ry if 1 < Zy < -+ or 6 € [0,6] £ [0, Ko=)
if Zy > 1. In particular, if k(a) = k, then K; = MJF . It follows that the disease
will eventually tend to the endemic equilibrium if the basic reproduction number
lies in the interval determined by the death rate and the cure rate for any rate of
immunity loss and any duration of the infection; if the basic reproduction number
is larger than 1% then there exists a maximal rate of immunity loss which blends
the stability of the endemic equilibrium.

To illustrate our theoretical results, we choose A = 0.16, k(a) = 1.3, u = 0.0125,
6 = 0.02. First, let

0.17, a > 0.065
0, 0 < a < 0.065.

Bla) =
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Population

Population

FiGURE 1. The global stability of the endemic equilibrium with
stochastic initial data

Then we obtain %, = 1.5223 > 1/K; = 1.0096 and § < § = 0.026. From
Theorem 4.12, the endemic equilibrium P, is globally asymptotically stable (see

Fig. 1(a)).
Next, let

0.112, a > 0.065,
0, 0 < a < 0.065.

It is easy to obtain %y = 1.0029 < 1/K; = 1.0096. By Theorem 4.12 again, the
endemic equilibrium is globally stable (see Fig. 1(b)).
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