MATHEMATICAL BIOSCIENCES d0i:10.3934 /mbe.2013.10.499
AND ENGINEERING
Volume 10, Number 3, June 2013 pp- 499-521

A SINGULARLY PERTURBED SIS MODEL
WITH AGE STRUCTURE

JACEK BANASIAK

School of Mathematics, Statistics and Computer Science
University of KwaZulu-Natal, Durban, South Africa
and
Institute of Mathematics, Technical University of Lédz, L6dz, Poland

Eppy KiMBA PHONGI

School of Mathematics, Statistics and Computer Science
University of KwaZulu-Natal, Durban 4041, South Africa

MIROSEAW LACHOWICZ

Institute of Applied Mathematics and Mechanics
University of Warsaw, Warsaw, Poland
and
School of Mathematics, Statistics and Computer Science
University of KwaZulu-Natal, Durban 4041, South Africa

ABSTRACT. We present a preliminary study of an SIS model with a basic age
structure and we focus on a disease with quick turnover, such as influenza or
common cold. In such a case the difference between the characteristic demo-
graphic and epidemiological times naturally introduces two time scales in the
model which makes it singularly perturbed. Using the Tikhonov theorem we
prove that for certain classes of initial conditions the nonlinear structured SIS
model can be approximated with very good accuracy by lower dimensional
linear models.

1. Introduction. The evolution of most real systems is a result of an interplay of
many driving forces, often of widely different magnitude and duration. Such mul-
tiple scale systems, depending on needs and resources, can be modelled at various
levels of resolution by focusing on the effects specific to a particular scale. Typically
we distinguish three basic scales: individual or microscopic, mesoscopic and macro-
scopic, see e.g. [1, 4, 13, 14]. We note that this division is not cast in stone and may
vary from application to application. For instance, in gas dynamics, the microscopic
scale refers to the description of the matter as an ensemble of individual particles
interacting within the framework of the Newtonian dynamics, at the mesoscopic
level we look at the gas by means of the one-particle distribution function which
averages over the energies of particles and is subject to the Boltzmann equation
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and, finally, at the macroscopic level we treat the gas as a continuum and describe
it using the Navier-Stokes or the Euler equations. On the other hand, in the pop-
ulation dynamics the microscopic scale provides the description of the population
through mechanisms occurring at an individuals’ time scale, the mesoscopic scale
refers to the evolution of the population as a whole, at the generation’s time scale,
and the macroscopic level could mean the time scale of the species or the geological
time scale. However, there could be many intermediate phenomena which could be
included in one or the other level.

It is clear that the microscopic description provides the most detailed information
but at a considerable, if not insurmountable, computational cost. Also, in many
cases such a detailed information is redundant. On the other hand, the macroscopic
description typically involves measurable quantities, so that the analysis and com-
putations immediately can be verified by experiment, and it is computationally less
involved. However, for some applications, it may be too crude.

In any case, when we decide to model a multiscale system at a particular level,
apart from the most detailed, microscopic, one (if such does exist), we are faced
with the question of how to collect the variables from the lower levels to create
an aggregated system which, on the one hand, is robust and easy to handle and,
on the other, preserves all relevant features of the original one. In particular, with
multiple time scales in the problem, intuitively it is expected that, in a long run, the
evolution will be determined by the slowest processes and only slightly influenced
by the fast ones.

In most cases questions of this type lead to the so-called singularly perturbed
problems. If the models are described by systems of ordinary differential equations,
these can be handled by techniques based on the Tikhonov theorem, described
below, or offered by the geometric singular perturbation theory, see e.g. [8, 9, 11].

Problems of this type occur in numerous biological applications. In particular,
they allowed to validate many phenomenological models such as Michaelis-Menten
theory of the enzyme kinetics, see [2, 6, 9, 16, 20], or the Allee models, [2, 23].
However, so far it seems not to have been realized that multiscale phenomena may
naturally occur in epidemiological problems and that a systematic application of
the singular perturbation theory can result in a significant simplification of the
original models. This paper is intended to present a preliminary study of such an
application using a simple compartmental age-structured SIS model as an example.
As we shall see, here a nonlinear model can be replaced, with a very good accuracy,
by a linear one. On the other hand, a more detailed study reveals that even such a
relatively simple model offers a number of mathematical challenges.

Before we move to the description and analysis of this particular model, let us
give a brief description of how multiple time scales naturally occur in epidemiological
applications. If we describe, say, a human population, then the basic demographic,
or vital, parameters are the birth rate 8 and the death rate p. A natural unit of
time in a human population is 1 year and, if we assume the average lifespan to be,
say, 70 years, then u = 1/70 ~ 0.014 per person per year. For the birth rate we can
use a typical value 8 = 0.02, also per person per year, see e.g. [5]. In any case, we
see that the demographic parameters are O(10~2). Now, let us introduce a common
disease, such as flu or common cold, into this population. Basic modelling is done
by SIS or SIR model with key parameters being the, per capita, recovery rate v and
the transmission rate A. The recovery rate is the inverse of the average duration of
the disease which, in the above mentioned cases, is 5 — 10 days, so v € (0.1,0.2) per
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person per day. For the transmission rate A we can use the data reported for the flu
outbreak in a dormitory, reported in [16] to be A = 0.00213, or A € (0.0259, 0.0296)
for the common cold in Chinese dormitories, [22]. If we use both demographic
and epidemiological mechanisms in the model, then we have to use the same units
of time and, if we are interested in the population level dynamics, we use 1 year
as the time unit. This means that all disease related rates must be multiplied
by 365. Thus, the order of the ratio of the typical demographic parameter in
the equation to the typical epidemiological parameter ranges between O(10~2) and
O(1073) which makes it reasonable to consider this ratio as a small parameter and
use an appropriate singular perturbation method to provide a simplified aggregated
model.

We must emphasize, however, that these considerations are highly model specific.
There are diseases, such as HIV/AIDS, whose duration is several years and which
thus act at the same time scale as the demographic processes. Also, there are
diseases in which the transmission rate is small in comparison with the recovery
rate. For instance, for the measles outbreak in New York in 1962, X\ is estimated
to be of the order of 107% per person per day (the basic reproduction number
Ro = N)\/y = 18,7 = 5 days, the population N ~ 8 x 10°, see [7, p. 9]) and thus,
in principle, could be included into the ‘small’ terms.

The paper is organized as follows. In Section 2 we shall briefly discuss the main
analytical tool, that is, the Tikhonov theorem, employed in this paper. A more
detailed explanation of its background is referred to the appendix. In Section 3 we
introduce the model and present its basic features. As our main aim is to discuss
certain untypical features of the application of the Tikhonov theorem, we have
chosen a simplified SIS model with basic age structure so as to avoid additional
technical difficulties. Similar analysis of a more realistic case can be found in [21].
Section 4 is devoted to the proofs of applicability of the Tikhonov theorem, in
Section 5 we discuss the long time dynamics of the model and in the final Sections
6 and 7 we present a numerical illustration, summarize the main results and discuss
some open problems.

2. Tikhonov theorem. We are concerned with the models in which the existence
of two characteristic time scales leads to singularly perturbed systems of the form

x' = f(t,x,y,e€)), x(0) =X,

ey = gltxye, y0)=Y, (1)
where ” denotes differentiation with respect to t and f and g are sufficiently regular
functions from open subsets of R x R™ x R™ x R, to, respectively, R™ and R™,
for some n,m € N. The Tikhonov theorem, originally formulated for (1) with e
independent right hand side, see e.g. [24, 28], but easily seen, [2], to be valid for
the general case, gives conditions ensuring that the solutions (x.(t),y.(t)) of (1)
converge to (X(t),¥(¢,X)), where ¥(¢,x) is the solution to the equation

O = g(t7 X’ y7 0)’ (2)
often called the quasi steady state, and X(t) is the solution of the equation
x' = f(t,x,¥y(t,x),0), x(0) =X, (3)

obtained from the first equation of (1) by substituting the unknown y by the known
quasi steady state §. The interest in such a reduction lies in the fact that (2), (3)
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form an algebraic-differential system and, since in many cases (2) can be explicitly
solved, the complexity of the problem is greatly reduced at the cost, however, of
only obtaining approximate solutions to (1). Nevertheless, for small € the system (1)
becomes very stiff and the solution to (2), (3) offers a much better approximation
than that obtained directly from (1).

The validity of the Tikhonov theorem depends on a number of intertwined as-
sumptions. Here we provide just a brief sketch of them, referring the reader to the
appendix for a more detailed discussion of their meaning. The first main assump-
tion is that the solutions to (2) are isolated in some set [0,7] x U, where T > 0
and U is a compact subset of the x-domain of (1) and that they have well defined
basins of attractions. Crucial roles are played by the auxiliary equation

(Cil% :g(t,x,y,O) ’ (4)
obtained from the second equation in (1) by the change of variables ¢ — 7 = /e and
setting € = 0 in the resulting equation (here ¢ and x play the role of parameters),
and by the initial layer problem

dy o . o
E - g(ov X, Y, 0) ) y(O) _yv (5)

obtained from (4) by setting t = 0 and x = X, where ()oc7 ;’) are the initial conditions
for (1). We note that for each fixed ¢ and x the quasi steady state solution y(¢,x)
of (2) is an equilibrium of (4). Then we require that y(¢,x) is an asymptotically
stable equilibrium of (4) uniformly for (¢,x) € [0,T] x U. Further, we assume that
x(t) € U for t € [0,T] provided x€ U and that ¥ belongs to the basin of attraction
of the stationary point y(0, >O<) of (5). Then the following theorem is true.

Theorem 2.1. Let the above assumptions (see also Assumptions 1 — 5 in the ap-

pendiz for details) be satisfied. Then there exists g > 0 such that for any e €10, g
there exists a unique solution (x:(t),y-(t)) of Problem (1) on [0,T] and

limx.(¢t) = x(¢), tel0,1],
e—0
limy:(t) = y(), t€]0,T], (6)
e—0
where X(t) is the solution of (3) and y(t) = ¥(t,X) is the solution of (2).

The convergence in Tikhonov’s theorem in (6); is uniform with respect to ¢t €
[0,T7, but in (6)2 it is not uniform on [0,7]. However, in the latter case the con-
vergence is uniform on any interval [¢,T], ¢ > 0. This is the so-called initial layer
effect and one can include the initial layer term to obtain the uniform convergence
on [0,T7.

Proposition 1. Under the assumption of Theorem 2.1 we have

i (-0 50— 3 () + 510, 3) 0. g

€0
uniformly for t € [0,T], where y() — y(0, X) is the correction in initial layer (the
initial layer term).
Actually, under suitable assumptions it can be proved, see [2, 24, 25|, that
xe(t) = %(t) = O(e),

yot) = 5(0) — 3(2) + (0, %) = O(&). ®)
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uniformly on [0, T1.

We shall apply the Tikhonov theorem to a model population divided into two age
groups: juveniles and adults and with an SIS type disease. The disease is supposed
to last significantly shorter than any demographic process in the population. To
have realistic parameters in the model, we consider the common cold or influenza
whose infection and recovery rates were discussed in the introduction. While it
is clear that the common cold affects both juveniles and adults, the data from the
National Center for Health Statistics, see e.g. [17], indicate that children have about
six to ten colds a year and, in families with children in school, the number of colds
per child can be as high as 12 a year. At the same time, adults average about two to
four colds a year. Similarly, it is argued, [19], that children are the driving force for
the spread of influenza which suggests that their infection rate is higher than that
of adults. Having this in mind, we further simplify the model by assuming that the
disease only affects the juveniles. We note that a similar analysis has been recently
carried out for a more realistic model with an SIRS type disease in the population,
yielding analogous results, [21].

As we shall see, in our model the quasi steady states intersect along an isolated
lower dimensional manifold where the uniform hyperbolicity (attractiveness) of the
quasi steady state is lost. Such a case seems not to be covered by [26] and though it is
mentioned in [27], the author does not provide much elucidation. Some situations of
this kind can be handled by a version of the exchange lemma, see e.g. [9, 11, 15, 18]
or fall within the theory of canard points, see e.g. [12]. However, the emphasis of
these theories is different than that intended in the Tikhonov theorem. Also the
case encountered in the presented model directly fits into neither of them and thus
seems to require an individual approach.

In this paper we focus on the analysis away from the intersection of the quasi
steady states and, by a careful application of the Tikhonov theorem, we show that
for appropriate classes of the initial data the convergence in (6) occurs on time
intervals of an arbitrary length. In epidemiological terms, our result means that for
small stable populations such a disease does not leave any trace in the demography
of the population whilst for larger and expanding populations its influence persists
on the demographic time scale. What also is important is that in both cases the
nonlinear systems can be approximated with very good accuracy by lower dimen-
sional linear systems. Next we give a numerical illustration of the results proved
in the paper and also present some numerical evidence illustrating the behaviour
of the solutions while they pass close to the intersection of the quasi steady states.
The mathematical analysis of it is referred to the forthcoming paper, [3]. We con-
clude the paper by a comprehensive discussion of the assumptions of the Tikhonov
theorem.

3. The model and its properties.

3.1. The SIS model. One of the simplest epidemiological models is the SIS model
describing the evolution of a nonlethal disease which does not induce immunity after
recovery. Examples of such diseases are offered by the common cold or influenza.
The model can be written as

S = —ASI++I,
I' = ASI—~lI,
S(0) = S, I(0) = I, (9)
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where S and I describe, respectively, the size of the susceptible and infective popula-
tion, respectively. As discussed in Introduction, the parameter ) is the transmission
rate of the disease while the parameter - is the recovery rate. A typical infection
we have in mind lasts several days, so it is natural to take 1 day as the unit of time
in (9).

Derivation of the basic properties of (9) is immediate. The Picard theorem gives
local solvability, semi-axes I = 0,5 > 0 and S = 0, > 0 consist of trajectories and
(0,0) is an equilibrium so that the first quadrant is positively invariant. Adding
together both equations of (9) we obtain N’ = 0, where N (¢) = S(¢)+1(¢) is the total
population at time ¢t. Thus the total population is constant: N(t) = Ng = S+, for
any t for which the solutions exists. Hence, no nonnegative solution can blow up at
a finite time and consequently the nonnegative solutions are globally defined. The
equilibria in the first quadrant are given by the lines (S,0),S > 0, and (y/A\,I),I >0
and clearly are not isolated. We see that the equilibrium lines are also isoclines
with 8 > 0,1’ < 0 for S < y/A and S’ < 0,I’ > 0 for S > v/\. Moreover, from
I(t) + S(t) = Ny it follows that the trajectories are the lines:

{(S,1) €R?%; T+S =Ny,0< S <v/A} if Ng>v/)0< Sy </
{(S,1) eR?; T+ 8 =Ny,0< S < No} if Ny </,
{(S,I) eR%; I +5 =Ny, v/A<S<No} if No>~/\ 5S>/

Thus, by monotonicity, any solution (S(t),I(t)) with Ny > v/A,0 < Sy < v/A
tends to (y/A, No — v/A), any solution (S(¢),I(t)) with Ny < v/A,0 < Sp < v/A
tends to (Np,0) and any solution (S(t),I(t)) with Ng > v/X,So > /A tends to
(/A No =4/ A).

3.2. An SIS model with an age structure and its basic properties. Next,
let us embed this disease into some population. For our model, let the disease affect

only juvenile, prereproductive, part of the population. In the absence of the disease,
the demographical equation takes the form

!
ny = —pini —aing + bne,

—l2N2 + aing,
n(0) = ny, na(0) = ny, (10)

where n; and ny are the sizes of, respectively, juvenile and adult populations, p1, e
are the death rates of juveniles and adults, a; is the rate of moving from the juve-
nile to the adult class and b is the birth rate. Clearly, only adults can reproduce
and the offspring emerge in the juvenile class. The solutions to (10) are given
by the matrix exponential {e!},>o, where A is the matrix of coefficients of (10).
Since A is positive off-diagonal, e* > 0, that is, the components of the solution

ny

(ny(t),na(t)) = e'A(ny, ny), originating from non-negative initial data, are also non-
negative.

As we said above, we introduce a disease only affecting the juveniles. Thus, we
write n; = s + i, where s and i are the numbers of susceptibles and infectives in
the juvenile population. However, as discussed in Introduction, we cannot simply
combine (9) and (10). Indeed, for the demographical processes of (10) a proper unit
of time would be 1 year, whereas for (9) with our type of disease, the unit of time
is 1 day. So, combining (10) and (9) we have to rescale time in the latter to years
which amounts to multiplying the coefficients of (9) by 365. In other words, if As is
the average number of infected susceptibles by one infective in a unit time of (9) (1
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day), then the average number of infected susceptibles in the unit of time of (10),
that is, in one year, is 365\s. Using a large number 1/¢ instead of 365, we can write
the combined nondimensionalized system as

1
st = —(u1+a1)se+bng+ E(*/\Seie + Yie),
. N . 1 . .
Z/e = 7(:“1 + al)le + E(Aseze - 716)7
n/275 =  TH2M2e. + 0,1(86 + ie)y
5¢(0) = 8, ic(0) =i, noc(0)=ny. (11)

We adjusted the population part of (10) by introducing a different death rate uf
among infectives. It is natural to assume

ui > . (12)

We assume that there is no vertical transmission of the disease, that is, the neonates
are always susceptible and also that the disease does not persist to adulthood. To
avoid dealing with subcases, we assume that all coefficients p1, po, ui,b,a1, A,y are
strictly positive. Writing (11) in the form

sto= — (w1 +ar+e " Nie) s + € Mvyie + bna,
ip o= =+ ar— € T (Ase —7))ie,
n/Z,e = a18¢ + A1%e — panao, (13)

we see that the solution (s, %, na¢), as long as it is bounded, solves a linear system
whose matrix has nonnegative coefficients off the diagonal. Thus, the first octant
R3 of R? is invariant under the flow defined by (11). We observe that the SIS
part is only mixing and thus, by aggregating the variables 7. and s. according to
N1 = ie + S and adding the first two equations in (11), we obtain

es. = —e(p1 +a1)se+ ebno + (n1e — s)(y — Ase),
nll,e = —(uy tay)ny e+ (p] — p1)se + bna e,
Ny, = —HaNge+ a1n . (14)

Let us rewrite the last two equations as

ny . = —(p+a)nie+bng — (pi — p)i,

n;,e = —ponoe+aing.. (15)

Since (uf — p1)se > 0 and —(uf — p1)ic < 0, by e.g. considering Picard iterates,
(14) and (15) with ny,7,> 0 yield

o o
i) s (el )y ser (). (16)
No nQ,G(t) Mo
where {e*" 1,5 is the matrix exponential generated by the right hand side of (10)
with g replaced by pf. In other words, the population with the disease develops
slower than the population without the disease but faster than the population with
no disease but with the disease specific mortality rate.

Since ny, = ie + s and i, sc > 0, (16) implies that neither 4. nor s. can blow up
in finite time and thus solutions (s, %, n2.) of (11), originating from nonnegative
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initial conditions g, i, 7%22 0, (or (Se,n1,e,n2.e) of (14) with initial conditions 7%1, 7%22
0,0 §§ < ;)Ll ), exist globally in time. In particular, the set
V:{(s,nl,n2)€R3+; s<mni} (17)

is invariant under the flow generated by (14).

4. Application of the Tikhonov theorem. The system (14) is in the form for
which we can try to apply the Tikhonov theorem to find the limit equation satisfied
by the solutions as € — 0. The equation for the quasi steady states resulting from
(2) is

0= (n1—s)(y—As) (18)
and, denoting v = v/, the quasi steady states are
5=mnq, s=v. (19)

Immediately we see that they coincide when n, passes through the value v and hence
they are not isolated. Precisely speaking, while for the availability of the Picard
theorem we can take any set U = [my, My] x [ma, M3], 0 < m; < M; < 00,i = 1,2,
the solutions (19) intersect at ny = v and thus are not isolated if v € [mq, M;]. The
immediate answer is to take either [mq, M{] with M] < v or [m}, M;] with m} > v.
However, the situation is not so simple since U is required to contain the whole
solution of the reduced equation (3) (see also Assumption 4 in the appendix). In
our model the reduced equation is given by

ny = —(ui +a)n + (py — pa)s + big,
Ny = —loNg + ajng, (20)

for appropriate 5 and its solution must stay in an appropriate Int{ in which the
quasi steady state is isolated. This suggests two possible methods of approach.
M1: Since, by continuity of the flow with respect to the initial conditions, for
any compact K C U there is Tk such that solutions with initial conditions in
K will stay in IntU for t € [0,Tk], we can restrict the asymptotic analysis
only to this time interval. One of the problems here is that the range of €
for which the solutions (11 (), n2.c(t), se(t)) are attracted to the solution of
(20) depends on Tk and thus is not explicitly given. Alternatively, using the
Verhulst’s approach, [28, Theorem 8.1], the interval on which the solutions
to (20) attract solutions to (14) may depend on e. Further, for larger ¢ the
asymptotic behaviour of solutions may be dramatically different from that
over [0, Tk].
M2: The other possibility is to look for positively invariant subsets of Intl.
This will give asymptotics valid on each finite interval [0,T], T > 0, at the
cost of (possibly) getting the result for a restricted range of initial conditions.

Here we pursue the second option. In [3] we investigate under what conditions
one can combine both approaches to get a more comprehensive picture of the full
dynamics.
Let us return to our problem. The auxiliary equation (4) is

ds _ -

—— = (m = 3)(y = A3) (21)

dr
and we see that § = ny is stable if ny < v and 5 = v is stable if ny > v. Accordingly,
let us define

Iy .= {(nl,ng) € Ri; ni 2 V}
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Thus, if we select 5 = nj, then we must find a set U contained in II_ which is
invariant for solutions of the reduced system (20) which, in this case, is just the

original system (10)
ny\ n1
<n’2>_A<n2>' (22)

On the other hand, if we take 5 = v, then we must find a set & contained in II
which is invariant for the flow defined by

()-#(2) ()

see the definition of A* under (16).

First, let us consider stability of the stationary point (0,0) of (22). It is asymp-
totically stable if and only if the trace of the matrix is negative and the determinant
is positive. Further, it is stable (but not asymptotically) if and only if the trace is
negative and the determinant is 0 (in which case the equilibria form a line). Since
the trace of the coefficient matrix is —p; — po — a1 < 0, we have stability if and
only if

by b (24)
ay p1+ax
with asymptotic stability if the inequality is sharp. Geometrically, (22) is asymp-
totically stable if and only if the isocline 71} = 0, that is fio = b~ (uy + ay)ny is
above the isocline 7, = 0: 7ig = py Layfq in the first quadrant and it is unstable
otherwise. The case of neutral stability corresponds to the case when both isocline
coincide, forming a line of equilibria.

To simplify further considerations, let us assume that A* is invertible (this as-

sumption only will be used in Section 5). Then (23) can be written as

il ) e () = () s ()

(25)

from which we see that the stationary point is given by

n L v~ ) ey
—k _ *\ — 1 _ 2(pui+a1)—bay
“‘(n)“M) < 0 )— Poaleitmy ] (20)

p2(py+a1)—bay
We see that n* is in the first octant if and only if (0,0) is an asymptotically stable
equilibrium for {e*A” };>¢, that is, if and only if

DO ¥ =¥

LN *b . (27)
ai My +ar

Furthermore, by (26), n* € I1 if and only if

¥ — b
MQ*(N’l p) g o k2 ’
p2(pf + a1) — bay ar  p1+ar

*

that is, when {etA}tZO is unstable. Finally, n* is an asymptotically stable equilib-
rium if and only if {etA” }i>0 is asymptotically stable.

Let us further clarify the relation between the forward invariance of the sets I
and the stability of {e!};>0. In general, there exist linear systems for which (0, 0)
is unstable but trajectories starting in II_ stay there for ¢ > 0 (e.g. when (0,0) is a
saddle point and n; = 0 is an unstable manifold). However, as we shall see below,

such a behaviour is impossible for solutions of (22).
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For arbitrary X= (1, %3) € R2, we introduce the notation

a:A71(t7>O<) _ tA 1
[e] =€ [e] b
zA2(t,x) To
where the subscript A or/and the dependence on the initial condition x will be
dropped if no misunderstanding is possible.
Lemma 4.1. Assume that (0,0) is unstable for {e!'};>0, that is,
b
P _ b
ar  p1ta
and let x> 0. Then limy_eo xA,i(t,;c) =00 fori=1,2.
Proof. To simplify notation we consider the matrix
—a b
c —d
with a,b,¢,d > 0 and ad — be < 0, that is, having the same structure as (22) with
(28). Such a matrix always has two distinct real eigenvalues

—(a+d)£+/(a—d)?+4bc
2
of different signs in which case (0,0) is a saddle. The eigenvectors satisfy

_a_w b eit /0
c —d - =letdEvA e )\ 0)°

Ay =

where A = (a — d)? + 4bc. In the ‘plus’ case we have

— d A —d —d
(+d)+VA _ a—d Ja—d _
2 2 2
and similarly for the other entry containing A, while in the ‘minus’ case

_ —(a+d) VA L _a—d a—d -
2 2 2
with analogous inequality for the other entry containing A_. This means that
(ef,ed) has the entries of the same sign while (e],e; ) are of the opposite sign.
Thus, the stable line passes through the open second and fourth quadrants and the
unstable line through the first and third. Hence, there are no solutions which can

stay in any strip parallel to one of the axes of the first quadrant. O

Now we are ready to formulate and prove the main result of the paper.

Theorem 4.2. 1. Assume that the equilibrium solution (0,0) to (10) is stable,

let 0§§ §;L1,O§;L1< v, 79LQ< v(pr +aq)/b and let 0 < T < oo be an arbitrary
number. Then the solution (s¢(t),n1,(t), no.(t)) to (14) satisfies

lim s.(t) = n1(¢), t €]0, T,
e—0t
1. .5 t = O, t O7T )
Jim 2e(t) €)0, 7]
lim nlye(t) = T_ll(t), te [O,T],
e—0t
lim ngys(t) = ’FLQ(t), t e [O,T],

e—0t
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where (1(t), o (t)) is the solution to (22) with the initial condition specified
above. Furthermore

v(s — ny)+ ny (v— 8) exp <)‘(l’6n1)t>
+ ’I?Ll = O

lim | sc(t) —n1(t) —
e—0+ o o ) My—nq)t
s —ny +(v— s)exp S

uniformly for t € [0,T).

2. Assume that the equilibrium solution (0,0) to (10) is unstable or stable (but
not asymptotically stable), let 0 gf%g%l,%l > v, Ny > v(pr + a1)/b and let
0 < T < o0 be an arbitrary number. Then the solution (s¢(t),n1,e(t),n2.(t))
to (14) satisfies

lim s.(t) = v, t €]0, T,
e—0Tt
lim () = m(t)—v,  t€]0,T),
e—0T
lim ni(t) = n(¢), te[0,T],
e—0Tt
lim 7’L27€(t) = T_lQ(t), te [O,T],
e—0Tt

where (N1(t), Tia(t)) is the solution to (23) with the initial condition specified
above. Furthermore

V(& = B)+ By (v— $) exp (M)
lim | s.(t) —

e—0+ g B ,'%1 +(1/7 g) exp ()‘(l’enl)t)

=0, tel0,T)

Proof. Case 1. quasi steady state s = n;. From the considerations above, we
see that if we are to have solutions to (22) staying in II_, then we must focus on the
stable case (24). Clearly, this is not sufficient as 7i; may initially grow crossing the
line n; = v before returning to the origin. Thus, we have to discuss the behaviour
of solutions in more detail.

First, let us find the direction of the field along n; = 7 < v. We have

n} =bng — (py + ay)

and thus the field is directed inward the set {(nq,n2) € R%,ny < 0} for ny < o(p +
a1)/b. So, the solution cannot escape through ny = v as long as ny < (1 + ay)/b.
Consider now n}, along ns = (1 + a1)/b with 0 < ny < . We have

,_ pev(pm+an)

p2(p + a1)
Nog = b =y 7

+ ainy § allj
alb

n 1) <0

by (24). The inequality is strict either if ny < ¥ or if (0,0) is an asymptotically
stable equilibrium. Otherwise, in the considered case ps/a; = b/(u1 + a1), then
the point (7, 7(p1 + a1)/b), where n}, = 0, is actually a stationary point (the line
—peny + aing = —bny + (u1 + a1)ne = 0 consists of stationary points) and thus no
trajectory can escape through it. Hence

Ky ={(n1,n9) € Ri; ny < U,ng < (py +ay)/b} (29)

is positively invariant for {e*};>o for any 7 < v.
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Summarizing, if we take U = K, for arbitrary # < v, then the solution 5(n1,ns) =
ny is isolated in ¢/ and the solution of the reduced equation originating from U/ stays
there for all ¢ > 0.

Let us consider the auxiliary equation (21). As we noted, § = n; is a stable
equilibrium of this equation and, by monotonicity of solutions, this stability is
uniform with respect to the parameter (ny,ns) € Ky with any v < v.

For uniform stability, if we denote by ¥(§,n1) the right hand side of the auxiliary
equation (21), then we find

ov
0§ |;

S=nN1

=—7+Am

which is negative uniformly for (nq,n2) € K, which shows that the convergence
is uniform in n;. Finally, taking n= (’;)7117’;)7/2) € K, we consider the initial layer
equation (5)

ds o .

= (ny —8)(y — A3). (30)
Then, for applicability of the Tikhonov theorem, we need to select the initial con-
dition § in the domain of attraction of ;Ll . Though in principle we could take any
° o o o
s$< v, from the conditions of the problem we know that we must take s<n;.
Case 2. quasi steady state §(nj,ns) = v. Similarly to the case 1, we consider
the field along the line ny = v + 0b/(uf + a1) > v for some § > 0. Along this line
the field (n},n%) points to the right, that is, towards increasing ny, provided

> (1 +a)v
- b

Let us look at the direction of the field along ny = § + (u1 + a1)v/b. We find that
nf is positive provided

%) + 0.

+a 1)

Hz2par@1 9 (31)
aq b aq
We see that to ensure that ny > v, we should take the unstable/stable case of the
original population, that is, to assume

P2 o b

ar  p1t+ar
To make the notation simpler, we see that we always can take n = § max{1,b/(u +
a1)} as a common value and claim that for any 7 > 0 the set

(1 ‘Za1>V " 77}

is invariant under the flow generated by (23). The case § = 0 and poay /(1 +a1)b =
1in (31) is dealt with by noting that then the point (v, (11+aq1)v/b) is an equilibrium
of (23) and thus no trajectory can escape through it. Furthermore, for (n1,n2) € U,
with 7 > 0 the solutions (19) are isolated. As before,

oV

05 |;_

which is negative uniformly for (nq,n2) € U, so that the convergence is uniform in

ny >

un: {(nlanQ) ERﬁw ni Zy+nan2 Z

= —)\nl
v

ny1. Finally, taking n= (7011, 7012) € Hn we consider the initial layer equation
ds o
— = (n1 =8)(y — \s§).
7 = (M =8)(y = A3)
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Then, for the applicability of the Tikhonov theorem we need to select the initial
condition $ in the domain of attraction of § = v. Clearly, the domain of attraction
is 0 <s<ny.

Finally, we can solve the initial layer equation (30) to obtain the initial layer
correction in the form

(o) [e]

V(s — 1)+ 1y (v— 8) exp ()‘(”j”)t)

; (i) _ M) . (32)

o o o
s —mny +(v— s)exp ( .

O

5. Comments on the ‘stable-unstable’ case. An interesting dynamics develops
when {et4” }e>o is (asymptotically) stable and {e*};>¢ is unstable, that is, if

2 - L, BN - b . (33)
a1 p1tar ar  p1ta

In other words, we focus on the case when (0,0) is an asymptotically stable equi-
librium for {e**" };>0 and an unstable equilibrium for {e*“};5¢. Let us anal-
yse the local dynamics of the problem (14). Clearly, we have an equilibrium at
(0,0,0). To find the other equilibrium (3,71, 72,), first we see from (13) that
. =v+e\"L(ay + pf). Then, by ng . = aluglﬁLe, we find

o ey )

Nie = —% Se

pipe + a1 (pz — b)

and we see that 71 > 0 if and only if the second inequality in (33) is satisfied, that
is, if {etA* }i>0 is stable. Similarly, it is easy to see that 71 . > 3. holds if and only
if {e*4};>¢ is asymptotically stable. Summarizing, in the case (33) there exists a
biologically relevant stationary point to (14). Moreover, we see that as e — 07T,
then . — v and (71 ¢, 2,) converges to the stationary point of the equation (23),
thus to the stationary point of the reduced system on the manifold s = v. Let us
consider the stability of the equilibria. It turns out that it is easier to work with
(13). Since (13) and (14) are related by a linear change of variables,

S 1 0 0 s
nm |=1110 i |,
nao 0 0 1 Up)

the linearizations are given by similar matrices and thus eigenvalues are the same
and the eigenvectors are related by the same linear change of variables. The Jaco-
bian is given by

*(,LL1+(11)*¥ *%4’% b
I(s,i,m2) = 2 (i) + 2220
ay a —H2

It is easy to see that the characteristic equation at (0,0,0) is given by

(W g7 + a1 + 7€ ) (W +w((p + a1) + po) + (g1 + ar)pz — arb) =0
and (0,0,0) is unstable if {e};> is unstable. Let wy := —(u} +a; +ve~1) < 0.
Then the eigenvector corresponding to wy is given by e; = (0,1,0), that is, it is
parallel to the ¢-axis. Next we note that the matrix obtained by crossing out the
row and column of J(0,0,0), which contain —(u} + a1 + ve~ 1), is exactly A and
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thus it has eigenvectors e; = (ef, 0, 63‘), ej‘ > 0,7 = 1,2, corresponding to wy > 0
and e3 = (e],0,e5), e < 0,e5 > 0, corresponding to ws < 0, respectively, as
described in Lemma 4.1. By similarity, the eigenvectors of the linearization of (14),
that is, in the (s, n1, n) variables, are given by vi = (0,1,0), vo = (e], e, e5) and
v = (e7, €], €5 ). Thus, vi and v, are on the manifold ny = s. Note that the stable
direction is outside the positive octant which suggests that (0,0,0) is repelling in
the positive octant. This, in fact, can also be proved directly.

Proposition 2. Under assumptions of this section, let (s¢(t),n1,(t), n2.c(t)) be the

solution to (14) with initial data (3,11,n2) € V (see (17)) which satisfy s < v. Then
there is ty such that s¢(tg) > v (and thus nq (o) > v) and

— + a1 )v
(n1,e(to), n2e(to)) €Uy = {(711,712) € Ri% ny >v+nng > u +77}

b
(34)
for some n > 0.
Proof. Assume that sc(t) < v for all ¢ > 0. Then i (£)(—Ase(¢t) +v) >0 for t > 0

and thus .
()= i) o

By (33) and Lemma 4.1, any trajectory originating from the first quadrant has both
components diverging to infinity. Thus we cannot have s.(t) < v for all . Let o
be the first time at which s.(fo) = v. We claim that s’ (fy) > 0. Indeed, s, must be
nondecreasing on (o — 8, #y] for some & > 0 so s.(y) > 0. Consider isoclines of (10)
with n; replaced by s: ny = (u1 + a1)s/b and no = a15/ps. Assume s (ty) = 0.
Then (v,n2.(to)) = (v,v(u1 + a1)/b) is the intersection of the isocline s’ = 0 and
s = v. The other isocline intersects s = v at (v,va;/pu2) and ng ((fo) < vai/ps by
(33). On the other hand

s (to) = —(u1 + a1)s,(fo) + bny (to) = b(—pana.c(to) + arv) > 0
which is a contradiction. Thus ng,e(fo) > —(u1 + a1)/b and, by continuity, we see
nac(t) > —(p1+ar)/band ny (t) > sc(t) > v fort € (to,to+0d") for some &' > 0. O
Let us look at the properties of the other equilibrium of (14). We have

~(uta) =3 —(uita) b

R T e
‘](867167”’276) = % 0 0 3
ai aq —H2

where we used the formula for §.. The characteristic equation becomes
5 ) i N i
W+ wi (et an == e | et a) + == (p2 +pg +ar) —ba
Ne
~ (11 + a1)p2 — bax)

= W4+ A’ 4+ Bw+C=0.

To use the Hurwitz criterion, we see that A > 0, C' > 0, by (33). Since te = N1,e — Se,
we see that as §. — v and

+

Ny . — M2(M1—M1) VS y

T pipe 4 ai(pe —b)




A SINGULARLY PERTURBED SIS MODEL 513

(again by (33)), AB is of the order of e~2 while C is of the order of ¢! and thus
AB — C > 0 for small e. Thus, by the Hurwitz criterion, (ée,ié, fi2,e) (and hence
(8¢,M1,¢,M2.)) is locally asymptotically stable for small € > 0.

In this way we see that when the conditions (33) hold and 0 < 5< rozl, ny > v, Ny
> v(p1 + a1)/b, then not only does (se¢,n1.¢,n2,c) = (¥, 71, 72) on any time interval
[0,T] as € — 0 but also the respective equilibria converge.

6. Numerical illustration. In this section we present a numerical illustration of
the results presented in the paper. The unit for the population is 100, for the
demographical parameters we use the unit year~!, the unit of v is day71 and for A

is (day x 100 people) 1.
(1): For Theorem 4.2. 1. we use pu1 = 0.043, uo = 0.029,a; = 0.05,b = 0.046,
wi = 0.075,v = 0.14,A = 0.18 (so that v ~ 7.78) and € = 0.1,0.01 with

S= 0.19, 1= 0.76, na= 1.55. See see Figs. 1 - 3.

0.8 : _
Juveniles, eps=0 ——
Juvenile, n1<nu, eps=0.1
Juvenile, n1<nu, eps=0.01 --------
0.75 RS
0.7 o <
1%}
Q b
g \
2 b
>
=)
3
- \\
: \
0.55

0 20 40 60 80 100
Time in years

FIGURE 1. The quasi steady state for juveniles (solution to (22);
eps = 0) attracting solutions nq  of (14) under assumptions of The-
orem 4.2. 1.

(2): For Theorem 4.2. 2. we use pu; = 0.043, uz = 0.029,a; = 0.05,b = 0.057,
@3 = 0.046,v = 0.14, A = 0.18 and ¢ = 0.1,0.01,0.001. The initial conditions
are 5= 0.7,m,= 0.8, no= 1.3. See Figs. 4 — 6.

(3): Nlustration of the results of Section 5, see Fig. 7. Here we take p; =
0.043, 4z = 0.029,a; = 0.05,b = 0.057, x} = 0.075,v = 0.14,\ = 0.18 and

¢ =0.1,0.01,0.001 with $= 0.7, = 0.79, no= 1.95.

The final two cases pertain to the situation when either {em}tzo is asymp-
totically stable, that is, when (24) holds with the strict inequality, but the
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Qua'si Steady State, s:r'11, eps=0 ——
Susceptibe, n1<nu, eps=0.1 -------
Susceptibe, nl<nu, eps=0.01

% osf

2 |

a K

Q |

(5] m

1%} g

@ 04
0.3

0.2

0.1

20 40 60 80 100

0
Time in years

FIGURE 2. The quasi steady state for susceptibles (s = ny) at-
tracting solutions s, of (14) under assumptions of Theorem 4.2. 1.

Notice the nonuniform approximation close to ¢t = 0.

0.8
Qualsi Steady State, S=I'I]1, eps=0 ——
Susceptibe, n1<nu, eps=0.1 -------
Corrected solution, eps=0.1 --------
i Susceptibe, n1<nu, eps=0.01 |
TR Corrected solution, eps=0.01
06 [
8 osf
2 ]
& !
Q 1
g |
» O04f
0.3
0.2
0.1
20 40 60 80 100

0
Time in years

FIGURE 3. The quasi steady state for susceptibles (s = n1) attract-
ing solutions s, of (14), together with the initial layer correction

(32). The case of Theorem 4.2. 1.
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0.9 . :
Juvenile, n1>nu, eps=0 ——
Juvenile, n1>nu, eps=0.1 -------
0.89 Juvenile, n1>nu, eps=0.01 --------.
Juvenile, n1>nu, eps=0.001 < |
0.88 p
0.87
0.86
0.85
0.84
0.83 -
0.82 /
0.81
0.8 ="
0.79
0 20 40 60 80 100
Time in years

FIGURE 4. Quasi steady state juveniles (eps =0), solution to (23),
attracting solutions ni . to (14) under assumptions of Theorem 4.2.

2.

Susceptibles

0.88 T T

Quasi Steady State, s=nu, eps=0 ——

Susceptibe, n1>nu, eps=0.1 --

0.86 Susceptibe, n1>nu, eps=0.01--~
Susceptibe, n1>nu, eps=0.001

084

0.82

0.8

0.78

0.76 |

0.74 |+

0.72

0.7

0.68
80 100

0 20 40 60
Time in years

FIGURE 5. The quasi steady state for susceptibles (s = v) at-
tracting solutions s. of (14) under assumptions of Theorem 4.2. 2.
Notice the nonuniform approximation close to ¢ = 0 (in particular

for eps=0.1).
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Qua'si Steady State, s:r:u, eps=0 ——

100

0.88
Susceptibe, n1>ny, eps=0.1:
0.86 Corrected-solution, eps=0:
Susceptibe, n1>nu, eps=0.01
..--~""Corrected solution, eps=0.01
0.84 _.-8usceptibe, n1>nu, eps=0.001 .
' .-~ Corrected solution, eps=0.001 -- -- -- -
0.82
" 0.8 =
2
=) ’
2 078 |
(5]
[} /
=} E 4
2] /
0.76 7
0.74 |/
072 |
0.7
0.68
0 20 40 60 80
Time in years

FIGURE 6. The quasi steady state for susceptibles (s = v) attract-
ing solutions s, of (14), together with the initial layer correction

(32). The case of Theorem 4.2. 2.

T T T
Juveniles-Adults ,n1>nu, eps=0 ——

2
Juveniles-Adults ,n1>nu, eps=0.1
Juveniles-Adults ,n1>nu, eps=0.05 --------
Juveniles-Adults ,n1>nu, eps=0.01
o \
1.9 \
2
2 185
<
1.8
1.75
1.7
0.75 0.8 0.85 0.9 0.95 1.05 11
Juveniles

FIGURE 7. The orbit of (23) and orbits (n ¢, ns ) of (23) attracted
to their respective equilibrium states. Calculations for 0 < ¢ < 100.
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initial conditions do not satisfy the assumptions of Theorem 4.2. 1. (item 4
below), or if {e'};>¢ is unstable but the initial conditions do not satisfy the
assumptions of Theorem 4.2. 2. (item 5 below). As intuitively expected, in
the first case the solution (s.,n1.,n2.) of (14) is first attracted to (v, 7iq, fi2),
where (i1, 7i2) solves (23) and, when n; . passes below v, s, starts being at-
tracted to 71 and (n1,e, na ) to the solution (71, 72) of (22). The second case
is the converse of the previous one with, however, an interesting phenomenon
that, say, s., having passed above v, continues for some time along the now
repelling quasi steady state s = n; and then moves quickly to the attracting
quasi steady state § = v. We note that such a behaviour was observed in e.g.
[18] for a predator-prey model. An analytical proof that such a behaviour
indeed occurs mathematically is more involved and therefore it is referred to
(4): Here we consider an asymptotically stable {e4};>( with large initial data.
The calculations are performed for p; = 0.043,us = 0.029,a; = 0.05,b =
0.046, u3 = 0.075,v = 0.14, A = 0.18,¢ = 0.1,0.01,0.001 and 5= 0.19,n) =

1.4, m5= 1.55. See Fig. 8.

14
Qualsi Steady State, s:r|11, eps=0 ——
Juvenile, nl<nu, eps=0.1
Susceptibe, nl<nu, eps=0.1 --------
12 Juvenile, n1<nu, eps=0.01 h
: Susceptibe, n1<nu, eps=0.01
1
[%]
K]
c
$ os
3
o 3 T —
3 06F[
(5] .
2 ]
3
n i
04 f
0.2
0
0 20 40 60 80 100

Time in years

FI1GURE 8. The susceptibles’ curves s, first follow the quasi steady
state 5 = v as long as it is attracting and then, having passed to
the basin of attraction of 5 = nq, follows the new attracting quasi
steady state.

(5): Here we consider unstable {e!};>o with small data. The calculations are
performed for p; = 0.043, ue = 0.029,a; = 0.05,b = 0.057, puj = 0.046,v =

0.14, A = 0.18,¢ = 0.1,0.01,0.001 and $= 0.7, n,= 0.76, o= 1.27. See Fig. 9.

7. Conclusions. The main objective of the presented paper is to show how the
Tikhonov theorem can be used to simplify some classes of epidemiological models
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0.88 T :
Quasi Steady State, s=nu, eps=0 ——
Juvenile, n1>nu, eps=0.01
0.86 Susceptibe, n1>nu, eps=0.01 -
Juvenile, n1>nu, eps=0.001
Susceptibe, n1>nu, eps=0.001
O S e &
0.82
[%]
2
S 0.8
>
=}
s
8 o8
2
=3 o
8 076
3 R
0 .
0.74 |¥
072 |
0.7
0.68
0 20 40 60 80 100

Time in years

FIGURE 9. The susceptibles’ curves s, first follow the quasi steady
state Ny as long as it is attracting and then, having passed to the
basin of attraction of the quasi steady state § = v, eventually
follows it. Note, however, that for some time s, follows the now
repelling state § = 7.

with age structure, by exploiting different time scales appearing in the model. The
discussed model was simple enough so as to allow for explicit calculations but, at
the same time, required some care in the analysis due to the fact that the quasi
steady states were not isolated.

Let us summarize the analytical results. We have proved that if the original
population is stable and both initial conditions are not too large then, for short
lasting diseases, the total population behaves, on time intervals of an arbitrary
length, as if there was no disease at all. On the other hand, if the population is
expanding, then even if the disease has a very quick turnover, its trace is present
in the long time dynamics of the population. In other words, in the latter case the
juvenile population directly depends on the equilibrium value of the disease and the
number of susceptibles stays close to this value over arbitrary long time intervals.
While the model seems to be too simplified to allow for real epidemiological data
supporting these observations, they are consistent with the properties of the classical
SIS model. Indeed, as we observed in Subsection 3.1, the long time behaviour of its
solutions is solely determined by the initial size Ny of the population. Here we also
must take into account that the adult population contributes to the juveniles so we
must keep the former also small (resp. large) enough in the stable (resp. unstable)
case so that it will not overshoot the threshold by moving the system into the other
regime.

Even such a simplified model presents a number of analytical challenges. We do
not have a complete theory of the cases demonstrated on Figures 8 and 9, that is,
when the solution originates at a large populations in the stable case (24) or from
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a small population in the unstable case (28). In both cases the difficulty is that
the solutions pass close to the intersection of the quasi steady states. These make
them similar to the so-called canard solutions, see [12], but it is not clear whether
the latter theory can be applied here, see the forthcoming paper [3]. Another
subject of the current research is to make the models more realistic by, for instance,
including the adults’ infections with age specific infection rates and to approach the
problem from the epidemiological point of view, that is, to apply the theory to a
real well researched disease so that all theoretical results could be tested against
the observational data.

8. Appendix — the assumptions of the Tikhonov theorem. Here we list and
discuss the assumptions of the theory which play essential role in its applications.
The first assumption is the standard requirement of the regularity of the right hand
side of the system

x' = f(t,x,y,¢€), x(0) =

)

: (36)

<o Ko

/

gy = g(ta X, Y, 6) ’ y(O) -

to ensure its unique solvability and continuous dependence of its solutions on the
parameter €. Precisely, assume that there are: a bounded open set 4/ C R", an open
set ¥V C R™ and scalars T' > 0, ¢y > 0 such that the conditions listed in Assumptions
1 — 5 are satisfied.

Assumption 1. The functions f, g:

f: [0,T]xUxVx[0,e]— R,
g [0,T]xUxV x[0,e)]— R™,

are continuous and satisfy the Lipschitz condition with respect to the variables X,y e,
uniformly in t € [0,T7].

For the degenerate system, obtained from (36) by setting e = 0,
X = f(txy,0), x(0)=x,
0 = g(txy,0), (37)
the following assumption is satisfied.

Assumption 2. For any (t,x) € [0,T] x U there ezists a unique solution y(t) =
o(t,x) €V of the second equation of (37) which satisfies

€ CO([0,T] xU; V)
and it is isolated in [0, T] x U, that is, there exists § > 0 such that
g(t,x,y,0) #0, for 0<|y—o(t,x)| <9, (t,x) €0, T) xU.
Consider the following auxiliary equation

dy
dr

where t and x are treated as parameters.

:g(t,X,}N’,O) ’ (38)
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Assumption 3. Assume that the solution yo := ¢(t,x) of Eq. (38) is an asymp-
totically stable equilibrium, uniformly with respect to (t,x) € [0,T] x U, that is, for
any 1 > 0 there exists § > 0 such that for all (t,x) € [0,T] x U

V7 >0|G(rtx) — (t,x)| < d
900) —ltx)| <5 = { éﬁ}dﬁ;>§zaﬂ%” T )

where the convergence above is uniform for (t,x) € [0,T] x U.

Remark 1. The original formulation by Tikhonov was incorrect as he assumed
only asymptotic stability whereas his proof relied on the uniform (with respect to
(t,x)) asymptotic stability. This point was clarified by Hoppensteadt [10]. Note,
however, that the versions of the Tikhonov theory in [24, 25] are correct.

Remark 2. We observe that Assumption 3 is satisfied if the eigenvalues of the
linearization of (38) at §o = ¢(t, x) all have real parts negative uniformly in (¢,x) €
[0,T] x U.

Next, consider the following problem for the reduced equation
x = f(t,%,6(1,%),0),  x(0) =x. (40)

Assumption 4. Assume that the function (t,x) — f(t,x,$(t,x),0) satisfies the
Lipschitz condition with respect to x in [0,T] X U and that the unique solution
x =x(t) of Eq. (40) on [0,T] satisfies

x(t)e It  Vt€]0,T].

Finally consider the Cauchy problem for the initial layer equation

dy o . . o

Assumption 5. Let }o’ belong to the region of attraction of the solution'y = ¢(0, )O{)
of equation g(0, )%,y,()) =0, that is, the solution y = y(7) of Eq. (/1) satisfies

lim §(7) = $(0, %),
and y(1) €V for all 7 > 0.
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