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Abstract. The recent H1N1 (“swine flu”) pandemic and recent H5N1 (“avian

flu”) outbreaks have brought increased attention to the study of the role of
animal populations as reservoirs for pathogens that could invade human pop-

ulations. It is believed that pigs acquired flu strains from birds and humans,

acting as a mixing vessel in generating new influenza viruses. Assessing the
role of animal reservoirs, particularly reservoirs involving highly mobile popu-

lations (like migratory birds), on disease dispersal and persistence is of interests

to a wide range of researchers including public health experts and evolutionary
biologists. This paper studies the interactions between transient and resident

bird populations and their role on dispersal and persistence. A metapopula-

tion framework based on a system of nonlinear ordinary differential equations is
used to study the transmission dynamics and control of avian diseases. Simpli-

fied versions of mathematical models involving a limited number of migratory
and resident bird populations are analyzed. Epidemiological time scales and
singular perturbation methods are used to reduce the dimensionality of the

model. Our results show that mixing of bird populations (involving residents

and migratory birds) play an important role on the patterns of disease spread.

1. Introduction. Wild birds are known reservoirs for diseases like West Nile virus,
influenza A virus, enteric bacterial pathogens and drug resistance bacteria. They
are often infested by arthropod vectors, which can be dropped along bird migra-
tion routes (Reed et al. 2003). Several aspects linked to long distance migration
contribute to the acquisition of zoonotic pathogens by migratory birds, that is,
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pathogens that are transmitted from vertebrate animals to humans. One of these
aspects is the fact that, for some birds the stress of migration can lead to reactivation
of otherwise latent infections (FAO 2006).

Each autumn an estimated 5 billion birds, representing 300 species, migrate from
North America to Central and South America and similar numbers travel from East-
ern Europe to Africa. Patterns of migration for wild birds are complex and species
dependent. In fact, they can be radically different even within populations from
the same species (Reed 2003). Migratory bird routes in the Atlantic, Mississippi,
Central and Pacific flyways are oriented north to south because the major wetlands
in North America run in a similar direction. In contrast, migratory birds in some
regions in Europe and Asia tend to move in an east to west fashion, that matches
the orientation of major coastlines and topography.

According to the 2006 Food and Agricultural Organization of the United Nations
report (FAO 2006), populations of ducks, geese and swans migrate between wetlands
in the northern breeding areas and southern non-breading areas and in doing so,
regularly cross the borders of two or more countries. Southward migration for
these northern breeding species starts in July and increases through the following
months. The migration takes them north to reproduction areas at the end of winter,
beginning of spring.

Understanding migratory bird patterns and the potential for their contact with
domestic birds or poultry (Food and Agricultural Organization of United Nations
(FAO) 2005) and even swine populations is of vital importance. We are interested
in the interactions between local domestic birds or poultry (resident birds) and mi-
gratory birds. There are three issues associated with the control of avian influenza,
that need increased attention: information on migration patterns of birds flyways
(complex and species dependent), studies on the impact of disease evolution on
migration, and studies on the impact of migration on disease distribution.

The movement of diseases via migration birds depends upon the ability of indi-
vidual birds to migrate after becoming infected with a pathogen (see Olsen et al.
2006). Avian experts agree that sick and dying birds do not spread viruses very far
(Normile 2005). It is unknown whether or not migratory birds survive infections
to various diseases (Chen et al. 2006). Disease transmission is most common be-
tween individuals of the same species. Cross species transmission requires exposure
and adaptation . Even adapted domestic birds exhibit high degree of heterogeneity
when it comes down to susceptibility and infectivity. Variation is evaluated via the
differences in transmission factors, often high between subtypes, and even within
each subtype (Boon 2007).

In general the role of migratory birds on disease dynamics is not easy to assess.
For example, in the case of the avian flu, it is extremely difficult to know if migratory
birds are sparkling new outbreaks in domestic birds or poultry, or whether they pick
up the virus from poultry infected by other routes (Butler 2006). In this manuscript
a mathematical framework is introduced to study the dynamics of avian diseases
within migratory and resident (local) bird populations. The goal here is to assess the
impact of interactions between resident and migratory bird species on the dynamics
of “communicable” avian diseases like influenza.

2. Avian and swine influenza.

2.1. Avian flu. Avian influenza is a non-clinical viral infection of wild birds caused
by a group of viruses known as type A influenza. The viruses subtypes are identified
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and classified on the basis of two broad types of antigens, hemagglutinan (H) and
neuraminidase (N). Among all the type A influenza viruses 15H and 9N antigens
have been identified (Friend and Franson 1999). All known subtypes of influenza A
viruses can be found in bird populations.

Infected birds shed influenza viruses in their saliva, nasal secretions and feces.
Susceptible birds become infected when they have contact with contaminated secre-
tions, excretions or with surfaces that are contaminated with secretions or excretions
from infected birds (Center for Disease Control and Prevention (CDC) 2006a).

Wild waterfowls are considered the natural reservoir of all influenza A viruses.
They have probably carried influenza viruses, with no apparent harm, for centuries
(WHO 2005). Viruses have been recovered from infected waterfowl fecal material for
8 days, from fecal contaminated river water for 4 days, and from poultry houses more
than 100 days after flock depopulation for markets (Friend and Franson 1999). It is
believed that avian influenza in wild birds cannot be effectively controlled because
of the large number of virus subtypes and the high frequency of virus genetic mixing
resulting, key to the selection of new subtypes.

Wild birds, especially waterfowl and shorebirds, have long been the focus of
concern within the poultry industry. These bird populations are seen as a source for
influenza infections in poultry (Friend and Franson 1999). Avian influenza is highly
contagious among birds and can make some domesticated birds, including chickens,
ducks and turkeys, very sick. Disease-induced death can be high. Domesticated
birds may become infected with avian influenza virus through direct contact with
infected waterfowl or other infected poultry, or through contact dirt, cages, water
or feed, that have been contaminated with the virus (CDC 2006a).

Viruses are classified as having low or high pathogenicity depending on the effects
they have on birds (Normile 2005). Low pathogenic avian influenza typically causes
mild symptoms that include ruffled feathers and a drop in egg production. Most
infections go undetected. Highly pathogenic types spread rapidly through poul-
try flocks, causing disease affecting multiple organs. In domestic poultry species,
turkeys are more commonly infected than for example, chickens, while more in-
fluenza viruses have been isolated from ducks. Disease induced mortality in poultry
often approaches 100%, within 48 hours (World Health Organization 2005). Con-
siderable circumstantial evidence suggest that migratory birds can introduce low
pathogenic H5 and H7 viruses to poultry flocks, forms that can and do mutate into
highly pathogenic form (WHO 2005). Mutations from low to high pathogenicity,
resulting in bird flu epidemics in poultry, have been documented 19 times since
1959 (Normile 2005). Some migratory birds may be directly spreading H5N1 virus
in highly pathogenic forms (WHO 2005). Only some strains of four subtypes of
avian influenza viruses have been highly pathogenic in humans they are: H5N1,
H7N3, H7N7 and H9N2 (Leong 2008).

2.2. Swine influenza. Swine Influenza (swine flu) is a respiratory disease of pigs
caused by type A influenza viruses that regularly cause influenza outbreak in pigs.
Strains of the H1N1 subtype were found to be circulating in pigs during 1930.
Swine flu viruses cause high levels of illness but low death rates in pigs. Pigs can
be infected by avian, human and swine influenza viruses. When influenza viruses
from different species infect pigs, the viruses can reassort (i.e. swap genes). New
virus strains that are a mix of swine, human and/or avian influenza viruses can
emerge. Over the years, different variations of swine flu viruses have emerged in
this fashion. Currently, there are four main influenza type A virus subtypes that
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have been isolated in pigs: H1N1, H1N2, H3N2, and H3N1. However, most of
the recently isolated influenza viruses from pigs have been from the H1N1 subtype
(CDC 2009a). Recently it was found that H1N1 was the virus associated with the
Spanish flu of 1918 (FAS 2009).

Swine flu viruses are thought to spread mostly through close contacts between
pigs, but also indirectly (feed, water, etc). Signs of swine flu in pigs include sudden
onset of fever, depression, coughing (barking), discharge from the nose or eyes,
sneezing, breathing difficulties, eye redness or inflammation, and going off feed.
H1N1 and H3N2 swine flu viruses are endemic among pig populations in the United
States, a “routine” issue in this industry. Outbreaks among pigs normally occur
in colder weather months (late fall and winter) or (sometimes) after the recent
introduction of infected pigs into susceptible herds (CDC 2009).

The symptoms of H1N1 flu virus in people are similar to the symptoms of seasonal
flu and include fever, cough, sore throat, runny or stuffy nose, body aches, headache,
chills and fatigue. A significant number of people who have been infected with this
virus also have reported diarrhea and vomiting, uncommon for typical flu symptoms.
The spread of the most recent H1N1 virus strain seems to be spreading as actively as
seasonal flu (CDC 2009b). Flu viruses are spread primarily, from person to person,
as a result of sharing an area that includes coughing or sneezing by sick individuals.
Studies have shown that people may be contagious a day before the development of
symptoms and for up to 7 days after they get sick. The influenza virus can survive
on environmental surfaces and can be viable (infect a person) 2-8 hours after being
deposited on such a surface (CDC 2009b).

Pigs are uniquely susceptible to getting flu viruses that infect birds. Experts
have long worried that a pig would catch a bird strain of the flu and that the virus
would mutate inside the pig to a form that could also be transmitted from mammals
to mammals.

3. Avian influenza and migratory birds. Wetland or lakes have been associ-
ated with the distribution of outbreaks of avian flu in Europe. The disease has
emerged in Africa opening a new front that could vastly increase the size of bird
reservoir populations (Butler 2006). The close proximity of people and animals,
coupled with insufficient surveillance and limited disease control capacities in the
rich wetland ecosystems of eastern African countries, are ideal breeding grounds
for influenza. Around lakes and wetlands, domestic bird densities are particularly
high therefore, the enhancement and strengthening of avian disease surveillance and
emergency preparedness in these regions are essential (FAO 2005).

In Asia H5N1 avian influenza spreads through domestic bird populations, wild
bird trade and migratory birds. However, outbreaks do not match the migratory
patterns of wild birds (Normile 2005). China is the most likely source of emergent
and re-emergent HPAI H5N1 influenza viruses (Chen et al. 2006). H5N1 viruses
have been found in dead wild birds close to poultry farms (Chen et al 2005) and
most recently in Qinghai Lake, one of the most important breeding locations for
migratory birds that over-winter in Southeast Asia, Tibet and India (Liu 2005).

In the past only three large die-offs in migratory birds, caused by highly patho-
genic viruses, have been documented. The first in South Africa in 1961 (H5N3),
the second in Hong Kong in the winter of 2002-2003 (H5N1) (WHO 2005), and the
third (April 2005) in Qinghai Lake, an outbreak that killed 5000-6000 migratory
water birds (Normile 2005), the first sustained transmission chain within migratory
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waterfowl in recent times. Overall 90% of the dead birds in the Qinghai Lake were
bar-headed geese. The virus was being transmitted by migratory birds in this lake,
suggesting the possibility that H5N1 viruses may possibly be transmitted between
migratory birds populations (FAO 2006).

Chen et al. (2006) found that genetic relatedness of gene segments of H5N1
viruses isolated at Poyang and Qinghai Lakes support the hypothesis that migratory
birds can transfer the virus over long distances. Ongoing influenza surveillance data
show that H5N1 viral strains were present in apparently healthy migratory birds
just before the start of their migration trek. These viruses, isolated from apparently
healthy migratory ducks, are not invariably fatal. In fact, surviving ducks may shed
the virus even 7 days after infection. Subsequent (after April 2005) outbreaks of
avian influenza in 13 countries, including Niger and regions in Europe and Asia,
seem to have been ignited by strains related to the strain identified in Qinghai Lake
(Normile 2006). These findings strongly support the hypothesis that wild birds
carry influenza viruses over great distances.

According to Normile (2006) and Chen et al. (2006), the best approach to avert
a global threat of avian flu is to control H5N1 virus infections in domestic birds. On
the other hand, in China it is believed that circulation among poultry by humans,
not re-introduction from wild birds, is what is keeping the virus alive. There has
been arguments that the cycle of transmission can be broken if the virus is eradicated
from domesticated birds (poultry flocks) (Chen et al. 2006).

4. Classical mixing. Migratory birds that visit areas with large resident popu-
lations for short periods of times may mix a lot or hardly mix with resident bird
populations. In order to look at the impact of strong versus weak mixing regimes,
we divide the bird population in two categories: resident birds and migratory birds.
Migratory birds are the only ones that are assumed to travel. We let N1, ..., Ns
denote the total population of resident birds of flocks l = 1, ..., s and Ns+1, ..., Ns+k
the total population of migratory birds of flocks m = s + 1, ..., s + k. The total
population of birds is

N =

s+k∑
r=1

Nr.

Within each flock, birds are subdivided into two epidemiological classes, susceptible
birds, Sr, and infected birds, Ir, where r = 1, ..., s+k. Since migratory birds can get
infected by birds in their own flock, by resident birds in a resident bird habitat and
by migratory birds of different flocks while visiting the resident birds, the system of
non-linear ordinary differential equations that models the interactions of migratory
birds is given by

dSr
dt

= Λr − βrSr
s+k∑
z=1

Prz
Iz
Nz
− µrSr, (1a)

dIr
dt

= βrSr

s+k∑
z=1

Prz
Iz
Nz
− (µr + dr)Ir, (1b)

where r = s+ 1, ..., s+ k and Prz’s are the mixing probabilities defined below. On
the other hand, since resident birds do not move from their own habitat, the system
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corresponding to the interactions of resident birds is given by

dSr
dt

= Λr − βrSrPrr
Ir
Nr
− βSr

s+k∑
z=s+1

Prz
Iz
Nz
− µrSr, (2a)

dIr
dt

= βrSrPrr
Ir
Nr

+ βrSr

s+k∑
z=s+1

Prz
Iz
Nz
− (µr + dr)Ir, (2b)

where r = 1, ..., s. Definition for the parameters are provided in Table 1.

Parameters Definitions
Λr Birds birth/arrival rate
µr Birds culling/departure mortality rate
dr Mortality rate due to disease
βr Transmission rate per contact
Prz Mixing probability between birds from flock r and z

Table 1. Parameters Definitions

Two types of mixing probabilities: proportionate and preferred mixing (Jacquez
et al. 1988, Blythe et al. 1991, Blythe et al. 1995) are used to illustrate the
differences between random versus “preferred” mixing on the patterns of disease
spread in bird populations.

4.1. Preferred mixing. If birds mix according to preferred mixing (Jacquez et al.
1988, Blythe et al. 1991, Blythe et al 1995) then the mixing probabilities are given
by

Prz = frδrz + (1− fr)
(1− fz)CzNz∑s+k
j=1(1− fj)CjNj

.

Here, Prz represent the proportion of contacts between birds of flock r and birds

of flock z where,
∑s+k
z=1 Prz =

∑k
z=1 Prz +

∑s+k
z=s+1 Prz = 1 and r is fixed. δrz is

the delta function, thus fr denotes the proportion of preferred contacts, that is,

“reserve” contacts with your own type while (1−fr) (1−fz)CzNz∑k+s
j=1 (1−fj)CjNj

denote the rest

of the contacts which are distributed via proportionate (random) mixing.

4.2. Proportionate mixing. If birds mix according to proportionate mixing (Bly-
the et al. 1991, Blythe et al. 1995 and Busenberg and Castillo-Chavez 1991) then
the mixing probabilities become

Prz =
CzNz∑s+k
z=1 CzNz

,

where Cz is the per-capita contact rate of birds of type z = 1, ..., s+ k and

s+k∑
z=1

Prz = 1.
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5. Two flock system. We study the dynamics of bird populations in the case
where there are only two interacting bird flock populations: a flock of resident birds
(l) and a flock of migratory birds (m). We consider preferred and proportionate
mixing. System (1-2) reduces to

dSl
dt

= Λl − βlSl
∑

z={l,m}

Plz
Iz
Nz
− µlSl,

dIl
dt

= βlSl
∑

z={l,m}

Plz
Iz
Nz
− (µl + dl)Il,

dSm
dt

= Λm − βmSm
∑

z={l,m}

Pmz
Iz
Nz
− µmSm,

dIm
dt

= βmSm
∑

z={l,m}

Pmz
Iz
Nz
− (µm + dm)Im.

Furthermore, under the assumption that migratory birds disperse quickly it is as-
sumed that their disease induced mortality is negligible (dm ≡ 0). Hence, the total
population of migratory birds (in this case) is assumed to be constant, Nm = Λm

µm
.

The assumption that both populations are equally susceptible to infection means
that the transmission rates are the same, hence βm = βl = β. Further it is assumed
that the rate of departure of migratory birds is much bigger than the slaughtered
or culling rate, that is, µm >> µl. These strong simplifying assumptions lead to
the following three dimensional system

dIm
dt

= β(Nm − Im)

(
Pmm

Im
Nm

+ Pml
Il
Nl

)
− µmIm, (3a)

dSl
dt

= Λl − βSl
(
Pll

Il
Nl

+ Plm
Im
Nm

)
− µlSl, (3b)

dIl
dt

= βSl

(
Pll

Il
Nl

+ Plm
Im
Nm

)
− (µl + dl)Il. (3c)

5.1. Two flock system under proportionate mixing. For the above case we
have that under proportionate mixing the mixing probabilities of the two groups,
System (3) are:

Pll =
ClNl

CmNm + ClNl
= Pml,

Pmm =
CmNm

CmNm + ClNl
= Plm,

Plm = 1− Pll,
Pml = 1− Pmm.

5.1.1. Disease Free Equilibrium, Basic Reproductive Number and Endemic Equilib-

rium. The disease free equilibrium (DFE) is (Im, Sl, Il) =
(

0, Λl

µl
, 0
)

and the basic

reproductive number R0, the average number of secondary infectious produced by
a typical infected individual in a population of susceptibles is (see Appendix A for
calculations)

Rprop0 =
ClΛl/µl

CmΛm/µm + ClΛl/µl

(
β

µl + dl

)
+

CmΛm/µm
CmΛm/µm + ClΛl/µl

(
β

µm

)
.
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That is, Rprop0 is a weighted average; weighted by the proportion of migratory and
resident birds in the population. The contribution to disease dynamics by migratory
birds is Rm0 = β

µm
while the contribution of resident birds is Rl0 = β

µl+dl
. Hence,

1
µm

is the average time spent by migratory birds of flock m in flock or habitat l and
1

µl+dl
is the average infectious period of resident birds of flock l. If an arbitrary

number of groups of flocks are included (r = 1, ..., s + k) then under the above
simplifying epidemiological assumption R0 is given by

Rprop0 =

s∑
l=1

ClΛl/µl∑s+k
r=1 CrΛr/µr

(
β

µl + dl

)
+

s+k∑
m=s+1

CmΛm/µm∑s+k
r=1 CrΛr/µr

(
β

µm

)
.

The stability of the DFE depends on the value of R0. Typically, if R0 < 1, the
DFE is locally asymptotically stable while if R0 > 1, it is unstable. The following
theorem (two group case) establishes a stronger result, under the assumption that
the contact rates are the same for all groups and the departure rate of migratory
birds is larger than the sum of the natural and disease related deaths for resident
birds.

Theorem 5.1. Assume Cm = Cl, Λm = Λl = Λ and µm > µl + d. If Rprop0 < 1
then the disease free equilibrium (0, N0, 0) where N0 = Λ/µm + Λ/µl is globally
asymptotically stable.

Proof. Consider new variables N = Nm +Nl and I = Im + Il thus, the new system
under study is:

dN

dt
= (Λ + µlNm)− µlN − dlIl,

dI

dt
= βI

(
1− I

N

)
− µmI + (µm − µl − dl)Il,

dIl
dt

= βI

(
1− Nm

N

)
− βI Il

N
− (µl + dl)Il.

Using

dN

dt
= N ′ ≤ (Λ + µlNm)− µlN,

we can prove that N(t) ≤ N0 = Nm+N0
l where N0

l = Λ/µl. Consider the Lyapunov
function L(I, Il) = (µm − µl − dl)Il + (µl + dl)I, then

dL

dt
= (µl + dl)(β − µm)I − (µl + dl)β

I2

N
+ (µm − µl − dl)βI

(
1− Nm

N0

)
+(µm − µl − dl)

[
βI

(
Nm
N0
− Nm

N

)
− βI Il

N

]
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= I[(µl + dl)β − µm(µl + dl) + βµmp− (µl + dl)βp]

−(µl + dl)β
I2

N
− (µm − µl − dl)

[
β
Nm(N0 −N)I

N0N
+ βI

Il
N

]
≤ I((1− p)β(µl + dl) + pβµm − µm(µl + dl))

= I(µl + dl)µm

(
β

µm
(1− p) +

(
β

µl + dl

)
p− 1

)
= I(µl + dl)µm(Rprop0 − 1)

≤ 0,

where p = 1 − Nm

N0 . The last inequality holds under the assumption that Rprop <

1. Thus since L(I, Il) > 0, dL
dt ≤ 0 and dL

dt (0, N0, 0) = 0 by the Krasovskii-

Lasalle Principle, the disease free equilibrium (0, N0, 0) is globally asymptotically
stable.

The existence of at least one endemic equilibrium if Rprop0 > 1 is guarantied by
the following result.

Theorem 5.2. Assume Cl = Cm. There is at least one endemic equilibrium
(I∗m, S

∗
l , I
∗
l ) for System (3) if Rprop0 > 1.

Proof. The total population of local birds is governed by

dNl
dt

= Λl − µlSl − µlIl − dlIl,

therefore, we can write

Λl − µlSl − µlIl − dlIl = 0

in two forms, that is,

Sl =
Λl − (µl + dl)I1

µl
, H1(Il), and

Nl =
Λl − dlIl

µl
, H2(Il).

Defined H(Il) = Nm +H2(Il). From dIl
dt = 0 and dIm

dt = 0, we get

βH1(Il)
Im + Il
H(Il)

= (µl + dl)Il, and (4)

β(Nm − Im)
Im + Il
H(Il)

= µmIm. (5)

Dividing Eq. (4) by Eq. (5), we express Im in terms of Il, that is,

Im =
Nm(µl + dl)Il

µmH1(Il) + (µl + dl)Il
. (6)

Therefore, pluging Eq. (6) into Eq. (4) and after canceling Il (since Il = 0 corre-
spond to the DFE), we have F (Il) = 0 where

F (Il) = β
H1(Il)

H(Il)

(
1 +

Nm(µl + dl)

µmH1(Il) + (µl + dl)Il

)
− (µl + dl).
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The zeroes of H1(Il) = 0, H(Il) = 0 and H3(Il) , µmH1(Il) + (µl + dl)Il = 0 are

Īl1 =
Λl

µl + dl
,

Īl2 =
µlNm + Λl

dl
and

Īl3 =
µmΛl

(µl + dl)(µm − µl)
,

respectively. If Īl1 = min{Īl1, Īl2, Īl3} then since F is continuous on
[
0, Λl

µl+dl

]
,

F (0) = (µl + dl)(R
prop
0 − 1) > 0

and F

(
Λl

µl + dl

)
= −(µl + dl) < 0,

by the Intermediate Value Theorem, there must be at least one positive root Il ∈(
0, Λl

µl+dl

)
.

If Īl2 = min{Īl1, Īl2, Īl3} or Īl3 = min{Īl1, Īl2, Īl3} it can also be shown that F

has at least one positive root in Il ∈
(

0, Λl

µl+dl

)
. Hence, the existence of an endemic

equilibrium for System (3), has been established whenever Rprop0 > 1.

5.2. Two flock system under preferred mixing. In the case of a two group
model, under preferred mixing, we have

Pll = fl + (1− fl)
(1− fl)ClNl

(1− fm)CmNm + (1− fl)ClNl
,

Plm = (1− fl)
(1− fm)CmNm

(1− fm)CmNm + (1− fl)ClNl
,

Pml = (1− fm)
(1− fl)ClNl

(1− fm)CmNm + (1− fl)ClNl
,

Pmm = fm + (1− fm)
(1− fm)CmNm

(1− fm)CmNm + (1− fl)ClNl
,

Obviously, Pll + Plm = 1 and Pmm + Pml = 1 hold.

5.2.1. Basic Reproductive Number. In this case the DFE is (Im, Sl, Il) =
(

0, Λl

µl
, 0
)

.

The basic reproductive number R0 for the SI model under preferred mixing is given
by (see Appendix A for calculations)

Rpref0 =
1

2

(
(1− P 0

ml)
β

µm
+ (1− P 0

lm)
β

µl + d

)

+
1

2

√(
(1− P 0

ml)
β

µm
− (1− P 0

lm)
β

µl + d

)2

+ 4
β

µm
P 0
ml

β

µl + d
P 0
lm,

where

P 0
ml = (1− fm)

(1− fl)ClΛl/µl
(1− fm)CmΛm/µm + (1− fl)ClΛl/µl

and

P 0
lm = (1− fl)

(1− fm)CmΛm/µm
(1− fm)CmΛm/µm + (1− fl)ClΛl/µl

.
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R0 is a nonlinear function of the contributions to secondary infections by migratory
and resident birds, Rm0 and Rl0

Rpref0 =
1

2

[
(1− P 0

ml)R
m
0 + (1− P 0

lm)Rl0
]

+
1

2

√[
(1− P 0

ml)R
m
0 − (1− P 0

lm)Rl0
]2

+ 4Rm0 P
0
mlR

l
0P

0
lm.

Typically, we expect that if R0 < 1 the DFE is locally asymptotically stable while
if R0 > 1 the DFE is unstable. Our simulations support this assertion.

6. Numerical results. The results of numerical simulations illustrate and com-
pare the outcomes associated with the two flock system under both mixing regimes.
Since the mortality rate due to highly pathogenic avian influenza in poultry (res-
ident birds) is very high, in Figure 1 we only vary the mortality rate due to
disease for local birds, dl. Although research efforts on avian influenza have in-
crease in recent years, little is known about epidemiological parameters in birds
and therefore in R0 (Bouma et al. 2009). Hence, we choose values of the param-

eters that lead to values of Rprop0 and Rpref0 both greater than 1 and vary only
the proportion of preferred contacts (f ’s). The rest of the parameters are fixed to
βm = 0.3, βl = 0.6, µm = 0.1, µl = 0.01,Λm = 100 and Λl = 50. Therefore, the
total population of migratory birds is Λm/µm = 1000 and the total population of
resident birds is Λl/µl = 5000. The initial conditions for the epidemiological classes
are Sl0 = 5000, Im0 = 20 and Il0 = 0.

Figure 1. Solutions for the two-flock epidemic model under pro-
portionate mixing. The difference between the two figures is the
mortality rate due to disease, the figure on the left shows the solu-
tions for dl = 0.1 while the figure on the right shows solutions for
dl = 0.5.
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If we assume that dl = 0.1 the basic reproductive numbers for migratory and
local birds are Rm0 = 3 and Rl0 = 5.45, respectively (with the parameter values
provided above). In 2009 Bouma et al., estimated values of R0 (e.g. our Rl0) for
H5N1 avian influenza in chickens using experimental transmission studies. The
reproduction number for low-dose experiments in unvaccinated birds for fixed in-
fectious periods was 3.4 (95% confidence interval (CI): 1.3-7.6). While Iglesias et al.
(2010), estimated R0 (e.g. our Rm0 ) for HPAI in wild birds populations of Europe
in 2005-2008, for nine clusters of outbreaks. In this case, the median value of this
R0 was between 1.1 and 3.4. Based on the transmission cycle and models of H5N1,
Liu et al (2008) developed a deterministic model focusing on the interaction among
poultry, wild birds and environment. Their simulations of R0 as a function of the
death rate of infected poultry (under a specific set of parameter values) lead to a
value of the basic reproductive number of at least 3.3. Therefore, our suggested
parameter values are indeed reasonable.

Figure 1 shows solutions of the two-flock (one local and one migratory) epidemic
model for proportionate mixing. In both figures we vary the local birds disease-
induced mortality, dl. The figure on the left shows the case where dl = 0.1 with

Rprop0 = 5.0455 and Rpref0 = 5.4616 while the figure on the right shows the case

where dl = 0.5 with Rprop0 = 1.4804 and Rpref0 = 1.7591. If the disease-induced
mortality is 0.5 then infected individuals die so fast that only a small window of
time is available to infect others. Hence, when dl = 0.5 we have a smaller (compare
to the figure on the left) basic reproductive number and a lower number of infected
cases. When dl = 0.1 a larger number of infected cases are recorded and the
epidemic takes over in less than 30 days (with a peak at 20 days). Since the average

time that migratory birds spend with resident birds is small
(

1
µm

= 10 days
)

the

migratory birds infected population basically remains constant (Bourouiba et al.
(2010) estimated an average residence time of 7.58 days using data for bar-headed
geese).

Solutions of the two-flock epidemic model under true preferred mixing when
fm = fl = 0.5 or when fm = fl = 0.9 with dl = 0.1 are presented in Figure 2. On
the left, Figure 2 shows the case fm = fl = 0.5, that is, when half of the contact
are reserve for mixing within your own type and the other half are used at random
with all other groups. There is not qualitative difference between the left plot in
Figure 2, and the left plot in Figure 1. We see a slightly shift on the solutions
of local susceptible and infected birds and an increase on the R0’s under preferred

mixing from Rpref0 = 5.4616 for the case fm = fl = 0 to Rpref0 = 6.8332 when
fm = fl = 0.5. The figure on the right shows plots for the case fm = fl = 0.9. In
this last case, higher infected levels (higher peak) are seen under preferred mixing.
However, there is a significant change in the values of R0 under preferred mixing
when compare to proportionate mixing. When fm = fl = 0.9, Rprop0 = 5.0455 but

Rpref0 = 8.1164. Preferred mixing provides a worse epidemic among resident birds.
Again, the population of migratory infected birds remains nearly constant.

Figure 3 on the left shows the solutions of the two-flock epidemic model for
fm = fl = 0.999 with disease induced mortality dl = 0.1. Even though in this case
most contacts are only within your own type, we see that slight random mixing can
still trigger an epidemic. The figure on the right show solutions where fm = fl ≈ 1,
that is under complete preferred mixing. In this last case a higher number of local
infected birds are reported, Il = 4202. Therefore, contacts under preferred mixing
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Figure 2. Solutions for the two-flock epidemic model for both
proportionate and preferred mixing. The figure on the left shows
solutions for fm = fl = 0.5 while the figure on the right show
solutions for fm = fl = 0.9. As the proportion of contact with
your own type increases the number of infected increases as well.

fl = fr Rprop0 Rpref0

0 5.0455 5.4616
0.5 5.0455 6.8332
0.9 5.0455 8.1164

0.999 5.0455 8.4511
≈ 1 5.0455 8.4545

Table 2. Rprop0 and Rpref0 for different values of preferred con-
tacts, fr.

generate worse outbreaks in infected domestic birds. However, the epidemic takes
longer (days) before it becomes established in resident bird populations. Therefore,
in this situation, it may be possible to put in place control measures in time to
prevent further damage. Table 2 summarizes the values found for R0 for different
values of the proportion of preferred contacts, fr with parameters: dl = 0.1, βm =
0.3, βl = 0.6, µm = 0.1, µl = 0.01,Λm = 100 and Λl = 50.
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Figure 3. Solutions for the two-flock epidemic model for both
proportionate and preferred mixing. The figure on the left shows
solutions for fm = fl = 0.999. The figure on the right show so-
lutions completely preferred mixing for fm = fl ≈ 1. In this case
higher reported cases are shown with 4202 local infected birds.

Figure 4 shows Rprop0 and Rpref0 as a function of the R0’s of migratory birds
and resident birds, that is, Rm0 and Rl0 respectively. All other parameters are fixed
to βm = βl = 0.4, µl = 0.01, dl = 0.1,Λm = 7.5,Λl = 50 and fm = fl = 0.999.
For proportionate mixing Figure (4) on the left shows that for small values of
Rm0 , as Rl0 increases, Rprop0 also increases. For the case of preferred mixing the
figure on the right also shows that if Rl0 > 1, there is always an epidemic outbreak

among local and migratory birds even when Rm0 < 1, that is, Rpref0 > 1. Thus, an
epidemic among domestic birds is sufficient to maintain the epidemic among all bird

populations, that is, under preferred mixing. Therefore, Rpref0 can be larger when
Rm0 and Rl vary, thus preferred mixing indeed will generate higher disease levels
than just proportionate mixing. This is particularly interesting because it shows
that one could reduced influenza prevalence among migratory birds if the main host
were indeed to be the population of resident birds.

7. Dynamics analysis for a three flock system. A three flock system that
includes one resident and two migratory bird populations under proportionate mix-
ing is considered under the assumption that disease induced mortality for migratory
birds is negligible (dm ≡ 0), that all populations are equally susceptible to infections
(βl = βm1 = βm2 = β), and that departure rates for migratory birds are the same
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Figure 4. The graphs shows Rprop0 and Rpref0 as a function of
β = βm = βl and µm.

(µm1 = µm2 = µ), System (1-2) becomes

dSl
dt

= Λl − βSl
∑

z={l,m1,m2}

Plz
Iz
Nz
− µlSl, (7a)

dIl
dt

= βSl
∑

z={l,m1,m2}

Plz
Iz
Nz
− (µl + dl)Il, (7b)

dSm1

dt
= Λm1 − βSm1

∑
z={l,m1,m2}

Pm1z
Iz
Nz
− µSm1 , (7c)

dIm1

dt
= βSm1

∑
z={l,m1,m2}

Pm1z
Iz
Nz
− µIm1

, (7d)

dSm2

dt
= Λm2

− βSm2

∑
z={l,m1,m2}

Pm2z
Iz
Nz
− µSm2

, (7e)

dIm2

dt
= βSm2

∑
z={l,m1,m2}

Pm2z
Iz
Nz
− µIm2 , (7f)

where

Prz =
CzNz∑s+k
z=1 CzNz

(8)

with r ∈ {l,m1,m2}.
The time evolution of the migratory (transient populations) epidemiological bird

classes Sm1 , Sm2 , Im1 and Im2 are much faster than those of the resident bird pop-
ulations Sl and Il. Migratory birds by assumption spend short periods of time at



214 KAREN R. RÍOS-SOTO, BAOJUN SONG AND CARLOS CASTILLO-CHAVEZ

different locations (along migration routes) as opposed to resident birds. Using sin-
gular perturbation theory, it is shown with the help of a Dulac function, that when
R3

0 ≤ 1, the DFE is globally asymptotically stable, where R3
0 is the basic reproduc-

tive number for the three flock system that is given by (17). It is also shown that
the endemic equilibria is globally asymptotically stable when R3

0 > 1.

7.1. Re-scaling the model equations. Time is re-scaled by letting τ =
(
βµ
β+µ

)
t.

The state variables are re-scaled by 1
Θi

, where Θi = Λi

µi
is the total asymptotic

population size for migratory birds (i ∈ {l,m1,m2} = {1, 2, 3}). The re-scaled non-
dimensional variables are: xi = 1

Θi
Si and yi = 1

Θi
Ii. The re-scaled model equations

for System (7) with Expression (8) can be written as

dx1

dτ
= α(1− x1)− ηx1

Ω1(x1 + y1) + 1
(y1 + k2y2 + k3y3), (9a)

dy1

dτ
=

ηx1

Ω1(x1 + y1) + 1
(y1 + k2y2 + k3y3)− γy1, (9b)

ε
dx2

dτ
= m(1− x2)− Ω1x2

Ω1(x1 + y1) + 1
(y1 + k2y2 + k3y3), (9c)

ε
dy2

dτ
=

Ω1x2

Ω1(x1 + y1) + 1
(y1 + k2y2 + k3y3)−my2, (9d)

ε
dx3

dτ
= m(1− x3)− Ω1x3

Ω1(x1 + y1) + 1
(y1 + k2y2 + k3y3), (9e)

ε
dy3

dτ
=

Ω1x3

Ω1(x1 + y1) + 1
(y1 + k2y2 + k3y3)−my3, (9f)

where

ε =
µ

β + µ
, α = µ1

(
β + µ

βµ

)
, m =

µ

β
, Ωi =

CiΘi

C2Θ2 + C3Θ3
, ki =

Ωi
Ω1
,

η = Ω1

(
β + µ

µ

)
and γ = (µ1 + d1)

(
β + µ

βµ

)
.

The terms in the right hand side of System (9) all have the same order of magnitude
whenever ε = µ/(β + µ) << 1 which is the case since µ << β. Therefore, x2, y2, x3

and y3 are fast variables and x1 and y1 are slow variables. In addition, since the
total populations of migratory birds are constant we can reduce the fast variables
to two by letting x2 = 1 − y2 and x3 = 1 − y3 in the y2 and y3 equations. Hence,
System (9) is reduced from six to four equations (two fast variables and two slow
variables), that is,

dx1

dτ
= α(1− x1)− ηx1

Ω1(x1 + y1) + 1
(y1 + k2y2 + k3y3), (10a)

dy1

dτ
=

ηx1

Ω1(x1 + y1) + 1
(y1 + k2y2 + k3y3)− γy1, (10b)

ε
dy2

dτ
=

Ω1(1− y2)

Ω1(x1 + y1) + 1
(y1 + k2y2 + k3y3)−my2, (10c)

ε
dy3

dτ
=

Ω1(1− y3)

Ω1(x1 + y1) + 1
(y1 + k2y2 + k3y3)−my3. (10d)
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7.2. Dynamics on the slow manifold. We solve for the quasi-steady states y2

and y3 in terms of x1 and y1 from

Ω1(1− y2)

Ω1(x1 + y1) + 1
(y1 + k2y2 + k3y3)−my2 = 0, (11)

Ω1(1− y3)

Ω1(x1 + y1) + 1
(y1 + k2y2 + k3y3)−my3 = 0. (12)

Letting z = k2y2 +k3y3 and adding k2 times Eq. (11) with k3 times Eq. (12) yields

z2 +Bz − C = 0, (13)

where

B = y1 +m

(
(x1 + y1) +

1

Ω1

)
− 1

Ω1
and C =

y1

Ω1
.

Eq. (13) has only one positive solution given by

z(x1, y1) =
−B +

√
B2 + 4C

2
.

Therefore, the quasi-steady states y2 and y3 in term of x1 and y1 are given by

y2 = y3 =
Ω1(y1 + z(x1, y1))

Ω1(y1 + z(x1, y1)) +m(Ω1(x1 + y1) + 1)
. (14)

Therefore, substitution of Eq. (14) into System (10) gives the reduced system

dx1

dτ
= α(1− x1)− ηx1

Ω1(x1 + y1) + 1
(y1 + z(x1, y1)), (15a)

dy1

dτ
=

ηx1

Ω1(x1 + y1) + 1
(y1 + z(x1, y1))− γy1. (15b)

If (x1, y1) is an equilibrium for System (15) then y1 = U(1 − x1), where U =
µ1/(µ1 + d1). Hence, x1 is given by

ηx1

Ω1(x1 + U(1− x1)) + 1
(U(1− x1) + z)− α(1− x1) = 0. (16)

The stability of the DFE (x0
1, y

0
1) = (1, 0) can be easily established by the ei-

genvalues of the Jacobian matrix of System (15) around the DFE. This matrix has

two eigenvalues, λ1 = −α < 0 and λ2 = η
1+Ω1

(
1 + 1

m(Ω1+1)−1

)
− γ. Therefore we

conclude that, λ2 < 0 whenever

R3
0 =

C1Θ1∑3
i=1 CiΘi

(
β

µl + dl

)
+

C2Θ2∑3
i=1 CiΘi

(
β

µ

)
+

C3Θ3∑3
i=1 CiΘi

(
β

µ

)
< 1. (17)

To show the existence of endemic equilibria, dividing Eq. (16) by 1 − x1 we
obtain

0 =
ηx1

Ω1(x1 + U(1− x1)) + 1

(
U +

z

1− x1

)
− α.

Thus, we define

Q(x1) =
ηx1

Ω1(x1 + U(1− x1)) + 1

(
U +

z

1− x1

)
− α.

Observe that Q(0) = −α < 0, and that

Q(1) = lim
x1→1

[
η

1 + Ω1

(
U +

z

1− x1

)
− α

]
.
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Since limx1→1 C = 0 and limx1→1B = m
(

1 + 1
Ω1

)
− 1

Ω1
then

lim
x1→1

(
z

1− x1

)
= lim
x1→1

(
−C

′

B

)
=

U

m(1 + Ω1)− 1
,

and

Q(1) =
ηUm

m(1 + Ω1)− 1
− α = R3

0 − 1.

where R3
0 is given in Eq. (17). Thus, Q(1) > 0 if R3

0 > 1. The Intermediate
Value Theorem guaranties the existence of at least one endemic equilibria. To
show uniqueness, we consider an equivalent system of System (15) by introducing
K = x1 + y1,

dK

dt
= α(1−K) + (α− γ)y1 , f(K, y1), (18a)

dy1

dt
=

η(K − y1)

Ω1K + 1
(y1 + z(K, y1))− γy1 , g(K, y1). (18b)

Thus the system will be studied in the region 0 ≤ y1 ≤ K ≤ 1. To solve for the
equilibria of the equivalent system we set both equations in System (18) equal to
zero. f(K, y1) = 0 provides K = 1+y1−(γ/α)y1 and substitution of this expression
into g(K, y1) = 0 gives:

y1

[
η(K − y1)

Ω1K + 1
(1 + z(K, y1))− γ

]
= 0.

The non-zero equilibrium is given by

G(y1) ,

[
η(1− γ

αy1)

Ω1(1 + y1 − γ
αy1) + 1

(1 + z(y1))− γ
]

= 0

thus,

G′(y1) = −
(

ηΩ1(1− (γ/α)y1)

[Ω1(1 + y1 − (γ/α)y1 + 1]2

)
(1 + z(y1))

− η(1− (γ/α)y1)

Ω1(1 + y1 − (γ/α)y1) + 1

[
2

Ω1

(
1 + (B + 2/Ω1)(B2 + 4C)−1/2

(B +
√
B2 + C)2

)]
< 0,

where B(y1) = y1 + m(1 + y1 − (γ/α)y1 + 1/Ω1) − 1/Ω1, C(y1) = y1/Ω1. If
1− (γ/α)y1 < 0, then K − y1 = 1− (γ/α)y1 < 0, then K < y1 which is impossible
because K = x1 + y1 > y1. Therefore, since G(y1) is monotone there exist only
one endemic equilibria of System (18). Hence, we have a established the following
result:

Theorem 7.1. If R3
0 > 1 there exist a unique equilibrium (x∗1, y

∗
1) of System (15).

In addition, if R3
0 < 1 the equilibrium (x0

1, y
0
1) = (1, 0) of System (15) is globally

asymptotically stable while if R3
0 > 1 the unique endemic equilibria is (x∗1, y

∗
1) is

globally asymptotically stable.

Proof. The arguments above has shown existence of the unique endemic equilibrium
and the local stability of the DFE. To show global stability, a Dulac function is used
to rule out the existence of closed orbit:

V (K, y1) =
1

y1
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defined inside the first quadrant. The divergence is

∂

∂K

(
f(K, y1)

y1

)
+

∂

∂y1

(
g(K, y1)

y1

)
= − η

Ω1K + 1

[(
1 +

z

y1

)
+ (K − y1)

(
2

Ω1

√
B2 + 4C

)(
1 +B + 2

Ω1

(B +
√
B2 + 4C)2

)]
− α
y1
− γ < 0.

Therefore, there are no closed orbits for System (18). Since R3
0 > 1, (1, 0) is

a saddle point and its stable manifolds are on y1 = 0. Hence, since there are
no limit cycles by the Poincaré-Bendixson Theorem, the DFE (x0

1, y
0
1) = (1, 0) is

globally asymptotically stable if R3
0 < 1 and the endemic equilibrium is globally

asymptotically stable if R3
0 > 1.

8. Dynamics of the full system. Using the approach in Song et al. (2002) and
Hoppensteadt (1974) it can be shown that when R3

0 < 1 the DFE of the full system
(7) is globally asymptotically stable and when R3

0 > 1 the endemic equilibria of
the full system is globally asymptotically stable provided that ε is small. Here, we
only use numerical simulations to illustrate this result. Figure 5 provides solutions
for the approximation of the full model, Model (7) and those obtained under our
quasi-steady state approximation provided by Equations (14) when slow variables
evolve according to the reduced system, System (18). Solutions for the fast variables
Im1 and Im2 are provided when ε = µ

β+µ varies. All parameters except for β were

fixed: µl = 0.01, dl = 0.1,Λl = 50,Λm1 = 60,Λm2 = 100, Cl = 30, Cm1 = 10
and Cm2 = 15. Therefore, the total population of resident birds is Λl/µl = 5000, of
migratory birds of flock m1 is Λm1

/µm1 = 600 and the total population of migratory
bird of flock m2 is Λm2/µm2 = 1000. The initial conditions for the reduced system,
System (15) are set to x1 = 0.975 and y1 = 0.02 while the initial conditions for
the epidemiological classes of the full system (7) are set to S0

l = 4875, I0
l = 100,

I0
m1 = 341 and I0

m2 = 568. Values for β are set to 0.4, 0.8 and 1.5 and the
corresponding ε values of are 0.2, 0.111 and 0.0625. Figure 5 shows that the smaller
the value of ε the better the approximation to the full model by the reduced model.

9. Discussion. Our metapopulation model can be modified to incorporate the sea-
sonality of avian influenza, for instance, by letting the β’s be periodic functions of
time. If we choose one patch (local bird) for wintering and the other patch for
breeding, then the seasonality of migration can also be studied in addition to the
study of the interactions of residence and migratory birds. Without distinguishing
residence and migratory birds, recent contributions of Gourley et al. (2010) empha-
sized spatiotemporal distributions of migratory birds. Except for the wintering and
breeding grounds, Gourley et al. considered multiple stopovers for the migratory
birds on their flyway.

In this paper, a general metapopulation framework is introduced for the study
of the dynamics of epidemics that result from weak or strong interactions between
migratory and resident birds. The analysis is, in fact, carried out in the case of two
and three interacting flocks of birds. Specifically, we focus on the epidemics driven
by the interactions of one or two migratory bird flocks (short residence-times) and
one resident populations of birds, under two forms of mixing. We observe that the
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Figure 5. The full model (7) is compared with the reduced model
(15) for three different values of ε. The smaller the value of ε the
better the approximation.
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mixing regime not only impacts the value of the basic reproductive number (as ex-
pected) but also the duration of the epidemic. We also explore the case when disease
(HPAI avian influenza) seriously impact the ability of local populations to survive.
That is, we study the impact of high-mortality rates in local populations under two
mixing regimes. It is observed that preferred mixing triggers a stronger epidemic
(larger R0 and higher number of infected resident birds) although it takes a longer
period of time to be established in the resident bird population. Thus, control mea-
sures may be achieved in a timely manner under preferred mixing. The reduction
of the avian flu epidemic may be achieved by effectively controlling the interactions
between migratory and resident bird populations along migration routes. Persis-
tence of H5N1 in poultry populations poses risks for human health. One of this
risks comes from infections acquired directly from poultry, resulting in severe dis-
ease. Other risks come from the likelihood that the virus would change to a highly
infection human form that could spread easily from person to person. Therefore,
as concluded by Normile (2006) and Cheng et al (2006), the cycle of transmission
between all of these populations should be broken if the virus is to be eradicated
from poultry flocks.

Appendix A. Next generator operator. In 1990 Dieckmann et al. defined
R0 as the spectral radius of the next generator matrix. R0 is typically found by
calculating the eigenvalues of the Jacobian matrix at the DFE equilibrium, where
the largest positive eigenvalue is R0 (Castillo-Chavez et al. 2002). Here, the general
idea of the next generator approach is explained following the work of van den
Driessche and Watmough (2002).

The total population is divided in compartments according to their epidemio-
logical status, that is, susceptible, exposed, infected, recovered and treated among
others such that x = (x1, x2, x3, ...xn)t where xi ≥ 0 represent the number of in-
dividuals in each compartment. These compartments are further divided, Mi(x)
corresponds to the rate of appearance of new infections into each compartment
whereas Di(x)+ is the transfer of individuals into each compartment by all other
means and Di(x)− is the transfer of individuals out of each compartment. There-
fore, disease transmission model correspond to the following system of equations:

ẋi = f(xi) =Mi(x)−Di(x), i = 1, ..., n (19)

where Di(x) = D+
i (x)−D−i (x). Thus, if x0 is the DFE of System (19) with Jacobian

matrices

M =

[
∂Mi

∂xj
(x0)

]
and D =

[
∂Di
∂xj

(x0)

]
with 1 ≤ i, j ≤ m

then

R0 = ρ(MD−1)

where ρ(A) denotes the spectral radius of A.

A.1. R0 for the case of proportionate mixing. To obtain the R0 of the two-
flock epidemic model with proportionate mixing we let the vector of new infections
be:

M =


β(Nm − Im)

(
Im+Il
Nm+Nl

)
0

βSl

(
Im+Il
Nm+Nl

)

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whereas

D =

 µmIm

−Λl + βSl(Nm − Im)
(
Im+Il
Nm+Nl

)
+ µlSl

(µl + d)Il

 .
Thus, after computing the Jacobian matrices of M and D, evaluating them at the

DFE x0 =
(

0, Λl

µl
, 0
)

, and doing some simplifications we obtain

M =

[
βTm βTm
βTl βTl

]
and D =

[
µm 0
0 µl + d

]
,

where

Tm =
CmΛm/µm

CmΛm/µm + ClΛl/µl
and

Tl =
ClΛl/µl

CmΛm/µm + ClΛl/µl
.

Therefore,

MD−1 =

[
βTm

µm

βTm

µl+d
βTl

µm

βTl

µl+d

]
and the basic reproductive number is

Rprop0 = ρ(MD−1) = Tm
β

µm
+ Tl

β

µl + d
.

A.2. R0 for the case of preferred mixing. For the case of preferred mixing, the
vector of new infections is:

M =


β(Nm − Im)

(
(1− Pml) IlNl

+ Pml
Im
Nm

)
0

βSl

(
(1− Plm) IlNl

+ Plm
Im
Nm

)


whereas

D =

 µmIm

−Λl + βSl

(
(1− Plm) IlNl

+ Plm
Im
Nm

)
+ µlSl

(µl + d)Il

 .
Thus, after obtaining the Jacobian matrices of M and D evaluating them at the

DFE x0 =
(

0, Λl

µl
, 0
)

and doing some simplifications, we obtain

M =

[
β(1− P 0

ml) βP 0
lm

βP 0
ml β(1− P 0

lm)

]
and D =

[
µm 0
0 µl + d

]
,

where

P 0
ml = (1− fm)

(1− fl)ClΛl/µl
(1− fm)CmΛm/µm + (1− fl)ClΛl/µl

and

P 0
lm = (1− fl)

(1− fm)CmΛm/µm
(1− fm)CmΛm/µm + (1− fl)ClΛl/µl

.



EPIDEMIC SPREAD OF INFLUENZA VIRUSES 221

Therefore,

MD−1 =

[
β
µm

(1− P 0
ml)

β
µl+d

P 0
lm

β
µm
P 0
ml

β
µl+d

(1− P 0
lm)

]
and the basic reproductive number is Rpref0 = ρ(MD−1), where

Rpref0 =
1

2

(
(1− P 0

ml)
β

µm
+ (1− P 0

lm)
β

µl + d

)

+
1

2

√(
(1− P 0

ml)
β

µm
− (1− P 0

lm)
β

µl + d

)2

+ 4
β

µm
P 0
ml

β

µl + d
P 0
lm.
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