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Abstract. We investigate the role of non shear stress and shear stressed based
detachment rate functions for the longterm behavior of one-dimensional biofilm
models. We find that the particular choice of a detachment rate function can
affect the model prediction of persistence or washout of the biofilm. Moreover,
by comparing biofilms in three settings: (i) Couette flow reactors, (ii) Poiseuille
flow with fixed flow rate and (iii) Poiseuille flow with fixed pressure drop,
we find that not only the bulk flow Reynolds number but also the particular
mechanism driving the flow can play a crucial role for longterm behavior. We
treat primarily the single species-case that can be analyzed with elementary
ODE techniques. But we show also how the results, to some extent, can be
carried over to multi-species biofilm models, and to biofilm models that are

embedded in reactor mass balances.

1. Introduction. Bacterial biofilms are microbial depositions on biotic or abiotic
immersed surfaces. Bacteria attach to the surface (called substratum in the biofilm
literature) and start producing gluey extracellular polymeric substances (EPS), in
which they are themselves embedded [14, 36]. This EPS matrix offers the cells
protection against harmful external stimuli.

Biofilm based technologies have been developed in Environmental Engineering
for many decades, originally in wastewater treatment, more recently also for soil
remediation and groundwater protection. Other occurrences of biofilms are con-
sidered negative. For example, in industrial equipment biofilms can lead to micro-
bially induced corrosion (biocorrosion) or to biofouling that reduces performance
efficiency. In food processing equipment they lead to hygienic risk. In a medical
context, biofilms can lead to infections that are essentially more difficult to treat
with antibiotics than bacterial infections caused by planktonic bacteria.

Biofilms are spatially structured microbial populations. Substrates that are nec-
essary to sustain microbial growth, such as nutrients or oxygen (in the aerobic case)
diffuse through the biofilm matrix, in most cases from the aqueous bulk phase. They
are consumed and depleted by the bacteria as they diffuse through the biofilm. This
leads to substrate gradients. Consequently, bacteria in the inner layers of a biofilm
experience different living conditions than bacteria in the outer layers, leading to
variations of metabolic activity, and in some cases to the establishment of micro
environments, e.g., such as anaerobic niches in otherwise aerobic communities.
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Biofilms grow in diverse hydrodynamic conditions – from creeping flow in cap-
illaries to turbulent flow in pipes. They experience shear forces which can disrupt
the mechanical stability of the biofilm causing them to erode. This phenomenon
is generally referred to as biofilm detachment and has been described in many ex-
periments as a main mechanism to balance growth, allowing the biofilm to reach a
steady state. In some industrial systems, detaching biomass is washed out, in other
applications in enters the production stream. For example, a listeriosis outbreak in
Canada in 2008 that cost 20 lives was related to detachment of a Listeria monocy-
togenes biofilm from a meat processing equipment. In other industrial systems, not
detaching biofilms can affect performance. A phenomenon related to detachment
is bioclogging, usually of porous media. This refers to biofilms that clog the pore
space and thus change the flow paths and, hence, substrate transport. This takes
place when the detachment process is not strong enough to keep flow channels open.
Depending on the application at hand, this can cause a serious drop in performance
of the biofilm system.

Mathematical models of biofilms have been developed since the 1980s [11, 25, 37].
Despite newer two- and three-dimensional models that were proposed since the end
of the 1990s, the one-dimensional biofilm model introduced in [37] is still the basis
for many engineering applications. See also [5] for an early overview. It has been
implemented in its original or extended form in numerous software packages that are
more or less routinely used by wastewater engineers [2, 36]. The description of the
complex physical detachment process in such one-dimensional models must be rela-
tively simple and qualitatively phenomenological. In many cases, it is implemented
as a sink term (“volumetric detachment” [17]). The hydrodynamic conditions that
affect detachment are usually not explicitly considered, or at most implicitly by
lumping reactor hydrodynamics into the constant detachment rate parameters. If
the reactor and its operating conditions are such that biofilm growth does not sig-
nificantly alter the shear forces acting on the biofilm, this is a good assumption. In
other applications, however, this might not be sufficient. In these cases, the detach-
ment rate functions used in the mathematical model should reflect the effect that a
growing biofilm has on the local flow field. It can be argued that this is in particular
important in porous medium applications, where flow channels can be clogged, or
in applications, where biofouling is controlled mechanically, by increasing flow rates
and thus detachment forces. Investigating the effect of the choice of detachment
rate functions on the longterm behavior of the traditional bioflm model is the pri-
mary goal of the present study. To this end we will analyse two flow rate dependent
detachment rate functions that can be considered straightforward generalization of
the current non shear dependent detachment models with constant coefficients.

The behavior of the traditional one-dimensional biofilm model with the com-
monly used non-shear dependent detachment rate functions is relatively well un-
derstood based on many numerical simulations that have been reported in the lit-
erature, but only very little is mathematically proven. The reason for this is likely
that the general multi-species, multi-substrate biofilm model is a non-linear coupled
hyperbolic-parabolic free boundary value problem, which is not easily accessible to
a rigorous analysis. Early analytical studies focused on steady state solutions of a
simple single-species model [24]. More recently an existence proof was given for a
particular dynamic multi-species model application [31], and an exclusion princi-
ple was proved for a competition biofilm model [12]. Existence of a unique weak
solution of a multi-dimensional generalization of the single-species biofilm model
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Figure 1. Schematic of a multi-species, multi-substrate biofilm as
modeled by [37]. A biofilm of thickness λ consists of particulate
substances with volume fraction fi(z) (represented as gray/black
shaded areas) with

∑

fi = 1. Growth is controlled by dissolved
substrates with concentrations ci(z). In the aqueous bulk phase,
the substrate concentrations are constant.

was analyzed in [21]. These previous studies used partial differential equations
techniques to study the model. To study the effect of detachment and reactor hy-
drodynamics we take a different approach. We formally rewrite the single species
biofilm model as a scalar ordinary differential equation, which we discuss with the
usual techniques, in particular comparison theorems. We then use the results of
the single-species model to infer the long term behavior of multi-species models by
constructing upper and/or lower solutions.

2. Governing equations. Our study is based on the one-dimensional biofilm
model of [37], assuming a homogeneous layer of biofilm covering the substratum.
The biofilm per se is formed primarily by active bacteria and inert biomass. These
are volume occupying particulate substances. The biofilm is assumed to be incom-
pressible, i.e. the volume fraction occupied by the particulate substances add up to
unity, see also the schematic in Figure 1. The EPS is usually subsumed in the active
biomass, i.e. it is implicitly assumed that the biofilm-to-EPS ratio is constant (see
[10] for an example where EPS is considered separately). The bacteria consume
nutrients and other dissolved substrates, which diffuse from the aqueous phase into
the biofilm. Consumption of nutrients leads to production of new biomass and thus
to biofilm expansion.

We denote the volume fractions of the particulate substances by fi, i = 1, ..., nf
and the concentrations of the dissolved substrates by ci, i = 1, ..., nc. A straight-
forward mass balance for the biomass fractions gives

∂fi
∂t

+
∂

∂z
(ufi) = Ri(f1, ..., fnf

; c1, ..., cnc
), i = 1, ..., nf , 0 ≤ z ≤ λ(t) (1)
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with the constraint
nf
∑

i=1

fi(t, z) ≡ 1, 0 ≤ z ≤ λ(t)

which allows to eliminate one of the equations in (1). Here, the independent variable
t is time, and z denotes the location in the one-dimensional biofilm, 0 ≤ z ≤ λ(t).
The location z = 0 is at the substratum on which the biofilm grows, while λ = λ(t) is
the biofilm thickness, which changes in time due to biofilm growth and detachment.
The terms Ri on the right hand side are biomass growth and decay terms. The
variable u(t, z) is the velocity with which the biomass moves in the biofilm. Biomass
movement is due to the expansion of the biofilm caused by local net growth, i.e. by
the conversion of nutrients into new biomass,

u(t, z) =

z
∫

0

nf
∑

i=1

Ri(f1, ..., fnf
; c1, ..., cnc

)dz. (2)

In the biofilm, the dissolved substrates are subject to diffusion and reaction and
described by

∂ci
∂t

= Di

∂2ci
∂z2

+ ri(f1, ...fnf
, c1, ..., cnc

),
∂ci
∂z

(t, 0) = 0, ci(t, λ(t)) = Si(t)

for i = 1, ..., nc. Assuming that external mass transfer resistance is negligible, Si
is the bulk concentration. The diffusion coefficient for the ith substrate is denoted
by Di and the reaction ri describes, e.g. depletion of substrate for growth of new
biomass. They are usually coupled to the biomass production terms Ri. A standard
time-scale argument that is frequently used in biofilm modeling [11, 36] allows us
to consider the substrate equation in quasi-steady state, i.e. at time t it simplifies
to

0 = Di

∂2ci
∂z2

+ ri(f1, ..., fnf
; c1, ..., cnc

),
∂ci
∂z

(t, 0) = 0, ci(t, λ(t)) = Si(t) (3)

The change of the biofilm thickness is determined by net growth, i.e. the net produc-
tion/decay of new biomass and by detachment. Assuming volumetric detachment
as described in [17], we obtain

dλ

dt
= u(t, λ(t)) − d(λ)λ, (4)

where the function d(λ) is the volumetric detachment rate at which biomass is
eroded or sloughed off from the biofilm.

In the case of a single-species biofilm that is controlled only by one dissolved
substrate, i.e. nf = nc = 1, this model simplifies greatly. Since f1 ≡ 1, the
equations (1) and (2) are equivalent, and the biofilm model reduces to

d

dt
λ =

∫ λ

0

R(c)dz − d(λ)λ (5)

The standard reaction kinetics used in biofilm modeling is Monod kinetics, according
to which the consumption rate is given by

ri(c) = −µX∞

Y

c

κ+ c
. (6)

The net growth rate is the sum of biomass production and cell death or lysis,

Ri(c) = µ
c

κ+ c
− kd. (7)
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Here, constant µ is the maximum specific growth rate, X∞ is the maximum biomass
density, Y a yield coefficient, κ the Monod half saturation concentration, and kd
the decay rate. Thus, the substrate concentration c is described by the two-point
boundary value problem

D
d2c

dz2
=

k1c

κ+ c
,

dc

dz
(0) = 0, c(λ) = S, (8)

with k1 = µX∞/Y . Hence, the single species biofilm model (5) reads

d

dt
λ =

∫ λ

0

(

µc

κ+ c
− kd

)

dz − d(λ)λ; λ(0) = λ0. (9)

We observe that integrating (8) over the biofilm thickness and using the boundary
conditions, we obtain

λ
∫

0

µc

κ+ c
=
DY

X∞

dc

dz
(λ) =: j(λ, S). (10)

In order to evaluate j(λ, S), the two-point boundary value problem for c must be
solved. Thus (9) becomes formally

dλ

dt
= j(λ, S)− kdλ− d(λ)λ. (11)

A number of possible candidates for the detachment rate function d(λ) have been
proposed in the literature, which we will consider here:















d1(λ) = δ,
d2(λ) = δλ,
d3(λ) = δτγ , 0 < γ < 1,
d4(λ) = δτλ.

(12)

By δ we denote a constant detachment rate coefficient. We use the same symbol for
each detachment rate model although we point out that both its dimensional unit
and its numerical value is different for different di, i = 1, ..., 4. It can be assumed
to be positive in all cases.

In d1 the detachment rate is constant. This has been used previously in several
studies, including [23, 28, 33]. In d2 the detachment rate grows proportionally with
the biofilm thickness. This criterion has become the de facto standard detachment
criterion. It has been proposed in [34] and used since in numerous studies, such
as [3, 36, 37] and many investigations that use existing biofilm modeling software
packages

The detachment rate d3 accounts for the experimental observation that the de-
tachment rate depends on the bulk flow hydrodynamics. In this expression τ is the
hydrodynamic shear rate acting on the biofilm. It changes as the biofilm grows,
i.e. τ = τ(λ). It also depends on the reactor type and operating conditions. The
exponent γ has been derived from experimental data, a default value is γ = 0.58
[26].

Finally, the detachment rate function d = d4(λ) = δτλ is proposed here. In this
formulation, the detachment rate is assumed to depend on both, the biofilm itself
and the hydrodynamic shear rate. This reflects recent experimental observations
that biofilms are stronger in the inner layers than in the outer layers and that well
developed thicker biofilms slough off easier than thin biofilms [8, 29].
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If the shear rate τ is approximated by the (constant, i.e. independent of λ)
reactor shear rate, then δ3 becomes equivalent with δ1 and δ4 becomes δ2.

The flux function j(λ, S) is continuous, differentiable, strictly monotonic increas-
ing in both it arguments and satisfies j(0, ·) = 0, j(·, 0) = 0 [16]. Using comparison
theorems for Sturm-Liouville type problems, e.g. [4, 35], it is found in [16] that

S

√

µ

K + S
tanh

√

λ2µ

K + S
≤ j(λ, S) ≤ S

√

µ

K
tanh

√

λ2µ

K
. (13)

Moreover, [16] derives the estimates

µ
S

K
≥ jλ(0, S) ≥ µ

S

K + S
. (14)

In particular, (13) indicates that the function j(λ, ·) is bounded by a positive con-
stant that depends only on model parameters.

It is easy to verify the following result with standard arguments.

Proposition 1. If d(λ) is continuously differentiable with respect to λ, then the
initial value problem of (11) with λ(0) = λ0 > 0 possesses a unique positive solution,
and λ = 0 is an equilibrium.

The hypothesis of the preceding Proposition 1 is trivially satisfied for the detach-
ment rate function d1 and d2, which do not depend on the bulk flow hydrodynamics.
For the detachment rate functions d3 and d4, Proposition 1 poses conditions on the
shear stress function τ(λ), which depends on the reactor and its operating condi-
tions.

For the two cases in which the detachment rate function does not depend on the
hydrodynamics the long term behavior is easily characterized:

Proposition 2. For model (11) with detachment rate function d(λ) = d1(λ) = δ,
the trivial equilibrium λ = 0 is asymptotically stable if kd+δ > jλ(0, S), and unstable
if the kd + δ < jλ(0, S). In the latter case, there exists a positive, asymptotically
stable equilibrium λ∗ > 0.

If instead we consider detachment rate functions d(λ) = d2(λ) = δλ, then the
trivial equilibrium λ = 0 is asymptotically stable if kd > jλ(0, S) and unstable
if kd < jλ(0, S). In the latter case, there exists a positive, asymptotically stable
equilibrium λ∗ > 0.

Proof. We consider first the case d(λ) = d1(λ) = δ. The right-hand-side of (11) is

F (λ) = j(λ, s)− (kd + δ)λ.

thus for the trivial equilibrium we have

F ′(0) = jλ(0, s)− (kd + δ),

from which follows that the trivial equilibrium is asymptotically stable for kd +
δ > jλ(0, S) and unstable if kd + δ < jλ(0, S). The function j(λ, S) is monotonic
increasing and bounded by a positive constant. Thus, if kd + δ < jλ(0, S), then
the function (kd + δ)λ will intersect with j(λ, S) from below at least once, say in a
point λ∗. Then jλ(λ

∗, S) < (kd + δ)λ∗. Thus, this intersection is an asymptotically
stable equilibrium.

The case d(λ) = d2(λ) = δλ follows with the same monotonicity arguments.
The only difference is that the function j(λ, S) is compared against the quadratic
function kdλ+ δλ2 instead of the linear function (kd + δ)λ.
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Figure 2. Numerical calculation of the specific flux j(λ, S) for the
parameters in Table 1.

Remark 1. It follows with the same geometrical arguments that for d(λ) = d1(λ)
there is no positive equilibrium if kd + δ > jλ(0, S).

Since we only established monotonicity and boundedness of the flux function
j(λ, S), we cannot exclude the possibility that there might be several non-trivial
equilibria. However, if, like its upper and lower bounds given above, the second
derivative jλλ(λ, S) is also non-positive, then equilibrium λ∗ is unique. That this
is the case is suggested by numerical simulations of (8) that we carried out for the
parameters in Table 1 with 0 ≤ λ ≤ 10−3m and 0 ≤ s ≤ 50g/m3. The results,
shown in Figure 2, indicate that jλλ(λ, S) ≤ 0.

Our results indicate that for d = d1 or d = d2 the trivial equilibrium, i.e. washout
of the biofilm, is stable if the biomass growth terms are dominated by the biomass
loss terms. This is for example the case if the bulk substrate concentration is
sufficiently small. In the case of the linear detachment model with d(λ) = d1(λ) = δ
washout occurs if the biomass production rate is smaller than the sum of both
biomass loss terms, lysis and detachment. On the other hand, if the standard
quadratic detachment model d(λ) = d2(λ) = δλ is used, only the balance between
growth and lysis determines whether the biofilm washes out, independent of the
detachment coefficient δ.

The situation is more involved for the detachment rate functions d(λ) = di(λ)
with i = 3, 4, which also depend on the hydrodynamic conditions. These are affected
by the reactor used. In all cases the shear stress τ must be computed. We will do
this for three reactor types in the next section.

3. Shear rate functions for idealized hydrodynamic scenarios. We consider
three formulations for the shear rate τ(λ) at the biofilm/liquid interface that enters
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Figure 3. Schematic of flow reactors: Couette flow (left): A
biofilm of thickness λ grows on the stationary plate; the oppo-
site plate moves with constant velocity inducing a linear flow pro-
file; also indicated is the substrate concentration as dotted line.
Poiseuille flow (right): Biofilm of thickness λ forms on both walls;
the flow profile in the channel is quadratic; also indicated is the
substrate concentration as dotted line.

the detachment rate functions d3(λ) and d4(λ). One models Couette flow between
two parallel plates, one of which moves with a constant velocity. This mimics
the hydrodynamic scenario in a rotating drum or roto torque biofilm reactor with
narrow gap or in a gap between moving parts of industrial or food processing equip-
ment. The other two formulations are concerned with Poiseuille flow between two
stationary parallel plates. In one case the flow is controlled by prescribing the flow
rate through the channel, in the other one the flow is driven by prescribing the
(constant) pressure gradient. The former can be understood as an idealization of
a microfluidics biofilm reactor, the latter of a trickling filter or a porous medium
biofilm reactor. See Figure 3 for a schematic representation of these setups.

We work with the elementary, well-known analytical solutions of the two dimen-
sional Navier-Stokes equations for these two hydrodynamic setups, which can be
found e.g. in [20]. These are valid for laminar flows, i.e. for Reynolds numbers
below the transition to turbulent flow and the onset of Taylor instabilities for Cou-
ette flow. For many biofilm applications, both in the real world or in a laboratory
setting, these are not severe limitations.

3.1. Couette flow. We consider laminar flow between two parallel plates, the top
of which moves with prescribed velocity u∞, see Figure 3 (left panel). On the
bottom plate we assume a biofilm of thickness λ. The flow profile is given then by
the linear function

u(z) =
z − λ

H − λ
u∞,

from which we compute the shear stress at the biofilm/liquid interface as

τ0(λ) = η
du

dz

∣

∣

∣

∣

λ

= η
u∞
H − λ

, (15)
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where η is the dynamic viscosity of the fluid. Thus, the shear force acting on the
biofilm increases as the biofilm grows. If λ = H the channel clogs and the model
breaks down.

3.2. Poiseuille flow. We consider flow between two parallel, stationary plates, a
distance H apart. On each plate a biofilm with thickness λ is assumed, see Figure
3 (right panel). The flow velocity is given by the parabolic profile

u(z) =
1

2η
∇P

(

z2 −Hz + λ(H − λ)
)

where ∇P is the constant (negative) pressure gradient along the channel and η
again the viscosity of the liquid. We replace ∇P by the new positive parameter

ψ := −∇P.
For reasons of symmetry we can restrict ourselves to studying only one of the biofilm
interfaces, namely the one at z = λ. The results hold analogously for the one at
z = H − λ. The shear stress at the biofilm/liquid interface is then

τ1 = η
du

dz

∣

∣

∣

∣

λ

= ψ

(

H

2
− λ

)

(16)

Poiseuille flow can be driven by two mechanisms, which are equivalent in an empty

channel without biofilm. One is to prescribe the specific flow rate q =
∫H−λ
λ

udy
per unit width of the flow channel, the other one is to apply a pressure drop, i.e.
to prescribe the parameter ψ. Both quantities are related by

q =
ψ

12η

(

H

2
− λ

)3

. (17)

If the flow is driven by prescribing the flow rate, (16) becomes

τ2(λ) =
12ηq

(

H
2 − λ

)2 . (18)

In the case of a pressure drop driven flow, the shear rate τ1(λ) decreases as
the biofilm grows, reflecting that the growing biofilm obstructs the flow and the
flow velocity and flow rate decrease. In a flow rate driven regime, the shear force
τ2(λ) acting on the biofilm increases, reflecting that a narrower flow path leads to
increased flow velocities if the flow rate remains constant. In both cases the biofilm
reaching λ = H/2 marks a complete clogging of the pore space and a breakdown of
the model.

4. Analysis of biofilm models with shear-dependent detachment rates.

In this section we investigate how the choice of a detachment rate function and
the hydrodynamic conditions affect the longterm prediction of the single-species
biofilm model. We first study under which conditions the solutions of the model
exist globally, are non-negative and bounded from above by a maximum biofilm
height that would mark complete clogging of the flow channel.

Proposition 3. The solutions of the biofilm model (11) with detachment rate func-
tion d(λ) = di(λ), i = 3, 4, shear rate τ0(λ), and initial data λ(0) = λ0 ∈ (0, H)
remain in [0, H). They exist for all t > 0, are unique, monotonic, and converge to
a stable equilibrium λ∗ ∈ [0, H)
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Proof. Let λ(t) be a solution of (11) with 0 < λ(0) < H and let λ̂ be the solution
of the initial value problem

dλ̂

dt
= κ− d(λ̂)λ̂, λ̂(0) = λ0,

with κ := j(H,S). Note that λ̂ exists and is unique, because d(λ) is continuously

differentiable for all 0 < λ < H . Then by comparison λ̂(t) ≥ λ(t) for all t > 0. We
note that the function d(λ) is monotonically increasing and d(λ)λ→ ∞ as λ→ H .
Thus, there exists a constant λ̄, 0 < λ̄ < H , such that

dλ̂

dt
= κ− d(λ̂)λ̂ < 0

for all λ̂ > λ̄.
Similarly, it is easy to verify with standard comparison arguments that the trivial

steady state solution λ̃ ≡ 0 is a lower bound on λ(t). Thus,

0 ≤ λ(t) ≤ λ̂(t) ≤ max{λ̄, λ0}.
Since the detachment rate is differentiable in (0, H) model (11) satisfies a Lip-

schitz condition which implies the existence of a unique solution to the initial value
problem. This solution is bounded from above and below by constants and exists
globally. It is monotonic and converges to an equilibrium.

Proposition 4. The solutions of the biofilm model (11) with detachment rate func-
tion d(λ) = di(λ), i = 3, 4, shear rate τ2(λ), and initial data λ(0) = λ0 ∈ (0, H/2)
remain in [0, H/2). They exist for all t > 0, are unique, monotonic, and converge
to a stable equilibrium λ∗ ∈ [0, H/2).

The argumentation is the same as in the previous Proposition 3. The only
difference is that the shear rate function τ2 has a singularity at λ = H/2, not at
λ = H .

The preceding propositions show that for Couette flow or for flow rate driven
Poiseuille flow the channel never clogs. This does not necessarily carry over to
pressure drop driven Poiseuille flow, i.e. the shear rate τ1(λ), for which the interval
(0, H/2) is not necessarily positively invariant. Thus, for some parameters some
solutions starting in (0, H/2) may reach λ = H/2. This indicates complete clogging
of the channel and marks a break down of the model.

Remark 2. Model (11) with detachment rate function d(λ) = d3(λ) or d(λ) = d4(λ)
and shear rate τ1(λ) has a positively invariant interval [0, λ∗] with an asymptotically
stable equilibrium λ∗ < H/2, if the constant α := 1

2δρψ is large enough, where
large values for α indicate high detachment forces. Inequalities (13) can be used to
compute a necessary lower and a sufficient upper estimate for the critical value of
α.

An important question is the question whether a biofilm can establish itself, i.e.
the stability of the trivial equilibrium λ = 0.

Proposition 5. For model (11) with detachment rate function d(λ) = d3(λ) = δτν ,
the trivial equilibrium λ = 0 is asymptotically stable if kd + δτ(0)ν > jλ(0, S)
and unstable if kd + δτ(0)ν < jλ(0, S). In the latter case, there exists a positive,
asymptotically stable equilibrium λ∗ > 0.

If instead we consider detachment rate functions d(λ) = d4(λ) = δλτ , then the
trivial equilibrium λ = 0 is asymptotically stable if kd > jλ(0, S) and unstable
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if kd < jλ(0, S). In the latter case, there exists a positive, asymptotically stable
equilibrium λ∗ > 0.

Proof. The right-hand-side of (11) is

F (λ) = j(λ, s) − (kd + d(λ))λ.

thus

F ′(λ) = jλ(λ, s)− kd − d′(λ)λ − d(λ)

and for the trivial equilibrium

F ′(0) = jλ(0, s)− kd − d(0)

The assertion follows with d3(0) = δτ(0)ν , d4(0) = 0.

Note that the preceding result is independent of the particular shear-rate function
chosen and holds for all τ(λ) = τi(λ) with i = 0, 1, 2.

Proposition 5 is easily generalized: If the detachment function is d(λ) = O(λ),
then the stability of the trivial equilibrium depends only on growth and lysis param-
eters, but not on the coefficients of the detachment function or on the hydrodynamic
conditions. On the other hand, if d(λ) = O(1) then these factors can be a decid-
ing factor whether or not a biofilm can develop. Thus, prediction of persistence
or washout of a biofilm can be sensitive to the choice of detachment rate used in
a modeling study. Under this light, d3 can be viewed as a shear-stress dependent
generalization of the more frequently used expression d1, and d4 as generalization
of detachment rate function d2, which is used as the de facto standard detachment
model in 1D biofilm simulation studies.

Propositions 3 and 4 showed that under Couette flow or under flow rate driven
Poiseuille flow the biofilm thickness λ attains eventually an equilibrium λ∗. Propo-
sition 5, together with estimate (14) allows to decide whether this equilibrium will
be the trivial one, λ∗ = 0, or a non-trivial one, λ∗ > 0. In the latter case it remains
open whether this equilibrium is unique or whether the longterm behavior depends
on the initial data. Computer simulations indicate that j(λ, S), as a function of
λ, like its upper and lower estimates according to (13) is concave, see Figure 2. If
this is the case, it suffices for d(λ) to be convex that the equilibrium λ∗ is unique.
The detachment rate functions d(λ) = d3(λ) = δτ(λ)γ and d(λ) = d4(λ) = δλτ(λ)
satisfy this condition for both shear rate expressions τ = τ0(λ) and τ = τ2(λ). On
the other, hand with the shear rate expression τ = τ1(λ) this condition is not satis-
fied. In this case it depends on the circumstances, i.e. parameters, whether a stable
equilibrium exists in the interval (0, H/2). If α is large enough in the sense of Re-
mark 2, then this is the case, but there could be also another, unstable equilibrium
λ∗ < λ∗∗ < H/2.

5. Extensions of the biofilm model.

5.1. Application to multi-species models. In many relevant applications, the
biofilm communities are formed by several bacterial species and controlled by several
dissolved substrates, while the results of sections 2 and 4 have been derived explicitly
for the simpler single-species, single-substrate case. Some of the results, however,
can be carried over qualitatively to more complex scenarios. For instance, often we
can find a single-species biofilm model which provides an upper estimate for the
thickness of a multi-species biofilm model. This is usually possible if the biomass
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reaction rates are bounded, which for most practical applications is not a severe
restriction. We demonstrate this for two examples.

5.1.1. A heterotrophic-autotrophic biofilm for wastewater treatment. First, we con-
sider a multi-species biofilm system consisting of aerobic heterotrophic bacteria,
aerobic autotrophic nitrifiers and inert biomass. Such systems arise in the modeling
of wastewater treatment processes. The growth of the active biomass fractions is
controlled by the dissolved substrates oxygen, carbon, and ammonium. Both active
species compete for oxygen. The growth of the nitrifiers is also controlled by ammo-
nium availability, the growth of the heterotrophs by carbon availability. Respiration
of both active biomass fractions is controlled by oxygen availability. Lysed active
biomass is converted into inactive biomass. This model has been introduced in [37]
and was also the basis of the multi-species Benchmark Problem 3 of the IWA Water
Association’s Taskgroup on Biofilm Modeling [27, 36].

We denote by f1,2,3 the densities of heterotrophs, autotrophs and inerts, by c1,2,3
the concentrations of oxygen, carbon, and ammonium. The bulk concentrations we
denote accordingly by S1,2,3. Starting point for the analysis of the multi-species
case are the equations (2) and (4).

Following [36, 37], the growth functions R1,2,3 are

R1 = µ1f1
c1

K11 + c1

c2
K2 + c2

− k1f1 − l1f1
c1

K11 + c1
,

R2 = µ2f2
c1

K21 + c1

c3
K3 + c3

− k2f2 − l2f2
c1

K21 + c1
,

R3 = k1f1 + k2f2,

where µ1,2 are the maximum specific growth rates of the active species, k1,2 the lysis
rates, l1,2 the respiration rates, and Kij and Ki are half saturation concentrations.
These parameters are non-negative.

From the non-negativity of biomass densities f1,2,3 and substrate concentrations
c1,2,3 we obtain

R1 +R2 +R3 ≤ µ(f1 + f2)
c1

K + c1
where µ := max{µ1 − l1, µ2 − l2} and K := min{K11,K21}. Hence, with (4) and
f1 + f2 + f3 = 1 we have for the biofilm thickness

dλ

dt
≤
∫ λ

0

µc1
K + c1

dz − d(λ)λ. (19)

The oxygen concentration c1 satisfies the two-point boundary value problem

d2c1
dz2

= αf1
c1

K11 + c1

c2
K2 + c2

with
dc1
dz

(0) = 0, c1(λ) = S1,

where the parameters growth rate, yield coefficient, diffusion coefficient are sub-
sumed in the new constant parameter α. Using again that 0 ≤ c2

K2+c2
≤ 1, we find

with the standard comparison theorems for two-point boundary value problems
[4, 35], that the solution c̃ of the two-point boundary value problem

d2c̃

dz2
= αf1

c̃

K11 + c̃
,

dc̃

dz
(0) = 0, c̃(λ) = S1,
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is a lower estimate for c1, i.e.

c̃(z) ≤ c1(z) for 0 ≤ z ≤ λ.

Therefore, with c̃(λ) = c1(λ) = S1 we obtain for the substrate flux at the interface
between biofilm and water

dc̃

dz
(λ) ≥ dc1

dz
(λ).

Thus we obtain from (19) the differential inequality

dλ

dt
≤ j̃(λ, S)− d(λ)λ (20)

where we used the short hand notation

j̃(λ, S) :=
1

α

dc̃

dz
(λ).

We denote by λ̃ the solution of the associated initial value problem

dλ̃

dt
= j̃(λ̃, S)− d(λ̃)λ̃, λ̃(0) = λ0.

By comparison we have λ̃(t) > λ(t). For the flow rate driven Poiseuille flow mech-
anism Proposition 4 showed that the biofilm will eventually attain a thickness
λ̃∗ < H/2, i.e. that the channel will not clog. Since the single species biofilm

thickness λ̃ is an upper estimate for the multi-species biofilm thickness λ, the same
holds true for the multi-species case. A similar result follows with Proposition 3 for
the Couette mechanism.

Moreover, if on the other hand in the case d(λ) = d4(λ) and the flow rate and

detachment parameters are such that the upper estimate λ̃ converges to the trivial
equilibrium, then also the multi-species biofilm cannot establish itself.

5.1.2. A biobarrier biofilm for groundwater protection. The same result can be ob-
tained with analogous arguments for many other biofilm systems. The question of
bioclogging of flow channels is of great importance in bioremediation technologies or
for biobarriers for groundwater protection. One such system is the dual-species bio-
barrier biofilm formed by Klebsiella oxytoca and Burkholderia cepacia [6, 7, 18, 19].
The latter removes the pollutant TCE but is a weak biofilm producer. The former
is a prolific biofilm producer that does not degrade the pollutant but stabilizes the
biofilm. Both species compete for a common resource. The growth functions for
this dual species biobarrier biofilm according to [6, 7] are

R1 = µ1f1
c1

K11 + c1
− k1f1,

R2 = µ2f2
c1

K21 + c1

c2
K2 + c2

− k2f2,

where f1 and f2 are the densities of K.oxytoca and B.cepacia, and c1 and c2 are
the concentrations of nutrient and pollutant. The flow between soil particles can
be approximated by Poiseuille flow. We obtain the estimate

R1 +R2 ≤ µ
c1

K + c1
− k

with µ := max{µ1, µ2}, K := min{K11,K21} and k := min{k1, k2}. The same
arguments as above lead to the conclusion that soil pores remain open if the flow
is driven by a fixed rate, but might clog if the flow is driven by a too low pressure
difference.
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5.2. Application to a simple reactor model. In the previous sections we as-
sumed that the bulk substrate concentration does not noticeably change in response
to biofilm accumulation. In many other applications it is more realistic to account
for the bulk substrate to be depleted due to biofilm growth. We formulate a simple
model for such a flow chamber reactor. Assuming the bulk to be completely mixed,
the equation governing the concentration S in the aqueous phase is derived from
the basic reactor mass balance, stating that the amount of substrate equals inflow
minus outflow and consumption by the biofilm. The latter can be expressed in
terms of the substrate flux into the biofilm, i.e. in terms of j(λ, S). This substrate
equation is coupled with the equation for the biofilm thickness. We obtain

d

dt

(

V S
λ

)

=

(

Q(λ) (S∞ − S)− X∞L
Y

j(λ, S)
j(λ, S)− kλ− d(λ)λ

)

, (21)

where Q = Q(λ) is the specific flow rate (per unit width) in the reactor and V =
(H−2λ)L is the specific volume (per unit width) of the aqueous phase; L denotes the
length of the flow chamber. By S∞ we denote the substrate inflow concentration.
Note that by writing Q = Q(λ) we emphasize that in the case of a Couette reactor or
of pressure drop driven Poiseuille flow the flow rate depends on the biofilm thickness.
In the case of flow rate driven Poiseuille flow, this simplifies with Q = const.

After rearranging terms, equation (21) can be rewritten as

d

dt

(

S
λ

)

=

(

1
H−2λ

(

Q(λ)
L

(S∞ − S)− X∞

Y
j(λ, S) + 2S [j(λ, S)− kλ− d(λ)λ]

)

j(λ, S)− kλ− d(λ)λ

)

.

(22)
Since j(λ, S) ≥ 0, it follows with the usual comparison arguments that 0 ≤ S(t) ≤

Smax := max{S∞, S0} for all t > 0, if the initial data satisfy S(0) := S0 ≤ X∞

2Y and

if S∞ < X∞

2Y . The last two condition are not a severe restriction for realistic biofilm
systems, see also Table 1. Thus with S ≤ Smax an upper estimate on the biofilm
thickness can be derived as the solution λ̃ of

dλ̃

dt
= j(λ̃, Smax)− kλ̃− d(λ̃)λ̃, λ̃(0) = λ0. (23)

Hence, similar as in the case of the multi-species model, if the above single species
model for λ̃ predicts that the flow channel does not clog, then neither does the
channel clog for the system (21). This is the case, e.g. for d(λ) = d3(λ) or d(λ) =

d4(λ) with shear rate τ0(λ) or τ2(λ). Similarly, if λ̃ converges to 0, then λ will as
well.

The reactor model (21) always has the trivial equilibrium (S∗, λ∗) = (S∞, 0),
independent of the detachment rate and shear stress model. While the Jacobian
of (22) yields a lengthy expression (see (30) in the Appendix), it simplifies for the
trivial equilibrium and is obtained as

F ′(S∞, 0) =

(

−Q(λ)
V

∗
0 jλ(0, S∞)− k − d(0)

)

(24)

where we used that jS(0, S) = 0 [16]. Thus, we always have the negative eigenvalue
z1 = −Q/V . The sign of the second eigenvalue depends on the parameters. Note
that the results of Proposition 5 carry over. Hence, if the trivial equilibrium is
stable for (23), then it is also stable for (21) and vice versa.

The existence and stability of non-trivial equilibria of (21) can formally be studied
using phase plane analysis. However, due to the number of parameters involved and
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due to the algebraic complexity of some expressions, depending on the choice of
detachment and shear rate functions, a complete analysis that lends itself to useful
general existence and stability results is not feasible. We focus on the case that is
not covered by the remark above, namely pressure gradient driven Poiseuille flow
with shear rate model τ = τ1(λ). We investigate this for detachment rate function
d = d3(λ). Recall that in the case of a constant bulk concentration we could not
derive a general result about the possibility of the channel to be clogged, but found
that it depends on the specific parameter choices.

We normalize the biofilm thickness with respect to H/2, and the bulk concen-
tration with respect to S∞, i.e. we introduce the new dependent variables

s :=
S

S∞
, l :=

λ

H/2
.

Furthermore, for algebraic simplicity we approximate the flux of substrate into the
biofilm as

j(λ, S) ≈ µ
λS

K + S
. (25)

This value is exact if one uses 0th order kinetics instead of Monod kinetics, but it
overestimates substrate consumption where 0th order kinetics does not approximate
the Monod kinetics well. However, in [1] it was shown that (25) can be an accept-
able flux approximation for realistically relevant parameters. Moreover, again for
algebraic simplicity, we choose for the shear exponent ν = 1/2, in good agreement
with the value ν = 0.58 suggested in [26]. Then, (22) becomes

d

dt

(

s
l

)

=

(

αψ(1 − l)2(1− s)− β l
1−l

s
κ+s +

2s
1−l

dl
dt

µ ls
κ+s − kl − φ

√
ψ
√
1− ll

)

, (26)

where the new compounded model parameters are

α :=
H2

96ηL
, β :=

X∞µ

2Y S∞
, φ := δ

√

H

2
, κ :=

K

S∞
.

In the sequel we will treat the reaction parameters as given and investigate how
the longterm behavior depends on the parameters that directly affect detachment,
namely φ and ψ. We may assume without loss of generality that

µ

κ+ 1
> k,

because otherwise cell death would dominate growth even under ideal food condi-
tions and no biofilm would be able to establish, regardless of detachment effects.

The trivial equilibrium (s∗, l∗) = (1, 0) is asymptotically stable if

µ

κ+ 1
− k < φ

√

ψ, (27)

i.e if the detachment rate and the pressure gradient that drives the flow are suffi-
ciently large. The trivial equilibrium is unstable if the reverse inequality holds.

We are interested in equilibria (s∗, l∗) ∈ (0, 1) × (0, 1) =: I. These are the
intersections of l-nullclines and s-nullclines, i.e of the curves in I along which dl/dt ≡
0 and ds/dt ≡ 0, respectively.

In I, the l-nullcline, parameterized as l2(s), can be found as

l2(s) = 1− 1

φ2ψ

(

µs

κ+ s
− k

)2

. (28)
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Let ŝ be defined as the unique value with

µŝ

κ+ ŝ
− k = 0.

We have then l2(ŝ) = 1, l2(1) < 1 and

l′2(s) = − 2

φ2ψ

(

µs

κ+ s
− k

)

µκ

(κ+ s)2
< 0, s > ŝ,

and the reversed inequality for 0 < s < ŝ. Thus, l2(s) is a strictly decreasing
function for ŝ < s < 1 and strictly increasing for 0 < s < ŝ.

We parameterize the s-nullcline as Λ1(s). It is implicitly given as

0 = αψ(1 − Λ1)
3(1− s)− β

Λ1s

κ+ s
+ 2s

(

µ
Λ1s

κ+ s
− kΛ1 − φ

√

ψ
√

1− Λ1Λ1

)

.

Instead of calculating the equilibria as intersections of Λ1(s) and l2(s) directly, we
note that in these points the last term of the last expression vanishes. Hence,
equilibria are those points (s∗, l∗) = (s, l) that lie on l2(s) and satisfy

0 = αψ(1 − l)3(1− s)− βl
s

κ+ s
. (29)

In other words, for every s they can be found as the root of cubic polynomials.
More specifically they can be determined as the intersections of the cubic function

χ1(l) = (1 − l)3

with the straight lines

χ2(l) =
βs

αψ(1 − s)(κ+ s)
l.

For every choice of s in [0, 1) and all model parameters fixed, this intersection is
unique. Thus, there runs only one such curve, denoted by l1(s) in I. It is continuous
and strictly decreasing with l1(0) = 1. We find directly from (26) or by taking the
limit for s → 1 that l1(1) = 0. See also Figure 4 to support these geometrical
arguments.

By the intermediate value theorem, it follows that there exists exactly one non-
trivial equilibrium (s̃, l̃) with s̃ < ŝ, as an intersection point of the strictly decreasing
function l1(s) with the strictly increasing function l2(s). We note that in this
equilibrium the substrate concentration is too small to sustain biofilm growth, even
in the absence of detachment. Thus we expect this equilibrium to be unstable.

Moreover, by the intermediate value theorem, it follows, that l1(s) and l2(s) have
at least one intersection in a nontrivial equilibrium point (s∗, l∗) with s∗ > ŝ and
l∗ = l1(s

∗) = l2(s
∗) if

(

µ

κ+ 1
− k

)2

> φ2ψ.

Recall that under this condition, the trivial equilibrium is unstable. On the
other hand, since both l1(s) and l2(s) are monotonously decreasing and because
l2(ŝ) > l1(ŝ), the particular form of (28) implies that for large enough values of φ2ψ
no equilibrium exists besides the then asymptotically stable trivial one.

It is difficult to calculate the values s∗ and l∗ explicitly in closed form. Therefore,
we resort to numerical computations to investigate the existence and stability of the
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Figure 4. Functions χ1(l) = (1 − l)3 (solid line) and χ2(l) =
βs

αψ(1−s)(κ+s) l (dotted lines) for several choices of s. The slopes

of the lines χ2 increase as s increases. The intersections of these
curves mark the points (s, l1(s)).

Table 1. Model parameters used in simulations studies

parameter symbol value unit reference
bulk substrate concentration S∞ 30 gm−3 [36]
biomass density X∞ 10000 gm−3 [36]
maximum growth rate µ 6 d−1 [36]
half saturation concentration K 4 gm−3 [36]
cell death rate k 0.4 d−1 [36]
yield coefficient Y 0.63 - [36]
bulk viscosity η 86.6 Ndm−2 [13]
bulk density ρ 1 · 106 gm−3 [13]
reactor height H 0.001 m assumed
reactor length L 0.01 m assumed
compounded α 1.203 · 10−8 m3N−1d−1 calculated
compounded β 1587.3 d−1 calculated
compounded κ 0.133 - calculated

non-trivial equilibria. To this end, we compute l1(s) for s ∈ (0, 1) numerically with
Newton’s method as solution to

(1− l)3 − βs

αψ(1− s)(κ+ s)
l = 0

and we locate the nontrivial equilibria as intersections of l1(s) and l2(s). The
stability of these equilibria is then determined from the Jacobian, given in the
Appendix as (31), in the usual manner by determining its trace and determinant,
or equivalently its eigenvalues.
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We do not aim for a complete exploration of the twelve-dimensional parameter
space, but focus on the effect of the parameters of the detachment model, i.e. the
detachment coefficient δ and the hydrodynamic condition in the reactor. The model
parameters used are summarized in Table 1. These values are chosen from a typical
range of parameters, as documented in the biofilm literature, such as Benchmark
Problem 1 in [36]. The compounded parameters β and κ are computed from these.
Similarly, the compounded parameter α is fixed from standard parameters for water
as the bulk liquid and a small microfluidic flow chamber. The parameters φ and ψ
are varied. From (17) we obtain the average flow velocity in an empty channel (with
l = 0) as u = 1

12ψH
2/η. Thus the reactor Reynolds number is directly proportional

to the pressure gradient ψ,

Re =
1

12

ρ

η2
H3ψ.

For the parameters in Table 1 we compute the value for ψ driving a flow with Re = 1
as ψ|Re=1 = 6.71 · 1020Nm−3. This is well in the laminar regime for which our flow
approximation is valid.

We vary ψ such that it covers the range of reactor Reynolds numbers Re =
10−8 ∼ 10−4 and test several values of the detachment coefficient φ for each of
them. In Figure 5 we plot for selected choices of ψ and φ the functions l1(s) and
l2(s) and report the equilibria and their stability. These are representative snapshots
of the overall picture. From our computations we observe three possible distinct
cases, the transitions between which are continuous:

(a) For large values of φ2ψ the functions l1(s) and l2(s) do not intersect for s > ŝ.
In this case, l2(s) > l1(s) for all s ∈ [ŝ, 1]. With the arguments presented above the
trivial equilibrium is stable under these conditions. The combination of large flow
velocities, and hence shear forces, and high detachment rate coefficients does not
allow a biofilm to establish itself.
(b) For intermediate values of φ2ψ we find two non-trivial equilibria, (s∗1, l

∗
1) and

(s∗2, l
∗
2), with ŝ < s∗1 < s∗2 and l∗1 > l∗2 . The equilibrium (s∗1, l

∗
1) is a stable node, the

equilibrium (s∗2, l
∗
2) is a saddle. Since in these cases l2(1) > 0, the trivial equilibrium

is asymptotically stable.
(c) For small enough values

φ2ψ <

(

µ

κ+ 1
− k

)2

there is only one non-trivial equilibrium (s∗, l∗) with s∗ > ŝ, which is a stable node.
The smaller φ2ψ the smaller will be s∗ and the larger will be l∗. We observe s∗

to be substantially smaller than the maximum value 1, often close to ŝ, and the
biofilm thickness l∗ can be close to the maximum value 1. The low values of s∗

indicate that the equilibrium is reached because of a substrate depletion. Under
these conditions, the trivial equilibrium is unstable.

In all cases (a), (b), (c) we confirm the non-trivial equilibriums (s̃, l̃) with 0 <
s̃ < ŝ to be unstable.

The stable nodes according to (b),(c) are found to correspond to thick biofilms,
indeed close to complete clogging of the flow channel, l∗ ≈ 1. The bulk substrate
concentration is very small, close to ŝ, indicating growth limitations. Note that
these substrate limitations have two causes: the thick biofilm implies high substrate
demand, as well as a small flow rate, i.e. low supply. The unstable saddle according



LONG TIME BEHAVIOR OF 1D BIOFILM MODELS 233

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  0.2  0.4  0.6  0.8  1

l

s

l1
l2

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  0.2  0.4  0.6  0.8  1

l

s

l1
l2

(i) Re = 10−4, φ = 5 · 10−7 (ii)Re = 10−8, φ = 3.5 · 10−6

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  0.2  0.4  0.6  0.8  1

l

s

l1
l2

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  0.2  0.4  0.6  0.8  1

l

s

l1
l2

(iii) Re = 10−4, φ = 3 · 10−8 (iv)Re = 10−8, φ = 2.5 · 10−6

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  0.2  0.4  0.6  0.8  1

l

s

l1
l2

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  0.2  0.4  0.6  0.8  1

l

s

l1
l2

(v) Re = 10−4, φ = 1.8 · 10−8 (vi)Re = 10−8, φ = 1.7 · 10−6

Figure 5. l1(s) and l2(s) in [ŝ, 1] × [0, 1]. The intersections of
these curves are the equilibria: (i) no nontrivial equilibrium, (ii)
no nontrivial equilibrium, (iii) stable node at (0.030032, 0.99181),
saddle at (0.99969, 0.60338), (iv) stable node at (0.17868, 0.780164),
saddle at (0.95743, 0.43523), (v) stable node at (0.021739, 0.99104),
(vi) stable node at (0.08398, 0.81010). In all cases an additional
unstable equilibrium is found in I for a 0 < s̃ < ŝ (not shown). The
trivial equilibrium at (1, 0) is stable for (i),(ii),(v),(vi), unstable for
(iii),(iv).

to (b), on the other hand is attained for s∗2 ≈ 1 i.e. it is not growth limited but
hydrodynamically limited.

For a fixed flow regime, expressed in terms of ψ, the detachment parameter
φ plays the deciding role for the qualitative long term behavior. Comparing our
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Figure 6. Computed critical value φcritical,(a)→(b) for the transi-
tion from state (a) with no non-trivial equilibrium in (ŝ, 1)× (0, 1)
to the the state (b) with a stable and an unstable non-trivial
equilibrium, as a function of pressure gradient ψ (solid curve); ψ
covers hydrodynamic reactor conditions corresponding to 10−8 <
Re < 10. The two dotted curves are upper and lower estimates
on φcritical,(a)→(b), parameterized as φ = 8/

√
ψ and φ = 80/

√
ψ.

Also plotted is the analytically computed value φcritical,(b)−>(c) =
(

µ
1+κ − k

)

/
√
ψ = 4.9/

√
ψ.

simulation results we find that the critical values for φ at which the transitions from
state (a) to (b) or from (b) to (c) occur increases with decreasing reactor Reynolds
number. For the transition from (b) to (c), this can be calculated easily from (27)
as

φcritical,(b)→(c) =
1√
ψ

(

µ

κ+ 1
− k

)

,

i.e. a two order of magnitude change in ψ induces a one order of magnitude change
in φcritical,(b)→(c). A similar qualitative relation is confirmed computationally for
the other transition

φcritical,(a)→(b) ∼
1√
ψ
,

plotted in Figure 6.
We conclude that the detachment coefficient δ, whence φ, that is required to ob-

tain a stable biofilm that maintains an unclogged flow path depends on the reactor
shear rate. In our modeling framework, δ was considered a parameter that describes
material properties of the biofilm, independent of the hydrodynamic conditions. Ex-
perimental studies, however, suggest that the material properties of the biofilm are
not only strain specific but also depend on the conditions under which the biofilm
was grown, including bulk substrate supply and, more importantly in our context,
the hydrodynamic conditions in the reactor [9, 22, 30, 32]. More specifically, biofilms
grown under higher reactor shear-rates are mechanically stronger biofilms. In the
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framework of our model, this would indeed translate into the detachment coefficient
δ, whence φ, to be smaller for larger ψ. A quantitative relationship between detach-
ment coefficient and the bulk flow conditions under which the biofilm was grown is
not known in the literature. In order to include this in the model one must keep
in mind that it is the growth history rather than the current conditions that must
be considered. This could potentially be modeled by a nonlocal retardation term,
which however will increase the mathematical complexity of the model drastically.

Note that the interval I is not positively invariant. To see this, substitute l = 1
into the equation for l in (26) and find dl/dt > 0 for s > ŝ. Thus the existence
of asymptotically stable equilibria in I does not necessarily guarantee that the so-
lutions converge to steady state. Solutions for which eventually l > 1 loose their
physical meaning. They represent that the channel clogs and mark the breakdown
of the model. Whether this happens or whether the solution converges to a stable
equilibrium depends on the initial data. In experimental studies, often the biofilm
is initially grown under certain conditions and then placed either in a different en-
vironment or reactor conditions such as bulk substrate concentrations and reactor
shear rate are instantaneously changed. In such a set-up the equilibria and their sta-
bility change instantaneously, because the parameters change. Hence, such abrupt
changes can change the dynamics of the biofilm system.

6. Conclusion. Traditional one-dimensional mathematical models of biofilms for
realistic multi-species systems are described by a free boundary value problem for
a mixed hyperbolic-parabolic system. This makes them very difficult to access
for qualitative mathematical analysis, and what is known about them has been
primarily derived in numerous quantitative computer simulation case studies. For
simpler single species systems, on the other hand, we could rewrite the free boundary
value problem as an ordinary differential equation, which allows us to study it with
elementary techniques. Using this approach we investigated the role of the choice of
the particular biofilm detachment model and the role of the hydrodynamic regime
for the long term behavior of the model.

The detachment rate expressions commonly used in the literature do not account
for the fact that the shear rate acting on the biofilm contributes to biomass loss. If
at all, flow effects are only accounted for by adjusting the detachment coefficients for
reactor hydrodynamics but it is neglected that biofilm growth in return can alter the
hydrodynamics. We studied here two detachment rate expressions that explicitly
account for this effect. One, denoted by us as d3, has been been proposed previously
in the literature by fitting against experimental data. The other one, denoted by
d4, was proposed here as a phenomenological criterion that assumes the detachment
rate to be proportional to both, biofilm thickness and the local shear rate. We find
that the choice of the detachment rate functions can affect the equilibria and their
stability. For example, the stability of the washout equilibrium depends on the
bulk flow hydrodynamics if detachment rate d3 is used, but it is independent of
the flow conditions if detachment rate d4 is used instead. From this view point,
the detachment model d3 can be understood as a hydrodynamic generalization of
the first order detachment model (constant detachment coefficient), while d4 can be
understood as a hydrodynamic generalization of the more frequently used second
order detachment model (detachment rate scales with biofilm thickness).

Also the hydrodynamic regime can have a major impact on the qualitative long
term behavior of the model solutions, in particular they can affect whether a biofilm
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can establish itself, and if so whether or not it will eventually clog the channel or
leave an open flow path. Commonly, the reactor scale Reynolds number is used
to characterize the flow conditions in a biofilm reactor. By analyzing three types
of flow scenarios for the two shear rate dependent detachment models, namely (i)
Couette flow that mimics narrow gap rotating annulus biofilm reactors, (ii) pressure
drop driven Poiseuille flow that for example mimics trickling filters or porous media
biofilm reactors, and (iii) flow rate driven Poiseuille flow that mimics microfluidics
chambers, we find that this is not a sufficient criterion to predict the effect of
hydrodynamics on the biofilm. For example, while flow mechanisms (i) and (iii)
guarantee an open flow path, flow mechanism (ii) can lead to clogging of the flow
channel for the same reactor scale Reynolds number.

In the case of detachment rate functions that do not explicitly depend on re-
actor hydrodynamics, it depends only on the detachment rate coefficient whether
the channel clogs. The model is not prevented from predicting and reaching an
unphysical stable equilibrium.

Our analysis was originally carried out for a single-species/single-substrate biofilm
model, for which biofilm growth does not affect the bulk substrate concentration.
Using comparison theorems, we were able to partially apply the qualitative results
to more complicated systems, such as multi-species/multi-substrate biofilm systems
or biofilm models that are embedded in a reactor mass balance for a dissolved sub-
strate that is degraded by biofilm activity. In particular we construct in both cases
a single-species/single-substrate biofilm model which gives us an upper bound on
the biofilm thickness of the more involved system. If this upper estimates predicts
that the system will not clog entirely but a flow path will be maintained, then this
applies also to the underlying more complex model. If the upper estimate predicts
washout, also the underlying more complex model will predict washout.

As discussed above, in contrast to Couette flow or flow rate driven Poiseuille
flow, a pressure gradient driven Poiseuille flow does not necessarily guarantee that
a flow path will be maintained and that the channel does not clog. This becomes
in particular obvious in a reactor setup where the growth of the biofilm leads to
a decrease of the bulk substrate concentration due to consumption. Under these
circumstances, an increasing pressure gradient applied to the flow channel increases
on the one hand the flow rate and therefore substrate supply and washout, as well as
the detachment forces. On the other hand, the increased substrate supply leads to
accelerated growth which obstructs the flow and thus reduces the flow rate. Growth,
bulk flow, and detachment interact intricately. The qualitative longterm behavior
and its stability in this setup depends sensitively both on reactor flow conditions
and on the material properties of the biofilm.

In summary, in biofilm modeling, the choice of the detachment rate function used
and the reactor flow conditions can drastically determine the longterm behavior of
the biofilm. They affect at least the biofilm thickness predicted, but can even affect
qualitative persistence predictions. This seems to indicate that biofilm detachment
studies, both theoretical and experimental, must be seen in the context of the
particular reactor and flow regime.
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Appendix A. Jacobian of the model of Section 5.2. The Jacobian of the full
system (22) is obtained as

F ′(S, λ) =
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(30)
Note that the first term of the entry in position (1,2) vanishes if the Jacobian is
evaluated in an equilibrium. Moreover, in the trival equilibrium (s∗, λ∗) = (S∞, 0)
we obtain with js(0, S∞) = 0 the Jacobian in the form (24).

For the nontrivial equilibria (s∗, l∗) in the special case of (26) the Jacobian sim-
plifies to
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