
MATHEMATICAL BIOSCIENCES doi:10.3934/mbe.2013.10.1095
AND ENGINEERING
Volume 10, Number 4, August 2013 pp. 1095–1133

REGULATION OF TH1/TH2 CELLS IN ASTHMA

DEVELOPMENT: A MATHEMATICAL MODEL

Yangjin Kim†

Department of Mathematics
Konkuk University

Seoul, Republic of Korea

Seongwon Lee

Department of Mathematics
Pohang University of Science and Technology

Pohang, Gyeongbuk, Republic of Korea

You-Sun Kim

Department of Life Science
Pohang University of Science and Technology

Pohang, Gyeongbuk, Republic of Korea

Sean Lawler

Leeds Institute of Molecular Medicine
University of Leeds

Leeds, United Kingdom

Yong Song Gho and Yoon-Keun Kim

Department of Life Science
Pohang University of Science and Technology

Pohang, Gyeongbuk, Republic of Korea

Hyung Ju Hwang‡

Department of Mathematics
Pohang University of Science and Technology

Pohang, Gyeongbuk, Republic of Korea

(Communicated by Heiko Enderling)

2010 Mathematics Subject Classification. Primary: 92C45, 92C50; Secondary: 92B05.
Key words and phrases. Asthma, Th1/Th2 cells, microenvironment, LPS, inflammation.
†Y. Kim is supported by the National Science Foundation upon agreement 112050 and DMS-

1135663, the Rackham Grant at University of Michigan-Ann Arbor, Faculty Research Grant at
University of Michigan-Dearborn, and the Basic Science Research Program through the National

Research Foundation of Korea by the Ministry of Education and Technology (2012R1A1A1043340).
‡H.J. Hwang is supported by the Basic Science Research Program through the National Research
Foundation of Korea funded by the Ministry of Education, Science and Technology (2010-0008127).

1095

http://dx.doi.org/10.3934/mbe.2013.10.1095


1096 KIM, LEE, KIM, LAWLER, GHO, KIM AND HWANG

Abstract. Airway exposure levels of lipopolysaccharide (LPS) determine type
I versus type II helper T cell induced experimental asthma. While high LPS

levels induce Th1-dominant responses, low LPS levels derive Th2 cell induced

asthma. The present paper develops a mathematical model of asthma devel-
opment which focuses on the relative balance of Th1 and Th2 cell induced

asthma. In the present work we represent the complex network of interactions
between cells and molecules by a mathematical model. The model describes the

behaviors of cells (Th0, Th1, Th2 and macrophages) and regulatory molecules

(IFN-γ, IL-4, IL-12, TNF-α) in response to high, intermediate, and low lev-
els of LPS. The simulations show how variations in the levels of injected LPS

affect the development of Th1 or Th2 cell responses through differential cy-

tokine induction. The model also predicts the coexistence of these two types
of response under certain biochemical and biomechanical conditions in the mi-

croenvironment.

1. Introduction. Asthma is a common chronic inflammatory disorder of the air-
ways associated with reversible airway obstruction and airway hyperresponsiveness
(AHR) [25, 13]. There are approximately 300 million asthmatics worldwide [69, 64].
The symptoms of asthma include wheezing, coughing, chest tightness and shortness
of breath. To avoid unnecessary inflammatory responses, the immune response to
inhaled inert antigens (allergens) involves non-responsive processes such as toler-
ance and ignorance [35, 2]. The development of memory T cells to inhaled allergens
is a critical event in initiation and orchestration of the inflammatory response in
asthmatic airways [104, 39]. Lipopolysaccharide (LPS) that is a cell wall compo-
nent of gram-negative bacteria, present in the air including dust particles [71, 35].
LPS is a pathogen-associated molecular pattern (PAMP) that is recognised by its
receptor TLR4, and induced pro-inflammatory and immune-modulated mediators
such as IL-12 and TNF-α [60, 29]. In previous studies, inhalation of various doses
of LPS-contaminated inert allergen caused the breakdown of immune tolerance and
induction of an allergen immune response in the airway [53]. See Figure 1. The
immune responses to inhaled antigens are mainly dependent on antigen-specific
helper T cells (Th cells). Antigens presented by dendritic cells and B cells inter-
act with TCR (T cell receptors) on antigen inexperienced naive T cells which then
proliferate and differentiate into antigen specific T cells known as memory T cells.
Differentiated memory T cells divide into three subtypes, Th1, Th2, and Th17 that
were recently discovered to constitute a separate subset [77, 102, 62]. Naive T cells
stimulated by IL-12 transduce intracellular signals including a transcription factor,
T-bet, and differentiate into IFN-γ producing Th1 cells [66]. Th2 cells develop in
response IL-4 and a transcription factor, GATA3, and produce IL-4, IL-5, and IL-
13. The immune response mediated by Th1 and Th2 cells induces non-eosinophilic
(neutrophilic) inflammation and eosinophilic inflammation, respectively [7, 53] (see
Figure 2). Ruedl et al. (2000) [91] found that high doses of antigen induced the
Th1 responses while the low lose antigen stimulation led to the Th2 responses. On
the other hand, Eisenbarth et al. [29] found that high (100 µg) and low (0.1 µg)
levels of inhaled LPS in a mouse model of allergic sensitization induced Th1 and
Th2 responses, respectively. Using an Ovalbumin (OVA) model, commonly used to
stimulate an allergic reaction in test subjects, Kim et al. (2007) [53] investigated
the effect of airway exposure of LPS on Th1/Th2 regulation of allergy development
using mouse and human data. This study further suggested that airway exposure
levels of high and low LPS can lead to type I and type II asthma phenotypes,
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Figure 1. Schematics of asthma development (based on [53, 73,
77, 102, 62, 41, 6, 23]). VEGF = Vascular Endothelial Growth
Factor, DC = Dendritic Cells, LN = Lymph Node.

respectively. These experiments [29, 53] suggest that the airway allergen sensi-
tization by LPS induces asthma that is differentially regulated according to LPS
levels. See Figure 2. The immune system consists of a complex network of cells and
molecules that communicate with each other via nonlinear interactions, and these
nontrivial intracellular behaviors have been analyzed through mathematical models
[19]. These include Fas-mediated activation-induced cell death in Th1/2 regulation
[109] and detailed regulation of T-bet and GATA3 in Th1 and Th2 differentia-
tion [110]. Other authors investigated Th1-Th2 regulation with various approaches
[74, 30, 31, 32, 20, 79, 10, 11, 88, 101, 38] (Some discussions on these models can
be found in [109]). In this paper we develop a more comprehensive model of Th1/2
regulation in asthma development via LPS regulation.

Our goal in this paper is to present a mathematical model that is able to ex-
plain this Th1-Th2 regulation via the complex crosstalk between various cells and
cytokines. The model was described by a system of partial differential equations
(PDEs) of densities of key cells (Th1 cells, Th2 cells, Th0 cells, and macrophages)
and concentrations of central regulating factors (IFN-γ, IL-4, IL-12, and TNF-α).

In Section 2, we introduce and describe a mathematical model. In Section 3 we
present the simulation results. In Section 4, we discuss our results and future work.
Parameter estimation and nondimensionalization are provided in Appendix A and
B respectively. Sensitivity analysis of the model system was performed in Appendix
C.
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Figure 2. Current view of regulation of different Th phenotypes
(Th1 and Th2, and Th17) in asthma development. High levels of
LPS lead to Th1 cell induced asthma and low doses of LPS induce
Th2 cell induced asthma. Intermediate (or relatively high) levels of
LPS can generate the Th17 phenotype in a perturbed system via
IL-6 and IL-17 [53, 73, 77, 102, 62, 41].

2. Mathematical model. In this section, we derive the governing equations of
densities of Th1 cells, Th2 cells, Th0 cells and macrophages, and concentrations of
IFN-γ, IL-4, IL-12, and TNF-α using a system of PDEs.

2.1. Th1 cell density (=H1(x, t)). The mass balance equation for Th1 cell den-
sity is

∂H1

∂t
+∇ · J = Pn, (1)

where J is the flux of the cells and Pn is the production/death of cells. Only
contribution of the flux J is from random motility of the cells, i.e., Th1 cells move
in random motion,

J = Jrandom = −DH1
∇H1, (2)

where DH1 is the random motility constant.
It has been shown that Th1 cells are produced when dendritic cells and pre-Th

cells form an immunological synapse in which the dendritic cell presents antigen to
the T cell’s receptor for antigen, and secretes several factors including interleukin 12
(IL-12). It is also known that an addition of IL-12 increases Th1 differentiation [98]
and IL-12 secreted from macrophages assists this process. However, IL-4 inhibits
the production of Th1 cells from Th0 cells. See Figure 3. We assume that Th1
cells are differentiated from Th0 cells with the carrying capacity K1. We also take
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Figure 3. Simplified model of immune interactions in the devel-
opment of asthma. The model shows the cytokines secreted by
key cell types, Th1 and Th2 cells, and how they regulate each
other. Arrows means secretion or activation. For example, Th1
cells secrete IFN-γ. Hammerheads mean inhibition. Details of the
mechanism are discussed in [42] and others.

into consideration apoptosis (programmed cell death) with the cell death rate µH1 .
Taking into account these observations, the production/death term is given by

Pn =
λ5I2

λm6 + Im1
H0H1

(
1− H1

K1

)
− µH1

H1, (3)

where I1(= I1(x, t)) is the concentration of IL-4 described in Section 2.6 below, I2(=
I2(x, t)) is the concentration of IL-12 described in Section 2.7 below, H0(= H0(x, t))
is the density of Th0 cells in Section 2.3 below, λ5 is the IL-12 mediated proliferation
rate of Th1 cells, m is the Hill-type function exponent with the inhibition parameter
λ6 of Th1 cell proliferation by IL-4.

In summary, we have the following governing equation for the Th1 cell density:

∂H1

∂t
= DH1∆H1︸ ︷︷ ︸

Random motility

+
λ5I2

λm6 + Im1
H0H1

(
1− H1

K1

)
︸ ︷︷ ︸

proliferation

−µH1H1︸ ︷︷ ︸
death

. (4)

2.2. Th2 cell density (=H2(x, t)). As in the case of Th1 cell density, the same
form of the mass balance equation applies to Th2 cell density with the flux J due
to random motility

J = Jrandom = −DH2∇H2, (5)

where DH2
is the random motility of Th2 cells.

The production of Th2 cells is mediated by IL-4 but can be inhibited by IFN-
γ (the second term in equation (6) below). In a previous study [48], it has been
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observed that the allergen sensitization with low-dose LPS was associated with
up-regulation of TNF-α production during allergen sensitization. This may be con-
tradictory to the classical finding that TNF-α is secreted by Th1 cells and recruits
macrophages, which, in turn, promotes Th1 development [42]. More importantly,
it is LPS-dependent. We assume that the proliferative potential of Th2 cells is in-
creased in the presence of TNF-α and abundant IL-4 but decreased in the presence
of IFN-γ based on the findings in [48] and others. (See Figure 3.) This leads to the
following governing equation for the Th2 cell density

∂H2

∂t
= DH2

∆H2︸ ︷︷ ︸
Random motility

+
λ2TI1
λk7 + F k

H0H2

(
1− H2

K2

)
︸ ︷︷ ︸

proliferation

−µH2
H2︸ ︷︷ ︸

death

, (6)

where λ2 is the proliferation rate of Th2 cells, T (= T (x, t)) is the concentration of
TNF-α described in Section 2.8 below, λ7 is the inhibition parameter of Th2 cell
proliferation by IFN-γ with the Hill function exponent k, F (= F (x, t)) is the IFN-γ
concentration described in Section 2.5 below, K2 is the carrying capacity of Th2
cells, and µH2 is the death rate of Th2 cells.

2.3. Th0 cell density (=H0(x, t)). As in the cases of Th1 and Th2 cells, the
only contribution for the flux would be the flux due to random motility of Th0
cells: J = Jrandom = −DH0∇H0 where DH0 is the random motility constant of Th0
cells. With a source of β, these Th0 cells are developed to Th1 and Th2 phenotypes
(Figure 3) and they also undergo apoptosis with the death rate µH0. Therefore,
this Th0 population serves as a source for Th1 and Th2 populations in the model.
The governing equation for this naive cell density (H0) is then described by

∂H0

∂t
= DH0

∆H0︸ ︷︷ ︸
Random motility

+ β︸︷︷︸
input

−
(

λ5I2
λm6 + Im1

H0H1︸ ︷︷ ︸
Th0→Th1

+
λ2TI1
λk7 + F k

H0H2︸ ︷︷ ︸
Th0→Th2

)

−µH0
H0︸ ︷︷ ︸

death

, (7)

where the third and fourth terms describe the loss of the Th0 cell population due
to their conversions to Th1 (H1) and Th2 (H2) subtypes.

2.4. Macrophage density (=M(x, t)). The mass balance equation for the macro-
phage density is

∂M

∂t
+∇ · J = PM (8)

where J is the flux of the cells and PM is the production/death of cells. The flux J
is split into two different parts,

J = Jrandom + Jchemo (9)

where Jrandom is the flux due to random motion and Jchemo is the flux due to
chemotaxis, that is, cell migration toward a certain high chemical gradient. The
flux due to random motion is calculated in a similar fashion,

Jrandom = −DM∇M, (10)

whereDM is the random motility constant of macrophages. In the case of macropha-
ges, it is known that macrophages are co-localized with Th1 cells and it is assumed
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that macrophages migrate toward Th1 cells using IFN-γ as a chemokine. In other
words, macrophages are attracted to the gradient of IFN-γ (chemotaxis). This is
often written in the form Mχ̄(∇F ) where χ̄ is a constant. We assume that the
chemotactic attraction remains bounded even as ∇F becomes very large, and use
the following form of chemotactic attraction from [51], χ M∇F√

1+λF |∇F |2
, where λF is

a positive constant and χ is the chemotactic coefficient. As noted in [51], λF is set
to be zero (λF = 0) in most articles. Then, the chemotactic flux is described by

Jchemo = χ
M∇F√

1 + λF |∇F |2
. (11)

Macrophages are recruited from Th1 cells through cytokines such as IFN-γ and
TNF-α, and this recruitment can be inhibited by Th2 cell secreted cytokines such
as IL-4 or IL-5 (Figure 3). Macrophages may also undergo apoptosis with a death
rate µM . Taking into account these observations, we get the production/death term

PM =
λ13FH1

λl14 + I l1
M

(
1− M

K3

)
− µMM (12)

where λ13 is the rate of production of macrophages and λ14 is the inhibition pa-
rameter for the creation of macrophages with the Hill-type coefficient l.

In summary, we have the following form for the macrophage density:

∂M

∂t
= DM∆M︸ ︷︷ ︸

Random motility

−∇ ·
(
χ

M∇F√
1 + λF |∇F |2

)
︸ ︷︷ ︸

chemotaxis

+
λ13FH1

λl14 + I l1
M

(
1− M

K3

)
︸ ︷︷ ︸

production

−µMM︸ ︷︷ ︸
death

. (13)

2.5. IFN-γ concentration (=F (x, t)). The mass balance equation for IFN-γ is

∂F

∂t
+∇ · J = PF (14)

where J is the flux of IFN-γ and PF is the production/decay term. The only
contribution to the flux J is the diffusion process leading to the flux

J = −DF∇F, (15)

where DF is the diffusion coefficient of IFN-γ. IFN-γ is secreted by Th1 cells [61]
(Figure 3) and undergoes natural decay, leading to

PF = λ1H1 − µFF, (16)

where λ1 is the production rate of IFN-γ from Th1 cells and µF is the decay rate.
In summary, the governing equation for IFN-γ concentration is

∂F

∂t
= DF∆F︸ ︷︷ ︸

Diffusion

+ λ1H1︸ ︷︷ ︸
production

− µFF︸︷︷︸
decay

. (17)
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2.6. IL-4 concentration (=I1(x, t)). This cytokine, IL-4, is secreted by Th2 cells
[9] and helps the development of Th2 cells (Figure 3). Using the mass balance
equation for the IL-4 concentration with the flux J due to the diffusion process,
similar to the equation (14) above, we derive the following governing equation for
the IL-4 concentration

∂I1
∂t

= DI1∆I1︸ ︷︷ ︸
Diffusion

+ λ3H2︸ ︷︷ ︸
production

− µI1I1︸ ︷︷ ︸
decay

, (18)

where DI1 is the diffusion coefficient of IL-4, λ3 is the production rate of IL-4 from
Th2 cells, and µI1 is the decay rate of IL-4.

2.7. IL-12 concentration (=I2(x, t)). IL-12 is produced by Th1 cells [70] and
macrophages [42]. It has been shown that high doses of LPS induce enhanced IL-
12 expression during allergen sensitization [53]. In this context, we assume that
the production of IL-12 from Th1 cells is dependent on the LPS dose (α = α(t))
and take a Hill type function with the coefficient n. In our model, this LPS input
level (α) is a key control parameter. These considerations lead to a mass balance
equation for IL-12 concentration

∂I2
∂t

= DI2∆I1︸ ︷︷ ︸
Diffusion

+
λ8α(t)n

λn9 + α(t)n
H1 + λ10M︸ ︷︷ ︸

production

− µI2I2︸ ︷︷ ︸
decay

, (19)

where DI2 is the diffusion coefficient of IL-12, λ8 is the rate of IL-12 production
from Th1 cells, λ10 is the rate of IL-12 production from macrophages, and µI2 is
the decay rate of IL-12.

2.8. TNF-α concentration (=T (x, t)). TNF-α is mainly produced by macroph-
ages [12, 93] while other cells such as lymphoid cells and mast cells may produce
this cytokine. Both Th1 and Th2 synthesize TNF-α [70]. In the experiments in
[53], TNF-α levels were significantly higher in wild type with OVA plus LPS doses
than in those without the LPS treatment. Here we assume that TNF-α is secreted
by Th1 cells, Th2 cells, and macrophages. Then the governing equation for TNF-α
becomes

∂T

∂t
= DT∆T︸ ︷︷ ︸

Diffusion

+λ4H1 + λ11H2 + λ12M︸ ︷︷ ︸
production

− µTT︸︷︷︸
decay

, (20)

where DT is the diffusion coefficient of TNF-α, µT is the decay rate of TNF-α,
and λ4, λ11, λ12 are the rates of TNF-α secretion from Th1 cells, Th2 cells, and
macrophages, respectively.

2.9. Governing equations. In summary, a system of governing equations of all
variables (H1(x, t), H2(x, t), H0(x, t), M(x, t), F (x, t), I1(x, t), I2(x, t), T (x, t)) in
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the domain Ω is described by

∂H1

∂t
= DH1

∆H1 +
λ5I2

λm6 + Im1
H0H1

(
1− H1

K1

)
− µH1

H1,

∂H2

∂t
= DH2

∆H2 +
λ2TI1
λk7 + F k

H0H2

(
1− H2

K2

)
− µH2

H2,

∂H0

∂t
= DH0

∆H0 + β −
(

λ5I2
λm6 + Im1

H0H1 +
λ2TI1
λk7 + F k

H0H2

)
− µH0

H0,

∂M

∂t
= DM∆M −∇ ·

(
χ

M∇F√
1 + λF |∇F |2

)
+
λ13FH1

λl14 + I l1
M

(
1− M

K3

)
− µMM,

∂F

∂t
= DF∆F + λ1H1 − µFF, (21)

∂I1
∂t

= DI1∆I1 + λ3H2 − µI1I1,

∂I2
∂t

= DI2∆I1 +
λ8α

n

λn9 + αn
H1 + λ10M − µI2I2,

∂T

∂t
= DT∆T + λ4H1 + λ11H2 + λ12M − µTT.

Boundary conditions:
The boundary (∂Ω) of the computational domain (Ω) consists of two disjointed

subsets, Γ1,Γ2, i.e., ∂Ω = Γ1 ∪ Γ2,Γ1 ∩ Γ2 = Ø. Macrophages are provided from
blood vessels and we prescribe the Dirichlet (fixed) boundary condition on a portion
of boundary (Γ1) near the blood vessel. We also assume that there is no flux on the
other boundary Γ2 (Neumann B.C.).

M = M0, on Γ1 (22)

ν ·
(
DM∇M − χ

M∇F√
1 + λF |∇F |2

)
= 0, on Γ2, (23)

where ν is the outer normal vector and M0 is the fixed macrophage density on Γ1.
No flux boundary conditions (Neumann) were applied for all other variables on the
whole boundary (∂Ω = Γ1 ∪ Γ2):

ν · (DH1
∇H1) = 0, ν · (DH2

∇H2) = 0, ν · (DH0
∇H0) = 0,

ν · (DF∇F ) = 0, ν · (DI1∇I1) = 0, ν · (DI2∇I2) = 0, on ∂Ω (24)

ν · (DT∇T ) = 0.

Initial conditions would be described for the local dynamics (ODE) and full dynam-
ics (1D or 2D PDE) in the corresponding subsections below. In the next Section,
we present the results of the model.

3. Results. In the following section, we first describe the local dynamics of the
mathematical model and compare some of the computational results to experimental
results from [53].

3.1. Local dynamics. Figure 4 shows a typical time course of densities of cells
(Th1 cells (H1), Th2 cells (H2), and Th0 cells (H0)), and concentrations of regu-
lating factors (IFN-γ (F ), IL-4 (I1), IL-12 (I2), and TNF-α (T )) when low doses of
LPS (α = 1.0) were used. Th2 cells become dominant along with high levels of IL-4
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Figure 4. A time course of all variables in response to low doses
of LPS: Densities of Th1 cells (H1(t)), Th2 cells (H2(t)), Th0 cells
(H0(t)), macrophages, and concentrations of IFN-γ (F (t)), IL-4
(I1(t)), IL-12 (I2(t)), and TNF-α (T ). The local dynamic model
(ODEs) was used for the simulation with low levels of LPS (α =
1.0). The low dose LPS leads to the Th2-dominant system, i.e., in-
creases in Th2 population and IL4 levels, and decreases in popu-
lations of Th1 cells and macrophages, and concentrations of IL-12
and IFN-γ. Initial conditions: H1(0) = 6.0, H2(0) = 6.0, H0(0) =
2.0,M(0) = 8.0, F (0) = 10.0, I1(0) = 1.0, I2(0) = 3.0, T (0) = 0.01.

while the populations of Th1 cells and macrophages as well as levels of their asso-
ciated molecules (IL-12 and IFN-γ) are decreased. The low LPS level (α = 1) led
to low proliferation of Th1 cells and low IFN-γ secretion from Th1 cells. Low levels
of IL-12 follow due to small contributions from Th1 cells. Low levels of IFN-γ also
weaken the inhibitory action against Th2 proliferation, leading to the faster con-
version from naive Th0 cells to Th2 cells. This increase in the number of Th2 cells
leads to an increase in secretion of IL-4, which further counteracts the conversion
of Th0 cells to Th1 cells. On the other hand, the macrophage population is getting
smaller due to lowered positive contributions from IFN-γ levels and Th1 cells, and
increased inhibitory effects from higher IL-4 levels (I1). The small population of
macrophages also generates small contributions toward IL-12 (I2), enhancing the
Th2-IL-4 cycle. We found that the overall model behavior of all variables for low
levels of LPS (α < 1.0) is quantitatively similar to ones when α = 1, which is also
consistent with experimental data in [53].
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Figure 5. A time course of all variables in response to high doses
of LPS: Densities of Th1 cells (H1(t)), Th2 cells (H2(t)), Th0
cells (H0(t)), macrophages, and concentrations of IFN-γ (F (t)),
IL-4 (I1(t)), IL-12 (I2(t)), and TNF-α (T ). The local dynamics
(ODEs) was used for the simulation with high levels of LPS input
(α=100.0). The high dose LPS leads to the Th1-dominant system,
i.e., increases in populations of Th1 cells and macrophages, and
levels of IL-12 and IFN-γ, and decreases in Th2 cells and IL-4 lev-
els. Initial conditions: H1(0) = 6.0, H2(0) = 6.0, H0(0) = 2.0,
M(0) = 8.0, F (0) = 10.0, I1(0) = 1.0, I2(0) = 3.0, T (0) = 0.01.

Figure 5 shows a typical time course of densities of all variables when the LPS
input (α=100.0) is large. Th1 cells become dominant as shown in the experiment
[53]. While high levels of population densities of Th1 cells and macrophages, and
concentrations of IL-12 and IFN-γ were observed, Th2 cell populations and IL-4
levels are decreased. The high dose of LPS leads to large contributions toward IL-12
(I2) levels and elevated levels of IL-12 then enhance the cell conversion from Th0 to
Th1 type, increasing IFN-γ secretion from Th1 cells and enhancing IL-12 secretion.
This high IFN-γ level strengthens the inhibition of cell conversion from the Th0
to Th2 subtype and enhances macrophage proliferation along with increased Th1
cell numbers. The system with the large number of macrophages also induces IL-12
secretion. The population of Th2 cells is decreased due to these positive feedback
loops among IL-12, Th1 cells, IFN-γ, and macrophages. This leads to low IL-4
levels (I1), which further suppresses Th2 cell proliferation and the inhibitory action
against the population of Th1 cells. As shown in the experiment in [53], TNF-α
(T ) expression was enhanced by both low- and high-dose LPS (α=10,100), while
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Figure 6. Steady state values of Th1 (black) and Th2 (gray)
populations as functions of the LPS injection level (α). As the
LPS level (α) is increased, the inflammatory reaction switches
from Th2 cell induced asthma (α=0.1) to Th1 cell induced asthma
(α=100.0). It also suggests coexistence of those distinct subtypes
(Th1/Th2) and the emergence of third phenotype. Initial condi-
tions: H1(0) = 6.0, H2(0) = 6.0, H0(0) = 2.0,M(0) = 8.0, F (0) =
10.0, I1(0) = 1.0, I2(0) = 3.0, T (0) = 0.01.

IL-12 expression (I2) was only enhanced by the high-dose LPS (α=10,100) during
the allergen sensitization period (see Figures 4,5). We also note that the model
system for relatively high LPS levels (α=10-100) show the same behavior as one for
the very high LPS level (α=100).

Figure 6 shows the populations of Th1 and Th2 cells as a function of the LPS
input level (α). As experimentally shown in [53], a Th2-dominant system can switch
to the Th1-dominant system as the LPS level (α) is increased. It also predicts that
there exists a narrow area [1.2, 2.4] of LPS levels for the coexistence of Th1/Th2
subtypes, predicting the emergence of a third phenotype, Th17 [41], for intermediate
levels of LPS.

3.2. Full dynamics. All the simulations in this section were performed using a
finite volume method and clawpack (http://depts.washington.edu/clawpack/)
with a fractional step method [100] as well as the non-linear solver nksol for alge-
braic systems. The equations (4)-(20) are solved on a regular uniform spatial grid
(∆x=0.01). An initial time step of ∆t = 1.0 × 10−6 was used, but adaptive time
stepping based on the number of iterations did alter this step size.

http://depts.washington.edu/clawpack/
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First, we investigated the effect of LPS levels on Th1/Th2 regulation in asthma
with the one-dimensional setup. The computational domain is Ω = [0, 1]. Dif-
ferential localization of Th1 and Th2 cells was observed in autoimmune gastritis
[49]. Alternative waves were used to describe the initial conditions of those two
competing phenotypes, Th1 cells (H1) and Th2 (H2). We prescribe a uniform dis-
tribution of the source phenotype, Th0 cells (H0). Macrophages are assumed to
be initially localized on the lefthand side (x = 0) of the computation domain near
blood vessels. We take uniform distributions of regulating molecules, IFN-γ (F ),
IL-4 (I1), IL-12 (I2) and TNF-α (T ). The following initial conditions were used for
the one-dimensional case:

H1(x, 0) = 6.0 ∗ (sin(8.0πx) + 1), , H2(x, 0) = 6.0 ∗ (− sin(8.0πx) + 1),

H0(x, 0) = 2.0, M(x, 0) = 10.0 exp(−50x), F (x, 0) = 10.0, (25)

I1(x, 0) = 1.0, I2(x, 0) = 3.0, T (x, 0) = 0.02.

Figure 7 shows a time course of populations of cells and levels of regulating
molecules in response to high (α=10; black dotted line) and low (α=0.1, 1.0) levels

of LPS: Th1 cells (Ĥ1 in (A)), Th2 cells (Ĥ2 in (B)), Th0 cells (Ĥ0 in (C)), and

macrophages (M̂ in (D)), and levels of IFN-γ (F̂ in (E)), IL4 (Î1 in (F)), IL-12

(Î2 in (G)), TNF-α (T̂ in (H)). Here, populations and concentrations denoted by a
hat (∧) were obtained by taking an integration over the domain (Ω). For example,

Ĥ1(t) =
∫

Ω
H1(x, t)dx. Overall behaviors of the system in response to high and low

LPS levels are similar to those in local dynamics, i.e., low doses of LPS favor the
Th2 phenotype while high doses of LPS lead to the Th1-dominant system. One
can also notice a slow transition from Th2 cell induced asthma to Th1 cell induced
asthma as the LPS level (α) is increased. For instance, it takes a long time to
get the small population of macrophages when α = 1 while the lower LPS level
(α = 0.1) leads to an immediate decrease in the macrophage population.

Figure 8 illustrates how LPS levels can increase or decrease levels of IL-12. In
the experiments in [53], IL-12 levels are low (∼ 210−500 pg/ml) for low LPS input
levels (0.1, 1 µg) after allergen sensitization while high doses of LPS (10, 100 µg)
can induce high levels of IL-12 (∼ 1, 100 pg/ml) (see Figure 8A). Levels of this Th1-
associated cytokine, IL-12, are also reduced in low LPS (α=0.1, 0.2, 0.3, 1) and high
for elevated doses of LPS (α = 10, 100) in our model (Figure 8). See Figure 8B.
While the experiments were not performed for intermediate levels of LPS (1-10 µg)
in [53], the model predictions indicate these conditions would lead to intermediate
IL-12 levels (α=2,5 in Figure 8B).

In Figure 9 we investigated the dynamics of the macrophage population in re-
sponse to various LPS levels (α=0.1, 0.2, 0.3, 1, 3, 100). Macrophage infiltration
was high when LPS levels were high and a small population of macrophages was
observed when small amounts of LPS were used in the experiments [53] (Figure 9A).
Our simulation predicted the consistent results, i.e., the population of macrophages
is an increasing function of the LPS level (α) as predicted in the experiments in [53]
(Figure 9B).

Figure 10 shows that the secretion of IL-4 enhanced by low doses of LPS (α =
0.1, 1) in wild type (WT) was not observed in the mutant, but there were not
significant differences in IL-4 secretion rates between the wild type and its mu-
tant. Consistent experimental results were illustrated in [53] using TNFR1-deficient
(TNFR1(−/−)) and WT mice sensitized with high- (10 µg) and low-dose (0.1 µg)
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Figure 7. A time course of populations of cells and concentrations
of regulating molecules for various LPS levels (α = 0.1, 1, 10): (A)

population of Th1 cells (Ĥ1) (B) population of Th2 cells (Ĥ2) (C)

population of Th0 cells (Ĥ0) (D) population of macrophages (M̂),

(E) level of IFN-γ (F̂ ) (F) level of IL-4 (Î1) (G) level of IL-12

(Î2) (H) level of TNF-α (T̂ ) in the one-dimensional model. Low
levels of LPS (α = 0.1, 1) induce Th2-dominant phase. The high
dose LPS (α = 10)promotes Th1 cells, macrophages, and their
associated molecules (IFN-γ, IL-12). Here, populations of cells and
levels of chemicals denoted by a hat (∧) were obtained by taking
an integration over the domain (Ω), i.e., û(t) =

∫
Ω
u(x, t)dx. Time

scales in (B)-(H) are same as one in (A).

LPS. For example, IL-4 levels were significantly reduced in both simulations (∼60%)
and experiments (∼68%) in [53], when a low level of LPS (α = 0.1 in the simu-
lation; 0.1µg in [53]) was injected. On the other hand, no significant differences
were found in the case of high-dose LPS (α = 10 in the simulation; 10µg in [53]) in
both simulation (∼16% reduction) and experiments (∼5% reduction [53]). For the
TNFR1(−/−) case, much lower TNF-α secretion rates ( λ4

100 ,
λ11

100 ,
λ12

100 ) were used in
the simulations.

In Figure 11, we investigated the effect of IFN-γ-knockdown (IFN-γ−/−) on the
population of macrophages for a high dose of LPS (α = 10). In the experiments
in [53], airway infiltration of macrophages after allergen challenge did not develop
in IFN-γ-deficient (IFN-γ−/−) mice sensitized with OVA plus high-dose LPS (10
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Figure 8. Regulation of IL-12 in response to high and low LPS.
(A) Experimental observation: High levels of LPS (10, 100 µg) up-
regulated IL-12p40 levels 6 and 24 h after allergen sensitization but
low-dose (0.1 µg) LPS did not increase IL-12p40 production. The
figure from Kim et al. [53] with permission. (B) Simulation results:
IL-12 concentration for various LPS levels at t = 8h, 24h. IL-12
levels were up-regulated by high doses of LPS but not by low doses
of LPS.
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Figure 9. Population of macrophages in response to various LPS
levels. (A) Population of macrophages for different LPS values (0.1,
1, 10, 100 µg) in experiments (Figure 3B in [53] ; BAL cellularity
after allergen challenge: bar heights represent cell numbers of total
cells and macrophages). The figure from Kim et al. [53] with per-
mission. (B) Simulation results: The population of macrophages is
increased as LPS input levels (α) are increased.

µg) relative to wild type (WT) mice. The simulation results also show that the
macrophage population is significantly decreased in response to high-dose LPS (73%
and 67% reductions for α = 10, 100, respectively) in the IFN-γ knock-down case
relative to WT. A low level or absence of IFN-γ (F ) directly reduces the proliferation
potential of macrophages (equation (13)). The lowered level of IFN-γ also increases



1110 KIM, LEE, KIM, LAWLER, GHO, KIM AND HWANG

WT TNFR−
0

50

100

α=0.1

IL
−

4
 (

%
)

WT TNFR−
0

50

100

α=1

IL
−

4
 (

%
)

WT TNFR−
0

50

100

α=10

IL
−

4
 (

%
)

WT TNFR−
0

50

100

α=100

IL
−

4
 (

%
)

(B)(A)

(C) (D)

Figure 10. IL-4 levels for wild type (WT) and TNF-α mutant
(TNFR-) after allergen challenge for various LPS levels (α). IL-4
enhancements by low doses of LPS (α = 0.1, 1) were inhibited in
the absence of TNFR1 gene (TNFR1(−/−)) while IL-4 productions
induced by high doses of LPS (α = 10, 100) were not.

10 100
0

20

40

60

80

100

LPS level (α)

M
a
c
ro

p
h
a
g
e
 P

o
p
u
la

ti
o
n
 (

%
)

 

 

WT

IFNγ(−/−)

Figure 11. Macrophage population in response to high doses of
LPS (α = 10, 100) in the wild type (WT) and IFN-γ knockdown
case (IFN-γ−/−). The macrophage population is significantly de-
creased (73% and 67% reductions for α = 10, 100, respectively) in
IFN-γ−/− relative to WT (cf. Figure 6B in [53]).
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Figure 12. IL-12 level for wild type (WT) and IFN-γ knockdown
case (IFN-γ−/−) with high-dose LPS (α). IL-12 concentration is
significantly reduced (94% and 68% reductions for α = 10, 100,
respectively) for IFN-γ knockdown (IFN-γ−/−), compared to WT
in both experiments [53] and simulations. (cf Figure 6D in [53]).

the Th2 population indirectly due to the reduction of its inhibitory effect on Th2
proliferation (in equation (6)), which leads to the increased IL-4 (I1) secretion by
Th2 cells (H2) (in equation (17)) and the promotion of inhibitory effect on growth
of macrophage population (equation (13)). These direct and indirect regulations
induce the decreased population of macrophages. Kim et al. [53] found that the
absence of IL-4 did not affect this cellularity enhanced by high-dose LPS (10 µg) in
IL-4-deficient (−/−) mice. Simulation results indicate that the knockdown of IL-4
with a high LPS level (α = 10) does not affect the macrophage population (data
not shown).

Figure 12 shows that this IFN-γ knockdown (IFN-γ−/−) with high-dose LPS
(α = 10) induces reduction in IL-12 secretion. In the wild type, high levels of
LPS induce high levels of IL-12 both directly through LPS, and indirectly via the
increased population of Th1 cell types (in equation (19)) as shown in Figure 5 and
discussions above. However, a low level or absence of IFN-γ weakens its inhibitory
effect on the population of Th2 cells and induces a decrease in the macrophage
population as discussed above. This leads to a reduction of IL-12 levels due to
decreased contributions from the macrophage population. IL-12 secretion from
Th1 cells is also reduced due to the Th2-dominant system. These two negative
factors overcome the positive contributions from high LPS levels and the IL-12 level
overall is decreased in the IFN-γ−/− case despite high LPS levels. The experimental
data from the high-dose (10 µg) LPS-enhanced asthma model using the IFN-γ-
deficient mouse support these computational results (Figure 6D in [53]). So, the
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experiments and our computational model suggest that IFN-γ is one of the key
players in regulating type I and II asthma in response to various LPS levels (α) and
plays a significant role in developing AHR and noneosinophilic lung inflammation
in high-dose LPS.

In the following, we investigated the role of the microenvironment in the regula-
tion of type I and II asthma in response to various levels of LPS using our computa-
tional model in a two-dimensional (2D) setup. In order to predict possible behaviors
of the key players, Th1 and Th2 cells, in a perturbed system, those two subtypes
are assumed to have very different initial configurations. A Th1 cell aggregate was
localized at the center (0.5,0.5) of the computational domain Ω = [0, 1]× [0, 1] and
many smaller Th2 cell aggregates were placed on a spiral track originating from the
center of the domain Ω. We used the following initial conditions of Th1 (H1) and
Th2 cells (H2) with the same initial conditions for other variables (Th0 cells (H0),
IFN-γ (F ), IL-4 (I1), IL-12 (I2), TNF-α (T )):

H1(x, y, 0) = 12 ∗ exp[−50 ∗ ((x− 0.5)2 + (y − 0.5)2)]),

H2(x, y, 0) =

Np∑
j=1

12 exp[−200 ∗ ((x− pjx)2 + (y − pjy)2)],

H0(x, y, 0) = 2.0,

M(x, y, 0) = 10 exp(−50x), (26)

F (x, y, 0) = 10,

I1(x, y, 0) = 1.0,

I2(x, y, 0) = 3.0,

T (x, y, 0) = 0.01,

where (pjx, p
j
y) = (0.5 + dj cos(θj), 0.5 + dj sin(θj)) (j = 1, . . . , Np) are center points

of spherical Th2 cell aggregates, θj = (j−1)∗2π
Np

, (j = 1, . . . , Np), d1 = 0.1, dNp = 0.4,

dj =
(dNp−d1)∗(j−1)

(Np−1) + d1, (j = 2, . . . , Np − 1), Np = 8.

In Figure 13, we show different spatial patterns of density profiles of Th1 cells,
Th2 cells, and macrophages for various levels of LPS (α = 0.1, 3, 10). To see the
effects of different microenvironment on regulation of type I and II asthma, different
diffusion coefficients of molecules and random motility of cells were used in the left
(Ω1 = [0, 0.5] × [0, 1]) and right (Ω1 = [0.5, 1] × [0, 1]) half of the computational
domain (Ω). When low-dose LPS (α = 0.1) was introduced, Th2 cells on a spiral
track quickly spread and proliferate to become a dominant phenotype after t = 200.
Th1 cells and macrophages sustain the populations at the center of the domain
but their growth is eventually suppressed and the populations die out. See Figure
13A. In the case of high-dose LPS (α = 10; Figure 13C), Th1 cells quickly spread
across the domain and suppress Th2 cell types except a relatively small island on
the left side of the domain. Abundant macrophages also help Th1 cells by secreting
IL-12. For an intermediate level of LPS (α = 3.0), the patterns show co-existence
of both phenotypes (Th1 cells and Th2 cells). One can note that these patterns
of Th1 cells and Th2 cells for the intermediate LPS level may depend on many
factors such as initial distributions of cell populations and chemicals as well as
random motility of cells and diffusivity of chemicals as shown below in Figure 14.
One also observes that different spreading speeds of those populations on the left
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Figure 13. A time course of profiles of Th1 cells, Th2 cells, and
macrophages for various LPS levels: (A) low LPS level (α = 0.1)
(B) intermediate LPS level (α = 3) (C) high LPS level (α = 10).
For low LPS input, Th2 cells become a dominant cell type. In
contrast, high LPS levels induce Th1-dominant phases. We also
observe the wild spread of macrophages. For intermediate lev-
els of LPS, mixed populations of Th1 and Th2 cells are observed.
Initially, Th1 cells were localized at the center (0.5,0.5) of the the
2D computational domain (Ω) while eight Th2 cell aggregates were
placed on a spiral track Γ originated from the center of the domain.
Normal diffusion coefficients were assigned on the right half of the
domain (Ω2) while smaller diffusion coefficients were assigned on
the left half (Ω2). (See the main context for more detail.) The com-
putational domains: Ω = [0, 1]× [0, 1], Ω1 = [0, 0.5]× [0, 1], Ω2 =
[0.5, 1]× [0, 1]. Grid size 100×100.
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Figure 14. Role of the microenvironment in regulation of T cell
responses. Profiles of two competing phenotypes (Th1 cells in (A)
and Th2 cells in (B)) in α − DL plane at final time (t = 500),
where DL represents the diffusion coefficients of chemicals or ran-
dom motility of cells on the left half domain (Ω1 = [0, 0.5]× [0, 1]).
Normal diffusion coefficients (DR) of all variables were assigned on
the right half domain (Ω2) while various diffusion coefficients (Di

L=
i-th row (i = 1, . . . , 5); D1

L < D2
L < D3

L < D4
L < D5

L) were assigned
for all variables on the left half of the domain (Ω1 = [0.5, 1]× [0, 1]).
In each column, different LPS levels (α = 0.1, 0.3, 1, 3, 10) were
used. Initial conditions of all variables and colorbar are same as
in Figure 13, i.e., red= high density, blue= low density. Dominant
phenotypes (red) were enclosed by the green dotted line in (A) and
(B). Th1 cells become a dominant cell type as the LPS level (α) is
increased. When the tissue becomes stiffer and diffusion rates are
low, Th1 cells become dominant even for low LPS levels (α = 1.0;
3rd row). A LPS threshold value αth for separating type I asthma
from type II asthma was marked in star (brown star in 3rd row
and yellow star in 4th row). This threshold value αth is decreased
as tissue becomes stiffer (from yellow star to brown star), i.e., the
diffusion coefficients and random motilities are decreased.

(Ω1) and right (Ω2) half of the domain (Ω). Th2 cells benefit from local dynamics
instead of spreading (the survived island for α = 10 for instance). Therefore, bio-
mechanical conditions such as tissue composition or perturbed physical conditions
from a special geometry may play a key role in determining a dominant phenotype
or inducing coexistence of both phenotypes. We already indicated the possible
emergence of a third phenotype (Th17 for instance [41]) for intermediate doses of
LPS in an earlier analysis in Figure 6. This conceptual framework does not conflict
with the pivotal role of Th1- and Th2-associated cytokines in response to high- and
low-dose LPS and may add another level of regulation.

Figure 14 shows the density profiles of Th1 and Th2 cells in α − DL plane,
where DL is the diffusion coefficient of regulating factors (IFN-γ, IL-4, IL-12, TNF-
α) and random motilities of cells (Th1 cells, Th2 cells, Th0 cells, macrophages)
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on the left half plane of domain, Ω1 = [0, 0.5] × [0, 1]. Various amounts of LPS
(α = 0.1, 0.3, 1, 3, 10) were assigned in each column. In each column, a range of
diffusion coefficients (Di

L= i-th row ( i = 1, . . . , 5); D1
L < D2

L < D3
L < D4

L < D5
L)

were used on the left half domain (Ω1) while the fixed base values of diffusion
coefficients were used on the right half domain Ω2 = [0.5, 1] × [0, 1]. Dominant
phenotypes were enclosed in the ‘green’ dotted line in Figures 14A-14B. As in the
previous simulations in Figure 13, Th1 cells tend to become a dominant cell type
as the LPS level (α) is increased overall. However, the corresponding LPS level for
a switch from a Th2-dominant phase to a Th1-dominant phase differs according to
diffusion coefficients Di

L. For example, Th1 cells are already a dominant phenotype
for the low LPS level (α = 1µg) when smaller diffusion coefficients (Di

L, i = 1, 2, 3)
were used. A threshold αth of the LPS levels for a switch from type II asthma to
type I asthma was marked as a ‘brown star’ in the 3rd row. This threshold value
αth (brown star; 0.3 < αth < 1) for an intermediate diffusion (D3

L) moves to a
higher value αth∗ (‘yellow star’ in the 4th row; 1 < αth∗ < 3). Therefore, faster
diffusions in the relatively soft tissue may promote interactions between Th1 cells
and macrophages, and suppress activities of Th2 cells and Th2-associated cytokines.
In this case, Th1 cells become a dominant phenotype for relatively lower doses of
LPS. This model prediction implies that stiffness in tissue in the microenvironment
may play an important role in regulation of Th1/Th2 cell phenotypes in response
to LPS level (α). Macrophages also follow similar patterns.

4. Discussion. Asthma is a common chronic inflammatory disorder of the airways
associated with obstruction and hyperresponsiveness of airways [25, 13]. The mi-
croenvironment in asthma development includes various cell types such as T cells,
eosinophils, mast cells, and neutrophils [41]. These cells are involved in the immune
and inflammatory responses to allergens and communicate with one another and
influence each others’ behavior by means of the cytokines and growth factors they
secrete. Among those cells, the development of memory T cells is a crucial step in
the regulation of the inflammatory responses [104, 39]. A large number of studies
support the notion that an imbalance between Th1 and Th2 cytokines, favoring
the Th2 immune response (with a decrease in Th1 response), is the main cause of
inflammation reactions in asthma development [41]. This so called Th2 hypothe-
sis of asthma pathogenesis was first suggested by Mosmann in 1989 [78], based on
earlier discovery of the presence of two distinct subtypes of Th cells in mice: Th1
and Th2 [77]. Inflammation induced by Th2 cytokines can promote the secretion of
more inflammatory mediators including other chemokines and cytokines via posi-
tive feedback loops [41]. T cell-derived molecules for Th1 cells include IL-2, IFN-γ,
and IL-12 while other molecules such as IL-4, -5, -9, -13, and -25 are associated
with Th2 cells [41]. Recent studies found that Th-17-associated cytokines were
also implicated in asthma immunobiology [41, 73]. Other cytokines include various
growth factors (EGF, FGF, PDGF, TGF-β), anti-inflammatory cytokines (IL-10
and IL-18), proinflammatory cytokines (IL-1β, -6, and -11; TNF-α, GMCSF) that
are involved in the innate host defense, and chemokines or chemotactic cytokines
(IL-8, RANTES, eotaxin, MCP-1, MCP-5) [41].

LPS can be found in the air including particles [71, 35] and various doses of LPS
are known to lead to the development of two distinct phenotypes, Th1 or Th2 [53].
Despite the evidence supporting Th2 hypothesis, studies in humans have found that
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the levels of both Th1 and Th2 cytokines are elevated in the airways and blood of
asthma patients [21, 67].

In this paper, we focused on identifying the basic ‘flip-flop’ dynamics of type I
and type II asthma in response to various doses of LPS. We developed a mathe-
matical model of the mutual antagonism between Th1 and Th2 phenotypes. The
model considers densities of cells (Th1 cells, Th2 cells, Th0 cells, and macrophages)
and concentrations of key regulatory molecules (IFN-γ, IL-4, IL-12, TNF-α). The
simulation results from the model are in a good agreement with experimental data
in [53]. The results are summarized as follows:

• Th2 cells become dominant for low LPS levels (α ≤ 1) while Th1 cells become
a major phenotype for high LPS levels (α ≥ 10). For low doses of LPS (α = 1),
IL-4 levels are upregulated while the concentrations of IL-12 and IFN-γ are
down-regulated. The high level of IL-4 induces the Th2 dominant system
and suppresses the Th1 cell phenotype. On the other hand, populations of
Th1 cells and macrophages become dominant for high levels of LPS (α ≥ 10)
due to downregulation of IL-4 and elevated IL-12 and IFN-γ, which further
suppress the Th2 cell proliferation.

• Steady states of two key phenotypes as a function of the injected LPS level
(α) illustrate this switching behavior between Th1 and Th2 cells and also sug-
gest coexistence of those two phenotypes in a narrow interval of intermediate
levels of LPS (2 < α < 7) (Figure 6). This might suggest emergence of the
third dominating phenotype such as Th17 [41]. In light of the flexibility and
applicability of the current model, further investigation of such a model is
warranted, and the results of this analysis as well as experimental validation
will be reported elsewhere in future.

• High (low) levels of IL-12 were associated with high (low) LPS levels in both
experiments and model simulations (Figure 8).

• Macraphage numbers increased according to LPS levels, which is consistent
with the experimental observation (Figure 9).

• The current model also predicts that the IL-4 level is significantly decreased
when TNF-α-deficient mice are used compared to the wild type (Figure 10).

• We found that infiltration of macrophages is significantly decreased in re-
sponse to high-doses LPS (α = 10, 100) in IFN-γ-deficient (IFN-γ−/−) mice,
compared to the wild type (Figure 11). Simulation results also indicate that
the knockdown of IL-4 in the case of the high doses of LPS (α = 10) does not
affect the macrophage population.

• Levels of IL-12, a Th2-associated cytokine, were also significantly reduced in
IFN-γ−/− mice in response to high doses of LPS (α = 10, 100; Figure 12).

• We also investigated the role of microenvironment in determining the domi-
nant phenotype in asthma development. The model predicts that a pertur-
bation of the microenvironment might lead to different types of asthma. The
model also shows that faster diffusion processes may favor interactions be-
tween Th1 cells and macrophages, and suppress Th2 cells, leading to type I
asthma for relatively low doses (α=1 µg) of LPS (Figure 14). Isolated islands
of one phenotype for an intermediate level of LPS (α = 3; Figure 13B) can be
found under a certain initial distribution of involved cells. These results show
that the microenvironment plays a crucial role in the regulation of type I and
type II asthma in response to various LPS levels.
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Eosinophils are known to play a pivotal role in asthmatic airway remodeling through
MMP production at inflammatory sites in response to stimuli from TNF-α [94].
Hints of possible treatment in severe asthma using TNF-α antagonism have been
reported [45] due to its pivotal role in the initiation and perpetuation of airway in-
flammation, increased mucous production, AHR and airway remodeling in asthma.
TNF-α is also known to play a critical role in immune surveillance against tumour
cells and protection against infections [45, 15]. The importance of TNF-α in the
control of airway inflammation and improved asthma control led to trials of TNF-
α antagonists using a number of TNF-α inhibitors: etanercept (a soluble fusion
protein combining two p75 TNFRs with an Fc fragment of human immunoglobulin
[Ig]G1), infliximab (a chimeric mouse/humanized monoclonal [m]Ab) and adali-
mumab (a fully human mAb) [45]. TNF-α can upregulate tenascin and MMPs, a
landmark of severity of the disease and airway remodeling espeically in the pres-
ence of eosinophils and fibroblasts through activation of the transcription factor
Ets-1 [76, 94]. Large amounts of tenascin and MMPs are found in the sub-epithelial
basement membrane (SBM) and produced by myofibroblasts and fibroblasts in the
vicinity of the SBM. In the same vein, TNF-α enhances tissue remodeling via EGFR-
dependent stresses and repairs by inducing proliferation of sub-epithelial myofibrob-
lasts [75, 76]. Heterogeneity in response to TNF-α inhibition has been blamed for
poor clinical outcome. Therefore, identifying new markers may help us establish
which subset of this heterogeneous disease may benefit from TNF-α antagonism.

The “hygiene hypothesis” states that the chance of getting allergic diseases is
increased by a hygienic childhood environment [38], leading to insufficient stimula-
tion of Th1 cells and dominance of Th2 cells after allergen exposure [111]. However,
a number of studies have shown that type I diabetes and other autoimmune dis-
eases are mediated by Th1 cells [105]. Therefore, an alternative hypothesis known
as the “counter-regulation hypothesis” was suggested to explain this phenomenon.
This states that all types of infection may prevent the development of allergic reac-
tions by inducing another type of T cell [92, 81] called regulatory T cells (Tregs).
These cells inhibit potentially harmful immune responses [89] and contribute to
the maintenance of immune homeostasis [64]. The two major types of Treg pop-
ulations are the thymic-derived CD4+Foxp3+ Treg cells and adaptive CD4+ Treg
cells (CD4+Foxp3−) [64]. Recent studies [3, 4] also indicate that the population
of allergen-specific Tregs increases the effectiveness of immunotherapies. Gross et
al. (2011) [38] recently developed a mathematical model of allergy and Th1-Th2-
Treg interactions by extending the previous model proposed by Behn et al. (2001)
[11]. These authors [38] found that the model was able to capture the key events in
allergen-specific immunotherapy. The model also predicted that the decisive effect
of immunotherapy (suppression of Th2 cells and increased Tregs) depends on ad-
ministration of injections immediately before the maintenance phase [38]. Tregs are
believed to play a crucial role in regulating allergic disease such as asthma via two
key cytokines, TGF-β and IL-10 [87, 6]. (See recent review articles [89, 64, 87, 108]
for the role of Tregs in more detail). However, in experiments by Eisenbarth et
al. (2002) [29] and Kim et al. (2007) [53], LPS-depleted OVA did not induce an
inflammatory response in the lung (T cell anergy) instead of immune tolerance
via Tregs, while OVA plus the low- and high-dose LPS induced typical Th2 cell re-
sponses and strong Th1 inflammatory responses, respectively. Therefore, we did not
consider the role of Tregs in our model system. We plan to explore the important
role of Tregs in asthma in future work.
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Cosmi et al. [24] recently described a new subset of human memory CD4+ T
cells that secrete both IL-4 and IL-17A. This new type of T cell population, known
as Th17/Th2 lymphocytes, was more prevalent in patients with allergic asthma
than in the healthy population [23]. Th17 cells are able to produce IL-4, IL-5, IL-9
and IL-13 as well as IL-17A, IL-8, and IL-22 [23]. IL-4-rich microenvironment may
favor the switch of Th17 lymphocytes toward Th17/Th2 phenotype based on the
observation that Th17 cells expressed IL-4R and were susceptible to IL-4 activity
while no STAT3 or STAT4 phosphorylation was observed in Th2 cells in response
to IL-23 [24, 8]. It is also possible that allergen-specific Th2 cells take the role of
producing IL-17 in response to inflammatory cues [23]. For example, it was reported
in mice that IL-1β, IL-6, and IL-21 up-regulate IRF4 and RORγ gene expression
and induce IL-17 production in Th2 cells in vitro, suggesting there is plasticity in
the phenotypic changes observed in response to inflammatory stimuli [103]. IL-6
(along with TGFβ) up-regulates IL-17 expression in T cells via a STAT3-RORγt
pathway [113]. In a Th17 immunity study, Th2 and Th17 cells (Th2- and Th17-
related cytokines) were dominant phenotypes (cytokines) in allergic asthmatics, and
the ratio of Th17 cells to Th2 cells and concentrations of IL-17 and IL-22 were in-
creased according to the severity of the disease [112]. Kim et al. [55] found that
IL-6 production was enhanced by high levels of LPS in the atopic asthma mouse
model, and that the Th17 cell response induced by high levels of LPS is abolished
in IL-6 knockout mice. A recent study [63] demonstrated the plasticity of Th17
cells upon differentiation, showing that TGFβ is a critical component for sustained
IL-17A and IL-17F production by Th17 cells and that, in the absence of TGFβ,
IL-12 and IL-23 can induce Th17 cells to secrete IFN-γ, a key Th1-related cytokine,
in a T-bet- and STAT4-dependent manner. These data indicate Th17 cells can reg-
ulate production of cytokines depending on the microenvironmental inflammatory
milieu [6]. Our simulations predicted the existence of the third phenotype, Th17,
in a narrow window of intermediate LPS levels even though we did not specifically
include known Th17-related cytokines such as IL-1β, IL-6, IL-21, and IL-23 in our
model system. IL-4, the inducer of Th2 cells, might have influenced the response
to intermediate levels of LPS via the interplay between players in our complex net-
work of Th1-Th2 regulation in this study, as IL-4 derives phenotypic change from
Th17 to Th17/Th2 populations [24, 23]. Or, IFN-γ secretion by Th17 cells under
certain conditions [63] may generate the possibility of the onset of Th17 phenotype
in our computational model system. How emergence or behaviors of Th17 cells are
precisely regulated in the immune system is not presently completely understood
and is still under active investigation. We will address this issue in future work by
taking into consideration key Th17-related cytokines in an extended model.

Our model can be used to suggest the effect of potential drugs that will con-
trol the Th1/Th2 cell type regulations in asthma. For example, by introducing a
TNF-α inhibitor that reduces Th2 cell population, the Th1 population becomes the
dominant cell type. The results of the present paper can serve as a starting point
for more comprehensive modeling and experimentation. These should include the
following: (a) Detailed intra- and inter-celluar dynamics involving the STAT4 gene
and allergen-specific IgE production. For example, the asthma phenotypes induced
by the low dose LPS were completely inhibited in TNF-α receptor-deficient mice,
while the asthma phenotypes associated with the high dose LPS were abolished by
the homozygous null mutation of the STAT4 gene [53]. Detailed analysis of these
would be possible when detailed signal transduction pathways are modeled and
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integrated into an extended model. (b) As a part of the inflammatory response,
many cell types migrate toward regional lymph nodes (LN) in response to chemo-
tactic signals. During this course of action, motility of those different cell types
and diffusion processes, thus chemical reactions, of the related molecules depend on
tissue conditions in the microenvironment. For instance, their diffusion coefficients
or chemotactic sensitivities would be different in a given composition of the ECM.
(c) Mechanical feedbacks from the stroma near the regional LN and mechanical
stress near blood vessels in the events of asthmatic airway remodeling. (d) Re-
cruitment of other stromal cells such as fibroblasts/myofibroblasts which are known
to be associated with secretion of ECM-degrading molecules such as MMPs, thus
leading to airway remodeling [41]. Fibroblasts play a significant role in promoting
this proteolytic activity and loss of stability near the basal membrane. This type
of strategy, using other cells in the microenvironment, has long been observed in
angiogenesis, tumor growth [54], tumor invasion [50, 52], and wound healing.

We plan to build a multi-scale model that takes into account inter- and intra-
cellular dynamics as well as interactions between inflammatory cells and stromal
cells; some hybrid models have been developed in the context of tumor growth
[54, 5]. But any model that will take into consideration these processes will in-
volve the pathways of TNF-α, IFN-γ, IL-4, and IL-12 as key players for the inhi-
bition/enhancement of type I and II asthma. In this sense, the present paper is a
first step toward more comprehensive modeling of mutual antagonism between type
I and type II asthma in the patient-specific microenvironment.

Appendix A. Parameter estimation. Random motility/diffusion coefficients
DH1 , DH2 , DH0 (Th1, Th2, Th0 cells): Random motility of a typical animal cell

has been estimated to be 1.8×10−6 cm2/h [17]. Stokes and Lauffenburger (1991)
[96] estimated the motility of endothelial cells to be 2.52×10−5 cm2/h. In glioma
invasion, the value of 4.176×10−7-8.316×10−6 cm2/h was used in [27] and [43] while
Kim et al. [51] estimated it to be 3.6×10−8 cm2/h. Random motility of T and B
cells was reported, 67 and 12 µm2/min (= 7.2×10−6 cm2/h) respectively in intact
lymph node [72]. We take DH1=DH2=DH0=7.2×10−7 cm2/h.

DM (Macrophages): Stickle et al. (1985) [95] estimated the random motility of
macrophages using a one-dimensional diffusion equation and experiments. They
found that the random motility coefficient depends on concentration of FNLLP
concentration (bell-shaped curve) and was in a range of 1×10−9 cm2/s (at 0M
FNLLP) - 1×10−8 cm2/s (at 10−9M FNLLP). In a follow-up study, Glasgow et
al. [37] also showed that the random motility of a single cell was in good agreement
with that of population studies from stimulus of FNLLP (10−11-10−7)M but this
value was different in the absence of stimulus. Also see the qualitatively similar
results from [28]. We take DM= 3.6×10−7 cm2/h.

DI1 (IL-4), DI2 (IL-12): Coombs et al. [22] estimated a diffusion coefficient of
IL-4, 1.0×10−6 cm2/s (=3.6×10−3 cm2/h) in the study of the delivery of effector
molecules. In a study of IL-4 kinetics for Th1/Th2 regulation, Jansson et al. [47]
took 1.0×10−7 cm2/s (=3.6×10−4 cm2/h) from [33]. We take DI1=1.0×10−4

cm2/h. We also take DI2=1.0×10−4 cm2/h.

DF (IFN-γ): A diffusion coefficient of chick Interferon was 3.4×10−3 cm2/h in
[59]. On the other hand, the apparent diffusion coefficient of IFNα in the lipidic
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Par Description Dimensional value Refs

Random motility/Diffusion coefficient
DH1

Random motility of TH1 phenotype 7.2×10−7 cm2/h [72]
DH2 Random motility of TH2 phenotype 7.2×10−7 cm2/h [72]
DH0

Random motility of TH0 phenotype 7.2×10−7 cm2/h [72]
DM Random motility of macrophages 3.6×10−7 cm2/h [95, 37]
DF Diffusion coefficient of IFN-γ 1.0×10−4 cm2/h [44]
DI1 Diffusion coefficient of IL-4 1.0×10−4 cm2/h [47, 33]
DI2 Diffusion coefficient of IL-12 1.0×10−4 cm2/h TW
DT Diffusion coefficient of TNF-α 1.2×10−3 cm2/h [82]

Production
α LPS injection amount (0.1-100)×106 pg [53]
β Source of Th0 cells 1.0×104 cells/(cm3.h) TW
λ1 IFN-γ secretion rate by Th1 cells 1.68×10−2 h−1 [53],TW
λ2 Proliferation parameter of Th2 cells 7.14×10−10

cm6pg−2h−1 (k=1)
[36, 40, 26,
46]

λ3 IL-4 secretion rate by Th2 cells 1.0× 10−7 h−1 [53], TW
λ4 TNF-α production rate by Th1 5.0× 10−9 h−1 [97, 53],

TW
λ5 Proliferation parameter of Th1 cells 2.6×10−10

cm3pg−1h−1 (m=1)
[46, 36, 40,
26]

λ8 IL-12 secretion rate by Th1 cells 8.8×10−6 h−1 [53], TW
λ10 IL-12 secretion ration by

macrophages
8.8×10−7 h−1 [53], TW

λ11 TNF-α secretion rate by Th2 cells 4.0× 10−8 h−1 [97, 53],
TW

λ12 TNF-α secretion rate by
macrophages

7.5× 10−8 h−1 [97, 53],
TW

λ13 IFN-γ -mediated production param-
eter of macrophages

4.6×10−13

cm3pg−1h−1 (l=1)
[114, 53],
TW

K1 Carrying capacity of Th1 cells =12H∗1 [53], TW
K2 Carrying capacity of Th2 cells =12H∗2 [53], TW
K3 Carrying capacity of macrophages =10M∗ [53], TW

Inhibition parameters
λ6 Inhibition parameter of Th1 2.6×101 pg.cm−3 TW
λ7 Inhibition parameter of Th2 1.3×106 pg.cm−3 TW
λ9 Inhibition parameter of IL-12 2.4 ×106 pg TW
λ14 Inhibition parameter of

macrophages
7.6×101 pg.cm−3 TW

Table 1. Parameters that are used in the model. TW=this work.

matrix was estimated to be 5.8 (+/- 1.2)×10−8 cm2/s (=(1.66−2.52)×10−4 cm2/h)
[44]. We take DF=1.0×10−4 cm2/h.

DT (TNF-α): Narhi et al. [82] determined a diffusion coefficient of TNF-α ,
3.3×10−7 cm2/s (=1.2×10−3 cm2/h), using the sedimentation velocity data for
murine TNF-α in PBS. We take DT= 1.2×10−3 cm2/h.
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Par Description Dimensional value Refs

Death/decay
µH1

Th1 cells 1.0×10−2 h−1 [106, 99, 90,
18, 57, 83]

µH2
Th2 cells 1.0×10−2 h−1 [106, 99, 90,

18, 57, 83]
µH0 Th0 cells 1.0×10−2 h−1 [106, 99, 90,

18, 57, 83]
µM Macrophages 0.2 h−1 TW
µF IFN-γ 2.0 h−1 [14], TW
µI1 IL-4 5.8× 10−2 h−1 [16, 80, 47]
µI2 IL-12 8 h−1 TW
µT TNF-α 0.1 h−1 [34],TW

Chemotaxis
χ Chemotactic sensitivity of

macrophages toward INF-γ
1.0008×10−10

cm5pg−1h−1
[56, 50, 86,
96, 1], TW

λF Chemotactic parameter λ̄F = 1 [56, 50]

Table 2. Parameters that are used in the model (continued from
Table 1.

Var Description Dimensional Value Refs.

τ Time 1 h
L Spatial reference length 0.1 cm

H∗1 Density of Th1 cells 1.0×105 cells/cm3 [53]
H∗2 Density of Th2 cells 1.0×105 cells/cm3 [53]
H∗0 Density of Th0 cells 1.0×105 cells/cm3 [53]
M∗ Density of macrophages 5.0×104 cells/cm3 [107, 53]
F ∗ Concentration of IFN-γ 7.0× 105 pg/cm3 [98]
I∗1 Concentration of IL-4 20 pg/cm3 [53]
I∗2 Concentration of IL-12 40 pg/cm3 [53]
T ∗ Concentration of TNF-α 250 pg/cm3 [53]
α∗ LPS level 1.0×106 pg [84, 53]

Table 3. Reference variables used in the model.

Chemotactic parameter (χ)
Chemotactic sensitivity can be in a range of (1.0×10−5-2.0×10−1) cm5g−1s−1

[86, 96]. For example, the chemotactic sensitivity of myofibroblasts toward gradient
of TGF-β can be (1.0×10−3-1.0×10−2) cm5g−1s−1 [56, 50]. We take χ=2.8×10−2

cm5g−1s−1.

Production rates

α (LPS level): We take α as a controlling parameter. To test the hypothesis on
Th1/Th2 regulation in response to LPS levels as in [53], we take α= 0.1-100 µg.

λ5 (proliferation rate of Th1 cells): Doubling times of Th1 and Th2 cells were
estimated to be 6-24 h [36, 40, 26]. By using the reference value of Th0 cell density
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(H∗0 ) and a range of fraction values I2
λm
6 +Im1

= 0.1-1 (with m = 1) in the second

term of equation (4), and a doubling time of τ=12 h from [46], we get a range
of λ5 = ln 2

τf† =(57.7-577) cm3g−1h−1 where f† = I2
λm
6 +Im1

H∗0 . We take λ5=2.6×102

cm3g−1h−1.

λ2 (proliferation rate of Th2 cells): By using the reference values of Th0 cells
(H∗0 ) and TNF-α (T ∗=250 pg/cm3), and a range of fraction values I1

λk
7+Fk = 0.001-1

(with k = 1) in the second term of equation (6), and a doubling time of τ = 12 h
[36, 40, 26, 46], we get a range of λ2 = ln 2

τf† = (2.3×1012-2.3×1015) cm6g−2h−1

where f† = I1
λk
7+Fk T

∗H∗0 . We take λ2=7.14×1014 cm6g−2h−1.

λ1 (IFN-γ secretion rate by Th1 cells): IFN-γ levels are elevateded in a Th1-

dominant phase. By using a range of Th1 cell density (H†1=(1-10)H∗1 ), 10-100 folds

of IFN-γ basic levels (∆F=(10-100)F ∗), and ∆F
∆t = λ1H

†
1 , we estimate λ1 to be in

a range of (1.7× 10−3-1.68×10−2) h−1. We take λ1=1.68×10−2 h−1.

λ3 (IL-4 secretion rate by Th2 cells ): In [53], IL-4 levels for wild type and
WTOV A + LPS10 were 20, 48 pg/ml, respectively. By using a range of Th2 cell

density (H†2=(0.01-1)H∗2 ) and ∆I1
∆t = λ3H

†
2 , we estimate λ3 to be in a range of

(8.0×10−8-8.0×10−6) h−1. We take λ3=1.0×10−7 h−1.

λ4, λ11, λ12 (TNF-α secretion rates): In a study of rheumatoid arthritis [97],
TNF-α levels were measured to be 3.0, 1.8, 4.2 pg/ml, respectively, after 12 hours
for TTP-, TZF-, and mock-transduced Jurkat T cells with the initial concentration
of 1.0×106 cells/ml. In Kim et al. [53], in the case of low doses of LPS, BAL TNF-
α concentration went up to ∼260 pg/ml after 6 hours and saturated down to ∼20
pg/ml after 24 hours while the level of TNF-α increased upto∼500 pg/ml and slowly
saturated down to ∼400 pg/ml for high doses of LPS. From these observations, we
take λ4=5.0×10−9 h−1, λ11=4.0×10−8 h−1, λ12=7.5×10−8 h−1.

λ8, λ10 (IL-12 secretion rates): In the case of high doses of LPS, IL-12 levels were
elevated to ∼800 pg/ml and ∼1100 pg/ml after 6 and 24 hours (OVA+LPS10) in
[53]. On the other hand, low levels (∼(250-300) pg/ml) of IL-12 was observed for
low levels of LPS. By using the reference value of Th1 cells (H∗1 ), ∆I2

∆t = λ8f
†H∗1 ,

λ9=2.4 µg and a range of LPS levels (0.1 < α < 100), where the fraction f† =
α

λ9+α ∼
α

2.4+α=(0.04-0.9766), we get a range of estimated values λ8=(4.6×10−7-

1.1×10−5) h−1. We take λ8=8.8×10−6 h−1. We also take λ10= 8.8×10−7 h−1 in a
similar fashion.

λ13 (IFN-γ -mediated production rate of macrophages): Doubling time (τ) of
macrophages has been measured to be 35 h and 18-22 h for LPS treated cells and
untreated cells, respectilvey [114]. Using a doubling time (τ=20 h) of macrophages,
the reference value of Th1 cells (H∗1 ), a range of relatively high levels of IFN-γ
(F †=(1-10)F ∗), and a range of IL-4 levels (I1=(2-200) pg/cm3), and fixing the
inhibition parameter λ14=76 pg/cm3, we get a fraction of growth-assisting term

f† = F †

λl
14+Il1

H∗1 =(0.0253-0.897) g/cm3 in the macrophage growth term in equation

(13) (assuming l=1). So, we get a range of λ13 = ln 2
τf† =3.86×10−2-1.37. Taking

into account high IFN-γ levels and low IL-4 levels in response to high LPS levels
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(or, low IFN-γ levels and high IL-4 levels in response to low LPS levels), we take
λ13=4.6×10−1 cm3g−1h−1.

Death/decay rate

µH1
, µH2

, µH0
(Th-cells): The half life of naive T cells in the absence of MHC

molecules has been measured to be 3-4 weeks [106, 99, 90, 18, 57, 83]. From this,
we get (1.0-1.4)×10−3 h−1.

µI1 (IL-4): Nebulized IL-4R has a serum half-life of approximately 1 wk (∼0.0041
h−1) [16] while pharmacokinetic analysis showed a prolonged half life of ∼ 5 days
[80]. Jansson et al. estimated a decay rate of IL-4 (=1.152×10−1 h−1) in a study
of the regulation of Th1/Th2 cells [47]. We take a bit larger value, µI1=5.8×10−2

h−1.

µI2 (IL-12): A decay rate of IL-2 was 0.4167 h−1 (10 day−1) in [58]. We take a
relatively larger value µI2=8.0 h−1.

µF : The half life of IFN-γ is known to be 3.5-7.5 h in [14]. In vivo, IFN-γ
is eliminated from the bloodstream with a half-life of 1.1 min, due to binding to
heparan sulfate but unbound IFN-γ is cleaved rapidly with a half life of 99 min [65].
This leads to the decay rates of (37.8-0.42) h−1. We take an intermediate value,
µF=2.0h−1.

µT : While the half life of TNF-α was estimated to be 18.2 min in [85], larger
values of the half life (1-3 h) of TNF-α were reported in a study of TNF-α secretion
by macrophages in response to LPS [34]. We take 6 hours of the half life, leading
to µF=0.1 h−1.

Appendix B. Nondimensionalization. We nondimensionalize the system of pa-
rtial differential equations (21) in Mathematical model Section using variables in-
troduced in the following:

t̄ =
t

τ
, D̄H1 =

DH1

D
, D̄H2 =

DH2

D
, D̄H0 =

DH0

D
, D̄M =

DM

D
,

D̄F =
DF

D
, D̄I1 =

DI1

D
, D̄I2 =

DI2

D
, D̄T =

DT

D
, H̄1 =

H1

H∗1
,

H̄2 =
H2

H∗2
, H̄0 =

H2

H∗0
, M̄ =

M

M∗
, F̄ =

F

F ∗
, Ī1 =

I1
I∗1
, Ī2 =

I2
I∗2
, T̄ =

T

T ∗
,

K̄1 =
K1

H∗1
, K̄2 =

K2

H∗2
, K̄2 =

K3

M∗
, λ̄1 =

λ1τH
∗
1

F ∗
, λ̄2 =

λ2τH
∗
0T
∗I∗1

(F ∗)k
,

λ̄3 =
λ3τH

∗
2

I∗1
, λ̄4 =

λ4τH
∗
1

T ∗
, λ̄5 =

λ5τH
∗
0 I
∗
2

(I∗1 )m
, λ̄6 =

λ6

I∗1
, λ̄7 =

λ7

F ∗
, (27)

λ̄8 =
λ8τH

∗
1

I∗2
, λ̄9 =

λ9

α∗
, λ̄10 =

λ10τM
∗

I∗2
, λ̄11 =

λ11τH
∗
2

T ∗
,

λ̄12 =
λ12τM

∗

T ∗
, λ̄13 =

λ13τF
∗H∗1

(I∗1 )l
, λ̄14 =

λ14

I∗1
, ᾱ =

α

α∗
, β̄ =

β

β∗
,

χ̄ =
χF ∗τ

L2
, µ̄H1

= τµH1
, µ̄H2

= τµH2
, µ̄H0

= τµH0
, µ̄M = τµM ,

µ̄F = τµF , µ̄I1 = τµI1 , µ̄I2 = τµI2 , µ̄T = τµT .
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If we drop the bar(“-”) in the new variables and parameters, then the differential
equations and boundary conditions remain unchanged. Reference values for main
variables are listed in Table 3 and estimates of those values are described below:

M∗ (Macrophages): OVA sensitization increased the number of macrophages
from 5.0×104 cells/cm3 to 13×104 cells/cm3 compared to saline sensitization [107].
We take M∗=5.0×104 cells/cm3.

F ∗ (IFN-γ): IFN-γ levels in OVA sensitization were increased in almost 6-fold
compared to saline sensitization [107].

I∗1 (IL-4): From BAL IL-4 levels in [53], we use I∗1 =20 pg/cm3.

I∗2 (IL-12): BAL IL-12p40 expression levels for OVA+LPS0.1 in [53] were 30 pg
/cm3 6 hours after allergen sensitization. We take I∗2 =40 pg/cm3.

T ∗ (TNF-α): BAL TNF-α level for OVA+LPS0.1 in [53] was about 250 pg/cm3

6 hours after allergen sensitization.

α∗: We take α as a controlling parameter. In [53], various amounts of LPS
(α=0.1-100 µg) were injected in order to test the hypothesis on Th1/Th2 regulation.
We take α∗=1.0 µg.

Appendix C. Sensitivity analysis. In the model developed in this paper there
are some parameters for which no experimental data are known or that may affect
significantly the simulation results. In order to determine the sensitivity of the cell
populations (Th1 cells, Th2 cells, Th0 cells, and macrophages) and concentrations
of regulating factors (IFN-γ, IL-4, IL-12, and TNF-α) to these parameters, we have
performed sensitivity analysis for the model. We have chosen a range for each of
these parameters and divided each range into 6000 intervals of uniform length. The
base values of the parameters are as in Tables 1,2. For each of the parameters a
partial rank correlation coefficient (PRCC) value is calculated. PRCC values range
between -1 and 1 with the sign determining whether an increase in the parameter
value will decrease (-) or increase (+) the cell populations and concentrations of
involved regulating chemicals at a given time. Tables 4-6 summarize the results
of the sensitivity analysis in terms of the populations of Th1 cells (H1), Th2 cells
(H2), Th0 cells, and macrophages (M), and concentrations of IFN-γ (F ), IL-4 (I1),
IL-12 (I2), and TNF-α (T ) at t = 150, 300, 500 h.

Figure 15 illustrates sensitivity analysis of all variables for the twenty seven pa-
rameters (λi(i = 1, . . . , 14), µH1, µH2, µH0, µM , µF , µI1, µI2, µT , K1, K2, K3, α,
β) at the final time (t = 500). For example, we show the sensitivity of Th1/Th2
phenotypes in response to the changes of parameter values in Figure 15A. One can
see that growth behaviors of both Th1 and Th2 phenotypes are sensitive to the
parameters λ3,K1,K2, α among other parameters. In particular, the populations
of these key phenotypes (H1, H2) are very sensitive to the changes in LPS levels
(α) as predicted from model analysis in Figures 4-6, i.e., strong positive (nega-
tive) correlations of the Th1 cells (Th2 cells) with the LPS injection amount (α).
One can also observe that the populations and concentrations of most of other
variables (Th0 cells, macrophages, IFN-γ , IL-4, IL-12) are also very sensitive to
the LPS input level (α) (see H0,M, F, I1, I2 in Figures 15B, 15C, 15D). It is also
natural to predict the positive correlation of the populations of Th1 and Th2 cells
with their carrying capacities K1 and K2, respectively. The IFN-γ concentration
(F ) is positively correlated with the parameters λ1, µI1 ,K1, α but is negatively
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Par λ1 λ2 λ3 λ4 λ5 λ6 λ13

PRCC

H1(150) 0.1760∗ -0.216∗ -0.441∗ -0.0179 0.2493∗ -0.0064 0.0146
H2(150) -0.134∗ 0.1932∗ 0.3614∗ 0.0149 -0.186∗ 0.0217 0.0078
H0(150) 0.1133∗ -0.193∗ -0.0301 -0.042∗ -0.134∗ 0.0051 -0.035∗

M(150) 0.3037∗ -0.161∗ -0.472∗ -0.0264 0.2036∗ 0.0037 0.1648∗

F (150) 0.6820∗ -0.208∗ -0.422∗ -0.0200 0.2440∗ -0.0072 0.0218
I1(150) -0.147∗ 0.2032∗ 0.7482∗ 0.0265 -0.196∗ 0.0075 0.0024
I2(150) 0.1423∗ -0.118∗ -0.283∗ -0.0038 0.1209∗ 0.0123 0.0737∗

T (150) 0.0965∗ 0.0262 -0.078∗ 0.0800∗ 0.0127 0.0083 0.0901∗

H1(500) 0.1578∗ -0.201∗ -0.403∗ -0.0126 0.2170∗ -0.0101 0.0049
H2(500) -0.121∗ 0.1701∗ 0.3158∗ 0.0167 -0.157∗ 0.0183 0.0050
H0(500) -0.035∗ -0.068∗ 0.0428∗ -0.0201 -0.148∗ 0.0371∗ -0.0138
M(500) 0.1478∗ -0.153∗ -0.356∗ -0.0122 0.1680∗ 0.0021 0.0278
F (500) 0.4538∗ -0.201∗ -0.390∗ -0.0137 0.2184∗ -0.0115 0.0119
I1(500) -0.125∗ 0.1742∗ 0.6448∗ 0.0294 -0.159∗ 0.0025 -0.0044
I2(500) 0.1347∗ -0.174∗ -0.352∗ -0.0083 0.1811∗ -0.0028 0.0138
T (500) 0.0086 0.0160 -0.0322 0.0620∗ 0.0111 0.0009 0.0069

Min 1.2 0.00026 0.25 0.001 0.026 0.65 0.8
Base 2.4 0.00051 0.5 0.002 0.052 1.3 1.6
Max 3.6 0.00077 0.75 0.003 0.078 2 2.4

Table 4. Sensitivity analysis for the local ODE system. Parame-
ters used in sensitivity analysis and PRCC values of Th1 cell type
(H1), Th2 cell type (H2), Th0 cell type (H0), macrophages (M),
IFN-γ (F ), IL-4 (I1), IL-12 (I2), TNF-α (T ) at various time points
(t = 150, 300, 500) are twenty seven perturbed parameters (λi(i =
1, . . . , 14), µH1, µH2, µH0, µM , µF , µI1, µI2, µT ,K1,K2,K3, α, β)
here and Tables 5,6. A range (minimum/maximum) of these
perturbed (non-dimensional) parameters and their baseline are
given in the lower section. Sample size=6000. *Significant (p-value
< 0.01).

correlated with λ3, µH1 , µF ,K2. Similar analyses were performed on all other vari-
ables (H0,M, F, I1, I2, T ). For instance, we found that populations of Th1 cells and
macrophages, and concentrations of IFN-γ and IL-12 (Th2 cells, Th0 cells, IL-4)
are negatively (positively) correlated with IL-4 secretion rate (λ3). However, the
parameter (λ3) has little correlation with TNF-α. For more details, see Tables 4-6.

The sensitivity analysis described above was carried out using the method from
[68] and Matlab files available from the website of Denise Kirschner’s Lab:
http://malthus.micro.med.umich.edu/lab/usadata/.

Abbreviations. AHR = Airway hyperresponsiveness
APCs = Antigen-presenting cells
BAL = Bronchoalveolar lavage
DRS = Dose-response curve
ECM = Extracellular Matrix
EGF = Epidermal Growth Factor

http://malthus.micro.med.umich.edu/lab/usadata/
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Par λ7 λ8 λ9 λ10 λ11 λ12 µ2

H1(150) 0.0251 0.0744∗ -0.113∗ 0.1393∗ -0.098∗ -0.122∗ 0.1254∗

H2(150) -0.0119 -0.123∗ 0.0707∗ -0.046∗ 0.0769∗ 0.1237∗ -0.397∗

H0(150) 0.0689∗ -0.138∗ 0.0489∗ -0.0139 -0.159∗ -0.0082 -0.050∗

M(150) 0.0124 0.0870∗ -0.071∗ 0.1072∗ -0.089∗ -0.088∗ 0.1265∗

F (150) 0.0153 0.0788∗ -0.100∗ 0.1284∗ -0.099∗ -0.122∗ 0.1098∗

I1(150) -0.0117 -0.135∗ 0.0727∗ -0.039∗ 0.0881∗ 0.1399∗ -0.378∗

I2(150) 0.0000 0.3046∗ -0.201∗ 0.1476∗ -0.051∗ -0.066∗ 0.0628∗

T (150) 0.0168 -0.034∗ -0.0012 0.0275 0.5044∗ 0.4276∗ -0.187∗

H1(500) 0.0221 0.0796∗ -0.098∗ 0.1026∗ -0.101∗ -0.110∗ 0.1262∗

H2(500) -0.0076 -0.103∗ 0.0506∗ -0.0310 0.0595∗ 0.1124∗ -0.422∗

H0(500) 0.1179∗ -0.119∗ 0.0461∗ -0.0289 -0.124∗ 0.0826∗ -0.173∗

M(500) 0.0142 0.0798∗ -0.060∗ 0.0850∗ -0.080∗ -0.080∗ 0.1097∗

F (500) 0.0126 0.0858∗ -0.091∗ 0.0935∗ -0.097∗ -0.110∗ 0.1140∗

I1(500) -0.0070 -0.113∗ 0.0533∗ -0.0172 0.0707∗ 0.1251∗ -0.401∗

I2(500) 0.0137 0.2929∗ -0.212∗ 0.1028∗ -0.095∗ -0.077∗ 0.1008∗

T (500) 0.0159 -0.0258 -0.0125 0.0326 0.4666∗ 0.3345∗ -0.149∗

Minn 0.95 11 1.2 0.55 0.008 0.0075 0.005
Base 1.9 22 2.4 1.1 0.016 0.015 0.01
Max 2.8 33 3.6 1.7 0.024 0.022 0.015

Par µ5 µ6 µ7 µ8 K1 K2 K3

PRCC

H1(150) -0.202∗ 0.3215∗ -0.248∗ 0.1809∗ 0.7114∗ -0.347∗ 0.0563∗

H2(150) 0.1697∗ -0.289∗ 0.1710∗ -0.175∗ -0.349∗ 0.6564∗ 0.0637∗

H0(150) -0.095∗ 0.0230 0.1179∗ 0.2002∗ -0.238∗ -0.427∗ -0.035∗

M(150) -0.293∗ 0.4018∗ -0.199∗ 0.1406∗ 0.4055∗ -0.386∗ 0.6227∗

F (150) -0.697∗ 0.3147∗ -0.236∗ 0.1716∗ 0.6330∗ -0.336∗ 0.0456∗

I1(150) 0.1731∗ -0.730∗ 0.1705∗ -0.181∗ -0.359∗ 0.5709∗ 0.0746∗

I2(150) -0.162∗ 0.2138∗ -0.458∗ 0.0885∗ 0.3962∗ -0.229∗ 0.1305∗

T (150) -0.052∗ 0.0957∗ -0.0303 -0.766∗ 0.0839∗ 0.2867∗ 0.4501∗

H1(500) -0.185∗ 0.3346∗ -0.208∗ 0.1793∗ 0.5890∗ -0.410∗ 0.0202
H2(500) 0.1408∗ -0.260∗ 0.1444∗ -0.155∗ -0.317∗ 0.6577∗ 0.0534∗

H0(500) 0.0438∗ -0.0157 0.1216∗ 0.0806∗ -0.296∗ -0.362∗ 0.0299
M(500) -0.174∗ 0.3088∗ -0.164∗ 0.1428∗ 0.2748∗ -0.367∗ 0.3276∗

F (500) -0.483∗ 0.3327∗ -0.202∗ 0.1752∗ 0.4825∗ -0.408∗ 0.0144
I1(500) 0.1412∗ -0.640∗ 0.1374∗ -0.154∗ -0.323∗ 0.5197∗ 0.0660∗

I2(500) -0.163∗ 0.2940∗ -0.418∗ 0.1542∗ 0.3999∗ -0.377∗ 0.0503∗

T (500) -0.0039 0.0716∗ -0.043∗ -0.685∗ 0.0228 0.2674∗ 0.3376∗

Min 1 0.029 4 0.05 6 6 5
Base 2 0.058 8 0.1 12 12 10
Max 3 0.087 12 0.15 18 18 15

Table 5. Sensitivity analysis (continued from Table 4)

FEV1 = Forced Expiratory Volume at 1 s
FGF = Fibroblast Growth Factor
GMCSF = Granulocyte/Macrophage Colony Stimulating Factor
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Par λ14 µ1 µ3 µ4 α β
PRCC

H1(150) -0.0169 -0.453∗ 0.0007 -0.0147 0.7694∗ 0.1722∗

H2(150) 0.0278 0.0400∗ -0.0215 -0.0085 -0.664∗ 0.2102∗

H0(150) 0.0003 -0.052∗ -0.0111 0.0213 -0.556∗ 0.2673∗

M(150) -0.0166 -0.312∗ -0.0114 -0.208∗ 0.6426∗ 0.0446∗

F (150) -0.0133 -0.424∗ 0.0040 -0.0197 0.7430∗ 0.1465∗

I1(150) 0.0286 0.0426∗ -0.0187 -0.0167 -0.670∗ 0.1870∗

I2(150) -0.0214 -0.255∗ -0.0013 -0.074∗ 0.9190∗ 0.0627∗

T (150) 0.0114 -0.176∗ -0.0182 -0.123∗ -0.039∗ 0.1629∗

H1(500) -0.0095 -0.517∗ 0.0032 -0.0154 0.7329∗ 0.1113∗

H2(500) 0.0275 0.0288 -0.0191 -0.0015 -0.599∗ 0.2010∗

H0(500) 0.0058 -0.065∗ -0.0079 -0.0031 -0.579∗ 0.2372∗

M(500) -0.0079 -0.194∗ 0.0022 -0.067∗ 0.5903∗ 0.0250
F (500) -0.0078 -0.498∗ 0.0056 -0.0197 0.7164∗ 0.0835∗

I1(500) 0.0277 0.0296 -0.0135 -0.0161 -0.590∗ 0.1624∗

I2(500) -0.0046 -0.381∗ 0.0063 -0.0098 0.9092∗ 0.0627∗

T (500) 0.0172 -0.126∗ -0.0199 -0.038∗ 0.0087 0.1611∗

Min 1.9 0.005 0.005 0.1 0.01 0.5
Base 3.8 0.01 0.01 0.2 10 1
Max 5.7 0.015 0.015 0.3 1e+002 1.5

Table 6. Sensitivity analysis (continued from Table 5)

IFN-γ = Interferon-γ
IFNα = Interferon-α
IL-4 = Interleukin-4
IL-12 = Interleukin-12
IP-10 = IFN-γ-inducible protein 10
LPS = Lipopolysaccharide
MCP = Monocyte Chemoattractant Protein
MMP = Matrix Metalloproteinase
Penh = enhanced pause
PDGF = Plateletderived Growth Factor
PFT = Pulmonary Function Test
STAT = Signal Transducer and Activator of Transcription
TGF -β = Transforming Growth Factors-β
Th1 = T helper type 1
Th2 = T helper type 2
TNF-α = Tumour Necrosis Factor-α
TNFR = Tumour Necrosis Factor Receptor
WT = Wild Type
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