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ABSTRACT. In this paper we study a Lotka-Volterra predator-prey system with
prey logistic growth under the telegraph noise. The telegraph noise switches
at random two prey-predator models. The aim of this work is to determine
the subset of omega-limit set of the system and show out the existence of
a stationary distribution. We also focus on persistence of the predator and
thus we look for conditions that allow persistence of the predator and prey
community. We show that the asymptotic behaviour highly depends on the
value of some constant A which is useful to make suitable predictions about
the persistence of the system.

1. Introduction. The dynamics of predator-prey systems have been investigated
very largely in the frame of deterministic models, Murray, (1989) [11], Edelstein-
Keshet (1998) [7]. In Bazykin (1998) [5], one can find a review of most classical de-
terministic predator- prey models. The two variables are the prey x(t) and predator
y(t) densities at time ¢t. The classical form of a predator-prey model is the following

one:
{ % = fl@) = h(z,y)y
at = eh(z, y)y — py,
where the function f(z) is the natural growth function of the prey, h(z,y)y is
the capture term; € is a positive prey biomass into predator biomass conversion
parameter. g is the natural mortality rate for predators. h(z,y) is the so-called
functional response, i.e., the prey density captured per unit of time and per unit
of predator density. In the classical Lotka-Volterra model, it is assumed that the
functional response is type I, i.e., depending only on the prey density and linear,
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i.e., h(x) = gqr where ¢ is a positive constant which is called the catch-ability. It is
also usual to assume that prey grows logistically leading to the model:
{ 2 —g(r(l-2)-qy) =z(a—bx—cy)

W= (Eqr —p)y=(—d+ex)y.

Where 7 is the growth rate of the prey and K its carrying capacity. For the sake of
simplification, in the next sections, we use the model under the form involving the
parameter set (a,b, c,d,e) and the links with ecological parameters (r, K, q, i, €) is
not given here because it is obvious. A simple mathematical analysis of this Lotka-
Volterra model with prey logistic growth shows that two cases can occur according
to parameters values, Bazykin (1998) [5]:

o if K < % , the predator cannot invade and goes extinct while the prey density
asymptotically tends to its carrying capacity;

o if K > gﬂq , the predator-prey community is persistent and prey, predator
asymptotically coexist at constant equilibrium densities.

This classical Lotka-Volterra model assumes that species live in a constant envi-
ronment. However, it is clear that it is not the case in reality and that it is important
to take into account the variability of the environment which may have important
consequences on the dynamics and persistence of a predator-prey community. The
variability of the environment may be expressed under the stochastic factors. For
the stochastic Lotka-Volterra equation, there is not too much in mathematical lit-
erature, and almost nothing in statistical inference. Here, we mention one of the
first attempts in this direction, the very interesting paper of Arnold et al. [4] in
which the authors used the theory of Brownian motion processes and the related
white noise models to study the sample paths of the equation. For the branching
models in a varying environment, we can refer to [2, 3, 12]. A systematic review
has been given in [1]. In the simplest case, one might consider that environmental
conditions can switch between two states, a hot and cold one, a dry state and wet
one. Thus, we can suppose there is a telegraph noise affecting on the model in the
form of switching between two-element set, £ = {1,2}. With different states, the
coefficients of model are different. The stochastic displacement of environmental
conditions provokes model to change from the system in state one to the system
in state two and vice versa. When the carrying capacity of environment is absent
(K = ), the telegraph noise does the model chaotically. It can not be permanent
if the positive rest points of two deterministic systems do not coincide [13, 10]. In
this paper we study this model with carrying capacity of environment (K < oo)
where the dynamics of the system is quite different. The predator may be extinct
when one deterministic system has only non positive rest point. However, if two
deterministic systems have positive rest points, it is proved that the model will
be permanent with probability 1. Moreover, we show the existence of stationary
distribution of solution in this case.

The paper has 6 sections. Section 2 details model and gives some properties of
the boundary equations. In Section 3, dynamic behavior of the solution is studied.
Subsets of w-limit set are also described for each case. It is shown that the w-limit
sets include every orbit starting at a point on the curves linking two rest points
of the subsystems. In Section 4, it proves the existence of invariant measures. In
the section 5 and last section, some computational results illustrate the behavior
of Lotka-Volterra systems under telegraph noise and the research work is discussed
and summarized.
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2. Preliminary. Let (Q,F,P) be a probability space satisfying the general hy-
potheses [8] and (&;);>0 be a Markov process, defined on (9, F,P), taking values
in the set of two elements, say E = {1,2}. Suppose that (&) has the transition

intensities 1 % 2 and 2 2 1 with « > 0,8 > 0. The process (£ ) has a unique
stationary distribution

p:tlixgop{gt=1}=oé’%ﬂ;q:tlirgop{gtzz}:aiﬂ. (2.1)
The trajectories of () are piecewise-constant, cadlag functions. Let
O=10<T1 <72 <...<Tp < ... (2.2)
be its jump times. Put
O1=T1—T0, 02 =To — Tly o0y Oy = Tp — Tr—1--- (2.3)
o1 = 71 is the first exile from the initial state, oo is the time the process (&)

spends in the state into which it moves from the first state... It is known that
(o%)72 are independent in the condition of given sequence (&-,)72; (see [8, vol. 2,
pp. 217]). Note that if & is given then &, is known since the process (&) takes
only two values. Hence, (01)5%; is a sequence of conditionally independent random
variables, valued in [0,00). Moreover, if £, = 1 then 09,41 has the exponential
density aljg ) exp(—at) and o2, has the density 1 ) exp(—p3t). Conversely, if
§o = 2 then 09, has the exponential density aljy )exp(—at) and og,, 41 has the
density (1,00 exp(—03t) (see [8, vol. 2, pp. 217]). Here 1jg o) =1 fort >0 (=0
for t < 0).

Denote F' = o(mx : k < n); F° = o(tx — 7 = k > n). We see that Fj is
independent of F° for any n € N in the condition that &, given.

We consider the Lotka-Volterra predator-prey system described by the equation

=z (a(&) —b(&)r — c(&)y),
{y’ =y (=d(&) +e(é)x) (2.4)

where g : E — (0,00) for ¢ = a,b,c¢,d,e. The noise (&) intervenes virtually into
the equation (2.4), it makes a switching between the deterministic system

#1(t) = z1(t) (a1 — bix1(t) — crya (),
{ym = ()(—ds + erzi (1), 29
and the deterministic one
B2(t) = m2(t)(az — bawa(t) — c2ya(t)),
{yw) — 4at) (—da + eaaa (1), 20

where g; = g(i) for i = 1,2 and g = a,b,¢,d, e.

Since (&) takes values in a two-element set F, if the solution of the system
(2.4) satisfies the system (2.5) on the interval (7,1, 75), then it must satisfy the
system (2.6) on the interval (7,,,7,+1) and vice versa. Therefore, (x(7,),y(m,)) is
the switching point which plays the terminal point of one system and simultaneously
the initial condition of the other. The relationship between the system (2.5) and
the system (2.6) will determine the trajectory behavior of the system (2.4).

The case where by = by = 0 has been studied in [13] where it has shown that the
dynamics of the solution is very chaotic. In this paper, we focus only on the case
by > 0 and by > 0.
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It is well-known that the systems (2.5) and (2.6) respectively have the rest points

gr =0 g GG TG g o (2.7)

e T ci€;

and their global dynamics depend on these rest points. Concretely, if y7 > 0 then
the i*"-rest point is asymptotically stable, i.e., tli)rgo(xi(t),yi(t)) = (z7,y]) when
x;(0) >0, y;(0) > 0. If yF <0 then tlir})lo(xz(t),yz(t)) = (Z—Z,O) fori=1,2.

The behavior of two boundary equations is easy to be studied. In the case
where the prey is absent, the quantity v(¢) of predator at the time ¢ satisfies the

equation © = —d(&;)v. Thus, v(t) decreases exponentially to 0. Similarly, without
the predator, the quantity u(¢) of the prey at the time ¢ satisfies the logistic equation
o =u(a(&) —b(&)u), u(0) > 0. (2.8)

To simplify notations, we put
hl = hl (u) = u(a1 — blu), h2 = hg(’u) = u(ag — bgu),
I = [uy, u"] where u, = min{ay /b1, a2/bo} and u* = max{a; /b1, as/b2}.
It is known that (see [6]) (&, u(t)) is a Markov process with the infinitesimal operator
Lf(1, u) = —a(f(1, u) - f(2, u)) + hl(u)%f(lvu)v

with f(i,2) to be a function defined on F x (0, 00), continuously differentiable in .
The stationary density (u1, p2) of (&, u(t)) can be found from the Fokker-Planck
equation

{—Oéﬂl (u) + Bua(u) = gLl (uw)] =0, (2.9)
apir (u) = Bz () — 2 hopiz ()] = 0.
This equation has a unique solution
p(u) = %(uu)) [X(uo) + p/m /u: m d:v] , (2.10)
pa(u) = }1;((1;)) [m — X(up) + am/uo mdx} , (2.11)

where the constants m and X (ug) are chosen such that

1 (1) > 0.g02() > 0, [ (pis () + o)) = 1.

Further,
liminf u(t) = uy;  limsupu(t) = u”, (2.12)

t—o00 t— o0

and by the law of large numbers, for any continuous function f: E x R — R with

/I(pf(l,u)ul(u) +qf (2, u)p2(u))du < oo,
we have

1
lim —
t—oo

/ F(Earu(s)) ds = / (pf (L) () + af 2 Wpin(w)) . (2.13)
0 I

In fact, we can calculate the explicit formula for the stationary densities u(u),
u2(u) but in practice, it is not useful. To study some their properties, we had better
use the simulation method.
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3. Dynamic behavior of the solutions. Let (zo,y0) € R3. Denote by (z(t, zo,
Yo), y(t, o, yo)) the solution of (2.4) satisfying the initial condition (x(0, o, yo), y(0,
Z0,%0)) = (z0,yo). For the sake of simplification, we write (z(t), y(t)) for (z(t, xo, o),
y(t, xo,y0)) if there is no confusion. Denote gmin = min(g1, g2), Gmax = max(gi, g2)
for g = a,b,c¢,d,e. A function f defined on [0, 00) is said to be ultimately bounded
above (respectively, ultimately bounded below) by a if limsup,_, . f(t) < a (respec-
tively, liminf, o f(t) > a).

Proposition 3.1. The system (2.4) is dissipative.

Proof. From the first equation of the system (2.4) we see that whenever z(t) > T =:
max{gt, 32}, 2(t) is decreasing in ¢. Therefore, z(t) is ultimately bounded above
by T. That is, z(t) < T Vt > to for some ty > 0. Denote § = max{%l, %} and
k= —max{zcel, 2062} Since —c¢; + “*—sz <0when 0 <z <7Zandy>T7,

y(—d; + e;x) < kax(a; —bjx —cy) VO<z <T,y>7,i=1,2.

This means that the vector fields on the straight segment AB joining two points
A = (Z,7) and B = (0,7—kT) direct into the domain H limited by the straight lines
x =0,z =7,y = 0 and the segment AB. Further, it is easy to see that there exists
a tg > 0 such that (x(to),y(to)) € H which implies (z(t),y(t)) € H for any t > t,.
Thus, we conclude that the system (2.4) is dissipative. The proof is complete. [

Proposition 3.2. limsup, ., #(t) > min{z}, 23, -, 2}

Proof. Suppose in the contrary that limsup, . =(t) < min{z}, 23, ‘gl, ‘52} With
this assumption, there are § > 0,e > 0 and ¢; > 0 satisfying b;6 — c;e > 0,i = 1,2
and z(t) < min{z7, 23, §+, 2} — ¢ for all ¢t > ¢1. From the second equation of the
system (2.4), it follows that y(¢) decreases exponentially in ¢ (¢ > ¢1). Therefore,
there is to > ¢ such that y(t) < e for any ¢t > t2. Hence, a(&)—b(&)x(t)—c(&)y(t) >
a(§)— (5,5)((1(& §)—c(&)e > 0 for any t > to. This implies that lim;_ () = 00

b(&r)
which is impossible since z(t) is bounded. O

Proposition 3.3. There exists a positive number xyin, independent from the choice
of (z0,y0) € R2, such that x(t) is ultimately bounded below by Tymin. This means
that there is t3 > 0 such that z(t) > Tmin for all t > t3.

Proof. Denote ymax =y — kT where k,7, T are mentioned in the proposition 3.1. By

virtue of the proposition 3.2, there exists ¢3 > 0 such that z(t3) > 1 min{z7, 23, T
‘b’—j}. Let 0 < e < %min{xf,xé,‘g—;,‘g—j} such that d7 = —dmin + €€max < 0. If

x(t) > e for t > t3 then the proposition is proved. Otherwise, z(t) < € for a t > 3.
Let hy = inf{s > t3 : x(s) < ¢}. We see that if z(t) < e for t € (hq,h2) then
U =y(—d+ ex) < y(—dmin + émaxe) = 01y for all t € (hy, he) which implies that

y(t) < y(h1)exp{d1(t — h1)} < ymaxexp{d1(t — h1)}, Vt € (h1, h2).

Hence,

T =x(a—bx — cy) > 2(Amin — Omax® — CmaxYmax €Xp{01(t — h1)}), Ve € (hy, he).
(3.1)

Putting

t t

n(t) = /(amin — CmaxYmax €Xp{d1(s — h1)})ds, N(t) = /exp{n(s)}ds,

hl hl
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by comparison theorem we get

eexp{n(t)}
> - - .
.I(t) - 1+€bmaXN(t)7 vt e (h’lahQ)
Let
o = min E&P{n®)} o

t>h1 1 4 €bmax N (1)

It is clear that o does not depend on (x(0),y(0)) and hy. Let zyin = min{a, e} we
see that x(t) > xyiy for all ¢ > t5. The proof is complete. O

Denote
A= /I(p(—dl + exu)pn (u) + g(—da + equ) pz(u)) du. (3:2)

Proposition 3.4.

a) If X > 0 then there is a positive number ¢ such that limsup,_, . y(t, zo, yo) > &
with probability 1.
b) If A < 0 we have limy_,o y(t, o, yo) = 0 with probability 1.

Proof. Let u(t) be the solution of (2.8) with u(0) = x(0). By virtue of the inequality
& =2x(a—bx —cy) < x(a—bx)

and the comparison theorem we have u(t) > x(t) for any t > 0.

a) Suppose in the contrary that for any 6 > 0, there is a set Bs € F with
P(Bs) > 0 and limsup,_ . y(t,w) < § for any w € Bs. By the proposition
3.3, liminf; o0 (f,w) > Tmin a.s. This means that there is t4 > 0 such that

0< % < mi6 for any t > t4 and w € Bs where m; = Cmax Putting
' Zmin
z=1—1 weobtain z = —az + <. Therefore,
t
() — o~ AW (54 +/ eA(s)C(ﬁs)y(S) ds
) (st + [ S a)
¢ ¢
< eiA(t)(z(tzl) + m15/ e ds), A(t) = / a(&s)ds.
ta ta

This inequality implies that limsup,_, ., 2(t) < m2d where ma = m1 /amin. Hence, it
is easy to see that there is a constant mg such that limsup,_, | emax(2(t, Z0, yo) —
u(t, z0,90)) |< msd. Further, from the equality

~—

% = —d(&) +e(&)x(t) = —d(&) + e(§)ult) + e(§) (x(t) — ult)),

~—
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it follows that
Iny(t) —1
Jimn sup ny(t) t ny(0)
t—o00

—timsup 7 ([ (~d(€) +e(@o)uls) + el€.)(a(s)  u(s)) ds)

> timink ([ () + e(eu(e) + e(6)(e(s) — u(s) ds)

t

> liminf % (—d(&) +e(&s)u(s)) ds + litrgiolgf % (/ e(&s)(z(s) — u(s)) ds)

t—o0 ta ta

> litIgioIgf % / (—=d(&) + e(&s)u(s)) ds — msd.

ta
for any w € Bs. Using (2.13) we have
t

lim © [ (—d(€,) + e(€)u(s)) ds =

t—oo ta

/I(P(—dl + eru)pr (u) + ¢(—da + eau)pz(u))du =X >0 a.s.

Let § < 52—, we have limsup, . _ M > A— 2 > 0. This is a contradiction

277’7,3’
Iny(t)—Iny(
t

because lim sup,_, . 9 <0 for w € Bs. Thus, lim SUp;_ o Y(t, o, yo) >

0>0 a.s.
b) Suppose that A < 0. From above we see that

(t)
t)

Similar a) we obtain

Iny(t) — Iny(0)

.

= —d(&) +e(&)x(t) < —d(&) + e(§)u(?).

<
—~

1 t
lim sup < limsup ;(/ (—d(&s) + e(&s)u(s)) ds) =A<0,
t—o00 t—o00 ta
which implies that limsup,_,., y(t) = 0. The proof is complete. O

Corollary 3.5. If A > 0 then (2.4) is persistent with probability 1.

Proof. By combining the propositions 3.1 and 3.4. O

We give the explicit formula to calculate A.
Denote \; = ¢+ — i j=1,2.

k3 €4

Proposition 3.6.
A =e1 1D+ eahaq. (3.3)

Proof. Without loss of generality, we suppose that £, = 1 with probability 1. By
the proposition 3.4 we have

. 1 T2n
A= lim _/0 (—d(&) + e(&s)u(s))ds  (a.s).



690 P. AUGER, N. H. DU AND N. T. HIEU

From the relation

(6 + el )u(s) = ~d(6) + (6 = HE (a6 — bEJul)
ey &) (&) ils)
M6 H b)) b (o |
= —dle)+ Sage + (2 - 2) 2, ) 250,

it follows that

/o%(—d(ﬁs) +e(8s)uls))ds

_ ™ ) yeas+ [ (2 - r)Us) e o)) g

- [+ e+ [T (B ) 56 - g ) d
T e + S ae s 1 (2 - €) S Bkb) 2y uln)
_/0 ( d(55)+b(§s) (&))ds + (b2 b1>z%)l u(7or) b21 u(0) -

Applying the law of large numbers we obtain

1 ()
Jim — [ i) + Feate s

e
= (—di + b—ial)p + (—=d2 + E(m)q =e1\ip + e2X2q  (a.s).

Therefore,

) 1 T2n
A—lml——A (—d(E,) + e(€:)u(s))ds

n—1
. 1 Tzk+1 ez . u(Tan)
= e\ A | — - - — — =1 .
eitAp + e 2q+nl_)ngo - {<b2 b1> kz w(rar) by n w(0)

Because u(t) is bounded above and below by positive constants we get

1 n
lim L2 4720)

=0.
n—ao0 Ton b2 u(O)

Moreover, since

u(Tok) exp{aiooki1 + a202k42}
1+ u(rar) (2 — 2) exp{aroopi1} + 2 exp{aroopi1 + azook12}]

U(T2k+2)

it follows that (usk)ren is a Markov process with the transition operator
Py f(u) = E{f(uzrt2) | uar = u}

uexp{aioak+1 + ag02k12}
1+ u[(% - b2 2) exp{aiook1} + 5 by 2 exp{a102541 + a20242}]

_E uexp{ajoy + azoa}
1+ u[(% - b2 2) exp{aio1} + 2 by 2 exp{ai01 + az02}]
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where f is a bounded, continuous function defined on R . Similarly, (uok+1)ren 18
a Markov process with the transition operator

Pyf(u) = E{f(uorta) | uzps1 = u}

uexp{a102k+3 + a202k+2}
1+ u[(Z—l1 - Z—Z) exp{aiook+3} + Z—z exp{a102k4+3 + a202142}]
wexp{aioy + agoa}
1+ u[(Z—l1 - Z—Z) exp{aio1} + Z—z exp{aio1 + az02}]

Hence, by the law of large numbers

n—1 n—1
nlLrI;o p Z Inu(rops1) = nlin;o p Z In u(Tok).
k=0 k=0
By combining these results we obtain (3.3). The proposition is proved. O

Next part we will describe subsets of w—limit set of the system (2.4). Let
(x1(t,2,y), y1(t,x,y)) be the solution of (2.5) and (z2(t,z,y),y2(t, z,y)) be the
solution of (2.6) starting in the point (z,y) € R%. Denote by U (z,y) the e- neigh-
borhood of (z,y) and M; = (x}, max{y},0}) for i = 1,2. Let K C R3 be a compact
set.

Let w(zo,yo) be the w-limit set of the solution (z(t, zo,yo),y(t, xo,yo)) of the
system (2.4).

Lemma 3.7. For any 61 > 0, there is a Ty = T1(61) > 0 such that if (xo,y0) € K
then (xl (tv Zo, y0)7 Y1 (tv Zo, ZJO)) € Z/{51 (Ml) and (xQ (tv Zo, yO); yQ(ta Zo, yO)) € Z/{51 (MQ)
foranyt >1T;.

Proof. Consider the system (2.5), if (x,y) € K then lim;_. o (21 (¢, z,y),v1(t, z,y)) =
M. Therefore, there exists a T, such that

(xl(tuxuy)ayl(tvway)) € U51/2(M1) for all ¢ 2 Tmy

By the continuity of the solutions in the initial conditions, there is a neighborhood
Uszy of (z,y) such that for any (u,v) € Uy, we have

(x1(t,u,v),y1(t,u,v)) € Us, (My) for all ¢ > Ty, + 1.

Since K is compact and the family {U,, : (x,y) € K} is an open covering of K,
by Heine-Borel lemma, there is a finite subfamily, namely {Ug,,,,? = 1,2,...,n},
which covers K. Let T = maxi<i<n{Tuy; + 1}. We see that if (zg,y0) € K then
(@1(t, 20, 90), y1(t, w0, y0)) € Us, (My) for any t > T7.

Similarly, we can choose Ty" > 0 such that if (zg,yo) € K then (x2(t,x0,y0),
ya(t, o, v0)) € Us, (Mz) for any t > T{'. By putting T = max{77, Ty} the lemma
is proved. O

Lemma 3.8. For any 03 > 0, there exists a 62 > 0 such that if d((xo,y0), (u,v)) <
92, (zo,y0) € K and (u,v) € K then

d((xl (tv Zo, y0)7 Y1 (tv Zo, yo))7 (xl (ta u, ’U), Y1 (ta U, ’U))) < 53 fOT all t > O;

d(((EQ (t7 Zo, y0)7 Y2 (t7 X0, yO)), (LL'Q (tu u, U)7 yQ(tu u, U))) < 53 for all t Z 0.
where d(A, B) denote the distance between two points A and B.

Proof. This lemma follows from the lemma 3.7 and the continuous dependence of
the solutions on the initial data. O
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Let v1 (respectively, 72) be the orbit of the solution of (2.5) (respectively, of
(2.6)) with the initial point My (respectively, with the initial point Mj).

Lemma 3.9. For any d5 > 0 and (T,Y) € 72, there exists a 64 > 0,T5 > 0 and
to > 0 such that if d((u,v), My) < 04 then d((z2(t,u,v),y2(t, u,v)), (T,Y)) < 05 for
all To <t <15+ ty.

A similar formulation for the solution curves v1 of (2.5) is valid.

Proof. This lemma follows from the continuous dependence of the solutions on the
initial data. O

Without loss of generality, suppose that §y = 1 with probability 1.

Theorem 3.10.
a) Suppose that X >0

1. If y7 > 0 and y5 > 0, both the positive orbit y1 of the solution (x1(t,x5,y3),
y1(t, x5, y3)) of the system (2.5); v2 of the solution (x2(t, x5, y}), y2(t, 25, vF))
of system (2.6) are subsets of w(xo,yo). Moreover,

2. Any positive orbit 7y of the solution (z2(t,T,Y), y2(t, T, 7)) of the system (2.6),
starting in a point (T,y) € v1 at t =0, is a subset of w(xo,yo)-

Similarly, any positive orbit 31 of the solution (x1(t,Z,9),y1(t, Z,9)) of the
system (2.5), starting in a point (T,y) € y2 at t =0, is a subset of w(xg, yo).

3. If yf > 0 and y5 < 0, then we have a similar result as in 1.; provided that
(3,y3) is replaced by ($2,0) and 7y is replaced by closure of Y1 - says 1.
Concurrently, v* C w(xo,yo) with v* to be the w-limit set of (u(t),0), here
u(t) is the solution of the system (2.8).

b) If A <0, y5 <0 and y5 <0 then v* = w(xo,Yo)-
Proof. Let
Tn = 2(Tn, 20, Y0),  Yn = Y(Tns To, Yo),
v =0tk k<n), Fr=o0(m—"m:k>n).

We see that (z,,y,) is Fi—adapted. Moreover, if & is given then F3° is indepen-

dent of Fj.

a) From the proposition 3.1, there are non-random constants A > 0 and ¢y such

that x(t,z,y) < A and y(¢,x,y) < A for any t > ¢y with probability 1. Without loss

of generality, we can suppose that ty = 0. Since A > 0, by virtue of the proposition

3.4, there is 0 > 0 such that zor > § and yop, > § for infinitely many time. Let
= [0, A] x [§, A]. We construct a sequence

n1 = inf{2k : wor, > 6, yor > 0},
ne = inf{2k > m : o, > 0; yor > 0},

Np = Inf{2k > 0,1 : Top > 05 yar > 6}.. .,

m<me<..<n < ..isa sequence of F'— stopping times (see [8]). Moreover,
{nk = n} € FJ for any k,n. Thus, the event {ny = n} is independent of F2°.
Because A > 0 it yields 7, < 0o a.s. for any n. With 61,77 > 0 in the lemma 3.7
we put

Ay, :{Uvik-i-l >T}, kE=1,2,..
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We see that

P(Ay) = Ploge1 = Ti} = > Ploga =70 | mi = 20} P{ny = 2n}

n=0

= Z P{02n+1 > Tl | Nk = 2TL}P{7’]19 = 2TL} = Z P{02n+1 > Tl}P{T]k = 27’L}

n=0 n=0
=Y P{oy > Ty }P{n, = 2n} = P{oy > T1} > 0.
n=0
Similarly,
P(Ak N Ak+1) = P{Unk+1 Z T17 Onps1+1 Z Tl}
= Z Ploy+1 > T, 041 2 Th [ e = 20,1 = 2n}
0<li<n<oo
x P{me =21, g1 = 2n}

> Plow = Ti,00041 = T1 [ ng = 20,1 = 20} P{my, = 20, i1 = 20}
0<l<n<oco

Z P{osni1 > T }P{o2i11 > T | i = 21, g1 = 2n}
0<l<n<oo
x P{ne =21, g1 = 2n}
= Y Plo2T)Plows 211 | e = 2 mir = 20} P{mpe = 20, iy = 20}

0<l<n<oco

=P{o1 2T} Y Plower = T0 | = 20, mir = 20}P{m = 20,111 = 2n}
0<l<n<oco

=P{oy > Th} Y Ploas > Ty | e = 20} P{m, = 21} = P{oy > T1}7...
=0

Hence
P(A]C UAgt)=1—-(1- P{O’l > Tl})2.

Continuing this way we obtain

P( 0 Ai) —1-(1-P{oy > T )"+,
i=k

Thus,
Plo, 1 >T1 io k)= P(fj Q Ai) - klln;OP(gAi) ~ 1.

From ,, > ¢ and y,, > 6, it follows that if o, 41 > T3 then (xy, 41, Yn+1) €
Us, (27, y7) by the lemma 3.7. This relation says that there are infinitely many
n satisfying (zan+1,Y2n+1) € Us, (25,y7). Hence, (27,97) € w(xo,yo). Similarly,
(@3, y3) € w(zo,yo)-

Consider a point (T

,U) € ¥2. By virtue of the lemmas 3.8 and 3.9, for any
neighborhood Us, of (T,

) there exists Ts, t2, 62 > 0 such that if (u,v) € Us, (27, y7)

< )
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then (z2(t, u,v),y2(t,u,v)) € Us, (Z,7),Vt € [T2, T2 + t2]. Let T1 > 0 be a number
mentioned in the lemma 3.7 with §; = d5. Put

B = {Umc-i-l > Tlvonk-i-? S [TQ,TQ +t2]}, k=1,2,..

Then,
P(By) = Ploy,41 > Th, 00,42 € [Tz, T2 + t2]}
=Y P{og i1 > Ti.0p42 € (T2, Tz + ta] | i = 20} P{ny, = 2n}
n=0
= Z P{ooni1 > T1,00n42 € [To, To + to] | mp = 2n}P{nx = 2n}
n=0
= Z P{oon1 > T1, 00042 € [T, 15 + to] }P{n = 2n}
n=0
=Y P{oy > T1,05 € [To, T + to] }P{n;, = 2n}
n=0
= P{Ul >1Ti,09 € [TQ,TQ + tg]} > 0.
Similarly,

P(Bk N Bk+l)
=P{op+1 > T1,0p42 € [T2, T2 + to], 00, 141 > T, 00 42 € [T, T + t2]}

= Z P{O'mle ZT17Unk+2 S [TQ’T2+t2]7U77k+1+1 ZTl,Unk+1+2 S
0<l<n<oo

[T2, T2 + to] | ne = 21, g1 = 2n}P{ne = 20, 41 = 2n}
Z Plooit1 > T1, 00142 € [T2, T2 + to], 02n41 > 11, 02p42 € [T, To + o] |
0<i<n<oo
| e = 20,1 = 2n}P{np = 2, neyy = 2n}
= Z P{oon11 > T, 02042 € [To,To + to] }P{o241 > T,
0<l<n<oo
oory2 € [To, To + to] | me = 20, N1 = 2n}P{n, = 20, N1 = 2n}
Y Ploi>Ti00€ 1o, To + ta]}P{owir1 = T, owisn € [T, To + 1] |
0<i<n<oo
| e = 20, M1 = 2n}P{nke = 21, ki1 = 2n}
=P{o1 > T1,00 € [T, T + t2]} Z P{oay1 = T1, 00142 € [T, To + 1o] |
0<l<n<oo
| e = 20,1 = 2n}P{np = 2, neyr = 2n}

=P{o > T, 00 € [T5, T2 + tz]}ZP{Ung 2T, 0042 € [T2, Ty + to] |
1=0
| e = 20 P{my, = 21}
= (P{o1 > T1,05 € [T1, T + t2]})*...
Thus,

P(Bk U Bk-i—l) =1- (1 — P{O’l >T,09 € [TQ,TQ +t2]})2.



PREDATOR-PREY SYSTEMS UNDER TELEGRAPHIC NOISE 695

Continuing this way we have

P( U Bl) =1—- (1 — P{O’l >1Ty, 09 € [TQ,TQ +t2]})n7k+1'
i=k

Hence,

P{O’nkJrl > Tl,O'nkJrQ S [TQ,TQ +t2] i.0. k} = P( ﬂ U Bz) = lim P( U Bl) =1.

k=1i=k Foee NI
This means that (Z,7) € w(zo,y0). Therefore, v2 C w(xo,yo). Similarly, 71 C
w(zg, yo). Thus, we get 1.

To prove 2., let (Z,y) € 72 and ¥; be the orbit of the solution of (2.5) start-
ing in (Z,y). We consider (u,7) € 7;. By the lemmas 3.8 and 3.9, for any
neighborhood Us, (w, ), there exists T3, ts, Ty, tq, 04,05 > 0 such that if (u,v) €
Us,(z3,y7) and h € [T3,T3 + t3], we have ((z2(h,u,v),y2(h,u,v)) € Us.(T,7).
Moreover, (x1(t,@,7), y1(¢,@,0)) € Us,(u,v) for any ¢ € [Ty, Ty + t4], where (w,7) =
((z2(hyu,v), y2(h,u,v)). Let T1 > 0 be a number mentioned in the lemma 3.7 with
01 = d4. By the same way as above we obtain

P{Uﬁk+1 > T17Unk+2 S [T3,T3 + tg],Unk+3 S [T4,T4 + t4]; i.0. k> 0} =1.

This implies that (w,v) € w(xo,yo) and 1 C w(xo, yo). Similarly, ¥, C w(xo, Yo)-

To get 8. we note that (z7,v}) € w(zo,y0), ¥2 C w(zo,y0), 71 C w(zo,yo) by
1. and 2. Concurrently, (32,0) belongs to the closure of v, thus (32,0) € w(zo,yo)
and 7 is the closure of 77 then 41 C w(xp,yo). By the similar ways, we can show
that [(%, 0), (32, 0)] :=~" is the w-limit set of (u(t),0).

Consider any (Z,y) € v*. For any neighborhood V., (7, ), there exists T5, t5,c1 >
0 such that if (u,v) € V., (32,0) then (z1(f,u,v),y1(t,u,v)) € Ve,o(2,Y), Vt €
[T5, T5 + t5]. We set

. a
p1 = inf{2k : (war, yar) € V€1(£70)}5

a2

p2 = inf{2k > p1 : (vor,y2r) € VEl(b2 00},

, a
pn = nf{2k > pp_1 : (za2k,y21) € Val(b—j,O)} .

Since (32,0) € w(zo,yo), it follows that p, < oo a.s. for any n. By similar way, we
get (557 m € W((EO, yO) and ,yu - w(x07y0)'

b) By the proposition 3.4, if A < 0, we get tlim y(t, zo,y0) = 0. Therefore,
behavior of the system (2.4) is described by system (2.8). The proof of the theorem
3.10 is complete. O

4. The existence of invariant measures. In this section, we study the existence
of an invariant measure for Markov process (x(t),y(¢),£(t)). From now on, we
assume y; > 0,y5 > 0.

Proposition 4.1. There exists a non-random positive number ymin > 0 such that
y(t) is ultimately bounded below by Ymin for all t > 0.
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Proof. Without loss of generality, suppose that z7 < z3. From the assumption

y; > 0,95 > 0 and proposition 3.6, it is easy to see that A > 0. Let g > 0 be a

positive number satisfying 1 = min{a; —b127 — ¢max€0, @2 — b2 — ¢maxco } > 0. By

the theorem 3.10, the solution (x(t), y(¢)) visits any neighborhood of the rest point

(x7,y7). Therefore, we can suppose that x(t) > xmin V¢ > 0 and g9 < y(0) < y5.
Let z(t) < 7 and y(t) < &g for hg <t < hy. From the inequality

z(t) = z(t)(a — bx(t) — cy(t)) > e1z(t), t € (ho,h1),
it follows that
x(t) > x(ho) exp{e1(t — ho)} > Zmin exp{e1(t — ho)}. (4.1)

Denote T = é In % and €9 = ggexp{—dminT}. In the case where y(t) > eg
for any t > 0 we choose ymin = €¢ to prove the proposition. Otherwise, there
is a hg > 0 such that y(he) = 9. Let 7 = inf{t > ho : x(t) = 27} (with the
convention inf ) = hy). By virtue of (4.1) we see that 7 < he + T'. Therefore, from
y(t) = y(t)(—d + cx(t)) > —dminy(t), it follows that y(7) > g exp{—dminT} = 2.

Let (z2(t),y2(t)) be the solution of (2.6) satisfying 22(0) = Zmin, y2(0) = .
Put ymin = inf{ya(t) : ¢ > 0}. Tt is easy to see that ymin = y2(7*) > 0 where
7% = inf{s > 0 : x2(s) = z5}. We show that y(t) > ymin for any ¢ > ho. Indeed,
y(t) is increasing whenever z(t) > z3. In this case y(t) > ymin. If z(t) < z}
we get y(t) > y(7) > €2 > Ymin. We consider the case z < z(t) < 3. Let
v={(z(t),y(t)) : t > ha} and 2 = {(x2(t),y2(t)) : 0 <t < 7*}. We see that when
&(t) =1 then §(t) > 0 because z(t) > zf. If £(t) = 2 then y(t) = y2(t). This implies
that v lies above the solution curve 5. It means that y(¢) > ymin. The proof is
complete. |

Proposition 4.2. The system (2.4) is permanent.
Proof. The proof follows from the propositions 3.1, 3.3 and 4.1. |

Theorem 4.3. For the Markov process (x(t),y(t),&)i>0, there exists a stationary
distribution.

Proof. For the sake of simplicity, we denote z(t) = (x(t),y(t),&). Let P(z,t, A)
is homogeneous stochastically continuous Feller transition function of the Markov
process (z(t))i>0 where z € R?, ie., P(z,t,A) = P{z(t) € A| 2(0) = z}. For
r>0,let Uy = {(z,y) e RE : I <z <rd <y <r}andU, =US x E, where
U5 is the complement of U, in Ri and F = {1,2}. For r large enough, the set U,
contains the set {(z,y) € H : & > Zmin, ¥ > Ymin}, where H is the set mentioned in
the proposition 3.1. Therefore, by virtue of the proposition 4.2, if r is large enough
then lim; .o P(z0,t,U,) = 0. Hence,

1" -

lim lim —/ P(zp,t,U,)dt = 0.
T TS0 0

By the theorem (see [9, pp.72]), Markov process (z(t));>0 has a stationary distri-

bution. The proof is complete. |

5. Computational results. In this section, we present some numerical simula-
tions. As the first example, we consider the case a; = 4.2,b; = 1,¢4 = 1.1,dy =
5,e1 = 1.8,a2 = 6,bo = 0.8,c0 = 1.3,dy = 9.4,e5 = 2.5,2(0) = 4,y(0) = 4.3, =
0.6,8 = 0.8, where y; > 0,y5 > 0. The number of switching is n = 300. The
individual sample paths in the figure 1 illustrate the w—limit set in the theorem
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3.10 in section 3 and the proposition 4.2; the theorem 4.3 in the section 4. The
figure 2 shows the oscillations of the population sizes x(t) and y(t).

FIGURE 1. Orbit of system in case yi > 0,y5; > 0. The solution
moves between the two rest points (2.77,1.29) and (3.76,2.30) as
switching occurs.

FIGURE 2. The oscillations of z(t) and y(¢) in case yi > 0,y5 > 0.

The next examples concern with the numerical solutions of systems where y; >
0,y5 < 0. On the case A of the figure 3, we compute with a1 = 7.2,b1 = 2.1,¢1 =
0.8,d1 == 3.2,61 == 1.6,CL2 = 6.3,b2 = ]..].,Cz == 2.5,d2 == 5.8,62 == 09,.%'(0) =
0.8,4(0) = 3.3, = 0.5, = 0.4 and the number of switching n=500. In this case
A~ 0.66 > 0. As is seen limsup,_,,, y(¢t) > 0 but liminf, .. y(t) = 0.

For the case B, the parameters are a; = 4.2,b7 = 0.9,¢; = 0.4,d; = 6.5,¢1 =
1.8,a2 = 5.8,bs = 2,¢0 = 1.5,dy = 7.3,e2 = 1.1,2(0) = 4.5,y(0) = 2.6, =
0.3, = 0.6, number of switching n = 300. Since A ~ —0.1 < 0, it is seen that
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lim; oo y(t) = 0 (according to the proposition 3.4). Thus the w-limit set of all
solutions starting in int R? is the segment [(4.7,0);(2.9,0)] (see the theorem 3.10).

FIGURE 3. Orbit of system in case yi > 0,y5 < 0.

We sketch the oscillations of z(t) and y(t) in these cases in the figure 4 and 5.

The population sizes x(t) with respect to time t

| 0

The population sizes v(t) with respect to time t

BN r r

FIGURE 4. The oscillations of z(¢) and y(t) in case A.
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The population sizes x(t) with respect to time t

; The population sizes y(t) with respect to time t

i l

FIGURE 5. The oscillations of z(t) and y(t) in case B.

6. Discussion and conclusion. This work provides some results about the as-
ymptotic behavior of a system of two coupled deterministic predator-prey models
switching at random. The mathematical analysis presented in this model shows
that according to the value of some number A\, one can make suitable predictions
about the asymptotic behavior of the overall predator-prey system.

The formula for the value A is explicitly computed. This factor plays an im-
portant role in practice because by analyzing the coefficients, we understand the
behavior of the systems. However, as is seen in (3.3), the coefficient ¢ is absent
in this formula. The matter of fact is that when the catch ability ¢ is great, the
density z(t) of the prey is reduced which implies that the density y(¢) of the preda-
tor decreases sharply because they are “hungry.” In this situation, the prey has a
chance to be recovered. A similar situation occurs when c¢ is small. Therefore, the
persistence of the system (2.4) does not depend on c.

We consider an ecology system where there are two species related by predator-
prey relation. Suppose that the evolution of every species depends on the quantity
of rainfall for every period. If the rainfall is sufficient (good state), the catch ability
of the predator is good and the quantity of every species asymptotes to the positive
values (the prey and predator co-exist). Whenever the rainfall is small (bad state),
the hunting potential of the predator becomes very weak and the amount of predator
gets smaller with increasing of time (the predator vanishes). Suppose that the
rainfall is in a stationary regime (switching stationarily between dry season and
rainfall one). If the two states are good, i.e., both yj > 0 and y3 > 0, although the
quantity of two species is chaotic, but the system is still permanent. Consequently,
none of species is extinct. When there is at least a system having the bad state,
i.e., either y7 < 0 or y3 < 0 we see that liminf; .. y(t) = 0. Depending on the sign
of the value A, the quantity of the predator y(t) can be recovered or not. In case
A > 0 we have limsup,_, . y(t) > 0, i.e., the amount of the predator is recovered (of
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course in the rainfall season). If A < 0 we have lim; . y(t) = 0, i.e., the predator
vanishes.

However, in reality, when the amount of a species is smaller than a threshold then
in fact we consider this species disappears. Thus, the estimate liminf; ., y(t) =0
tells us that in a predator-prey system developing under the influence of random
environment, if there is at least a bad situation, the predator must be vanished in
this system. This conclusion warns us to have a timely decision to protect
species in our eco-system.

The figures 1 and 3 (case A) suggest that when A > 0 the dynamics of the

predator-prey system leads to a nice attractor. Moreover, in this case it seems
that the system (2.4) is asymptotically stable and the stationary distribution of the
solutions is unique. So far these are still open problems. As a perspective, it seems
interesting to extend the previous work to more realistic functional response such as
the Holling II functional response: h(z) = 1{7- which exhibits a saturation effect
at large prey densities.
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