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Abstract. Tumor necrosis factor (TNF) is the name giving member of a large
cytokine family mirrored by a respective cell membrane receptor super fam-

ily. TNF itself is a strong proinflammatory regulator of the innate immune
system, but has been also recognized as a major factor in progression of au-

toimmune diseases. A subgroup of the TNF ligand family, including TNF,

signals via so-called death receptors, capable to induce a major form of pro-
grammed cell death, called apoptosis. Typical for most members of the whole

family, death ligands form homotrimeric proteins, capable to bind up to three

of their respective receptor molecules. But also unligated receptors occur on
the cell surface as homomultimers due to a homophilic interaction domain.
Based on these two interaction motivs (ligand/receptor and receptor/receptor)

formation of large ligand/receptor clusters can be postulated which have been
also observed experimentally. We use here a mass action kinetics approach

to establish an ordinary differential equations model describing the dynamics

of primary ligand/receptor complex formation as a basis for further clustering
on the cell membrane. Based on available experimental data we develop our

model in a way that not only ligand/receptor, but also homophilic receptor
interaction is encompassed. The model allows formation of two distict pri-

mary ligand/receptor complexes in a ligand concentration dependent manner.

At extremely high ligand concentrations the system is dominated by ligated
receptor homodimers.
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1. Introduction. Responses of the immune system are tightly regulated among
others by soluble factors called cytokines. One major cytokine family is the tu-
mor necrosis factor (TNF) ligand family. Most TNF ligand family members are
primarily produced as bioactive type II transmembrane proteins but also exist as
soluble factors. Their interaction partners, represented by the TNF receptor su-
perfamily, also show considerable homologies in their extracellular domains and are
mainly expressed in immune cells but also in other tissues [1]. A subgroup of the
TNF ligand family comprises the so-called death ligands, including TNF itself and
the ligands TRAIL (TNF related apoptosis-inducing ligand) and FasL (Fas ligand).
Death receptors have the capability to activate the cellular program of apoptosis,
a major form of programmed cell death and an important physiological process
to remove infected, malfunctioning, or no longer needed cells from multicellular
organisms. Besides its apoptotic capabilities TNF is a prominent regulator of in-
flammation and innate immune responses, but also plays a key role in progression
of autoimmune diseases like rheumatoid arthritis, Crohn’s disease and psoriasis.
Therefore it constitutes an important therapeutic target. Most membrane bound
and soluble TNF family ligands form stable, non-covalently linked homotrimers
capable to bind up to three of their respective receptor molecules in the grooves
between their individual monomers [3, 15, 22]. Originally it was assumed that
unligated receptors freely diffuse as monomers in the plasma membrane and be-
come trimerized by binding to their ligand for initiation of intracellular signaling.
Accordingly, ligand/receptor signaling complexes were believed to comprise a sin-
gle ligand homotrimer bound with three receptor molecules. Several experimental
findings, however, question this hypothesis. In different experimental systems the
formation of large ligand/receptor clusters has been observed [13, 28] and cluster
formation has been shown to be tightly correlated with efficient signal induction
[17]. Structural analysis of the intracellular signaling part of the apoptotic receptor
Fas complexed with its cytoplasmic adapter protein FADD (Fas associated death
domain) also revealed higher ordered ring-like complexes containing five to seven
copies of each interacting protein [34]. In addition, many members of the TNF
receptor family are largely unresponsive to their soluble homotrimeric ligands, but
strongly respond to the respective membrane bound preforms [2, 11, 21, 26]. How-
ever, unresponsiveness to the soluble ligands can generally be overcome by using
ligand mutants engineered to form higher multimers of the respective ligand ho-
motrimers [4, 14, 17, 32]. Together, these data suggest that ligand binding to their
respective membrane receptors induces formation of larger clusters, representing
the actual inducers of intracellular signaling.

New light was shed on the TNF receptor family when it was demonstrated that
TNF receptors, as well as additional family members including the four human
TRAIL receptors and Fas, possess a homophilic interaction domain, called pre-
ligand binding assembly domain (PLAD), being located in the extracellular most
membrane distal part of the molecules [7, 8, 27]. Originally, PLAD-mediated for-
mation of receptor homotrimers was proposed, but own experimental data strongly
favor preferential homodimer formation in accordance with crystallization studies
of the extracellular domain of TNFR1 [23]. In addition we have presented evidence
that both molecular interactions, ligand/receptor interaction and PLAD-mediated
receptor/receptor interaction, take place in the formation of ligand receptor clus-
ters [6]. Taking homodimerization of unligated receptors into account two distinct
mechanisms of initial ligand/receptor interaction can be proposed as discussed in
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detail in [5]. As homodimerized receptors expressed at the cell surface are assumed
to have accessible ligand interaction sites [24], in the very first binding step one of
the dimerised receptor molecules will interact with its ligand trimer as schemati-
cally depicted in Fig. 1. In the next step two alternatives are feasible. Either the
homophilic receptor interaction can be opened to allow the second receptor chain to
also bind the ligand. The resulting primary complex now consists of a single TNF
homotrimer having two receptor chains bound at two of its three interaction sites,
thereby not allowing any interactions between these two receptors (complex c4 in
Fig. 5). In this case avidity effects might control the overall reaction, because two
receptor chains now simultaneously interact with a single TNF homotrimer. Alter-
natively, an additional TNF molecule will bind to the receptor without opening the
homophilic receptor/receptor interaction (complex c3 in Fig. 1). No avidity effects
take place in this case. As the ratio of the two interaction partners are different in
both complexes (c3: two ligand trimers bind two receptors; c4: one ligand trimer
binds two receptors), high ligand concentrations must favor c4 formation. In any
case, under physiological conditions these differentially formed primary complexes
would then interact with each other while diffusing in the plasma membrane and
eventually reorganize to form larger clusters having a 1:3 stoichiometry (i.e. one
homotrimer of the ligand is bound to three receptor chains).

This paper is organized as follows: in the next section we develop our model for
the formation of elementary ligand/receptor complexes which are able to initiate
intracellular signaling processes and provide an insight into the stability properties
of the model. In section 3 we present the results of numerical simulations for dif-
ferent receptor and ligand concentrations when varying relevant reaction constants.
In the conclusions we make an assessment of the different approaches to receptor
crosslinking behaviour outlining the observation that initial homodimeric receptor
formation leads to a saturation process in receptor-ligand binding.

2. Modelling. In this section we develop a model for the first steps in the interac-
tion of the TNF homotrimer with its receptor homodimers, representing an example
of ligand/receptor interaction for most members of these families in general, accord-
ing to our hypotheses as stated above.

Thereby we proceed by firstly introducing and analysing a model that is substan-
tially based on facts available in the literature and allows us to draw conclusions
on equilibrium concentrations of elementary receptor/ligand aggregates (in the case
of ligand excess). We then extend this model by including another possible lig-
and/receptor configuration with mostly unknown constraints and investigate the
impact of this new complex on the overall behaviour of the system.

2.1. First model. For the description of our minimal model we rely on a typical
setting of a cell death assay, where the initial ligand binding step can also be carried
out at a temperature of 0 ◦C in order to exclude movement in the membrane. More-
over, we consider a homogeneous membrane with uniformly distributed receptors,
which on its part renders the issue of spatiality irrelevant.

Figure 1 illustrates the reactions accounted for. We assume that at the starting
point t = 0 of the reactions all ligand is unbound and all receptors exist in an
equilibrium state between monomers and the parallel arranged homodimers. The
former correspond to the leftmost part of Figure 1 and are in equilibrium with the
parallel arrangement as characterised by the forward and reverse reaction rates k1
and k−1, respectively. When ligand becomes available the next step in the reaction
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is its binding to the extracellular domain of one of the receptors, which results in
the complex denoted by c2. Again, k2 and k−2 denote the forward and reverse
reaction rates. The final step in this model consists in the binding of another ligand
to the remaining free receptor in the complex c2, thus forming the receptor-ligand
aggregate c3. At this point two scenarios seem possible. Either the complex c3
is signalling competent and enables a signal whose strength is correlated to the
concentration of c3 or in the case of a signalling dead end substrate inhibition could
be expected. Further steps not considered here could lead to the formation of larger
clusters.

+
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+
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Figure 1. Formation of the receptor complex c1 and the recep-
tor/ligand complexes c2 and c3.

Relying on mass action kinetics we deduce a set of equations describing the
evolution of the different receptor/ligand complexes:

dl

dt
= k−2c2 + 2k−3c3 − 6k2c1l − 3k3c2l, l(0) = l0,

dc1
dt

= k1r
2 + k−2c2 − k−1c1 − 6k2c1l, c1(0) = 0,

dc2
dt

= 6k2c1l + 2k−3c3 − k−2c2 − 3k3c2l, c2(0) = 0,

dc3
dt

= 3k3c2l − 2k−3c3, c3(0) = 0.

(1)

Revisiting our previous comments on spatiality we assume that the location of re-
ceptors is constant. Regarding now the time frame relevant for the model it is
important to point out that receptor synthesis and degradation are comparably
slow processes with receptor half life being in the order of 3 hours. Taking further-
more into account that internalisation of the signaling complexes has a half life in
the order of 20 minutes, the association rate of the ligand in comparison to these
processes is high (see [12]) and half maximal binding typically occurs in less than
one minute. These considerations allow neglecting the effects of synthesis, degrada-
tion and internalization of receptors. Hence, the following conservation law can be
written for the total concentration of receptors rT in terms of free receptors r and
receptors bound in the corresponding complexes:

rT = r + 2c1 + 2c2 + 2c3. (2)

Before starting to investigate the model’s properties we would like to stress out
again that we only consider steady state configurations of the system (1), since
the formation of complexes on the cell surface happens very fast, as explained
above. Secondly, we assume that no binding site on the ligands and the receptors
is favoured, which leads to the integer multiples in front of the reaction rates ac-
counting for the number of equivalent configurations of the possible receptor/ligand
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complexes. Thirdly, in contrast to previous research, in our model the forming of
the homodimeric receptor complexes is crucial for initiating the clustering and sig-
nalling process and cannot be achieved by a complex consisting of less than two
receptors.

Nondimensionalisation. In order to simplify the analysis of the model it is con-
venient to eliminate the physical dimensions of the involved quantities. Thus we
define the complexes C1, C2, C3, ligands L and receptors R by introducing the scal-
ing constant C0 that will be in the range of a typical ligand concentration used
during experiments and derive the dimensionless time τ by additionally coupling it
to the reaction rate k1:

τ = k1C0t, C1 =
c1
C0
, C2 =

c2
C0
, C3 =

c3
C0
, L =

l

C0
, R =

r

C0
. (3)

Then the following notations

K1 :=
6k2
k1

, K2 :=
3k3
k1

, K3 :=
k−1

k1C0
, K4 :=

k−2

k1C0
, K5 :=

2k−3

k1C0
(4)

lead to the dimensionless formulation of the system (1) and the conservation law
for the receptors (2) to be used throughout the rest of this paper:

dL

dτ
= K4C2 +K5C3 −K1C1L−K2C2L,

dC1

dτ
= R2 +K4C2 −K3C1 −K1C1L,

dC2

dτ
= K1C1L+K5C3 −K4C2 −K2C2L,

dC3

dτ
= K2C2L−K5C3

(5)

and

RT = R+ 2C1 + 2C2 + 2C3 with RT :=
rT
C0
. (6)

Stability. After having deduced the nondimensional formulation of our model we are
interested in the stability properties of the system (5), but before that we address
the important positivity issue for the solution of the system, which is summarised
in the following

Lemma 2.1 (Invariance of the first orthant). For a non-negative parameter set
K1, . . . ,K5 and non-negative initial conditions the solution of the system (5) to-
gether with the conservation law (6) remains positive for all times t ≥ 0.

Proof. For our proof we follow the ideas presented in [29] and [33]. We show that
any trajectory starting in the first orthant can never cross any bounding hyperplane.
Let K1, . . . ,K5 be a set of non-negative parameters and consider a trajectory inside
the first orthant approaching consecutively each of the bounding hyperplanes:

(i) L = 0: dL
dτ = K4C2︸ ︷︷ ︸

≥0

+K5C3︸ ︷︷ ︸
≥0

−K1C1L︸ ︷︷ ︸
=0

−K2C2L︸ ︷︷ ︸
=0

≥ 0,

(ii) C1 = 0: dC1

dτ = R2
︸︷︷︸
≥0

+K4C2︸ ︷︷ ︸
≥0

−K3C1︸ ︷︷ ︸
=0

−K1C1L︸ ︷︷ ︸
=0

≥ 0,

(iii) C2 = 0: dC2

dτ = K1C1L︸ ︷︷ ︸
≥0

+K5C3︸ ︷︷ ︸
≥0

−K4C2︸ ︷︷ ︸
=0

−K2C2L︸ ︷︷ ︸
=0

≥ 0,
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(iv) C3 = 0: dC3

dτ = K2C2L︸ ︷︷ ︸
≥0

−K5C3︸ ︷︷ ︸
=0

≥ 0.

Summing up we find that on every bounding hyperplane the vector field is pointing
inward the first orthant, which justifies its invariance.

Next we examine the stability of the system. As a first step we compute the
steady states upon solving for dL

dτ = 0, dCi

dτ = 0 (i = 1, 2, 3). This results in:

C1 =
R2

K3
, C2 =

K1

K3K4
LR2, C3 =

K1K2

K3K4K5
L2R2. (7)

In order to eliminate the free variables R and L we consider the conservation
equation (6) for the receptor concentration and find additionally by summing up
the first, third and fourth equations of the system (5) another conservation law for
the ligand concentration:

0 =
dL

dt
+
dC2

dt
+ 2

dC3

dt
=⇒ LT = L+ C2 + 2C3 with LT := L(0). (8)

Substituting the computed equilibrium points for C1, C2 and C3 in (6) and (8)
then yields the following nonlinear system of equations for the steady state concen-
trations of receptors and ligands, respectively:

2R2

(
K1K2

K3K4K5
L2 +

K1

K3K4
L+

1

K3

)
+R−RT = 0,

2L2K1K2R
2

K3K4K5
+ L

(
1 +

K1R
2

K3K4

)
− LT = 0.

(9)

Solving these quadratic equations either for R or L and setting Kc := K3K4K5

we obtain

L1,2 = −
Kc +K1K5R

2 ±
√

(Kc)
2

+ 2K1 (KcK5 + 4K2KcLT )R2 + (K1K5)
2
R4

4K1K2R2
,

R1,2 = −
Kc ∓

√
(Kc)

2
+ 8KcK4K5RT + 8K1KcK5RTL+ 8K1K2KcRTL2

4(K4K5 +K1K5L+K1K2L2)
.

Given this system we now choose our parameter set for the further analysis of
our model as follows:

K1 = 13 000, K2 = 6 500, K3 = 500, K4 = 125 and K5 = 250. (10)

These values arise from the choice of the reaction constants according to literature
data (see [12, 20]) as shown in Table 2 with KD1

= 10−6 M and C0 = 2× 10−9 M
(typical ligand concentration). Figure 2 shows the null clines of the system (9) and
their intersections for fixed total receptor concentration RT and fixed total ligand
concentration LT . While the left-hand side displays two intersections located in
the III. and in the IV. quadrant the right-hand side shows three intersections, one
again in the IV. quadrant, another in the II. quadrant and yet another one in the
I. quadrant, the latter being the only physically relevant solution.

In order to further examine the stability of the steady states we use linearisation
theory and compute the eigenvalues of the Jacobian (11) in every steady state
associated to the solutions of system (9). These calculations are presented in Table
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Figure 2. Null clines of the system of equations (9) for RT = 47.5
and LT = 1.

1. Notice that there exist one positive stable and one negative stable steady state,
which are separated by at least one unstable steady state

J =




−K1C1 −K2C2 −K1L K4 −K2L K5

−K1C1 −K1L−K3 K4 0
K1C1 −K2C2 K1L −K2L−K4 K5

K2C2 0 K2L −K5


 . (11)

Solutions Eigenvalues

R L Re(λ1) Re(λ2) Re(λ3) Re(λ4)

P1 +4.7e+01 −2.1e−02 +6.2e+03 −3.3e+02 −3.3e+02 +1.9e−14

P2 +3.9e+01 +2.7e−03 −4.6e+04 −1.3e−14 −5.1e+02 −2.8e+02

P3 +4.5e−02 −4.6e+01 +3.0e+05 +6.0e+05 +8.9e−05 +8.9e−12

P4 −4.5e−02 −4.7e+01 +3.0e+05 +6.0e+05 +8.9e−05 +1.5e−11

P5 −2.9e+02 +5.7e−05 −2.2e+06 −1.8e−14 −5.0e+02 −2.5e+02

Table 1. Solutions to the system (9) and eigenvalues of the asso-
ciated steady states.

Figure 3 illustrates the results of a numerical simulation of the system (5) with
fixed non-negative initial data for RT and LT and the corresponding steady states.
Clearly, the convergence to the steady state in each component of system (5) can
be noted.

However, since we are interested in the behaviour of the system for a broader
range of initial conditions for RT and LT we perform in a next step a bifurcation
analysis with these parameters. For the moment assume that the two parameters
cannot change their values simultaneously; hence we fix one at a time and calculate
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all (real) steady state solutions to (5) as a function of RT and LT , respectively.
Considering the fact that these steady states are actually 5-dimensional vectors of
the form (R,L,C1, C2, C3) we decided to assess the characteristics of system (5)
by merely plotting the (orthogonal projection on the) R component, which enables
performing a qualitative analysis w.r.t. the number of steady-states, their stability
and positivity.

We start by setting LT = 1 and varying RT in the range of 4.75 × 10−6 up to
4.75 × 103. The results of these calculations are displayed in the Subfigures (a)
and (c) of Figure 4. There, the component R of the steady solution vector for the
complete system (5) is plotted against RT with R > 0 being drawn in Subfigure
(a) and R < 0 being displayed in Subfigure (c) due to the log-log scale plot (with
the convention that the ticks of the axes are labeled with the unscaled data). The
annotations “negative” and “positive” given by the legend express the positivity of
the complete steady state vector being meant componentwise and the negativity of
at least one component of the steady state vector, respectively. Further on we use
standard notation in order to discern stable and unstable steady states implying
that the dashed lines indicate an unstable and the solid lines a stable state. So we
find that the system for the considered configuration possesses only one positive
stable steady state.

The same behaviour can be observed in the Subfigures (b) and (d) showing the
results of the steady state calculations, this time only with RT = 47.5 and LT
varying in the range of 10−6 to 103. Similarly to the plots in the Subfigures (a)
and (c) here the value of the component R of the steady solution vector is plotted
against LT with R > 0 like before in the upper drawing and R < 0 in the lower
chart due to the log-log scale plot. As already mentioned we can find analogously
to the previous case two stable steady states that are separated by at least one
unstable steady state. However, in either case the negative steady states cannot
be reached by starting with non-negative initial conditions, thus confirming our
previous results.
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Figure 3. Regime of the different nondimensional concentrations
and the corresponding steady states (dotted lines) for RT = 47.5
and LT = 1.

2.2. Model extension. Having developed and analysed a model largely based
on data available in the literature we now aim to extending it by adding another
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Figure 4. Bifurcation diagram for fixed ligand concentration and
varying receptor concentration (subfigures (a) and (c)) and for
varying ligand and fixed receptor concentration (subfigures (b) and
(d)). Solid and dashed lines indicate the stability and instability of
a steady state, while the colours red and blue denote its positivity
and negativity, respectively (log-log plot).

possible receptor/ligand configuration (encircled with the dashed line in Figure 5)
with constraints that are not well known. Therefore we consider the system at
the point when it has already formed complex c2 and introduce another possible
configuration. This means that complex c2 now has not only the possibility to
bind another ligand but also to open its homophilic bond and rearrange itself by
binding both receptors to the ligand. As before we characterise this reaction with
the forward and reverse reaction rates k4 and k−4, respectively.

Since most of the calculations for the expanded model will be similar to those
presented in the previous section, we will focus on showing only the most important
steps.
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Figure 5. Formation of the receptor complex c1 and the recep-
tor/ligand complexes c2, c3 and c4

Relying again on mass actions kinetics we find the set of equations consisting of
the system (1) complemented by the interactions of c2 with the additional recep-
tor/ligand complex c4

dl

dt
= k−2c2 + 2k−3c3 − 6k2c1l − 3k3c2l, l(0) = l0,

dc1
dt

= k1r
2 + k−2c2 − k−1c1 − 6k2c1l, c1(0) = 0,

dc2
dt

= 6k2c1l + 2k−3c3 + k−4c4 − k−2c2 − k4c2 − 3k3c2l, c2(0) = 0,

dc3
dt

= 3k3c2l − 2k−3c3, c3(0) = 0,

dc4
dt

= k4c2 − k−4c4, c4(0) = 0.

(12)

Imposing the same constraints on the time frame considered like in the previous
section lets us consequently deduce the conservation law for the total receptor con-
centration in terms of unbound monomeric receptors and receptors bound in the
complexes c1 to c4

rT = r + 2c1 + 2c2 + 2c3 + 2c4. (13)

Nondimensionalisation. In order to reduce the number of free parameters in the
expanded model we proceed in a similar way by nondimensionalising the given
quantities by the scaling constant C0 and reaction rate k1:

τ = k1C0t, C1 =
c1
C0
, C2 =

c2
C0
, C3 =

c3
C0
, C4 =

c4
C0
, L =

l

C0
, R =

r

C0
. (14)

This allows us to formulate the following dimensionless coefficients whose insertion
into (12) leads to

K1 :=
6k2
k1

, K2 :=
3k3
k1

, K3 :=
k−1

k1C0
, K4 :=

k−2

k1C0
,

K5 :=
2k−3

k1C0
, K6 :=

k4
k1C0

, K7 :=
k−4

k1C0

(15)
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the nondimensional formulation of this system

dL

dτ
= K4C2 +K5C3 −K1C1L−K2C2L,

dC1

dτ
= R2 +K4C2 −K3C1 −K1C1L,

dC2

dτ
= K1C1L+K5C3 +K7C4 −K4C2 −K6C2 −K2C2L,

dC3

dτ
= K2C2L−K5C3,

dC4

dτ
= K6C2 −K7C4

(16)

and its corresponding conservation law (13) that will be used to analyse its stability
properties

RT = R+ 2C1 + 2C2 + 2C3 + 2C4 with RT :=
rT
C0
. (17)

Stability. Concerning the stability of the system it is important to point out that
the positivity issue for the solutions holds true also for the expanded model (16)
and can be summarised with the following

Lemma 2.2 (Invariance of the first orthant). For a non-negative parameter set
K1, . . . ,K7 and non-negative initial conditions the solution of the system (16) to-
gether with the conservation law (17) remains positive for all times t ≥ 0.

Proof. Analogous to the proof of lemma 2.1.

Computing now the steady states by solving for dL
dτ = 0, dCi

dτ = 0 (i = 1, . . . , 4)
we end up with:

C1 =
R2

K3
, C2 =

K1

K3K4
LR2, C3 =

K1K2

K3K4K5
L2R2, C4 =

K1K6

K3K4K7
LR2. (18)

In order to eliminate the remaining free variables R and L we consider on the
one hand the conservation law for the receptors (17) and on the other hand take
into account the following conservation law for the ligands that can be derived by
adding the first, second, third and fourth equation of (16)

0 =
dL

dt
+
dC2

dt
+ 2

dC3

dt
=⇒ LT = L+ C2 + 2C3 + C4 with LT := L(0). (19)

Combining then (17) and (19) we arrive at a nonlinear system of equations thus
enabling us to identify the steady states of (16). We then investigate their (local)
stability by applying linearisation theory and computing the eigenvalues of the
corresponding Jacobian

J =




−K1C1 −K2C2 −K1L K4 −K2L K5 0
−K1C1 −K1L−K3 K4 0 0

K1C1 −K2C2 K1L −K2L−K4 K5 K7

K2C2 0 K2L −K5 0
0 0 K6 0 −K7



. (20)

Contrary to the results in the previous section we cannot fix parameter values
for all reaction constants arising in the model, as the values of k4 and k−4 are
unknown. Hence we perform a bifurcation analysis by using again the parameter
set (10) and varying the value of KD4 = k−4/k4 in order to legitimize the outcome
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of the numerical simulations in the next section. Figure 6 shows the results of this
analysis for fixed values RT = 47.5, LT = 1 and KD4 varying in the range of 10−11

to 10−1. Analogously to the previous section, Subfigure (a) shows the the positive
part of the (orthogonal projection of the complete steady state vector on the) R
component plotted against KD4

, while Subfigure (b) displays the negative part
R < 0 due to the log-log scaling. Again, the annotations “positive” and “negative”
indicate the positivity and negativity of the whole steady state, while the line types
dashed and solid denote their stability and instability, respectively.

Concluding from Figure 6 one can see that there exist two stable steady states
separated by two unstable steady states. More interestingly, there is only one
positive (stable) steady state, hence the expanded model possesses, as well, only
one physically relevant equilibrium solution for the considered choice of parameters.
Moreover, it can be noted that the steady state of free and unbound receptors R is
not affected by the variation of KD4

, as this rate only controls the equilibrium of
already bound receptors (and ligands) in the complexes C2 and C4, respectively.
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Figure 6. Bifurcation diagram for fixed total ligand concentra-
tion LT = 1, fixed total receptor concentration RT = 47.5 and
varying equilibrium dissociation constant KD4

. Solid and dashed
lines indicate the stability and instability of a steady state, while
the colours red and blue denote its positivity and negativity, re-
spectively (log-log plot).

3. Numerical results. In this section we present the outcome of the numerical
simulations. We begin by explaining how the parameter values for the computations
were derived and then demonstrate the impact of their variation on the first and
the extended model successively.

Parameter. The parameter values used for the calculations were obtained by eval-
uating experimental data which are summarized in Table 2 and Table 3. Thereby
we considered experimental data of a typical cell death assay consisting of 10 000
cells brought into 200 µL of culture medium. Further we approximated each cell by
a sphere with a diameter of 10 µm, estimated the number of receptors per cell with a
value of 30 000 and hence arrive at a typical receptor concentration of 9.5× 10−8 M.
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Having now a closer look at the equilibrium dissociation constants KDi = k−i/ki
accounting for each reaction in the system, observe that we assume a much higher
affinity between receptor and ligand than between the receptors themselves, accord-
ing to data available in the literature [12, 20]. Since for KD4

there do not exist any
measured values we vary it over a broad range which should include the real existing
value.

Name Value Unit KD Unit

k1 6.0× 103 1/M · min
10−8,10−6,10−4 M

k−1 variable 1/min

k2 1.3× 107 1/M · min
10−10 M

k−2 1.5× 10−3 1/min

k3 1.3× 107 1/M · min
10−10 M

k−3 1.5× 10−3 1/min

k4 variable 1/min
10−10,10−7,10−4 -

k−4 variable 1/min

Table 2. Affinity related parameter set used in the computations
(see [12] and [20]).

Name Lower Value Upper Value Unit

l0 2.0× 10−14 2.0× 10−6 M

rT 9.5× 10−12 9.5× 10−6 M

Table 3. Experimental parameter set used in the computations.

First model. The results of the numerical simulations displayed in Figure 7 clarify
the impact of the variation of the equilibrium dissociation constant KD1

. From left
to right the evolution over the course of time of the concentration of the complexes
c1, c2 and c3 with fixed initial data for receptor and ligand concentrations and
increasing dissociation constant KD1 is shown in a semilogarithmic plot.

Firstly, note that every component converges as expected to their respective
steady state concentration given by the dashed line.

Secondly, the outcomes already indicate that the successful forming of the sig-
nalling complex highly depends on the formation of the homodimeric receptor com-
plexes. Particularly, upon observing the order of magnitude of the steady state
concentrations for the complexes c1 and c2 one can see that in the high affinity
case (KD1

= 10−8 M) the equilibrium concentrations are more than 10 times higher
compared to the ones in the low affinity case (KD1

= 10−4 M).
After having looked at some subset of initial receptor and ligand concentrations

and the resulting evolution of the cluster concentrations we now want to determine
if the behaviour noted so far is preserved by considering a broader range of initial
conditions and parameters, as given in Table 3.
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Figure 7. Illustration of the cross-linking behaviour for fixed rT =
9.5× 10−8 M, fixed l0 = 2× 10−9 M and increasing KD1 .

The following Figures 8 to 10 present the results of the calculations carried out
using the above mentioned parameter sets. Each of these figures consists of 3 log-log
scale plots that differ only in the dissociation constant KD1

used for the calculations
(specified in the plots’ captions). This implies that each line is always plotted versus
the ligand concentration l0 in the range from 2.0× 10−14 M to 2.0× 10−6 M and
accounts for only one fixed value rT of the receptor concentration in the range
given by the respective legend. Starting with Figure 8 showing the steady state
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Figure 8. Ratio of receptors bound in complex c2 to total receptor
concentration for increasing reaction constant k−1 (log-log plot).

ratio of receptors bound in complex c2 to total receptor concentration rT versus
total ligand concentration l0, one common observation can be made by examining
the results depicted in this figure. It is obvious that the steady state concentration of
the complex c2 increases until the growing ligand concentration l0 reaches a certain
treshold depending on rT . After that point the concentration of c2 starts decreasing.
This can be explained by the fact that after passing the treshold the concentration
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of the ligand l0 reaches a critical value allowing to continue the reaction with c2 in
order to form further complexes of type c3 and therewith simultaneously to reduce
the concentration of c2.

Figure 9 underlines this assertion by showing a saturation in the ratio of receptors
bound in complex c3 to total receptor concentration rT . This implies as already
mentioned that after the total concentration of the ligand l0 reaches a critical value
almost all remaining complexes of type c2 turn over into the complex c3.

Another characteristic common to both reactions is the influence of the increasing
equilibrium dissociation constant KD1

in the context of the forming of the homod-
imeric receptor complex c1. Clearly, the results of the previous calculations are
confirmed, meaning that a low affinity between the receptors results in much lower
concentrations of the complexes c1 and c2 compared to the high affinity case. In
addition, much more ligand is needed to achieve a saturation in signalling complex
formation. The results presented in Figure 10 basically sum up all the observations
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Figure 9. Ratio of receptors bound in complex c3 to total receptor
concentration for increasing equilibrium dissociation constant KD1

(log-log plot).

that could be made so far. Thus, the overexpression of ligand does not trigger a sub-
strate inhibition. Contrary, after passing a treshold in the total ligand concentration
l0 a saturation in the formation of the signalling complex occurs. Furthermore, the
results suggest that the homodimeric receptor formation plays an important role in
the formation of the signalling complex as a variation in the equilibrium dissociation
constant resulting in low affinity between the receptors counteracts and therewith
delays the formation of signalling complexes.

Extended model. In order to determine the impact of the additional complex c4
on the system we compute the steady state solutions for the equations (12) with a
fixed receptor concentration of 9.5× 10−8 M, a broad range of ligand concentration
and let KD4 vary in the range of 10−10 to 10−4. While Figure 11 shows the results
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Figure 10. Equilibrium cross-linking curve for increasing equilib-
rium dissociation constant KD1

(log-log plot).

of these computations for the unbound monomeric receptor concentration in com-
parison to complex c1, Figure 12 displays the concentrations of the complexes c1 to
c4 in a log-log scale plot. Clearly, an interesting difference in the behaviour of the
system compared to the first model can be noted by the fact that the complex c3 is
no longer the predominant configuration in all cases. Contrary, in the case of high
and medium affinity for c4 (shown in Subfigures (A) and (B)) complex formation
is dominated by c1 for ligand concentrations lower than the receptor concentration
(given by the vertical dashed line) and by c4 after passing that treshold. Only in
the case of low affinity (Subfigure (C)) c3 reaches the highest concentration values.
Further we notice from Figure 11 that in all cases there is a strong predominance of
the monomeric receptors compared to the dimers in c1. The biological implications
of these observations will be discussed in the next section.
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Figure 11. Steady state concentrations of unbound receptor
monomers and complex c1 for increasing equilibrium dissociation
constant KD4

(log-log plot).
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Figure 12. Steady state concentrations of complexes c1 to c4 for
increasing equilibrium dissociation constant KD4

(log-log plot).

4. Discussion. In this paper we presented a minimal mathematical model for the
initial molecular interactions of death ligands with their cellular membrane recep-
tors. Two distinct molecular interactions are likely to be involved in this process as
suggested from literature data. First, regarding ligand/receptor interaction, TNF
and several other members of this ligand family have been demonstrated by crys-
talization studies to form homotrimers, capable to bind three of their respective
receptor molecules [3, 15, 25]. In addition, several members of the receptor fam-
ily, including TNFR1, TNFR2, the four human TRAIL membrane receptors, as
well as CD95/Fas, have been shown to form homomultimers in the absence of lig-
and. Originally formation of homotrimers has been proposed [7], whereas our data
strongly suggest preferential homodimer formation in the TNF [6], but also the hu-
man TRAIL system (own unpublished data). Furthermore, our own results strongly
argue for functional receptor/receptor interactions in the formation of signal com-
petent ligand/receptor clusters [6], as originally proposed by Sprang and coworkers
when they observed homodimers upon crystallization of the extracellular domain
of TNFR1 [23]. Data available in literature further show that PLAD-mediated ho-
mophilic receptor/receptor interactions are of lower affinities as compared to the
respective ligand/receptor interactions. Using surface plasmon resonance studies,
Lee and coworkers determined association and dissociation rates of homomeric and
heteromeric interactions of soluble TRAIL receptors and revealed values for their
dissociation constants in the range between one and ten micromolar [20]. Numerous
studies exist determining ligand binding affinities of TRAIL to its receptors reveal-
ing values for the dissociation constants between 1 nM to 100 nM, as determined
by isothermal titration calorimetry [30], isotope-labeled equilibrium binding assays
[9] (and own unpublished data) and surface plasmon resonance studies [10, 16].
Similarly, data from equilibrium binding studies [18] as well as association and
dissociation studies [12] in the TNF system revealed values for the apparent dis-
sociation constants in the range between 0.1 nM and 10 nM. Accordingly, in our
model we chose the reaction rate constants as depicted in Table 2, showing signifi-
cantly higher affinities for ligand/receptor interaction as compared to the homophilic
receptor/receptor interaction.

Additional constraints of our model system are as follows: When the ligand is
added, receptors are in an equlilibrium between monomers and dimers which is lo-
cated far at the side of the monomers, i.e. 86% percent of the receptors exist as
monomers and 14% form homodimers. Processes dependent of membrane fluidity
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are not taken into account, we solely focus on the initial interaction of receptor
homodimers with the homotrimeric ligand, resulting in a first step in formation of
complex c2 (Fig. 1). In the next step formation of complex c3 simply requires bind-
ing of one additional ligand, whereas complex c4 formation is dependent on a major
molecular rearrangement in which the PLAD/PLAD interaction of the receptor pair
must be opened, but for compensation of this energy demanding step an additional
ligand/receptor interaction is formed. Clearly the molecular arrangement of com-
plex c3 results in a more stable binding of the ligand based on avidity effects. Figure
11 shows the equlibrium between inligated receptor monomers and dimers for three
different k−4/k4 values. It can be seen that with rising ligand concentration de-
pletion of both unligated receptor forms is more efficient in case of a small k−4/k4
value. Figure 12 depicts the equilibrium concentrations of the complexes c1 to c4
as a function of the ligand concentration again calculated for three different k−4/k4
values. At very low but increasing ligand concentrations in all cases c2, c3 and c4
steadily rise at the expense of the unligated receptors (Fig. 11). The dotted vertical
line indicates where the ligand trimer concentration equals that of the total receptor
concentration. Clearly, this is the ligand concentration range where major changes
in the concentrations of complexes can be observed. At this point the system is
dominated by complex c4 but a further increase in the ligand concentration leads to
a rising in the complex c3. Dependent on the chosen values for k−4/k4 finally the
complex c3 becomes the predominant form with steadily decreasing concentrations
of complexes c1, c2 and c4, as well as the unligated receptors.

Interesting biological questions rise from our model, predicting that the system
is dominated by complex c3 at very high ligand concentrations. Importantly, if
all receptors are trapped in complex c3, formation of ligand/receptor clusters must
be blocked due to the lack of interaction partners for the receptor bound ligands.
Further, crystallisation studies from the unligated extracellular domain of TNFR1
and its complex with the TNF homologue lymphotoxin alpha revealed no major
conformational differences between these receptor chains. This strongly suggests
that complex c3 as such is not signalling competent as is the unligated receptor
dimer, which is in accordance with the mentioned hypothesis of signalling clusters.
Accordingly, complex c3 most likely represents a signalling incompetent end point of
the receptors at extremely high ligand concentrations, meaning that death ligands
principally show the phenomenon of excess substrate inhibition. However, we are
not aware of any description of substrate (ligand) inhibition of any TNF family
member and also in our own experiments we were unable to detect it. No excess
ligand inhibition could be observed when we applied TNF concentrations up to
80 nM in an established system [17] of TNF-driven apoptosis (data not shown).
Physiological serum TNF concentrations in healthy individuums are well beyond
20 pM and remain in the lower nM range even in the case of a life threatening septic
shock [31]. So one can generally assume that (patho)physiological cellular responses
are initiated already by TNF concentrations in the higher pM range. At these
concentrations, however, our model clearly predicts that the system is dominanted
by the complexes c2 and c4 over a broad range of k−4/k4 (Fig. 5 and Fig. 12). A
significant appearance of c3 (in the order of 10 percent of total receptors) would
occur at a ligand concentration above 10−7 M even under advantageous conditions
with a k−4/k4 value of 10−4. Together, we conclude that the formation of complex
c3, which should cause the phenomenon of substrate inhibition, is not of importance
under physiological conditions.
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In a recent publication Lai and Jackson have also constructed and analysed a
mathematical model for signalling of the death receptor Fas. In contrast to our ap-
proach these authors assumed that the ligand homotrimer bound to three receptor
chains represents the actual signalling complex. Interestingly, from their model it
was concluded that a strong substrate inhibition would occur at ligand concentra-
tions above that of the dissociation constant value [19]. As excess ligand inhibition
does not appear to play a major role in death receptor signalling, we take the results
obtained by Lai and Jackson as a further indication that complexes comprising one
ligand trimer and three receptor chains are not capable to signal.
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