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ABSTRACT. In this paper, we study the global properties of an SIR epidemic
model with distributed delays, where there are several parallel infective stages,
and some of the infected cells are detected and treated, which others remain
undetected and untreated. The model is analyzed by determining a basic
reproduction number Rg, and by using Lyapunov functionals, we prove that the
infection-free equilibrium E° of system (3) is globally asymptotically attractive
when Ro < 1, and that the unique infected equilibrium E* of system (3) exists
and it is globally asymptotically attractive when Ry > 1.

1. Introduction. It is well known that many infectious diseases in a population
are often described by an SIR model where the population is divided into three
species: susceptible individuals (S), infectious individuals (I) and recovered indi-
viduals (R). The basic forms of these models are ordinary differential equations
(ODEs) (see [5, 6], [10, 11, 12]), where the models do not have a prolonged infec-
tious period. However, the infection of the disease may have different consequences.
For example, some infected hosts can be properly detected and treated. Based on
this fact, Korobeinikov [9] proposed an SIR model of infectious diseases with several
parallel infective stages. In [9], he considered the SIR model with n alternative in-
fectious pathways and n noninteracting infective subclasses I;, i =1,2,--- ,n, and
assumed that after infection an individual immediately moves from the susceptible
compartment into one of the infective compartments, and then entered into the

2000 Mathematics Subject Classification. 34C05, 92D25.

Key words and phrases. SIR epidemic model, distributed delay, global attractivity, Lyapounov
functional.

Corresponding author’s complete postal address: College of Mathematics and Information
Science, Xinyang Normal University, Xinyang, 464000, Henan, China.

685


http://dx.doi.org/10.3934/mbe.2012.9.685

686 XIA WANG AND SHENGXIANG LIU

recovered compartment where remains thereafter. In addition, the transmission of
the infection is denoted by $;SI; in [9], so the SIR model can be written as follows:

S(t)=A— Zﬁjlj(t)S(t) — usS(t),

Lit) = p;i Zﬁjfj(t)sa) —6iLi(t), i=1,2,-- ,n. (1)

Ri(t) = erlj(t) —oiRi(t),

where

(A1) p; € (0,1) is the probability for an infected individual to enter the ith
infective compartment;

(Az2) A is the recruitment rate of the susceptible class;

(As) p is the natural death rate of the susceptible individuals, and §; is the rate
of the infectious individuals of the ith compartment leave this compartment (that
is, 0; = r; + p), where 7; denotes the recovery rate;

(A4) oy is the remove rate of the recovered individuals.

In [1], in order to account for transmission by mosquitoes, Cooke investigated a
discrete delay model, where the delay is used to denote a latent period in the vector.
Takeuchi et al. [23] presented the equations for epidemics (e.g. malaria) spread by
vectors (mosquitoes) which have an incubation time to become infectious. Their
model would give rise to a system of distributed delay differential equations, and Mc-
Cluskey [17] considered the equations with a bounded distributed delay and a gen-
eral nonlinear incidence function to study the properties of the SIR epidemic model,
respectively. In view of the complexity of delay differential equations (DDEs), many
scholars have studied their mathematical models without delays. In fact, many bi-
ological processes have inherent delays, and it may lead to additional insights in
the study of complicated biological processes. Herz et al. [7] first proposed and
studied an HIV-1 model with delay in 1996. Henceforth, some authors developed
their models with discrete or distributed delays (see [2, 4, 14, 24, 15, 22, 25]). This
paper extends the results of Korobeinikov [9] adding a distributed delay. The di-
rect Lyapunov method and the notion of an auxiliary function have found a wider
range of application and Lyapunov functions may be used to achieve a multitude
of diverse tasks. For example, this method may be applied to estimate the rate of
convergence to a steady state, or the size of a basin of attraction in ODEs (see [9],
[10, 11, 12]). The approach here is to use a Lyapunov functional of the type used
by McCluskey [17]. Recently, [16, 18, 19, 20, 21] which used a similar Lyapunov
functional.

In this paper, a delayed SIR model of infectious disease with several parallel
infective stages is introduced in Section 2. In Section 3, by constructing Lyapunov
functionals, we show that the global asymptotic behaviors of the model relies only

on the basic reproduction number Ry. The paper ends with conclusions in Section
4.
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2. The model and equilibria. In this section, we develop the model give in [9]
by the following system of DDEs:

$(t) = A — uS(1) Z@/ VS()(t - 75)dr;,
pzZﬁg/ i (1)S (O (t — 75)drj — 6:Li(?), (2)
Zrl 'L 1(t)7

where following [8] and [3], the vectors can be omitted from the equations by includ-
ing a distributed delay 7; in the incidence term up to a maximum delay > 0. The

h
incidence at time t is §; / k;j(7;)S(t)I;(t — 7;)d7;(here k; is a Lebesgue integrable
0
h
function). We can choose /3, such that / k;(r;)dr; = 1.
0

The variables and the other parameters are defined the same as (1).

Since R; does not appear in the first two equations, it is sufficient to analyze the
behavior of solutions of subsystem as follows:

3() = 2 - uS(t) Z@/ (B)S ¢ - ),
t) ZPZZBJA kJ(TJ)S(t)IJ(t - Tj)de - (;lfl(t)

The initial condition for system (3) is
S(O) € RZO» Iz(e) = ¢z(0)’ for 6 € [—h,O], (4)

where ¢; € C = C([—h,0], R>0), the space of continuous functions from [—h,0] to
R>0, equipped with the sup-norm: ||¢|| = sup ¢(#). By the standard theory of
0€[—h,0]

functional differential equations [8], we can prove that the solutions of system (3)
with initial condition (4) exist and are differentiable for all ¢ > 0. Moreover, the
n

——
phase space X = R>ox C x --- x C'is positively invariant.

Lemma 2.1.  For initial conditions in (4), solutions of system (3) are positive
and ultimately uniformly bounded in X .

Proof.  Since the right hand side of system (3) is completely continuous, so the
solution (S(t), I1(¢),- -, I(t)) of system (3) with initial condition (4) exists and is
unique. Clearly, from system (3), we have
—f(;H-Eﬂf (75)1;(6—7;)d7;)db
S(t) _ S(O)e 0 7 Jo VAN DAY J J
toyy (H+Z B S Ky (i) I (—7;)dr;)dE
/ Xe ST do > 0,

evidently, we obtain S(¢) > 0 for all ¢ > 0 since S(0) > 0.
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Next, we will prove that I;(t) > 0forallt >0, i = 1,2,--- ;n. We easily see that
disease is initially present when the initial conditions I;(6y) for some 6y € [—h, 0];
by the continuity, I;(t) is positive on some interval about 6y, then there exists t; > 0
such that I;(¢1) > 0. From the second equation of (3), we have

Ii(t) Z —(5,‘Ii(t), for ¢ Z tl,

S0
Li(t) > Li(ty)e %4 > 0, for t > ¢;.
Let U(t) = S(t) + I;(t), then we have

n h
%ﬁt) =A=pS(t) — (1-p) ;53‘ /O k(1) S()L;(t — 75)drj — 8:1;(t)
< A= uS(t) — (1)
<A —pu(S(t) + Li(t)),

noting that p; € (0,1), &; = r; + u, and so

t—+00 o

lim sup(S(t) + Ii(t)) < % i=19..n.

It follows that the system (3) is point dissipative. Without loss of generality, we
assume that

2)

St)+Li(t) < —, i=1,2,--- ,nforall t > —h.

Hence, we may assume I;(t) is bounded above, which in turn implies S(t) > 0 for
small S(¢), and so S(t) is positive for ¢ > 0. O

Now, we consider the equilibria of system (3). Obviously, system (3) always has
an infection-free equilibrium E° = (5Y,0,0,---,0), where S° = %, I9=0,i=
1,2,---,n. Apart from this steady state, system (3) can also has the infected
equilibrium E* = (S*, I}, I3, - - - , I}"), and satisfies the following algebraic equations:

0=X=Y B8 — pus*,

=1 i=1,2,---,n.

0=p; Y BiI;S* =517,
j=1

Therefore,
1 A — wS*)p;

9 7 )
i Bipj di
&
j=1

i=1,2-- ,n.

The basic reproduction number [3] for the model is

Ry = Zﬁz%%

i=1
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3. Global dynamics. In this section, we shall study the global attractivities of
the infection-free equilibrium E° and the infected equilibrium E* of system (3) by
constructing the Lyapunov functionals, respectively.

Theorem 3.1.

(i) If Ry < 1, then the system (3) has no infected (or positive) equilibrium,
and the infection-free equilibrium E° = (5°,0,0,---,0) is globally asymptotically
attractive in R’;Orl.

(i) If Ry > 1, then the infected equilibrium E* = (S*,I7,15,--- , 1)) is globally
asymptotically attractive in RT‘l.

Proof. (i) Let g(z) =z—1—1nz, z € Ry, then g(z) > 0 for z > 0 and g(z) =0
if and only if z = 1.
Define a Lyapunov functional,

Vl(t):Sog(%)+zaili(t)+SOU+(t)’ a; = ?’: (6)

where
n h h
t)ZZ@‘/ Fy (7)1 (t — 75)dr;, Fj(Tj)Z/ kj(s)ds, Fj(h)=0.
j=1 0 T

Noting that F;(7;) > 0 for 0 < 7; < h since the support of k; has positive measure
near h, and from I;(t) > 0 implies U, (¢) > 0 with equality if and only if I;(¢) is
identically zero on the interval [t — h,t].

We calculate the time derivative of Uy (1),

n 5=t h
= Z/Bj/o th](TJ)IJ(t )dr;
len R
:_Zﬁj/o FJ(TJ>d It )dr;
j=1

Using integration by parts, we obtain:

Zﬂj Ii(t — ) _
—Zﬁj/ ki ()L (t)dr; — /BJ (15)L;(t — 7;)dT;.

dF
B +Z/ Bil; d7('JTJ)dT]
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By (6), we obtain the time derivative of V;(t) along a solution of system (3):
Vi(t) =(1- t +Zaz i +SOU+()

= 3 uS () Zﬁg/ SOt~ m)dr,

SO
S() (A —uS(t) Zﬂa/ )S()1;(t — 75)d7;)
—|—2:aZ pZZﬂ]/ ki (1;)S()L;(t — 75)dr; — 0;1;(1))
(8)
0 ‘ (ML (8 — Lt — 7:))drs
+5 Zﬂ/ k() (I(0) — Lt — 7)),
0_2x 0
TF (s - s - ;(t))
Zazpl—l Zﬂj/ Li(t —75)d7;
Using
Ry = " —Sozﬂlpl i Biu,izl,Q,-n,n.
Hence, we have -
. —_ 0 n
o], = 295 sy - 1) 55 / 1t~ 7)dr; <0

when Ry < 1 and Vi(¢) @ 0 implies that S(t) = S and Ry = 1 or I;(t) = 0

Therefore, the largest invariant set in {V; () - = 0} is the singleton {E°}. By the

LaSalle invariance principle [8] and [13], E° is globally attractive in X.

(ii) From section 2, we know that an infected equilibrium E* = (S*, I, I5,--- | I%)

o
exists, we now prove that £* is globally asymptotically attractive in X. In partic-
ular, this means E* is unique.
Define a Lyapunov functional for E*,

va(t) = 5°9() 3 big( M0

i=1

B;S*

)+U+(t)7 bi: A

here

=~ (" Li(t —m
- Z/ 5iS*I;E(Ti)Q(%)dTm
i=170 i

h
Fi(r) = / ki(s)ds, Fi(h) =0,

i
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Then we have

Z&S*I*/ Fi(ri)g(~ L=y
_ s [ p )L it =)y,
__7;@5 Ii/o Fl(rl)dﬂ_g( T )dri
=S as R T
i=1 ¢ o
D R (10
* T ( ) Ii(t_Ti)

—2@51 / 1) g
72@5* Zﬁls*/ ki (i) L (t — ) dr;

- g dit =)
+;5,5 Ii/o ki(7i) In 70 dr;.

In the following, we calculate the time derivative of Va(¢) along the solution of (3)
is given by

*

w|  =0- +Zb " i+ ot

(3)

= A uS(t) Zm/ VSOt - 75)d7;

S*
A~ S(e) - g 5, / i (m)S(O)T5(¢ — 73)dry)

n n h n (11)
+Zbipi2ﬁj/ ki (7)) S ()1 (t — 5)dr; — Y bidiIi(t)
- I* " , i=1
mez Zﬂj/ ki (;)S(8)I; (t — 7;)drj + wa*
j:l
QT s Ii(t) Ii(t—Tl) Ii(t—Ti) )
+;5,S Ii/o Ri(ri) | - R 20 | ari.
Noting that
A= us*+25js*1*
j=1
pi Z@I*S* = &I, (12)

b6 I} = bip; ZB]I S* = B;S*I7.

Jj=1
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Since b; = ﬁ— hen > b;p; =1 and bipiB;S*1; = bjp;B;S* 1. Hence, we get

i=1

n S* n
=S ) BSIF - uS(t) — S(t )(“5* + Z@»S*I}‘) +pS”
j=1

n h
+S*Zﬁj/ ki (i) L (t — 1j)dTj — ZbéI

n

h n
Zb1p1 Zﬂj/o k] T] )I](t*T])dTJ‘Fszé?I:

g 1 i=1

I Il(t) Ii(t—Ti) Ii(t—Ti)
+;ﬁi5 Ii/ ki(n)[ﬁ B R e ¥ Jar:

(3 (3
n

= u8"(2 = 55~ +25ij (t))

+Z@yq/@mmﬁﬁﬁm n i, (13)
ZprZ Zﬁj/ ’Tj )Ij(t—Tj)de
L5 (9 S* b ST S*

szpz Zﬁg/ ki(7;)8 — 7;)d7;

+szp225js*1*/ kj mm%mj

J

I
+Zb7pzZBJS*I*/ k; T]>1 TZt)de'
J

Vt‘
2()(3)

Set
b S 8.5 T2 — Sy S S [
ZbipiZﬁjS I5(2 - ﬁ) _ZbipiﬁZBj/o ki (75)S()1;(t = 75)d;
j=1
it — I
+szpzZﬁJS*I*/ ki ( e TJ) —|—lnI‘Zt))de
J

—szpzZBJS*I*/ ‘k/)J TJ)G<Tj)de7

where

) _ S* I:I](t—T])S(t) Ij(t_Tj) I]*
G(r) =2 0] L1 5" +1In 7 o
5 +1n s _|_1_Iilj(t_7'j)s(t) XL (
S(t) S(t) L(t)I; S LT 5

I Ii(t)
o §£)+1 113( )S(1)
o5~ s

L)
In =2 .
T
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Note that

> b3S 13(?
:Z zpzZﬁjS I +szpz Z ﬁjS I I;k (15)

=2 j 7,+1 I ()

& » U0

zplzﬁjS*I* +mezZB}S*I*ln Z()
2

3

s L

1=

e

So, we obtain

« n n h
s s, T

TS T
nooox 5+ Lt —17)S(t

<0.
We have G(7;) <0, since g(z) > 0 and
S* S()
- - <0.
s 5 =V

Then, we have ‘/Q(t) . < 0 for all (S, 11,1, ,1I,) 6)0(, and thus omega limit

sets of solutions are contained the largest invariant subset of {Va(t) o 0}. So
Va(t) = 0 if and only if

LIS L

S(t) = 8%,

Along a solution in this set, we have
S(t)=8*, S(t)=1;(t)=0,i=1,2,--- ,n,
which means that
Sit)y=S" L) =1/, i=1,2,--- ,n,
thus, the largest invariant subset is {E*}. By the LaSalle invariance principle [8]

and [13], we can show that the infected equilibrium E* is globally asymptotically
attractive. O

4. Conclusions. A delayed SIR epidemic model with multiple infection stages of
infectious individuals such as some of the infected are detected and treated, the
others remain undetected and untreated is investigated in our paper. The total
target cells are divided into a healthy target cell compartment S, n infected target
cell compartments representing different infectious stages. The purpose for this
paper is to study how the diversities of stages and pathways can affect the global
dynamics of a pathogen population system, and to extend the works in Korobeinikov
[9]. The global dynamics of the uninfected and infected steady states of these models
are established by direct Lyapunov method. It is shown from the results that the
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basic reproduction numbers Ry determined the global dynamics of our model: the
infection-free equilibrium E° of system (3) is globally asymptotically attractive
when Ry < 1; the infected equilibrium E* of system (3) is globally asymptotically
attractive when Ry > 1.
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