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ABSTRACT. A deterministic model for the co-interaction of HIV and malaria
in a community is presented and rigorously analyzed. Two sub-models, namely
the HIV-only and malaria-only sub-models, are considered first of all. Unlike
the HIV-only sub-model, which has a globally-asymptotically stable disease-
free equilibrium whenever the associated reproduction number is less than
unity, the malaria-only sub-model undergoes the phenomenon of backward
bifurcation, where a stable disease-free equilibrium co-exists with a stable en-
demic equilibrium, for a certain range of the associated reproduction number
less than unity. Thus, for malaria, the classical requirement of having the as-
sociated reproduction number to be less than unity, although necessary, is not
sufficient for its elimination. It is also shown, using centre manifold theory,
that the full HIV-malaria co-infection model undergoes backward bifurcation.
Simulations of the full HIV-malaria model show that the two diseases co-exist
whenever their reproduction numbers exceed unity (with no competitive ex-
clusion occurring). Further, the reduction in sexual activity of individuals
with malaria symptoms decreases the number of new cases of HIV and the
mixed HIV-malaria infection while increasing the number of malaria cases. Fi-
nally, these simulations show that the HIV-induced increase in susceptibility
to malaria infection has marginal effect on the new cases of HIV and malaria
but increases the number of new cases of the dual HIV-malaria infection.
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1. Introduction. HIV/AIDS has killed more than 25 million people since it was
first recognized in 1981, making it one of the most destructive epidemics in recorded
history (UNAIDS/WHO [45]). It remains one of the leading causes of death in the
world, with its effect most devastating in sub-Saharan Africa, where HIV prevalence
can range between 12% to 42% (Roseberry, et al. [41]). One of the key factors that
fuels the high incidence of HIV in sub-Saharan Africa is the dual infection with
malaria (Abu-Raddad et al. [1]). HIV has been shown to increase the risk of malaria
infection and accelerate the development of clinical symptoms of malaria, with the
greatest impact in immune-suppressed persons. Conversely, malaria has been shown
to induce HIV-1 replication in vitro and in vivo. A biological explanation for these
interactions lies in the cellular-based immune responses to HIV and malaria. Studies
have shown that when HIV-infected individuals are attacked by malaria, their body
immune system weakens significantly, creating a conducive environment for the HIV
virus to replicate (virtually unchallenged), resulting in an increase in the viral load
(the amount of HIV virus in the body). Hence, since viral load is correlated with
infectiousness [38], such a process (co-infection with malaria) leads to an increase
in the number of new HIV cases in the population.

Humans acquire malaria infection from infected female Anopheles mosquitoes
(after taking blood meal). Of the four mosquito species that infect humans (P.
falciparum, P. vivaz, P. ovale, and P. malarie), P. falciparum is the most viru-
lent and potentially lethal to humans. Plasmodium falciparum stimulate release
of interleukin-6 (IL-6) and tumor necrosis factor alpha (TNF-«a) and the compli-
cations of severe falciparum malaria are mostly due to release of these cytokines.
The increased levels of such cytokines stimulate the replication of HIV in wivo
(thus increasing the HIV levels in patients [49]). HIV-1 proviral loads are signifi-
cantly higher in patients with malaria than those without; and remain higher for
at least 4 weeks after treatment [26]. Thus, malaria infection could cause faster
progression of HIV-1 disease [34]. A study in rural Tanzania shows a significantly
higher prevalence of symptomless malarial parasitemia in HIV-infected adults and
higher mortality due to malaria in these individuals [6]. In a large study carried
out in Uganda, HIV-1 infection has been found to increase the frequency of clinical
malaria and parasite density with tendency to greater parasitemia with advancing
immunosuppression [47]. Furthermore, morbidity is higher in HIV-infected individ-
uals [34, 31, 37]. Recent studies of dual HIV-malaria infection confirm and extend
earlier findings [26, 47, 20, 28, 35, 39] by showing that co-infection leads to a near
one-log increase in viral load in chronic-stage HIV-infected patients during febrile
malaria episodes and that HIV infection substantially increases susceptibility to
malaria infection [1, 39].

This symbiotic relationship between HIV and malaria is a double blow to sub-
Saharan Africa region because of the high prevalence of HIV/AIDS and incidence
of malaria [44]. This highlights the need for a robust qualitative assessment of
the population-level implications of the immune-mediated interaction of the two
diseases [1, 48]. Abu-Raddad et al. [1] recently presented a mathematical model to
study the transmission dynamics of HIV and malaria co-infection. It quantifies the
size of the epidemic synergy between HIV-1 and malaria.

In this study, we formulate and analyse a realistic mathematical model for HIV-
malaria co-infection, which incorporates the key epidemiological and biological fea-
tures of each of the two diseases. The main contribution of this study is in carrying
out a detailed qualitative analysis of the resulting model; an activity not carried



DYNAMICS OF HIV-MALARIA CO-INFECTION 335

out in [1]. Tt is our view that this study represents the very first modelling work
that provides an in-depth analysis of the qualitative dynamics of HIV-malaria co-
infection. Additionally, there are some important differences between the model in
[1] and the one in this paper. For instance, whilst we used an exponential distri-
bution waiting time to model the exposed class, a discrete time delay was used for
the same purpose in [1]. Further, seasonality variations were used in [1] to model
the birth rate of mosquitoes, whereas the current study uses a constant birth rate.
Mathematically speaking, while the model considered in [1] is non-autonomous, the
model considered in the current study is autonomous. Furthermore, unlike in many
other modelling studies of HIV transmission dynamics in a population, this study
assumes that individuals in the AIDS stage of HIV infection do transmit the dis-
ease to susceptible individuals. This is owing to the fact that epidemiologic evidence
supports the hypothesis that AIDS patients are capable of, and do engage in, risky
sexual behavior defined in terms of inconsistent condom use or having multiple sex
partners [30].

It is worth stating that although the acquisition of immunity to malaria is a slow
and complex process [4], the effect of partial host immunity on the transmission
dynamics of malaria in areas where malaria is endemic can be significant. Such
partial immunity, which develops after several years of endemic exposure, results
from many factors such as antigenic polymorphism, poor immunogenicity of individ-
ual antigens, the ability of the parasite to interfere with the development of immune
responses and the interaction of maternal and neonatal immunity [14]. Many in-
fected individuals in endemic areas are asymptomatic (that is, they may harbour
large numbers of parasites without exhibiting signs and symptoms of the disease)
[2, 5, 14]. In areas of low malaria transmission, immunity develops slowly and
malaria affects all age groups [22]. As noted in [33], since HIV infection interferes
with cellular immune function, HIV may interfere with the development of partial
immunity to malaria, particularly amongst children. This complicates the explicit
modelling of the role of partial immunity to malaria in HIV /malaria transmission
dynamics.

The paper is organized as follows. The model is formulated in Section 2. The
sub-models for HIV and malaria are presented and analyzed in Sections 3 and 4,
respectively. The analysis of the full HIV-malaria co-infection model is carried
out in Section 5. Numerical simulations and concluding remarks are presented in
Section 6.

2. Model description. The model sub-divides the total sexually-active human
population at time ¢, denoted by Ng(t), into the following sub-populations of sus-
ceptible individuals (Sg(t)), individuals exposed to malaria parasite only (F(t)),
individuals with malaria symptoms only (I/(t)), individuals infected with HIV only
but display no clinical symptoms of AIDS (I (t)), HIV-infected individuals (with
no symptoms of AIDS) exposed to malaria (Egp(t)), individuals dually-infected
with HIV and malaria, displaying clinical symptoms of malaria but no AIDS symp-
toms (I (t)), HIV-infected individuals displaying AIDS symptoms (Ag (¢)), AIDS
individuals exposed to malaria (Eaps(t)) and AIDS individuals dually-infected with
malaria, and displaying clinical symptoms (Agas(t)), so that

Nult) = Su(t) + Ear(t) + Ing () + T (t) + Eae(t) + Tras () + A (1)
+ Eam(t)+ Aga(t).
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The total vector (mosquito) population at time ¢, denoted by Ny (¢), is sub-
divided into susceptible mosquitoes (Sy (t)), mosquitoes exposed to the malaria
parasite (Fy (t)) and infectious mosquitoes (Iy (t)), so that

Ny (t) = Sv(t) + Ev(t) + Iv (1)

It is assumed that susceptible humans are recruited into the population at a
constant rate Ay. Susceptible individuals acquire HIV infection following effective
contact with HIV-infected individuals (at a rate Ay), and acquire infection with
malaria following effective contact with infected mosquitoes (at a rate Apr). It is
assumed that individuals with malaria infection only may recover and return to the
susceptible class (at a rate ¢1). Further, natural death occurs in all human sub-
populations (at a rate ug). The force of infection associated with HIV infection,
denoted by Ay, is given by

Agy = B {Ig +nuy (Eanv + Oanilan) +nma[Am +nanv (Eanv + 0 A}

Ny
(1)

In (1), Bu is the effective contact rate for HIV infection (contact sufficient to
result in HIV infection), the modification parameter ngys > 1 accounts for the
relative infectiousness of individuals asymptomatically-infected with HIV exposed
to malaria (Fgp) or displaying clinical symptoms of malaria (Ig7ps) in comparison
to those with HIV infection alone but with no AIDS symptoms (Iz). In other
words, it is assumed that HIV-infected individuals (with no AIDS symptoms) who
are also infected with malaria are more infectious than HIV-infected individuals
with no AIDS symptoms and no malaria infection (similar comparisons are made
for HIV-infected individuals with AIDS symptoms alone in relation to those with
AIDS symptoms and malaria infection). Further, the parameter 0y > 1 models
the fact that dually-infected individuals with no symptoms of AIDS, but displaying
symptoms of malaria (Igr), are more infectious than the corresponding dually-
infected individuals who are only exposed to malaria (Eas). Finally, the parameter
na > 1 captures the fact that individuals in the AIDS stage of HIV infection are
more infectious than HIV-infected individuals displaying no clinical symptoms of
AIDS. This is due to the fact that individuals in the AIDS stage have higher viral
load compared to other HIV-infected individuals with no AIDS symptoms (this is
owing to the aforementioned correlation between HIV viral load and infectiousness).

Similarly, humans acquire malaria infection following effective contact with in-
fected mosquitoes at a rate Az, given by,

Iy

Am = Bubu Ny (2)
where ;s is the transmission probability per bite and bj; is the per capita biting
rate of mosquitoes (the form of the disease incidence function is obtained by taking
into account “conservation of bites”; that is, the total number of bites made by

mosquitoes equals the number of bites received by the human hosts [8] ).
Susceptible individuals infected with malaria are moved to the exposed class
(Ear) at the rate Aps, and then progress to the infectious class (Ipr), following the
development of clinical symptoms (at a rate vg). Individuals exposed to malaria
can be infected with HIV (at a rate Ag). That is, individuals in the Fj; class are
moved into the Fp s class upon acquiring HIV infection. Furthermore, individuals
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with symptoms of malaria can acquire HIV infection, at a rate oAy, where the
parameter 0 < o < 1 models the expected decrease in sexual activity (contact) by
individuals with malaria symptoms (because of ill health). Individuals with malaria
symptoms recover (at the rate ¢1) and suffer disease-induced death (at a rate dp).

The population of individuals infected with HIV only (and displaying no symp-
toms of AIDS) is generated following infection (at the rate Agy) and by the recovery
of malaria infection by those dually-infected with HIV and malaria (at a rate ¢z).
Individuals in this class acquire malaria infection (at a rate YA, where ¥ > 1 ac-
counts for the assumed increase in susceptibility to malaria infection as a result of
HIV infection). This population is further decreased following progression to AIDS
(at a rate k). Individuals infected with HIV and exposed to malaria develop symp-
toms of malaria at a rate eyy, where € > 1 represents the assumption that HIV
infected individuals exposed to malaria develop malaria at a faster rate compared
to those not infected with HIV.

Individuals in the Iy class die due to malaria (at the rate 70y, where 7 >
1 accounts for the increased mortality of the Ipjps individuals in comparison to
individuals with malaria symptoms but not infected with HIV), recover (at a rate
¢2) and progress to AIDS (at a rate £k, where £ > 1 represents the assumption that
HIV infected individuals dually-infected with malaria progress to AIDS at a faster
rate compared to those with HIV only).

The population of individuals with AIDS symptoms only is generated following
the progression to AIDS by individuals with HIV only (at the rate k) as well as the
recovery from malaria of individuals with AIDS symptoms and malaria (at a rate
¢3). Individuals in this class also acquire malaria infection (at the rate ¥Aps) and
die of AIDS-related illness (at a rate dg). Individuals in the class of people with
AIDS symptoms exposed to malaria develop symptoms of malaria at the accelerated
rate eyq.

The population of individuals with symptoms of both malaria and AIDS is gen-
erated by progression to AIDS by individuals dually-infected with HIV and malaria
(at the rate £k) and the development of malaria symptoms by individuals with
AIDS exposed to malaria (at the rate eyg). This population is diminished by nat-
ural death (at the rate pp), recovery from malaria infection (at a rate ¢3), death
due to AIDS (at a rate 0y, where ¢ > 1 accounts for the assumed increase in
HIV-related mortality due to the dual infection with malaria) and death due to
malaria (at the rate 70,7).

Susceptible mosquitoes (Sy ) are generated at a constant rate Ay, and acquire
malaria infection (following effective contacts with humans infected with malaria)
at a rate Ay, where the force of infection Ay is given by

Ing +nv (Tum + 0vAun) (3)
Ny ’

where [y is the transmission probability for mosquito infection, by; is the biting
rate of mosquitoes, 7y > 1 is a modification parameter accounting for the increased
likelihood of infection of vectors from humans with dual HIV-malaria infection in
relation to acquiring infection from humans with malaria only. The parameter
Oy > 1 is similarly defined. Mosquitoes are assumed to suffer natural death at a
rate puy, regardless of their infection status. Newly-infected mosquitoes are moved
into the exposed class (Ey ), and progress to the class of symptomatic mosquitoes
(Iy) following the development of symptoms (at a rate vy ).

Av = Bvbu



338 Z. MUKANDAVIRE, A. B. GUMEL, W. GARIRA AND J. M. TCHUENCHE
Putting the above formulations and assumptions together gives the following sys-

tem of differential equations (where a prime represents differentiation with respect
to time).

Sy =Ag+¢1Im — AuSu — ASu — puSu,

Ey = AuSa — AuEy — (va + pu)Ew,

Iy =By — oy I — (pw + 0a + 61) I,

Iy = AgSu + ¢l — NIy — (pE + 5) I,

By = AaEy + 9Ty — (eva + pm + &) En,

Ty = oda v + eyu Epnr — (pi + 700 + d2 + §6) T,

Ay = klg + ¢3Aanm — AN A — (pg +0n)Ax,

Eyn = 9uAn + kEgy — (eya + pa + 0u)Ean,

Aynr = E-lane + eyaEan — (n + ¢3 + 700 + ¥0m) Anr,

Sy =Av = AvSy — pv Sy,

Ey = AvSy — (yw + pv) By,

I, =vyvEy — pyly.

The model flow diagram is depicted in Figure 1, and the associated parameters
are described in Table 1. Since the model (4) monitors human populations, all asso-
ciated state variables and parameters are non-negative for all time ¢ > 0. Further,
before analyzing the dynamics of the full model (4), it is instructive to analyze the
sub-models (HIV-only and malaria-only) first of all. This is done below.

3. HIV-only model. We begin by analysing the HIV-only model (obtained by
setting EM = IM = EHM = EAM = AHM = SV = EV = IV =0in (4)) given by,

Shy = M — Ay S — S,
Iy = AuSu — (pm + &)1m, (5)
Ay =kly — (pg + ) Am,

where, now, A\ = BH(IHN;:AAH) and Ny = Sy + Iy + Ay. Consider the region

Qu :{(SHaIHaAH) ER3 : Ny < AH//LH}-
=

It can be shown (see, for instance, [42, 43]) that all solutions of the system (5)
starting in g remain in Qg for all ¢ > 0. Thus, Qg is positively-invariant (hence,
it is sufficient to consider the dynamics of (5) in Q).
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The HIV-only model (5) has a DFE given by,

Eno Z(SH,IH7AH)=(A—H,070)- (6)
HH
The stability of this equilibrium will be investigated using the next generation op-
erator [17, 46]. Using the notation in [46] on the system (5), the matrices F' and
V', for the new infection terms and the remaining transfer terms are, respectively,
given by

_ (Bu Buna  (pE+E 0
F—(O 0 and V = e i +ou )

It follows that the associated basic reproduction number [3, 10, 12, 25], denoted by
Ru, is given by
- Bu(dm + kna + pirr)
Ry = p(FV™1) = , 7
i = pl ) (K5 + pw)(0m + p) @)
where p represents the spectral radius (the dominant eigenvalue in magnitude) of
FV 1. Using Theorem 2 of [46], the following result is established.

Lemma 1. The DFE of the HIV-only model (5) is locally-asymptotically stable
(LAS) if Ry < 1, and unstable if Ry > 1.

The basic reproduction number (R ) measures the average number of new infec-
tions generated by a single infected individual in a completely susceptible popu-
lation. Thus, Lemma 1 implies that HIV can be eliminated from the community
(when Ry < 1) if the initial sizes of the sub-populations of the model are in the
basin of attraction of the DFE &£;,9. To ensure that elimination of the virus is in-
dependent of the initial sizes of the sub-populations, it is necessary to show that
the DFE is globally-asymptotically stable. The following results can be established
(using, for instance, the techniques in [43], where a treatment model for HIV is
considered):

Theorem 2. The DFE of the model (5), given by Eno, is globally-asymptotically
stable (GAS) whenever Ry < 1.

Lemma 3. The HIV-only model has a unique endemic equilibrium if and only if
Ry > 1.

The global stability property of the endemic equilibrium of the HIV-only model
is now investigated for a special case.

3.1. Global stability of the endemic equilibrium for §y = 0. Consider the
HIV-only model (5) with 6 = 0, given by

Sy =Aw —AuSuy — puSH,
Iy = AgSu — (nm + #)1n, (8)

A}I = KIH — /J,HAH.
The system (8), for the special case above, has the same unique endemic equi-
librium as the HIV-only model (5), but with dg = 0. Let,
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Qo :{(SHaIH,AH) €EQy: Iy =Apg = 0} and Rp1 = Rals,=o-

We claim the following

Theorem 4. The endemic equilibrium of the HIV-only model with 6 = 0 is GAS
in Qg \ Qo whenever Ry > 1.

Proof. Tt can be shown, as for the case of Lemma 3, that the unique endemic
equilibrium for this case exists only if Ry > 1. Further, Ny = Ay /up as t — .

Thus, using Sy = Ag/pur — Iy — A and substituting in (8) gives the following
limiting system

Iy = u(Am/pe — In — An) — (pm + £)In,
A}I = KIH — /J,HAH.

Using the Dulac’s multiplier 1/1y Apy, it follows that

0 |:5H(IH+77AAH)(AH/'LLH_IH_AH)_

Olg | IaAulAu/pn
I ')

0Ag \ Ay Iy
_ _[5HMH Banapn (1 Ag ) H}

+ — -
AH AHI?{ AH//LH A%I

< 0 since A < Ap/pg in Qp.

Thus, by Dulac’s criterion, there are no periodic orbits in Qg \ Q. Since Qp is
positively invariant, and the endemic equilibrium exists whenever Ry > 1, then it
follows from the Poincaré-Bendixson Theorem [40] that all solutions of the limiting
system originating in 2y remain in Qg for all ¢t. Further, the absence of periodic
orbits in 2y implies that the unique endemic equilibrium of the special case of the
HIV-only model is GAS whenever Ry, > 1. O

It may be possible to show, using a regular perturbation argument (as in [8]), that
the above proof holds for dg > 0, but small.

In summary, the model with HIV alone has a globally-asymptotically stable
disease-free equilibrium whenever Ry < 1, and a unique endemic equilibrium when-
ever Ry > 1. The unique endemic equilibrium is globally-asymptotically stable for
the special case g = 0 if Ry1 > 1. The dynamics of the malaria-only model is
now studied.
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4. Malaria-only model. Consider the malaria-only model (obtained by setting
IH = EHM = IHM = AH = EA]W = AHM =01in (4)), given by

Eg\/[ = AuSy — ('YH +MH)EM7

Iy =va By — (pa + 0m + ¢1) 1w,

(10)
Sy = Ay — A\vSy — v Sy,
Ey =AvSv — (w +uv)Ev,
I, = wEy — pyly,
Iy Iy
where, now, Ay = Bymby——, A\v = Byby—— and Ny = Sy + Ea + Iy, The
Ny Np

model is a slight modification of the dengue transmission model in [21].
Consider the region

Qu :{(SHaEMaIMaSVaEV7IV) €RS : Ny < Ap/pwm,Ny < Av/uv}-

It can be shown that the region 2, is positively-invariant (so that it is sufficient
to consider the dynamics of the model (10) in Q7).

4.1. Local stability of the disease-free equilibrium. The DFE of the malaria-
only model (10) is given by,

5M0:(SH,EM,MLsy,EvJy):(%g,ao,%g,mo). (11)

Here, the associated next generation matrices are given by

0 0 0 bmBum
0 0 0 0
0 0 0 0
YH + LH 0 0 0
v — —YH oM + g+ ¢1 0 0
0 0 wtpy 0]7
0 0 - nv
so that,
b2, Bm Bvyayv Ay
Ry = p(FV™H = > ' 12
m = pl : \/AHM%/('VH+MH)(7V+NV)(6M+MH+¢1) "

Thus, using Theorem 2 of [46], we have established the following result.

Theorem 5. The DFE of the malaria-only model (10) is LAS if Ry < 1, and
unstable if Ry > 1.
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4.2. Existence of backward bifurcation. It is shown from Theorem 5 that the
DFE of the malaria-only model is LAS if Rj; < 1. However, this equilibrium may
not be GAS in Q) for Ry < 1, owing to the possibility of backward bifurcation,
where the stable DFE co-exists with a stable endemic equilibrium when Ry < 1
(see, for instance, [9, 13, 18, 19, 21, 23, 32, 29, 42, 43] and the references therein
for further discussion on backward bifurcation). The public health implication of
backward bifurcation is that the classical requirement of having the basic reproduc-
tion number less than unity, although necessary, is no longer sufficient for disease
control. The possibility of the backward bifurcation phenomenon in the system (10)
is investigated below.

Solving the malaria-only model at an arbitrary equilibrium, denoted by &y =
(St By Iags SV, By, I ), gives,

S* — (yu+pa)OMmtpa+é1)An
H ™ pua Ny +pma)0mt+pa+o1)+va (G (N i) +ua (N, +ua+e1))?
B = (Ov+pa+o1) Al
M ™ pg Ny +ea)Ovm+ua+é1)Fyve (O Ny +pwm)+oa Ny +pa+¢1))?
(13)
I = YE Ny AH
M ™ pg Ny +eE)Om+ua+61)+ve Ov (N +pm)+pe (N, re+61))?
G — _Av B — AVAv Ir — WAV AV
VT X ey TV T (v ey ) Fev) TV T v (v ey A ey )
where,
b I3
N = T (1)
and,
b I3

VTS By Ty
Substituting (13) and (15) into (14) shows that the endemic equilibria of the malaria-
only model (10) satisfy the following polynomial (in terms of \},)

o [A (N2 + BNy +C =0, (16)
where,
A =Agpv(yw +pv)(ve +0m + pa + ¢1) Al
B = Agpv(ye + pm)(ywv + uv)(On + pr + ¢1)Ba
—b3,Bm By yaw Av {7}1(51\4 +pm) + pa(Om + p + ¢1)} ;
C =Aupd(yw +pv)(ve + pa)*(Om + pa + ¢1)*(1 — R3,),
with,

A1 = buPvym +pv(ve +0n + pa + ¢1),

Bi = buBvya +2uv(vH + 0p + i + $1).
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The root A}, = 0, of (16), corresponds to the DFE &y (whose stability has
already been analyzed). For backward bifurcation to occur, multiple non-zero (en-
demic) equilibria must exist. It follows from (16) that the non-zero equilibria of the
model satisfy

FOM) = AN3)* + BAy +C =0, (17)
so that the quadratic (17) can be analyzed for the possibility of multiple equilibria.
It is worth noting that the coefficient A is always positive and C is positive (negative)
if Rys is less than (greater than) unity, respectively. Hence, we have established
the following result.

Theorem 6. The malaria-only model (10) has

(i) precisely one unique endemic equilibrium if C < 0 (i.e., Ry > 1),
(ii) precisely one unique endemic equilibrium if B < 0, and C = 0 or B> —4AC =
0,
(iii) precisely two endemic equilibria if C > 0 (i.e., Ry < 1), B < 0 and B? —
4AC >0,
(iv) no endemic equilibrium otherwise.

The possible presence of two endemic equilibria (Case (iii)) above indicates the
possibility of backward bifurcation in the model (10). This is explored further below,
using the Centre Manifold theory [11, 13, 18, 46]. To apply this theory, the following
simplification and change of variables are made first of all. Let Sy = x1, By =
xo, Ing = x3, Sy = x4, By = x5 and Iy = xg, so that Ny = x1 + x5 + x3 and
Ny = x4 + x5 + 6. Further, by using vector notation x = (1, z2, 23, 74, 5, z6) ",

the malaria-only model (10) can be written in the form 2 = F(x), with F =
(flu f27 f37 f47 f57 fG)Tu as follows:

dx

d_tl = fi=Ag+d1w3 — Ay — ppan,

dx

d_t2 = fo=Auz1 — (vE + pE)T2,

dx

d—tg = fa=vnr2 — (LE + 0m + ¢1)73,

(18)

d$4

o = Ja=Av - Avas - uva,

dx

d—; = fs=Avzs— (W + pyv)ms,

dIG f

R = = xTrs — X

dt 6 = YvIs5 — v e,
with,
b b
Ay = Barbarxe and Ay = Bvbarxs '
T+ To + 23 T+ T2+ T3

The method entails evaluating the Jacobian of the system (18) at the DFE Epyq,
denoted by J(Enr). This gives:
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—pg 0 $1 0 0 -
0 —Js 0 0 0 J1
o 0 YH —Jg 0 0 0
J(Emo) = 0 0 —Jy —py 0 0 ’
0 0 Jy 0 —J5 0
0 0 0 0 VWwoo —py
where,
Ji = PBubm, Jo =+ pE, Jz = pa+6u + d1,
Jy = (BvbmAvpwr)/(wwiAa),Js =y + py.

Consider, next, the case when Rj; = 1. Suppose, further, that Gy = [* is
chosen as a bifurcation parameter. Solving for Gy, from Ry, = 1 gives

e AR (v + ) (e + 00 + 1) (pv + )
ﬁM - ﬁ - b2
MOV YE YV IEAY
It follows that the Jacobian (J(Eprp)) of (18) at the DFE, with Sy = 5%, denoted
by Jg+, has a simple zero eigenvalue (with all other eigenvalues having negative
real part). Hence, the Centre Manifold theory [11] can be used to analyze the
dynamics of the model (18). In particular, the theorem in [13] (see also [11, 18, 46]),
reproduced below for convenience, will be used to show that the model (18) (or,
equivalently, (10)) undergoes backward bifurcation at Ry = 1.

Theorem 7. Castillo-Chavez and Song [13]

Consider the following general system of ordinary differential equations with a pa-
rameter ¢

Ccll_:tcz (r,¢), f:R"xR—=R" and f € C*(R" x R),

where 0 is an equilibrium point of the system (that is, f(0,¢) =0 for all ¢) and

1. A=D.,f(0,0) = (gf{ (0, O)) is the linearization matriz of the system around
the equilibrium 0 with ¢ evaluated at 0;
2. Zero is a simple eigenvalue of A and all other eigenvalues of A have negative

real parts;
3. Matriz A has a right eigenvector w and a left eigenvector v corresponding to

the zero eigenvalue.
Let fj, be the kth component of f and

n
82
a = Z vkwiwj—amig’;j(0,0),
keyinj=1
n 2
_ o°f
b= vwig55(0,0),
keyi=1

then the local dynamics of the system around the equilibrium point 0 is totally de-
termined by the signs of a and b. Particularly, if a > 0 and b > 0, then a backward
bifurcation occurs at ¢ = 0.
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In order to apply the above theorem, the following computations are necessary
(it should be noted that we are using $* as the bifurcation parameter, in place of

¢ in Theorem 7).

Eigenvectors of Jg-:

For the case when Rj; = 1, it can be shown that the
Jacobian of (18) at By = B* (denoted by Jg«) has a right eigenvector given by

_ T
w = w1, we, w3, Wy, ws, we]* , where,

We

P13 = BTbuws.
KHH
B*brrwe
ve + pE’
YTHW?2

pE + oM+ o1

—(BvbymprAvws)
Ay

)

nvwe
W

We -

Further, Jg- has a left eigenvector v = [v1, v, v3, V4, U5, V6], Where,

Computations of ¢ and b : It can be shown, after some algebraic manipulations
(involving computing the associated non-zero partial derivatives of F' (at the DFE)

U1

U2

U3

V4

Us

Vg

= 07

= U2,
YH + UH
oo
pu— O7
A
W+ py’

B*barva

120%

to be used in the expression for a in Theorem 7), that

—2bprprvswzwsPBy (V — 1)

where,

Ay ’
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vows b A pr Bar (w2 + w3) + vswsp g Av By (wi + wa + ws)

V =
vswawapy A By

3

and

b = wowgby > 0.

Hence, it follows (from Theorem 7 above) that the malaria-only model (10) un-
dergoes backward bifurcation at Ry = 1 whenever

_ —2by pavswzws By (V — 1)
An

> 0. (19)
This result is summarized below.

Theorem 8. The malaria-only model (10) undergoes a backward bifurcation at
Ry = 1 whenever inequality (19) holds.

The backward bifurcation phenomenon is illustrated (Figure 2) by simulating
the malaria-only model system (10) with the following set of parameter values
(note that the parameters are chosen in order to illustrate the backward bifur-
cation, and may not all be realistic epidemiologically (see [32] for some comments
on whether or not backward bifurcation, in the context of TB disease, can occur
with realistic parameter values)): Ay = 0.00099, Ay = 0.0089, By = 0.07833, By =
0.0057233,bp; = 0.58, vy = 100,~vy = 0.981, pug = 0.00049139, uy = 0.009, ¢1 =
0.00656, 9); = 0.0013945392. Using the above set of parameter values, it follows
that Ry = 0.9823256562 and a = 0.3354 with b = 0.58 (so that the inequality (19)
is satisfied).

Although the phenomenon of backward bifurcation has been observed in nu-
merous epidemiological settings, such as those for behavioural responses to per-
ceived risk, multi-groups, vaccination, TB dynamics with exogenous re-infection
(see [13, 18, 19, 21, 23, 32, 29, 42, 43] and the references therein), this is, probably,
the first time such a phenomenon has been established in malaria transmission dy-
namics (Garba et al. [21] also established backward bifurcation in dengue disease,
another vector-borne disease).

Finally, it is worth stating that, unlike in the HIV-only model, the DFE of the
malaria-only model (Eys0) is not globally-asymptotically stable when the associated
reproductive number (R /) is less than unity, owing to the phenomenon of backward
bifurcation. Consequently, this study shows that the control of malaria spread in a
population when Rp; < 1 will depend on the initial sizes of the sub-populations of
the malaria-only model (10).

5. Analysis of the HIV-malaria model.

5.1. Local stability of the disease-free equilibrium. Having analysed the dy-
namics of the two sub-models, the full HIV-malaria model (4) is now considered.
Its DFE is given by,

& :(SH,EM,IMJH,EHM,IHM,AH,EAM,AHM,SWEV,IV)
(20)

:(A—H,o,o,o,o,o,o,o,o,A—V,o,o).
HH 120%



DYNAMICS OF HIV-MALARIA CO-INFECTION 347

It is easy to show, using the next generation method (as in Sections 3 and 4), that
the associated reproduction number for the full HIV-malaria model (4) (denoted by
Run) is given by

RHM = maX{RH, RM}, (21)
so that the following results follows from Theorem 2 of [46].

Theorem 9. The DFE of the HIV-malaria model (4), given by (20), is LAS if
Rum <1, and unstable if Rga > 1.

Like in the case of the malaria-only model (10), the full HIV-malaria model (4)
also undergoes backward bifurcation. We claim the following (see Appendix A for
proof)

Theorem 10. The full model (4) undergoes backward bifurcation at Ry = 1
whenever inequality (23) is satisfied.

The backward bifurcation phenomenon of the full HIV-malaria model (4) is il-
lustrated by depicting time series plots, based on simulating the transformed model
(22) with various initial conditions, showing convergence to either the DFE (&)
or an endemic equilibrium (Figure 3). With the parameter values used in these
simulations, the coefficient a in the inequality (23) is given by a = 0.0006 (and b is
always positive).

6. Numerical simulations and concluding remarks. In order to illustrate
some of the analytical results in this paper, numerous numerical simulations of
the full model (4) were carried out, using a set of parameter values given in Ta-
ble 1. Figure 4 illustrates the solution profiles of the populations of symptomatic
individuals infected with malaria only (Ips), HIV only (Iy), both diseases (Irs)
and the symptomatic mosquito population (Iy ), using various initial conditions.
Simulating the model using the parameter values in Table 1 with gy = 0.2 and
B = 0.0001 (so that Ry = 0.3076, Rps = 0.4065 and Ry = 0.4065 < 1) shows
convergence to the disease-free equilibrium (Fig. 4), in line with Theorem 7. Simi-
larly, choosing Sy = 0.001 and By = 0.9 (so that, Ry = 3.0765, Ry = 0.8624 and
Runm = 3.0765) shows convergence to an endemic equilibrium (Fig. 5). Although
the stability analysis of the endemic equilibrium of the HIV-malaria model (4) has
not been carried out in this study, this result is certainly expected (since the DFE
is unstable in this case, and, typically, the disease persists when the reproduction
threshold (Rpmar) exceeds unity; as is the case in these particular simulations).

Simulations for the case where the two reproduction numbers exceed unity are
carried out and depicted in Figure 6. These figures illustrate that for Ry and Rz
greater than unity, there is always co-existence of the two diseases no matter which
of the reproduction numbers is greater. Further, the simulations illustrate that the
population of symptomatic individuals infected with malaria only (Iys) always has a
higher steady-state value than that of the population of individuals in the HIV class
Iy for 1 <Ry >Ru, 1 <Ry < Ry and Ry = Rp (it should be stated that in
each of the pictures depicted in Figure 6, the steady-state value of the population of
individuals in the Iy class is non-zero). In other words, these simulations suggest
that, for the set of parameter values used, there would always be more cases of
malaria at steady-state than cases of HIV infection in the community.

The effect of reduction in sexual activity by individuals with malaria symptoms
(Ipr) exposed to HIV is monitored by varying the parameter o. Figure 7B shows
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that while the cumulative number of new cases of malaria infection increases with
decreasing o, the cumulative number of new cases of HIV (Fig. 7A) and that of
the mixed (HIV-malaria) infection (Fig. 7C) decrease as o decreases from 1 to 0.
That is, as individuals with symptoms of malaria decrease their risk of acquiring
HIV infection (by decreasing their effective contact rate oAg, with 0 < o < 1), the
cumulative number of new cases of HIV and the mixed infection decrease; while the
cumulative number of new cases of malaria rises.

Simulations were carried out to monitor the effect of the assumed increase in
susceptibility to malaria infection in individuals infected with HIV, by varying the
associated parameter ¥). The simulations, depicted in Figure 8, show that such an
increase in susceptibility has marginal effect on the number of new cases of HIV
(alone) and malaria infection (since the curves in Figure 8A and Figure 8B seem to,
generally, coincide). However, for the case of the mixed infection, Figure 8C shows
significant increase in the number of new cases as malaria susceptibility is increased
by about 10-fold (the increase in the number of new cases remains constant as ¢ is
increased further).

The effect of increase in AIDS-related mortality in individuals dually-infected
with HIV and malaria (with symptoms of malaria) is also monitored, by varying
1. Figure 9 shows an increase in HIV mortality as 1 increases and a decrease in
mortality for individuals with the dual infection. This parameter seems to have no
effect on the mortality of individuals infected with malaria only (albeit it shows a
marginal decrease in mortality as ¢ increases).

In summary, a deterministic compartmental model for the transmission dynamics
of HIV and malaria in a given community is designed and rigorously analyzed. The
model considered the epidemiologic synergy between sexually transmitted HIV and
malaria in the context of Abu-Raddad et al. [1]. The HIV-only and malaria-
only models were qualitatively examined, first of all. The main theoretical results
obtained are as follows:

(i) The HIV-only model has a globally-asymptotically stable disease-free equi-
librium whenever a certain epidemiological threshold (Ry) is less than unity
(see also [42, 43]); and unstable if this threshold exceeds unity;

(ii) The HIV-only model has a unique endemic equilibrium whenever the afore-
mentioned threshold exceeds unity. For the case where no AIDS-related mor-
tality is considered, this endemic equilibrium is globally-asymptotically stable
whenever it exists;

(iii) Unlike the HIV-only model, the malaria-only model undergoes the phenom-
enon of backward bifurcation, where the associated stable disease-free equi-
librium co-exists with a stable endemic equilibrium when the corresponding
reproduction number (R /) is less than unity;

(iv) The full HIV-malaria model is shown to have a locally-asymptotically stable
disease-free equilibrium when its reproductive threshold is less than unity, and
unstable if the threshold exceeds unity. It also undergoes the phenomenon of
backward bifurcation under certain conditions;

Numerical simulations of the full HIV-malaria model show the following:

(a) The two diseases co-exist whenever the reproduction number of each of the
two diseases exceed unity (regardless of which number is larger);

(b) The number of new cases of malaria at steady state seems to always exceeds
that of HIV;
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(¢) The assumed reduction in sexual activity of individuals with malaria symp-
toms results in decrease in the number of new cases of HIV and the mixed
HIV-malaria infection, while increasing the number of new cases of malaria;

(d) The HIV-induced increase in susceptibility to malaria infection has marginal
effect on the number of new cases of HIV, but significantly increases the
number of new cases of the dual HIV-malaria infection.

This study provides the first in-depth mathematical analysis of a comprehensive
model for the transmission dynamics of HIV and malaria in a population. There are
a number of ways this study can be extended, including incorporating preventive and
therapeutic strategies for HIV (such as the use of anti-retroviral therapy, condom
use, voluntary HIV testing and screening) and malaria (such as the use of treatment
and prophylactic drugs, vector-reduction strategies and personal protection against
mosquito bites) and the acquisition of malaria immunity for adults in malaria-
endemic settings, following repeated exposure (the latter would be somewhat of
a daunting task since both diseases affect the immune system). It would also be
interesting to consider the possible consequences of HIV-Malaria co-infection in
mother-to-child transmission of HIV.
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Appendix A: Proof of Theorem 10.

Proof. The proof is also based on using the Centre Manifold theory on the HIV-
malaria model (4). As in Section 4.2, let Sy = z1,Ey = wo, Iy = 3,1 =
24, Egnve = x5, lgnv = x6, Ag = 27, Ean = 28, Agym = 9, Sv = 210, By = 211,
and Iy = x12, so that Nf; = o1 + 22 + 23 + 24 + 25 + 26 + 7 + 28 + 9 and
N§; = z10 + 211 + x12. Further, by adopting the same vector notation as in Section
4.2 withx = (21,22, -+ ,212)", the model (4) can be written in the form % = F(x),
where F' = (f1, fa, -, f12)T, as follows:

dx
d_tl = fl = AH + (bl,’Eg — )\?{(El — )\i{[fEl — UHZ1,
dl‘g

P fo = Az — Agwe — Kixa,
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dx
d_tg = f3 = yuw2 — oAz — Koz,
d:Z?4 c c
7 fa = Agz1 4+ ¢owe — VNG 04 — K3y,
dx
d—t5 = f5 = Mgz + 9G04 — Kyzs,
dx
d_tﬁ = f6 = oA w3 + eypws — Kswe,
d:Z?7 c
i fr = kx4 + ¢339 — ING 27 — K27,
; (22)
dx
d—tg = fo = ke + eymas — Ky,
dx
Wlo = fio = Av — A{x10 — pv o,
dx
711 = f11 = Ay w10 — Kox11,
dzi2
iu fi2 = wzi — pvTie,
where,
Ky = yug+pu, Ko=pg +0p + ¢1, K3 = pg + 8, Ky = eyg + pg + K,
Ks = pg+7ém +¢2+ &k, K¢ = pg +0m, Ky = eyg + pg +dm,
Ky = pg+¢3+7om + U0, Ko = pv + v,
and,
X = By {za +num (x5 + Omnmxe) +na (7 + v (s + O]}
H - c )
N
e ﬁMbe
M Nf_l 12,
b
)\f/ = ﬁ]‘(]cM [xg + Ny (.’L‘G + 6‘\/,@9)] .
H

It can be shown, by computing the eigenvalues of the associated Jacobian of the
system (22) at the DFE (denoted by J(&)), that Ry = max{Rpy, Ras} as before.

For convenience, we re-write
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Ry — Br(0m + Kkna + pm) and Ry — \/b?wﬁMﬁVVHVVMHAV

K3 Kg AHH%/K1K2K9

Consider the case when Ryy = 1 (that is, Ry < Ry = 1). Suppose, further,
that g = (* is chosen as a bifurcation parameter. Solving for Sy from Ry =1
gives

K3K;q
(0m + kna + pu)’

fu = p" =

Eigenvectors of Jg«:

For the case when Rpyp = 1, it can be shown that the matrix J(&y) evaluated
at fg = (%, denoted by Jg-, has a right eigenvector given by

T
W = [w1,w2,w3,w47w57w6,w7,w87w97w10,w11,w12] )

where,

prwz — B wy — B'nawr — Bubarwia

wy = y
HH
w2 = W2,
P YHW2
3 =
Ky’

wqg = U4,
ws = O,
We — O,

RW4
wry =

Kg’
wg = O,
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we By oy Avws
10 = ————F% 5
Ampi
Py W12
w1t = T
0%
K1w2
w12 = .
Barbas

Further, the matrix Jg« has a left eigenvector

V= [U17U2,U3,U4,U57U67U7,U8,U9,U10,U11,U12],

where,
v = 0,
V2 = U2,
Kl’UQ
vy = )
YH

Vg4 = U4,

_ B'Mamvs + €YU + Kus
Vs = )

Ky
v = (B*nanmOrne + d2)vs n Bvbunv pa Av v n §Kug
Ks AppvKs K5’
S B*nava
7 KG )

_ B'manmmva + €yHvg

R )
K7
e B nanam O Ampyvs + Agpy ¢zvr + Bvbuny pr AvOvon
9 — )
Appyv Ks
vip = 0,
A KovsAgpy
BvbrpaAy’

_ Bubyvs

Vi = E——
2%

Computations of ¢ and b :

It can be shown, after some tedious manipulations, that
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_2pH
Ay

viiwiwz By by pr Ay + viywaws By b g Av + vinwzwa By by i Ay

viiwswr By by i Ay + vowaws B A v + vawawr Bunal g py

vowawi2 Bvbym Am pv + vowswiaBarby Ay + vawawi2 Barbar Ay

vowrwi2 Bvbym A g pv + vswswao fuAppy + vswswroBanalpgpy

vawowy B A pv + vawawr Banalppy + vawzwaBu A py

vawswr Bunal gy + vawawi2VBrby Ay + vaw? Bunalppy

= vswowsfSuAgpy — vswawrBanalupy — vswiwi29Bnbyn Ay

— wewswso By Agpy — vewzwroBanalgpy + vrwrwi29Brby A py

- vgwrw12VBpbyu A g pyv — viiwswio By by Mgy + vawswr Ba N py

+  vawswrBaAEpvna),

(vagw] B A gy + virw3 Bvbar i Ay

+ 4+ + o+

and,

b = wvqwg+vgwina > 0.

Thus, it follows from Theorem 7 that the full HIV-malaria model (4) undergoes
backward bifurcation at Rgys = 1 whenever

a> 0. (23)
|

TABLE 1. Model parameters and their interpretations

Parameter Symbol Value Source
Recruitment rate of humans Ay 5x 10~ 2 day ! Assumed
Recruitment rate of mosquitoes Ay 6 day ! [15]
Natural death rate of humans HH 3.9 x 107° day71 [8]
Natural death rate of mosquitoes ny 0.1429 day ! [16]
HIV-induced death rate S 9.13 x 10~ % day ~ ! [36]
Malaria-induced death rate S 3.454 x 10~% day ! [16]
Effective contact rate for HIV infection BH Variable Variable
Transmission probability for malaria in humans B 0.8333 day71 [16]
Transmission probability for malaria in vectors Bv (0,1) -
Biting rate of mosquitoes byr (0.25,1) day ! Assumed
Modification parameters NA>NMHM 1.4, 1.5, 1.002 Assumed
Modification parameters O, 00T 1.002, 1.00, 1.001 Assumed
Modification parameters e, 9, 1.02, 1.002, 1.002 Assumed
Recovery rate of humans from malaria b1, P2, P3 0.00556, 0.002, 0.0005 Assumed
Modification parameters nyv, 0y 1.5, 1.5 Assumed
Rate of progression to AIDS stage K 0.000548 day*1 Assumed
Rate at which humans exposed to malaria YH 0.08333 day ! [16]
develop clinical symptoms

Rate at which vectors exposed to malaria v 0.1 day ' [16]

develop symptoms
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