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ABSTRACT. We use a periodically forced SIS epidemic model with disease in-
duced mortality to study the combined effects of seasonal trends and death on
the extinction and persistence of discretely reproducing populations. We intro-
duce the epidemic threshold parameter, R, for predicting disease dynamics in
periodic environments. Typically, Ro < 1 implies disease extinction. However,
in the presence of disease induced mortality, we extend the results of Franke
and Yakubu to periodic environments and show that a small number of infec-
tives can drive an otherwise persistent population with Rg > 1 to extinction.
Furthermore, we obtain conditions for the persistence of the total population.
In addition, we use the Beverton-Holt recruitment function to show that the
infective population exhibits period-doubling bifurcations route to chaos where
the disease-free susceptible population lives on a 2-cycle (non-chaotic) attrac-
tor.

1. Introduction. The complexity of a fatal disease epidemic process is often ob-
scured by neglecting seasonal factors [45]. In periodic environments, it is known
that population sizes are often either enhanced via resonance or diminished via
attenuance [5, 12, 13, 15, 16, 17, 18, 19, 20, 21, 22, 26, 27, 28, 31, 32, 33, 35, 36, 38|.
However, most disease epidemic models in the literature (with a few exceptions)
neglect seasonal factors [3, 4, 14]. For example, Allen and Burgin [1], Allen [2],
and Castillo-Chavez and Yakubu [9, 10, 11] studied disease invasions in discretely
reproducing populations that live on attractors in constant (nonperiodic) environ-
ments. Cushing and Henson [16], Elaydi and Sacker [19, 20, 21, 22], Franke and
Yakubu [26, 27], Kocic [36], Kocic and Ladas [37], Kon [38], and others have studied
the effects of periodic environments on ecological models with no explicit disease
dynamics [47].

In this paper, we focus on the impact of seasonal factors on a discrete-time SIS
(susceptible-infected-susceptible) epidemic model with disease induced mortality.
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When the environment is constant and the disease is not fatal our model reduces to
the SIS epidemic model of Castillo-Chavez and Yakubu [9, 10, 11]. However, when
the environment is constant and the disease is fatal, our model reduces to that of
Franke and Yakubu [25]. Hwang and Kuang [34, 39] as well as Berezovsky et al [6, 7]
illustrated surprising dynamics in a simple continuous-time susceptible-infected (ST)
model with variable population size and disease-induced mortality. In particular,
in the continuous-time SI model, Berezovsky et al [6, 7] showed the existence of
homoclinic trajectories that allow the possibility of outbreak of the disease at very
low levels of infection. In this paper, we use a periodically forced discrete-time SIS
model with disease induced mortality to show that a small number of infectives may
cause the total population to go extinct although Ry > 1.

To construct our compartmental model, we assume that a disease invades and
subdivides the target population into two classes: susceptibles (noninfectives) and
infectives. Prior to the time of disease invasion, the population is assumed to be
governed by a periodically forced demographic equation with a periodic recruit-
ment function. Hence, the population is assumed to be either at a demographic
“steady state” (an attracting cycle or a chaotic attractor) or at a periodic geomet-
ric growth rate. The transition from susceptible to infective is a function of the
contact rate a (between individuals) and the proportion of infectives (prevalence)
in the population.

We derive the epidemic threshold parameter, Ry, for predicting disease persis-
tence or extinction in periodic environments. Franke and Yakubu, in [25], showed
that in constant environments, when Ry > 1 a tiny number of infected individuals
can drive an otherwise persistent population to extinction. We extend this result
to include periodic (non-constant) environments. In particular, we use numerical
simulations and a periodically forced Beverton-Holt recruitment function to illus-
trate this in a specific example [8]. In addition, we show that it is possible for the
infective population to exhibit period-doubling bifurcations route to chaos while the
disease-free (susceptible) demographic dynamics is cyclic but nonchaotic [30].

The paper is organized as follows. In Section 2, we introduce the periodically
forced demographic equation with disease induced mortality and the main model, a
periodically forced discrete-time SIS epidemic model with disease-induced mortality.
We extend, in Section 3, the results of Franke and Yakubu on periodically forced
SIS epidemic models without disease-induced mortality. The demographic threshold
parameter Rp, and the basic reproductive number Ry are introduced in Section 4.
These are used to predict the (uniform) persistence or extinction of the infective
population in the SIS model. Section 5 concerns applications of the persistence and
extinction results to an SIS model with the Beverton-Holt recruitment function.
Also in Section 5, we illustrate period-doubling bifurcations in the epidemic model
where the disease-free susceptible dynamics is cyclic and non-chaotic [41]. The
implications of our results are discussed in Section 6.

2. Demographic equations with seasonality. In constant environments, the-
oretical discrete-time epidemic models with disease-induced mortality are usually
formulated under the assumption that the dynamics of the total population size in
generation ¢, denoted by N (t), is governed by equations of the form

N(t+1) = f(N(1) +7115(t) +121(D), (1)



SIS MODEL IN SEASONAL ENVIRONMENTS 387

where 1 and 75 € (0,1) are respectively the constant “probabilities” of surviving
of the susceptibles and infectives per generation and f : R, — R} models the birth
or recruitment process; where vy > 7o [25].

To introduce seasonality into (1), we p-periodically force the recruitment function
and the survival rates. This is modeled with the p-periodic demographic equation

N(t+1) = f(t, N(#) +715() + 72 L (2), (2)
where 3 p € N such that
FEN(D) = F(t+p,N() Vi€ D,
and for each i € {1, 2}
Vi(t4p) = Vit Vt € Ly,
where ;; € (0,1). We assume throughout that f(¢t,N) € C*(Z, x Ry,R) and
Vit > Yot Vt € Zy.
In the absence of disease, I(t) = 0, Model (2) reduces to the disease-free demo-
graphic equation
S(t+1) = f(t,S(t) + 7S (). (3)
Franke and Yakubu, in [28], studied model (3) with periodic constant recruitment
function

&, S(@) = ke(1 —71e),
with periodic Beverton—Holt recruitment function
1— keS(t
f(t,S(t)) — . ( '71t)ﬁ' t ( ) ;
(L= y1e)ke + (0 — 14 71)S(¢)
and with periodic Ricker function [42]

_5@)
F(t5(1) = (1= n)S@e =5,
where the carrying capacity k; and the survival rate of the susceptibles 71, are p-
periodic, kiy1p = k¢ and vy (4p) = 71¢ for all ¢t € Z, [16, 28]. Franke and Yakubu
proved that periodically forced recruitment functions can generate globally attract-
ing cycles in Model (3) [28]. In the following result, Franke and Yakubu obtained a
globally attracting cycle for the periodic constant recruitment function.

Theorem 2.1. Let
f(t, S(t)) = kt(l — ’)/1,5).
Then Model (3) has a globally attracting q - periodic cycle that starts at

—1

p
kp—1(1 = yip—1) + Yip—1kp—2(1 —y1p—2) + ... + ko(1 —v10) ] 7
J=1

ZTo = p—1 )

1= II s
J=0

where q divides p.

Next, we state the result of Franke and Yakubu on globally attracting cycles for
convex monotone recruitment functions [28].

Theorem 2.2. If the recruitment functions of x for each t, f(t,x), are increasing,
concave down, bounded, pioneer functions, then the p— periodic demographic system,
Model (3), has a globally attracting positive q - cycle, where q divides p.
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By Theorem 2.2, Model (3) has a globally attracting cycle whenever the recruit-
ment function is the periodically forced Beverton-Holt model.

Theorems 2.1 and 2.2 imply that in the absence of the disease, the susceptible
population is asymptotically periodic (bounded) and lives on a cyclic attractor when
the recruitment function is either a periodic constant or the periodic Beverton—Holt
model. Denote this cycle by

(50,51, ... 51}
When new recruits arrive at the periodic positive per-capita growth rate A;, then
&, N(t)) = AN(1),

where Ay, = A for all t € Z. The solution to the disease-free equation, Model
(3), is

S(t) = (f[ (s + m)) 5(0),

J=0
and the demographic basic reproductive number is

-1 -1
Rp = 1= Qs +7g) — 1o ns
= — .
1- HI}:() Y1J
If Rp < 1, the total population goes extinct at a geometric rate, and if Rp > 1,

the total population explodes at a geometric rate. In constant environments, p = 1,
A=A, 715 = 71 and Rp reduces to

(4)

A

L—my’
In [25], Franke and Yakubu used Rp, = 17’\7 to study the long-term behavior of a
geometrically growing disease-free state in constant environments.

To introduce our periodically forced SIS epidemic model with disease-induced
mortality, we assume that infective individuals recover with constant probability

(1 — o). Furthermore, we assume that
¢ :[0,00) = [0,1]

is a monotone convex probability function with ¢(0) = 1,¢'(z) < 0 and ¢"(z) > 0
for all € [0,00). Also, we assume that the susceptible individuals become infected
with nonlinear probability (1 — ¢ (a%)) per generation, where the transmission
constant a > 0. When infections are modeled as Poisson processes, for example,

then ;
o(ox) =t
((10]).

Our assumptions and notation lead to the following periodically forced SIS epi-
demic model with disease induced mortality:

Rp,

S(E+1) = FEN®) + 706 (af) SO + 21— 0)I(1) 5
It+1) = 7y (1—¢(a%))5(t)+72t01(t)

We assume throughout that 3 p € N such that
f&N@) = f(t+p,N(t)) VteZLy,
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and for each 7 € {1,2}
Yi(t+p) = Vit V€ Ly,

where ;4,0 € (0,1), y2¢ < v1; and f(t, N) € C*(Zy xR, ,R,). Model (5) reduces to
the SIS epidemic model of Franke and Yakubu when the environment is constant,
f&,N(@) = f(N(®)) and 72t = 72 < 71t = 71 [25]. In Model (5), the total
population in generation ¢t +1 (N(t+1) = S(¢+ 1) + I(t + 1)), the sum of the two
equations of the model, is Equation (2).

If the disease is not present (I(t) = 0), then N(¢) = S(¢) and our SIS model
reduces to Equation (3). When this reduced equation has the ¢—cycle attractor

{§07§17 ce 7§q—1}a
then

{(50,0) (51,0) .-+ (S4-1,0)}

is a disease-free cycle of Model (5).
3. Preliminary results. Here, we obtain some auxiliary results that will be used
to study disease persistence and extinction in our periodically forced SIS model. In
the following result, we obtain one-variable bounds on the total population of the
model.

Lemma 3.1. In Model (5),
F&N(@) +72uN(t) < N(@E+1) < f(t,N(t)) + 1N ().
Proof. Since vor < 714,

F@N(0) +72eN (8) = f(E, N () +72:(S @)+ 1)) < f(8 N (@) +7165 () +72:1 (1)
=N(t+1)Sf(t7N(t))+71t(() 1(t)) = f(t, N () + 7N (). B

Using the substitution S(t) = N(t) — I(¢), the I-equation and the N-equation in
Model (5) become

e+ 1) = (1-0 (ot ) ) (¥(0) = 1)+ mo (1)
and
N(t+1)=f(t, Nt)) +v:(N(t) = I(t)) + v2e L (1),
respectively.

On the closed interval [0, N], let

Fno(I) =71 (1 —¢ <oz]<[>> (N = I) + yar01

and
GN,t(I) = f(t, N) + ’Ylt(N — I) + '}/QtI.
When Fn: has a unique positive fixed point and a unique critical point, we
denote them by Iy ; and Cy +, respectively. The sets of sequences generated by

I(t+1) = Fnw, (1))
and

Nt+1)=Gnw(1)
are the sets of density sequences generated by the infective and the total population
equations, respectively.
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To study Model (5), we need the following results on the properties of Fi; and
Gnt.

Lemma 3.2. Fy(I) and Gn+(I) satisfy the following conditions.

(@) If0<I <N, then Fy,(I) <min{N,Gn (1)} with equality

if and only if (N,I) = (0,0).

b) Fy(0) = —ay1¢’' (0) + 20 and Fyy ,(N) > —1.

¢) Fn+(I) is concave down on [0, N].

) Fni(I) < Fy (0)I on (0, N].

e) If F'y ,(0) > 1, then Fi has a unique positive fized point I, in [0, N].
) Let Un(I) = L. Then F1(Yn(I)) = Un(Fn(I)). That is, Uy is a

opological conjugacy between Fy and Fi ;.

(9)If No < N1 and lev,t(o) > 1, then Iy, < In,+ where I, ; is the positive
fized point of Fy, . in [0, N;]. In general, the fized point for Fy is NIy ;.

(h) If C1, exists, then Cny = NCq .

(i) If No < Ny, then Fn,1(I) < Fn, (1) for all I € (0, No).

Proof. (a)

Since /

Fy.(I) =y (1 — ¢ (OLN>) (N = 1)+ a0,
I
FN,t(I) = Tt (1 - ¢ (CYN)> (N —=1)+yy0l
< 4N = I) + vy I < Nmax{yis,v2t} < N.
Since
Gnyi(I) = f(t&,N)+yu(N = 1)+ 2,
I
Gral) = Fxell) = J(t.N) 406 (0 ) (8 = D)+ vl = o)1 20

Hence,

Frn(I) <min{N,Gpy (I)}.
It is easy to check that the equality holds if and only if (N, I) = (0,0).

(0)
Fie (1) = —O‘X;t ¢ (a]IV> (N 1) — 71, (1 _ (aé)) + Y210

S (O)N =31 (1= 6 (0) + 7200

= —ay:¢ (0) + y2:0.
Fo) = =30 (agp ) 0= M) = (1= 0 (a3p ) ) +mo

Y1t (1 = ¢ (@) + v200 > —y14 > —1.

Fllv,t(o) = -

1" _ ([« 2 1 i _ At i
Fy.(I) = (N> Y19 <QN> (N—1I)+2 N o <QN>'
Since ¢’ < 0 and ¢” > 0 on [0,00), we have
Fy(I) <0 on [0,N].
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(d)

Fn+(0) = 0 implies that y = Fiy ,(0)[ is the tangent line to the graph of Fy (1)
at 0. Since Fiv ¢ is concave down on [0, N], its graph is below the tangent line at
the origin on [0, N]. Hence,

Fna(I) < FJ’W(O)I on (0, N].
(e)
Fn(N) =~2,0N < N. Since FJ/V,t(O) > 1, the graph of Fi ((I) starts out higher

than the diagonal and must cross it before I = N. The concavity property of Fy (1)
(see (c)) implies that there is a unique positive fixed point.

(f)
Fi,(I)=7v:(1—=¢(al)) (1 —1I)+ ygol. Thus,

Fi,(In() = (1 —¢ (aé)) (1- %) + fy%a% =
TRl = W (FrD)
(9)
Since

Fp,1(0) = (—ay1¢ (0) +y2e0) > 1,
INo,t exists with FNo,t (INo,t) = IN07t. Thus,

\IJNO (FNoyt(INo,t)) = \I]No (INo,t) = Fl,t(\IjNo (INo-,t))'

That is. U, (In,,t) = I1,, the unique positive fixed point of F; ; and I, = Nolq .
Similarly, In, + = N111 . Hence, No < Ny implies Iy, + < In, +. In general, the fixed
point for Fy ¢ is N1y ;.

(h)

Topological conjugacy preserves critical points. The result follows from (f).
(4)

Let Ng < Ny and I € (0, Np].The topological conjugacy in Part (f) shows that

1

Fng (1) = NoFl,t(ﬁo)

and

1
FNl,t(I) == NlFl’t(E).

Note that N% < Nio Since the graph of Fj goes through the origin with positive
slope and is concave down, the ray through the origin and (NLNFU(N%)) has
a larger slope than the ray through the origin and (NLO,FU(NLO» . The first ray
contains the point (I, N1F1,t(N%)) , while the second ray contains (I, NOFM(NLO)> .
Hence, F, +(I) = N1 F1¢(7-) > NoF1(5-) = Fno e (1) O
Next, we obtain the invariance of the positive quadrant.

Lemma 3.3. In Model (5),

(a) If I(0) > O thenI(t)>0VteZ,.

(b) If N(O) > Othen N(t)>0VteZ,.
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Proof. (a)

I(t+1) =y (1 ! (a%)) (N(t) = I(t)) + y2:0I(t). By Lemma 3.2a, N(t) —
I(t) > 0Vt € Zy. Therefore, 1, (1 —¢ (a%)) (N(t)—1I(t)) > 0.1(0) > 0implies
v2:01(0) > 0 and hence, I(1) > 0. By induction, assume I(t) > 0 and y2:0I(t) > 0.
Hence, I(t+ 1) > 0.

(t)

Use N(t+ 1) = f(t,N()) + v1(N(t) — I(t)) + y2:I(t) and proceed as in part
(a). O

4. Disease extinction or persistence. To study the qualitative dynamics of
Model (5), we define the p — periodic dynamical system

HtZQ—>Q

by
Hy(N,I) = (Gnu (D), Fn (1)),

where H; = Hyyp, for all t and Q@ = {(N,I)|0 < I < N}. Since ¢ is a decreasing
function and 0 < £ < 1, {H,} is a continuous p — periodic dynamical system that
is ! away from (0,0). We will study the behavior of solutions to Model (5) by
analyzing H; on the triangular region 2.

Lemmas 3.2 and 3.3 show that the set of iterates of the p — periodic dynamical
system {H:} on {(N,I)|0 < I < N} is equivalent to set of density sequences
generated by Model (5), where

WiOHtO'~~OH10H0(N,I)

denotes the ¢ — th component of the (¢t 4+ 1) — th iterate (under {H;}) of the initial
condition (N, I).

Definition 4.1. The total population is uniformly persistent under {H;} if there
exists a constant 1 > 0 such that
limmoHyo---0HyoHy(N,I)>n
t—o0
for every nonzero initial condition.
The total population is said to be persistent under {H,;} if limm o Hyo-- -0

t—o0

Hy o Hy(N,I) > 0 [48]. Consequently, uniform persistence implies the persistence
of the total population.

Definition 4.2. The total population is driven to extinction under {H;} if
limmoHyo---0HyoHy(N,I)=0

t—o0

for every initial condition.

For each i € {1,2}, define the p — periodic dynamical system
D, :[0,00) — [0, 00)

by
D;(N)=f(t,N)+vuN. (6)

By Lemma 3.1,
Dy (N(t)) < N({t+1) < Dy (N(t)).
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Now, we introduce the demographic threshold parameter

p—1

Rp, =[] (f'(£.0) + 7ir).

t=0

In the following lemma, we show that Rp, > 1 implies the uniform persistence
of the susceptible population while Rp, < 1 implies local extinction of the total
population.

Lemma 4.3. Let f(¢,0) =0 for allt. If Rp, > 1, then the disease-free susceptible
population described by Model (3) is uniformly persistent. However, if Rp, < 1
then {(0,0)} is locally asymptotically stable in Model (5), and both the susceptible
and infected populations go extinct at low values of initial population sizes.
Proof. The disease-free susceptible population dynamics is given by the p— periodic
p—1
system {D1.}. Rp, = [] (f'(t,0) + y1¢) is the derivative of
=0
Dityp-10---0Djsp1 0D+ at 0 for all ¢.
Since D 4 is continuous, Dy ¢(0) = 0 and D} 4(0) = f'(t,0) +~1¢ > 0, there is an
interval containing 0 on which D, 4 is increasing.
Since Rp, > 1, there is a k£ > 0 such that N € (0, ) implies that

N < Diyp-10---0Dy 410D (N)
for all ¢. By taking x smaller if needed, we can assume that each D; ; is increasing
on (0,). Note that Dy ((N) > ~41¢N. Furthermore, if x > D; ;(N) > 41N, then
D1 4410 D1 (N) > D141(71eN) > v1e4171: V. Let |x] be the greatest integer less
than or equal to z. If the j*"* image of N is N*and if it and the next n images under
the p-periodic dynamical system {D;,} are in (0, k), then
Dijin—1 00 Dyjp1 0 Dy j(N*) > (Rp,)"" (H(jﬂ_l) mod p%t) N* =

t=j
(Ro) "/ (500 V™.

Thus the orbit must leave (0, x) and (Hf;ol ’Y1t) N* is a lower bound for these

values.

If N > mtax{j}7 then k < Dy (N) for all ¢. Let

K
~y

Y1t

D+ is positive on the compact set A, and it has a minimum &; > 0 on A,. Let
= mtin{Et}. Consequently,

lim Dy 0+++0 D1y 0 Dig(N, T) = min{s, (03 ) 7} =1 > 0.
t—o00

Hence the disease-free susceptible population is uniformly persistent.

We now consider the case where Rp, < 1. Lemma 3.1 gives m o Hy(N,I) <
Dy¢(N)for all t. Dy ,(0) = f'(£,0) +~1¢ > 0, hence there is an interval containing 0
on which D ; is increasing. So if IV is small the continuity of H; gives

Di10Dyo(N)>Dyyom oHy(N,I)>m oH;oHy(N,I).
Inductively, we obtain that if N is small then

D1’p71 O - 'ODl,l ODl,O(N) Z ™1 OHp,1 o - -OH1 OHQ(N,I).
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p—1
Rp, = I] (f'(t,0) + ~v1¢) is the derivative of
£=0
Dy p_10---0Dq 10D o with respect to IV at 0. Thus Rp, < 1 implies that there

is a 0 such that Rp, < § < 1. Hence there is a £ > 0 such that
N >(5N>D17p_10-'-OD171 ODl’O(N) > m OHp_lo'-~OH1 OHQ(N,I).

whenever N € (0, ). Therefore {(0,0)} is locally asymptotically stable. N =S +1
implies the extinction of the susceptible and infected populations at positive small
initial values of S and I. O

Lemma 4.4. If either f(t,0) > 0 for somet or f(t,0) =0 for all t and Rp, > 1,
then the total population is uniformly persistent.

Proof. First, we consider the case f(t*,0) > 0 for some ¢*. Since
A}im f(t,N) + 2N = 00, Dg - (N) = f(t*, N) 42+ N has a positive minimum m*
— 00

on [0,00). Dg41([m*,00)) C [yarr+1m*, 00). Thus a nonzero initial condition gets
above m* and stays above (Hfz_olvzt) m*. Lemma 3.1 gives Doy (N) < 710 Hi (N, I)
for all t. Thus, myoHy=o(- - -0 Hy o Ho(N,I)) is larger than m* and stays larger than
(Hf;ol ’72t> m™* for every t > 0. Hence the total population is uniformly persistent.

Now, we consider the case f(¢,0) = 0 for all ¢t and Rp, > 1. Since Dy, is
continuous and D5 ,(0) = f'(¢,0) + y2¢ > 0, there is an interval containing 0 on
which D, is increasing. Lemma 3.1 gives Dy (N) < 71 o Hy(N,I) for all t. So if
N is small the continuity of H; gives

D31 0Dyo(N) < DyqomoHy(N,I)<m oH;oHyN,I).
Inductively, we obtain that if N is small then
Dyp10--0Dg10Dgo(N)<moHp 10---0H;oHyN,I).
p—1
Rp, = [I (f'(t,0) + ;) is the derivative of Dy 1 0---0Dyq 0 Dsq at 0. Since

=0
Rp, > 1, there is a k > 0 such that N € (0, x) implies that

N < D2,p—1 S 0D2,1 0D2,0(N) <m OHp—l o---0H; OHO(NaI)'
IfN > mtax{%}, then k < Dy (N) <m0 H (N, I). Let
A ={(N,D0<I<N,s<N < mtax{i}}.
Yot
H; is positive on the compact set A,, and it has a minimum £ > 0 on A,.

Consequently,
limm oHyo---0H;oHy(N,I)>min{xk,5} =n>0

t—o0

for all nonzero initial conditions and the total population is uniformly persistent. [

By Lemma 4.4, the total population is uniformly persistent when the recruitment
function is periodically constant,

When the recruitment function is the periodic Beverton-Holt function,

B (1 — y1¢)pkye N (2)
ft,N(@) = (1 —~y1)ke + (= 1+ v1¢)N(t)’
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and
-1
I (4 y2e) > 1
then the total population is uniformly persistent. When the recruitment function
is the periodic Ricker function

F(t,N) = (1 =y Ner (7 5)
and

T2 (1= yu)e” +7yae) > 1
then the total population is uniformly persistent.

Next, we obtain that all positive initial conditions are attracted to a trapping
region of our epidemic model.

Lemma 4.5. If

im max{f(t’N)“L’VltN} <1
N—oo t N

then there is a compact subset, W, of cylinder space {(N,I)|0 < T < N} x{0,1,--
-, p — 1} that attracts all initial conditions under {H;} iterations. That is, there is
no population explosion.

Proof. Let

6 = lim max
N—oo t

There is an N > 0 such that N > N implies
s f&N)+N| max Dy 4(N)
t N t N
1-6 1496
< 0+ —=—x<1
+ 2 2
Hence if N > N then D;;(N) < %N. Lemma 3.1 gives that, for all ¢, m; o
Hy(N,I) < Dy 4(N). Thus if N > N then m; o H;(N,I) < 2N Since each H,
is continuous on the compact set {(N,1)|0 < I < N < N}, each has a maximum
7, > 0. Let 1 = max{7y,7;," - -,7,_1}. Then, the region
{(Na1)|0 < I < N < ma‘X{Naﬁ}} x {Oa 17' D~ 1}

is a compact subset of the cylinder space which attracts all initial conditions under
{H.} iterations. Hence, all orbits are bounded. O

{f(tyN)]V+71tN} <1

To prevent population explosion in our p — periodic epidemic model, we assume
throughout that

lim max {f(t’N)—’_%tN} <1
N—oo t N
Let
Rot = —ay1d’ (0) + Yar0
and

p—1
Ro = [[Rou-
t=0

Next, we prove that Ry < 1 implies disease extinction whereas Ry > 1 together
with the persistence of the total population implies persistence of the disease.
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Theorem 4.6. In Model (5), let N(0) > I(0) > 0.
(a) If Ro < 1, thentlim I(t)=0.
—00
That is, the disease goes extinct.

(b) If Ry > 1 and the total population is uniformly persistent,
thenlimmg o Hyo-+-0 Hy o Hy(N,I) >n> 0.

t—o0
That is, the disease is uniformly persistent.

The proof of Theorem 4.6 is in the Appendix. In most epidemic models, Rg >
1 implies disease persistence. However, in our SIS epidemic model with disease
induced mortality, we obtain sufficient conditions that guarantee total population
extinction for some initial conditions, where Ry > 1.

Theorem 4.7. Let Ro > 1, f(¢t,0) =0 and f(t,N) < f'(¢t,0)N for allt and N > 0.
If Y1t > vyaer for some t*, then there is a ¢ > 1, such that if 1 < Rp, << then the
total population goes extinct under {H;} iteration whenever I1(0) > 0. The s can be
chosen so that it is independent of f.

The proof of Theorem 4.7 is in the Appendix.
5. Application. In this section, we use the periodically forced Beverton-Holt model
with its specific recruitment function to illustrate the general results from the pre-

vious sections [43].
Consider Model (5) with the Beverton-Holt recruitment function [44],

alN
t,N) = ———
F(&N) 1+b.N’
and
I o
¢<§V)26—N1,
where

011 < a<0.15 b =12+ (-1)"%0.1, a=5 -~y =09+ (-1)" %0.05,
yor = 0.8+ (—=1)"%0.05, and o = 0.9.
p—1
In this example, Rp, = [] (f'(¢,0) + vit)-
=0
RDl = (a + 71,0)(a + ’)/171) > (0.11 + 0.95)(.11 + 085) >1.01>1

implies the persistence of the susceptible population in the absence of the disease
(Lemma 4.3), where

Rp, = (a4 v2,0)(a+v2,1) < (0.154 0.85)(.15+0.75) = 0.9 < 1.

With our choice of parameters, the disease-free dynamics are governed by the
Beverton-Holt model and the susceptible population persists. That is, in the ab-
sence of the disease, the susceptible population exhibits a globally attracting positive

p—1
2-cycle. Moreover, Ry = —ay1:¢’ (0) + v200 and Rg = [] Ro:. Hence,
t=0

Ro = (—ay1,0¢’ (0) +72,00) (—ay1,1¢" (0) + 72,10)
> (5% 0.95 4 0.85 % .9)(5 * 0.85 + 0.75 ¥ .9) = 27.16 > 1,
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f'(t,0) = a, f(t,0) = 0, and f(¢,x) is concave down so f(¢,N) < f'(t,0)N for

all N. Hence, all of the hypotheses of Theorem 4.7 are satisfied and our numerical
results show that 0.11 < a < 0.15 gives the extinction of the total population
predicted by the theorem (see Figure (1)). In Figure 1, a = 0.12. The population
without disease exhibits an attracting period 2 cycle from 1.589 to 1.513. However,
adding a small number of infectives first increases the number of infectives and then
drives the total population to extinction.

0.2

N - 0.2

FIGURE 1. A small number of infectives drives an otherwise per-
sistent total population to extinction.

The behavior of the orbit in Figure 1 is a bit surprising. By our simulations, as
in Figure 1 most positive orbits seem to move along a line and then turn and crash.
Understanding the basin of attraction of the origin is an interesting open problem.

5.1. Bifurcation diagram. Without infectives the total population in the exam-
ple is governed by the Beverton-Holt model. So under 2-cycle survival rates, the
population exhibits an attracting 2-cycle. However, the dynamics of the infective
population can be much more complicated. In fact the infective population can
exhibits a period doubling route to chaos. To illustrate this, we make the following
choice of parameters in the example.
a=2, b =13+ (-1)t%1.2995 «€[5300], ~1;=0.45+(—1)"*0.03,
Y2t = 0.4+ (=1)* % 0.02, and ¢ = 0.0002.

To illustrate the structure of the chaotic attractor depicted in Figure 2, we let
a = 250 and keep all the other parameters fixed at the same values as in Figure
1. Figure 3 shows a complicated structure for a 4-piece chaotic attractor in the
(N, I) — plane [47].

To illustrate the region that leads to extinction, we let

721t 722
2= 5
That is, -y, is the average of the 72 ;. In the (a, ¥2) - parameter space of the Beverton—
Holt model, we continuously vary the intrinsic growth rate a between 0 and 1, and
72 between 0 and 0.9 leaving |y2,1 — 72,2| = 0.1, where all the other parameters are
kept fixed at the same values as in Figure 1. Figure 4 shows that in (a,y2)-space,
the species goes extinct at low values of the intrinsic growth rate whenever Rp,
< 1.
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FIGURE 2. Infective population undergoes period-doubling bi-
furcation route to chaos as « varies between 5 and 400. On the
x — axis, a € [5,300] and on the y — axis, I € [0,400].

365

PN

3525 N 352.95

FIGURE 3. A chaotic attrator in the (N, I) —space.

.
0g
7, A >
0.6 - 2
0.4
**1Global N <]
Extinction D 2
v uf EIIZ EII4 a Ellﬁ DIS lI

FIGURE 4. Regions of extinction versus persistence in the (a,2)-space.
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6. Conclusion. The study of the combined effects of disease induced mortality
and seasonal trends on the control of diseases in discretely reproducing populations
has received little attention. In this paper, we focus on the joint impact of periodic
environments and disease induced mortality on the persistence or extinction of
discretely reproducing populations. We formulated and analyzed a periodically
forced discrete-time SIS epidemic model with disease induced mortality. For our
model, we computed the basic reproduction number, Ry, and used it to investigate
the relationship between disease persistence and extinction. We showed that Ry < 1
implies the extinction of the infective population.

In constant (non-periodic) environments, Franke and Yakubu, in an earlier work,
used a discrete-time SIS epidemic model with disease induced mortality to show that
a tiny number of infectious individuals can drive an otherwise persistent (suscep-
tible) population to extinction whenever Ry > 1. In this paper, we extend this
result to include periodic (non-constant) environments. That is, in SIS models with
diseases induced mortality, when the environment is either constant or periodic and
Ro > 1, a tiny number of infective population can drive the total population to
extinction. In addition, we obtained conditions that guarantee the persistence of
the total population whenever Ry > 1 and the environment is periodic [25].

Periodically forced models are known to exhibit oscillatory and chaotic dynamics
[25]. In this paper, we used a periodically forced Beverton—Holt model to illustrate
period-doubling bifurcations route to chaos in SIS models with disease induced
mortality where the disease-free susceptible population exhibits a cyclic and non-
chaotic attractor. In addition, we use an example to highlight that the structure of
the chaotic attractors can be very complicated. It is also possible that a continuous-
time model with an infective period of fixed length might exhibit similar dynamical
behaviors. Studies of analogous questions for SIR epidemic models are in the process
and will be reported elsewhere.

7. Appendix.

Proof of Theorem 4.6. Since I(0) < N(0), Lemma 3.2 implies that I(t) < N(¢) for
allt € Z,.
(a) Since
p—1

Ro = [[ (—evud (0) +7210) < 1,
t=0
Lemma 3.2 gives

Fllv,t(o) = —ayud (0) + v2t0
and
I(1) = Fn(0),0(1(0)) < Fyg),0(0)1(0).
Thus,
1(2) = Fnya(I(1) < Fry)1(0)1(1) < Fyy1)1(0)Fpyg),0(0)1(0)

and inductively

I(n) < <1:[F1,\/(t),t(0)> 1(0) <
t=0

(Ro)™?) max {ﬁFJ’V(t)’t(O)}I(O).

j€{1,2,,p—1
Fe{1,2,p=1} | ;5
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The sequence {I(t)} is dominated by the decreasing sequence

[n/p] F/
{(Ro) e x| 1}{1_[ N (1)t } )}

which converges to 0. Hence,
tli)rgo[(t) = 0.
(b) By Lemma 3.3, since I(0) > 0 we have I(t) > 0 for all ¢t € Z,. Lemma 3.2
gives
FI/V,t(O) = —ay1:9’' (0) + ya0

p—1
for all N and t. Rop = [] (—ay1:¢’ (0) + y240) > 1 implies
t=0

p—1
I1 Fyiy,.(0) > 1. Note that Fiy(NN,0) = 0 for all ¢ and N. The derivative of
t=0
Ty 0 Hy o Ho(N,I) = Fr omy(n,1),1 © Fno(IN, I) with respect to I is
dLg;VHl (HOéN, 1)) 9meHo (N, T) + 9m28H1 (Ho (N, 1)) 272250 (N, T). When I = 0, this
erivative becomes
afrz(;ljl (HO(N 0))87r10H0 (N 0) 67r20H1 (](;IO(N 0))67ron0 (N 0) -
INL (71 0 Ho(N, 0),0)2meto (N, 0) + 2N () o Hy(N,0),0) 2252 (N, 0) =
0% 9MEH (N, 0) + (—aqn ¢ (0) +7210) * (—ay106' (0) + 7200) =

1
(=110 (0) +7210) * (—ay109’ (0) + y200) = tl:[OFJ/V(t),t(O)'

Inductively, the derivative of
mooH,_j0---0HjoHy(N,I) with respect to I at an arbitrary (N,I) = (N,0) is

p—1 ~
H Fy N (), ,(0) which is independent of N. Similarly, if {N;} is a p- periodic sequence

of p0s1t1ve numbers, then derivative of
H(No,Ny, -+ Ny_1,1) =

T2 OHp 1(Np 1,7‘(2 (¢] Hp 2( 'HQ(NQ,T(-Q (¢] Hl(ﬁl,ﬂ'g OH()(NmI))) . )) With re-
1 ~ ~ A~ ~
spect to I at I =0 is HF“( ). Now, consider H(Ny, N1,---, Np_1,I) as a function

of the one variable I. Since H F{,(0) > 1 and H is C' on a neighborhood U of
t=0

(ﬁo, Nl, SRR ]/\7,,,1, I) there exist two positive numbers v > 1 and 8 and a neighbor-

hood W of (],\\707]\717. . -,]\Afp,l) such that ﬁ(mo,xl, < xp—1,1) > vl on W x [0, 5].

By uniform persistence of the total population there is a 7, > 0 such that even-
tually m o Hyo---0 Hy o Hy(N,I) > 7, and it remains true for larger ¢ values. By
Lemma 4.5 there is a n* > 0 such that eventually m o Hyo---0 Hy o Hy(N,I) < n*
and it remains true for larger ¢t values. Since C' = [0, n*] X 74, 7] X + -+ X [, "]

p—fold
is compact, every open cover has a finite subcover. Let (zo,x1,---,2p—1) € C.
Then there exist two positive numbers v > 1 and § and a neighborhood W of
(0,21, - -, p—1) such that ﬁ(xo,xl, < xp_1,l) >vIon W x [0, ]. Since we can
do this for every point in C, the Ws give an open cover of C. A finite subcover
gives finite sequences of v and . Taking the minimum of these gives a 7 > 1 and
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B > 0 such that ﬁ(xo,:rl,~ -, xp_1,1) > 7l on C x [0, 5]. We may assume that
B < nx. B

Let & = min {moo Hy(N,I):  <I < N, n. < N <n*} which is positive because
H,; is positive on the compact set. Let £* = mtin{ft}. The first components of the
orbit of (N(0),1(0)), under {H;} eventually get into [n.,n*] and stay there for all

_ (p=1 _
t bigger than or equal to some t*. Let 77 = min{}, (tljo (’)/gtO')) EYUIR) < g

then I(t* +p) > vI(t*) and I(t* +np) > D"1(t*) as long as I(t* + (n — 1)p) < E

Since 7 > 1, I(t) eventually gets larger than 3. The I(t) could stay larger than £,

but if they get smaller, the first time they must be at least £*. It is possible that
p—1

the next p— 1 iterations are smaller but they must stay larger than (t1:[0 (72t0)> &*

and they start increasing after p iterations. They then eventually get larger than

B. Hence limmoo Hyo---0HyoHy(N,I) > > 0. That is, the disease is uniformly
t—o00

persistent. O

Proof of Theorem 4.7. Let 0 < f < 1. Now, we investigate the ray through the
origin with slope . If a point (N (t), I(t)) on the orbit of a positive initial condition
(N(0),1(0)) is on this ray then I(t) = SN(t). To calculate the slope of the ray that
contains the image of this point under H;, we have

Fni(I) = Fn(BN) = Fi1(B)N,
and
Gni(I) = Gne(BN) = f(t,N) + (71:(1 — B) +72:8) N.
The new slope is

m (ﬁ): FN,t(ﬂN) — Fl,t(ﬁ)N
T G (BN) T T8 N) + (ae(1 = B) + 12BN
Since f(t, N) < f'(t,0)N for all t and N > 0,
Fi4(B)
B2 PO Gt~ B) ) g
Fl,t(ﬂ) (8)

> L
fl<t7 0) + Y1t
Since Fy () is differentiable, Fy(0) = 0, and F{ ;(0) = —ay1:¢/(0) + ya10 for
every € > 0 there is a neighborhood Uy = (—a, Bo) of 0, such that if 0 < 8 € Uy,
then
F14(8) > (—av1:¢'(0) + yat0 — ) B.
p—1 p—1
The limit, 1ir(1)1+ tHO (—av1:9'(0) + yor0 —€) = tHO (—ay1:¢'(0) + yor0) = Ro >
e—0tt= =
1. Thus there is an g > 0 such that

—1

Gl = tl;IO (70[’)/“@%),(0) +72t0' — Eo) > 1.

By taking €¢ even smaller, if necessary, we can assume that for each ¢

—ay1:9'(0) + yor0 — g0 > 0.
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Also there is a Sy > 0 such that for each 5 € (0, 8y] and for each ¢

Fi4(B) > (—av1:¢'(0) 4+ var0 — €0) B

Note that By and ¢; are independent of f.
Note my +(0) = 0 and

, Flt(O)N Fl t(O)
min(0) = f(t, N)+'yltN>f(t 0) + v1¢ >0
Hence when 3 and my0),0(8) € (0, Bol,

mN(1),1(mN(0),0(5))
Fi1(my0),0(8))N(1)
FLN(D) + (r1(1 = my0),0(8)) + y21mn(0),0(8)) N(1)
> Fy 1(mN(0) 0(8))
T (L0) + (v (X = mn0),0(8)) + Y21mn(0),0(8))
Fy 1(mN(0)o( ) o (07119 (0) + 9210 — €0) (M (0),0(5))
f(,

B LO) 4+ f(1,0) + 11
L om0 + 210 — eo) (o)
N J'(1,0) + 711

(—a711¢'(0) 4+ v210 — €0) (=109 (0) + Y200 — Eo)ﬂ
B (f/(1,0) 4+ 711) (f(0,0) + 710) '
Let j be a nonnegative integer. Inductively, as long as the iterations, mn(145),145°
MN (t4j—1),t45—1 © * = - O MN(5),;(8), remain in (0, Bo],

TN (t45),t47 © TUN (14— 1),t4+j—1 © ** O M (), 5(B)

t+j
I (—ay1:¢'(0) + v2i0 — €0)
> = B.
t+7

L (f7(3,0) 4+ 714)

=]

In particular

TN (p—144)p—1+5 © N (p—244),p—2+4 © * " © MN(5),5(B)
p—1
1 (—a71:9'(0) + v2i0 — €0)

1=

= 71
(fI(Z 0) + '711)
S1
= ﬁ
Rp,
if the iterations, My (p—144),p—145 © MN(p—244).p—245 © * - © MN(j),; (), remain in

(0, Bo]. Hence if Rp, < <1, then 3 grows geometrically at a rate of at least Rg—; >1
1
after p iterations.

p—1 p—1
1 >Rp, = tl;IO (f'(,0) +v1¢) > (f'(£,0) + 711) ig071i~
it
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Hence,

fl(t,O) +71t < p—1 )

II
t:o’y“

a s
and ——'— is independent of f.
tgo"llt

The first p-1 iterates could decrease but they stay above

p—1 t t
(tl;[ 'Vlt) il;IO (—e1(i45)9'(0) + Y23i45)0 — €0)

. 0
min n 5> 0.
Jte{0,1,-,p—1} ¢t

Thus, the slopes eventually get larger than gy > 0.

Each m(8) > Pe(B) Fl’t(ﬁ)pﬁlvlt. Fy () is continuous and positive on
= fft0)+v: = a1 4—p J

_ p—1 _ _ _
[Bo,1]. Let 8, = min{Fl’c’%l(ﬁ)tl;[O’ylt : B € [Bo,1]} > 0 and B = mtin {ﬂt} B is
independent of f.
Thus, the slopes grow when they are small until they reach at least 5p. They
can then decrease but not less than [ in one step. The next few steps could take
a slope lower before it starts increasing geometrically. The smallest it could get is

p—1 t t
<t1]0’71t> 1_1:10 (*0471(i+j)¢/(0) +Y2(i45)0 — 50)
min 8> 0.

j,t€{0,1,--,p—1} S

Thus, the liminf of the slopes is at least

57] =
p—1 by /
<t1;[0fm) ZEO (_Q%(iﬂ')(b (0) + Y2(i+4)0 — 60) B
min ﬁo; min . ﬁ
j,t€{0,1,--- . p—1} i
> 0.

Note 3, is independent of f. We now need to show that the total population
decreases when 8 > (3,. This will be accomplished by taking 1 < Rp, < ¢ for
some appropriate ¢ that is independent of f.
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Since the t'" iterate of (N (0), BN(0)) is (N(t), MN(t—1),t—1 © MIN(t—2),t—2 O = = ©
mpy(1),1 © My ),0(B)N(t)),

N(t+1)
= Gnwt(My—1),t—1 O MN(—2)t—2 © - = - © M (1),1 © M (0),0(B)N (1))
f(t,N(t))
Y,e(1 = My (—1),t—1 © MN(t—2),4—2 0" * -
+ OMpN(1),1 © mN(O),O(B)) + V2, MmN (t—1),t—1 © MN(t—2),t—2 0" " N(t)
OMnpN(1),1 © mN(o),o(ﬁ)

< (f’(t, 0) +
Y1e(1 — MN(t—1),t—1 C N (t—-2),t—2 © -
oM (1),1 © MN(0),0(B)) + V2,6 MN(t—1),t—1 © TN (4—2),4—2 O " = - N(t)
OMpN(1),1 © mN(O),O(B)
< (f’(t, 0) +
Y1e(1 =My —1),t—1 © MN(t—-2)4-20"
oM (1),1 © M (0),0(8)) + VatMn(t—1),6—1 © MN(1—2),t—20 " " -
OMp(1),1 © mN(o),O(ﬁ)
(f/(t - ]-7 0) +
”Yl(t—l)(l — MN(t-2),t—2 °CMN(t-3),t—3° " "
OMN(1),1 © MN(0),0(8)) + V2tMN(t—2),t—2 O MN(1—3),t—3 O * - .
OMpN(1),1 © mN(o),O(ﬁ
N(t-1)
t .
< LG 0) +

7’1i(1 —MN@G—1),i—1 ©MN(;—-2),i—2©C " " *
OMp(1),1 © mN(O),O(B)) + Y2iMN(i—1),i-1 © MN(i—2),i—2© " "
OMpN(1),1 © mN(O),O(B)

(f/(O, 0) +v10(1 = B) + 7205) N(0).

Recall that 4= — ya¢- > 0 and f'(4,0) 4 y1:(1 — My (i—1),i—1 © MN(i—2),i—2 O - - ©
My (1,1 ©MN©0),0(8)) FV2imN(i—1),i—1 ©MN(i—2),i—2 0 - O MN(1),1 © M (0),0(3) > 0.
So f'(4,0) + v1i > Yi(MN(Gi—1),i—1 © MN(i—2),i—2 © = = = © MN(1),1 © MN(0),0(5)) —
Y2iMN (i—1),i—1 © MN(i-2),i—2 © = * * © MN(1),1 © M (0),0(8) = 0.



SIS MODEL IN SEASONAL ENVIRONMENTS 405

Thus
N(t+1)
t
< | I(f'(,0) +
1=
(1 — MN(@—1),i—1 ©MN(i—2),i—2©°
OMpN(1),1 © mN(o),o(ﬂ)) + Y2,iMN(i—1),i—1 © MN(i—2),i—2° " "
OMnN(1),1 © mN(o),o(ﬁ)
<f/(0, 0) +v10(1 = B) + 7205) N(0)
= (f'(5,0) + 73) -
r t
l_Il(f’(i, 0)+
i#£]
Y1i(1 = My (i—1),i—1 O MN(i=2),i—2 0" - -
OMpy(1),1 © MN(0),0 0(B)) + 72 AN (i—1),i—1 O TN (i—2),i—2 © " " *
L OMpy(1),1 ©MN 0)70( )
(fl(oa 0) +710(1 — B) + Y208)N(0) —
Y1;MN(j—1),j—1 ©MN(j—-2),j—2 O "
OMN(1),1 © MN(0),0(B) + Y25 MN(j—1),j—1 O MN(j—2),j—2© " -
L OMmpy(1),1 © mN(O),O(B)
[ t
1 (f'(,0) -
Nit ]
71i(1 —MN@G—1),i—1 ©MN(i—2),i—2©C " " *
OMpN(1),1 © mN(O),O(B)) + V2i™MN(i—1),i—1 © TN (;—2),i—2©C " " *
OMpN(1),1 © mN(o),o(ﬁ
(f'(0,0) +y10(1 = B) 4+ Y208) N (0)
< (f'(4,0) +71,5) -
t
I (f'(4,0)+
i=1
i#j

Y1 (1 — MN@—1),i—1 ©MN(i-2),i—2©° "~
OMN(1),1 © mN(O),O(/B)) + Y2iMN(i-1),i-1 © MN(i—2),i-2©C """
OMpy(1),1 © mN(o),O(ﬂ)

(f'(0,0) +710(1 = B) +7208)N(0).
So if t > t*, carrying out this procedure for all but the t* term gives

N(t+

¢
< ZHO (4,0) + 1) | (f'(£%,0) + y1e= (1 = M (e —1),05—1 © M (12 —2),4=—2 © -
iFEt*
oM (1),1 © MN(0),0(8)) + Yar=MN(t+—1),4+—1 © MN(p*—2) 4+ —2 © -

OM N (1),1 © TMN(0), 0(5)) ( )
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t
= [.H (f/(iv 0) + 711‘)} N(O) - ['71t*mN(t*—1),t*—l OMN(t*—2),tx—2 0 "~

OM N (1),1 © MN(0), 0(

)) ’Y2t*mN(t* 1),t*—1 O MN (t*—2),tx—2 O« = *
OMN(1),1 © TMN(0), ol ))

< (10760419 = - =208, ) N

Taking t = p — 1 gives

No) < (TG0 + 0 - (e =28, ) NO)

= (Rp, — (mit= — y2¢+)By) N(0).
Note that for each nonnegative integer j
-1

No+d) < (0G0 ) - ue =018, ) NG

= (Rp, — (it —y2e+)By) N(5)-

Thus, if 1 < Rp, < 2 = 1+ (y14+ — y2¢+) By the total population decreases by a

fac

tor less than 1 after each p iterations. So if 7(0) > 0, then the slopes of the

iterates increase until in a finite number of iterations it is larger than 3,. Then the

tot

al population decreases at a rate less than 1 after each p iterations. Consequently,

if 1 < Rp, < ¢ =min{¢1, s} all positive initial conditions converge to the origin
and the total population is driven to extinction, where ¢ is independent of f. O
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