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ABSTRACT. Reaction-diffusion-chemotaxis systems have proven to be fairly
accurate mathematical models for many pattern formation problems in chem-
istry and biology. These systems are important for computer simulations
of patterns, parameter estimations as well as analysis of the biological sys-
tems. To solve reaction-diffusion-chemotaxis systems, efficient and reliable
numerical algorithms are essential for pattern generations. In this paper, a
general reaction-diffusion-chemotaxis system is considered for specific numer-
ical issues of pattern simulations. We propose a fully explicit discretization
combined with a variable optimal time step strategy for solving the reaction-
diffusion-chemotaxis system. Theorems about stability and convergence of the
algorithm are given to show that the algorithm is highly stable and efficient.
Numerical experiment results on a model problem are given for comparison
with other numerical methods. Simulations on two real biological experiments
will also be shown.

1. Introduction. Reaction-diffusion-chemotaxis systems have been used success-
fully to model chemical and biological processes which involve pattern formations.
Since virtually all models for spatial pattern generation are necessarily nonlinear,
analytical solutions are generally not available. Numerical solutions of such equa-
tions are thus necessary for computer simulation of patterns and data analysis.
A key question for such numerically generated patterns is how we know that the
computer-generated patterns come from the original models (systems) and not from
noise or error introduced by numerical approximation or computation. This is spe-
cially important for noise-sensitive patterns. To answer this question, we need to
look at the characteristics of reaction-diffusion-chemotaxis systems, which separate
them from other parabolic type of systems.

In 1952, A. M. Turing [26] first suggested that some patterns that occur in
chemistry were resulted from interaction between chemical reaction and diffusion.
Since then a substantial amount of research has been done on this subject. See
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[18] for a survey of related developments. The general form of 2-function reaction-
diffusion systems is
{ ug = DyAu+ f(u,v) (1)
vy = D,Av+ g(“) U),

together with appropriate boundary and initial conditions. Here u and v are consid-
ered as two chemical concentrations; f(u,v) and g(u,v) are reaction kinetics which
describe the interrelation between the chemicals. The diffusion terms, D, Au and
D,Av, reflect each particle’s random movement with diffusivities D, > 0 and
D, > 0. Under certain conditions, the reaction-diffusion system described above
has a unique solution. The proof of the existence and uniqueness of the solution
can be found in [6]. The system is useful for modeling patterns in chemistry and
biology. Some examples can be found in [18].

The basic idea for showing patterns using (1) is to do a local linearization of
f and g at an equilibrium point and demonstrate that eigenvalues responsible for
growth (decay) can have positive (negative) real parts that can lead to growth at
some places and decay at others. So, the whole picture is a spatially inhomogeneous
pattern [12] [23].

A motile organism can move toward higher nutrient levels or better environ-
ment, for example, higher level of oxygen. It can also move away from a chemical.
This type of motion is called chemotazxis. The chemotaxis phenomenon has been
observed in many microorganisms, plants and animals. For bacteria, chemotaxis
has been known since the end of of the nineteenth century [30]. Keller and Segel
[13] were among the first to construct differential equation models for chemotaxis.
Their model has been applied to many real cases. The Keller-Segel model extends
the reaction-diffusion model with a convection term to simulate chemotaxis. For
many motile organisms, the reaction-diffusion-chemotaxis systems are more real-
istic models than reaction-diffusion systems. Chemotaxis can play crucial roles in
pattern formations [13] [15]. For different biological problems, the corresponding
equations of reaction-diffusion-chemotaxis systems may be different depending on
the species involved and their biological properties. In this paper, we will consider
a general reaction-diffusion-chemotaxis system which will be used for our numerical
experiments on generating patterns given in [2]. The system is given by

ug = DyAu+V - (x1(p)uVp) +V - (xa(q)uVe) + f(p, u)
Pt = DpAp+g(p7qau)7 (2)
@ = DgAq+ h(p,q,u),

together with appropriate boundary and initial conditions. Here u is considered
as a microorganism (bacteria) density function, p and ¢ are two chemoattractant
concentration functions (one operates as a nutrient and the other does not), and f,
g and h are reaction kinetics which describe the interrelation between the chemicals.
The diffusion terms, D, Au, D,Ap, DyAg, reflect each particle’s random movement
with diffusivities D, > 0, D, > and Dy > 0. Vp and Vq are gradients of p and gq.
X = X1 or X2 is defined by the Keller-Segal model

x(x) = it

where Cy > 0 and C; > 0 are constants and p > 1 is an integer power. Observe
that lim,_,~ x(2) = 0, which indicates that particles tend to stay where they are
when the local concentration of chemoattractant is large.
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The theoretical analysis of reaction-diffusion-chemotaxis systems for pattern gen-
eration is similar to the analysis of reaction-diffusion systems. That is, to show some
eigenvalues of local linearization can have positive real parts.

Numerical methods that have been used to solve reaction-diffusion systems in-
clude finite element techniques, monotone iterative methods and explicit finite dif-
ference schemes [16] [17] [20] [28] [29]. In this paper, we consider a general approach
to the problem. First discretize in space, then solve the resulting ordinary differ-
ential equation (ODE) system. This is called the method of lines, which is the
first step for construction of many numerical methods. There are numerous ways
to discretize in space. The most popular ones are finite difference, finite element
and various kinds of spectral methods. For construction and demonstration of our
numerical method, we use a straightforward finite difference discretization. Other
discretization methods would give different forms of the ODE system, for which our
numerical scheme, given in the sequel, can also be applied.

To solve the ODE system, the simplest and the most straightforward numerical
scheme is the forward Euler scheme, which is fully explicit and easy to implement.
However, the conditional stability forces a small step size in time for numerical com-
putations. This is also true for other explicit methods. Consequently, the explicit
schemes require long runtimes. This problem is specially serious for stiff systems,
which are typical for systems with highly nonlinear reaction terms. The common
remedies for this problem are to use implicit or semi-implicit schemes [8] [9] [11]
[14]. Although such implicit methods are efficient for problems with negative real
parts for eigenvalues of the discrezation matrices, these schemes create the same
problem; namely, requiring small step sizes for very positive real parts of the eigen-
values (stiffness on the positive side of the number line). This is likely to happen
for pattern formation problems for which the spatial discretization matrices have
both positive and negative real parts for their eigenvalues. In addition, for pattern
formation problems, the positive real parts of the eigenvalues are the unpredictable
ones which evolve along the time. With these factors in mind, the explicit methods
are actually better for the reaction-diffusion-chemotaxis systems.

In this paper, we will re-examine the explicit methods and construct a new adap-
tive time-stepping scheme which optimizes the time step sizes for explicit methods
to increase their efficiency. This method is an adaptive strategy which only requires
a simple estimation of one eigenvalue at each time step. The numerical experiments
given in the following sections showed that our method is more efficient than other
similar methods in terms of computer CPU time.

2. The method of lines and explicit finite difference discretization. Most
of the numerical methods for solving time-dependent problems or parabolic PDEs,
specifically for our case, bears the idea of the method of lines; that is, discretizing
in space to change the PDE to an ODE system, then solve the corresponding ODE
system. In this paper, we use the standard finite differences of center difference
for the Laplacian operator and upwind differences for the chemotaxis term. The
reason for using upwind differences is the stability concern. When the chemotaxis
dominants, the system behaves more like a hyperbolic system. Then the upwind
differences are more stable methods [24]. It should be mentioned again that the
following time-stepping scheme can also be applied to other discretization methods
when the domain containing the eigenvalues is known or can be estimated.
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Let us consider the two-dimensional reaction-diffusion-chemotaxis system (2)
with zero flux boundary conditions. For simplicity, we only consider the first equa-
tion for the bacteria density, assuming that p and ¢ are known. Consider a uniform
rectangular mesh on a square domain 2 = [0, L] x [0, L] with mesh size h = L/N.
Let (z;,y;) € Q be a grid point. Then ;41 = x; + h and y,;11 = y; + h. We adopt
the standard notation w;;(t) ~ u(x;, y;,t). The corresponding ODE system is given
by

/

uy(t) = Dy (St g Sul)

X1ijPzij (t)‘g}'LXUjpzij ()] vx—uij (t) . Xlijpzij(t);}lLXU]‘pzi]‘(t)l v
—wij (1) Vit (X10jP2is(t))

Xlijpyij(t);}‘l)(lijpyij(t)l Vi (1) — X1ijPyij (t);}\lxujpyu(t)l Vi (1)
—ui (1) Vyy (X16jPyis (1))

X27‘,j11wi_7‘(t)‘gll—LX%jQ.'mij(t)l Vo uij (t) — X2ij wij (t);}\LXmJ'qmiJ )] v
(1) Vi (X2ij42i5 (1))

X2ij Qyij (t);r}\lmz‘j qyij (t)] Yy uij(t) — X2ijQyij (t);,Ile'j 2yij (t)] Vi (1)
=i (1) Vs (X2ijQyis (1))

+f(uij(t), pij(t))

ot Wiz (t)

o+ i ()

3)
where Vp = (ps,py)” and Vg = (g, q,)" are gradients of p and ¢ while A,;, and
Ay, are the centered second order difference operators such that

(Azn + Ayp)uii(t) = (wig1;(t) = 2ui; (8) +ui—1;(8)) + (wij1 () — 245 () +uij-1(1))-
Vs and V,_ are the standard forward and backward first order differences in

x-direction. Similarly, V4 and V,_ are the standard forward and backward first-
order differences in y-direction. For example,

Vi () = ti1;(t) — uij(t) and Ve_ug;(t) = uij(t) — wi15(t).
The zero flux boundary condition is approximated by

{ UiN2+1(t) = uiNZ,l(t), Ui(,l) (t) = uil(t), for all i,
un+15(8) = uni—15(8), wen;(t) = wi(t),  forall j.

Let u(t) = [u;;(t)] and (¢, u(t)) = [f(ui;(t), pi;(t))] be the vector obtained by the
usual ordering. Then (3) can be written in the matrix form

u(t) = A@)u(t) + £(t,u(t)), (4)

where A(t) is a square matrix depending on ¢.

To analyze system (4) and relate it to the pattern formation model (2), one can
do the local linearization of the right-hand side of (4). If the real part of any of
the eigenvalues of the linearization matrix is positive, that corresponds to a growth
mode. If it is negative, then it corresponds to a decay mode. Because of this reason,
we will look at the corresponding semilinear system case first, then generalize the
idea to the nonlinear case.

3. Construction of an explicit optimal method. We will introduce the idea by
starting with the homogeneous constant coefficient system. Then we will generalize
it to the general linear case and the nonlinear case.
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3.1. Homogeneous linear ODE system with constant coefficients. Let us
consider

a0 = Mu), (5)

where M is a constant square matrix.

The numerical methods for solving systems (4) and (5) can be classified as two
groups: single-step methods and multistep methods. In this paper, we will only
consider single-step methods, because they are easy to implement, especially for
ODE systems coming from nonlinear PDE systems. Multistep methods would be a
different approach. Among the single-step methods, there are two classes: explicit
methods and implicit methods. Here we consider time discretization to,t1,t2,- -,
where t is the starting time. For simplicity, we first look at uniform time step
size At =t, —t,_; for all n. Then u” ~ u(t,) is the n!"-step numerical solution.
When a single-step method is applied to a scalar test problem, v’ = Au, where A is
an eigenvalue of M, generally, it can be written as

Unt1 = Pp(A)un,
where p(\) is a function of A\, which is called the amplification factor. Assume that
A = a + bi, where a and b are the real part and imaginary part of A\ respectively.
For the pattern formation problems, we are interested in the long time behavior of
the numerical solution. This leads to the long time stability definition as follows.

DEFINITION 3.1. A single-step method is said to be stable if |[P(A)] < 1 when a <0
and |P(N)| <1+ aAt + o(At) when a > 0.

Here o(At) means higher order (> 1) of A¢. This definition is different from
the usual A-stability, where only the case, a < 0, is considered. Our definition is
designed to guarantee appropriate numerical solution for both decay and growth
cases. With this definition, we get constraints on the step size, At. Typically, At for
explicit methods is limited when a < 0, and it is limited for implicit method when
a > 0. The simple examples are Euler’s method (explicit) and the backward Euler’s
method. For Euler’s method, we need to have |P(A\)| = |1+ AA¢t| < 1, a < 0. This
forces At to be small when «a is negative and of large magnitude. But it does not put
any condition on the case when a > 0. On the other hand, for the backward Euler’s
method for which |P(X)| = [{—xz| > 1, @ > 0. This condition also forces At to
be small when a is large and positive. We will show that for reaction-diffusion-
chemotaxis systems, the eigenvalues with negative real parts are relatively easy to
estimate while the eigenvalues with positive real part are difficult to predict. For this
reason, we choose single-step explicit methods, which are basically Runge-Kutta
methods. In this paper, we propose a new optimal two-stage Runge-Kutta method
for solving (4) from the reaction-diffusion-chemotaxis system (2). To explain the
idea, we will consider (5) first. Any two-stage Runge-Kutta method applied to (5)
results in the formula

1
Upi1 = (I + AtM + 2At2M2> u,.
This leads to the amplification factor
1
p(A) =1+ Ath+ §At2A2.

It is a classical result that the truncation error of two-stage Runge-Kutta methods
is O(At3). The following theorem shows that we can approximate the amplification
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factor by a simpler function which depends only on the real part of A with an error
of O(At?). So we can work with this simpler function without losing the order of
accuracy.

THEOREM 3.1.
1
Ip(V)|> = [pla+ib)|]> = (1+ Ata+ §At2a2)2 +O(A).
Proof:

A 2
2 14 Ata+ Tt(cﬂ —12))2 4 (Ath + abAF2)?

Ip(A) (

= (14 Ata)? + A?(1 + Ata)(a® — b2) + O(At?) + At?H? + O(At?)
(
(

1+ Ata)? + At*(1 + Ata)a® + O(At?)
1+ Ata)? + At* (1 + Ata)a® + iAt‘La‘l + O(AP)

= (1+Ata+ %AtQaQ)z +O(A).

O

This theorem indicates that the two-stage Runge-Kutta methods satisfy the
stability condition automatically for a > 0 but need constraints on At when a < 0.
So we want to find a step size that not only guarantees the stability but also damps
the negative modes (a < 0) efficiently. In this way, we are sure that the negative
modes (a < 0) will decay efficiently and only the positive modes (a > 0) will grow.
In this sense, we can say that our numerically generated patterns truly follow the
original models.

For a real matrix, M, it is easy and straightforward to estimate the real parts of
the eigenvalues by the discs centered at the diagonal elements using the Gerschgorin
Theorem [1]. So we can assume that we already know the range of the negative real
parts of the eigenvalues of M. For explicit methods, the negative real parts of the
eigenvalues (a < 0) are responsible for the stability and the restriction of the step
size. The following theorem states how we can damp the negative modes efficiently
in order to obtain optimal step sizes.

THEOREM 3.2. Let f(a, At) = 1—|—aAt—|—%a2At2. Assume that —amar < a < —amin,
where Gmaz > Gmin > 0 are two positive numbers. Then the solution of the following
mini-maz problem occurs at At = Atlyy = m The mini-max problem is
stated as
: LICINT
min max 1+ aAt + —a”At”.
At>0 —amazr<a<—amin 2
Proof: For each fixed a, f(a,At) is a quadratic polynomial in A¢. Then for
any fixed At, the maximum of f(a, At) is obtained at f(—amin, At), At < Atgpy,
and at f(amas, At), At > Aty So the mini-max occurs when f(amqqz, At) =
f(amin7 At)a 0. €
L, 2 L, 2
1 — e At + a2 At* = 1 — amin At + —a?, . At“.

2 max 2 min

This leads to the solution. [
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3.2. Linear case: time dependent system. Now we want to generalize the
method introduced in Section 3.1 for constant coefficient case to the time dependent
coefficient case:

u'(t) = M(t)u(t) + b(t), (6)

where M (t) is a time-dependent matrix and b(¢) is a time-dependent vector. Since
this system originally comes from a nonlinear PDE system, it is difficult to deal
with fractional step sizes which are usually required for high-stage Runge-Kutta
methods. That leads us to consider two-stage Runge-Kutta methods only in this
paper. The general two-stage Reunge-Kutta method for our problem is

At At
Up+1 = Up + 7 (Mnun + bn) + 7 (Mn+lu(1) + bn+l) 3
u = u, + At(Mpuy, + by),
where M,, = M(t,) and b,, = b(¢,). Combining two equations, we get
t
Upt1 = U, + 7 (Mnun + bn)
At
+ 7 (Mn+1(un + At(Mnun + bn)) + bn+1) , where
M, + M, At?
— u, —+ At%un + TMnMn_i_lun

bn +bn+1 + A7t2

2 2
If we assume that all related functions are smooth, we know that M, = M,, +
O(At). Let J, = % The above equation implies that

+ At i 1bn.

At?
U1 = u, + AtJyu, + TJfLun

b, + b, At?
% + 5 Jabn + O(A?).

Based on the same argument, that the truncation error of the two-stage Runge-
Kutta methods is O(At?), if we drop the term O(At?) in the above formula, we
would not change the order of the truncation error. So we have,

+ At

At?
Upt1 = u, + AtJyu, + TJsun
b, +b At?
N
This formula is equivalent to the following two-stage formula:
At
u® = u, + ?(Jnun + b,),
b, + b,
u,11 = u, + At(Jnu(l) + %)

The obvious reason for doing this is to note that at n** local step, the position of
Jp, is the same as that of M for the linear constant coefficient case when b(t) = 0
(homogeneous case). Therefore, we can turn our strategy in Section 3.1 into a vari-
able time step scheme for the linear case.

An explicit optimal time step scheme for solving system (6)
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e Set up initial condition ug and initial step size Atg

°
J. = M(tn) + M(tn + Atn)
" 2
At,
u(l) = u, + T(Jnun + bn)7
b, + b,
W1 = u, + At,(J,u® + %)

e Use the Gerschgorin theorem to estimate the interval, [—al,..,—ar..| for
negative real parts of the eigenvalues of J,. Let At,y1 = 2/(a% .. + ain)
and t,,41 = t,, +At,11. When a]), .. is equal to or close to zero, simply choose

a reasonable step size for At,11.

3.3. An explicit optimal time step scheme for the nonlinear system. If
the vector function, f(¢,u(t)), in (4) is already of semilinear form; that is,

f(t,u(t)) = B(t)u(t) + b(t),

where B(t) is a time-dependent matrix and b(¢) is a time-dependent vector, then
we simply let M (¢) in the above formula be M(t) = A(t) + B(t). When f(¢,u(t))
is a general nonlinear function, then under certain smooth conditions, there exists
a linear approximation. Assume that u, and At, are given, when ¢ =~ t,,

f(t,u(t)) = Bp(t)u(t) + b,(t),

where B,,(t) is a time-dependent matrix and b, (¢) is a time-dependent vector when
t ~ t,. The most straightforward approximation like this would be the Taylor
expansion. Under the continuity condition, one can have the error for this approx-
imation being O(At2). Then the approximation

At f(tu(t)) ~ At(Bu(t)u(t) + ba(t))

has an error of O(At2). Again based on the truncation error of the two-stage
Runge-Kutta method, this error can be treated as within the tolerance. And we
can use the local linearization to approximate the nonlinear function at every step.
These give the method for the non-linear system (4).

An explicit optimal time step scheme for solving system (4):
e Set up initial condition uy and initial step size Atg
e Find the local linearization: f(¢,u(t)) =~ B,(t)u(t) + by(¢).
o Let M(t) = A(t) + Byn(t).

[ ]

bn == bn(tn)7
bn—i—l - bn (tn + Atn)v

g M(tn) + M (t, + Aty,)

n - 9 )

Atn
u(l) = u, + T(Jnun + bn)a
b, + b,

Up+1 = Uy + Atn(Jnu(l) + g)

2
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o Use the Gerschgorin theorem to estimate the interval, [—al,..,—an,.]| for
negative real parts of the eigenvalues of J,. Let Atp41 = 2/(al,. + alin)
and ty41 =t +Atyt1. When a) .. is equal to or close to zero, simply choose

a reasonable step size for At 1.

4. Numerical experiments. To demonstrate the implementation and the effi-
ciency of our two-stage adaptive time-stepping method given in the previous sec-
tions, we constructed a one-dimensional model equation which has an analytic
solution. Using this model equation, we can show more details about how to imple-
ment our algorithm and compare the numerical solutions with the analytic (true)
solution. For showing the efficiency, we will compare the numerical results and
computational cost of our scheme with that of three other methods: a standard
two-stage Runge-Kutta method with fixed step size (Standard RK), an adaptive
two-stage Runge-Kutta method (adaptive RK) and Runge-Kutta-Fehlberg method
of order 2 and 3 (RKF 23). For adaptive RK, we solve the problem twice using
step sizes h and h/2, then compare answers at the mesh points corresponding to
the larger step size. If the two answers agree closely (pre-assigned tolerance), the
approximation is accepted and the program keeps the current step size h. If the
two answers do not agree to a specified accuracy, the step size is reduced to h/2. If
the answers agree to more significant digits than required, the step size is increased.

To apply our method to a real biological experiment, we also developed a two-
dimensional reaction-diffusion-chemotaxis model for a sequence of biological exper-
iments on bacterial chemotaxis reported in [2]. We used our optimal time-stepping
scheme for the computer simulations of these biological experiments. The method
was also applied to an existing model proposed in [28]. Some of these results will
be shown here.

4.1. A one-dimensional model equation. Our one-dimensional model equation
is given by

U = Uy — (tzu), + f, € (0,27), t >0, (7)

where v = u(z,t) and f = f(z,t) = (tx — 1)e ' cos(z — t) + te~!sin(z — t). Here
we can view the three terms on the right-hand side as simulations of diffusion,
convection (chemotaxis) and reaction. Assume the periodic boundary condition:
uw(0,t) = u(2m,t), ¢ > 0 and the initial condition: u(z,0) = sinz, the analytic
solution of (7) is given by

u(z,t) = e sin(x —t).

We now discretize (7) in space by the center difference for the diffusion term and
upwind difference for the convection term. Since tz is always positive for this model,
the backward difference is used for the convection term. This leads to the following
formula. Let h = 2x/N, z; = ih, i =0,1,..., N, u;(t) = u(z;,t),i=0,1,2,..., N,
be the numerical solution. Then

Uil — 2U; + Uj—1 Ui — Ui—1
u; = it h; ! — tml% — tul + f(xz7 t)
Rearrange terms on the right-hand side, we have,
1 -2tz 1 tx;
u; = Rzt T (ﬁ - # — tu; + (ﬁ + #)Uz‘ﬂ + f(@i,t).
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Using the periodic boundary condition, u_y; = uy_; and uy4+1 = uq, this is
equivalent to a system of ordinary differential equations

w'(t) = M(t)u(t) +£(2),

where
u(t) = (uo(t) us(t) ... un (1)),
£(t) = (f(wo, t) f@1, ) .. flan, 1),
and M (t) is

N B o

Bra @osor b : :

0 A+ ot b 0 :
0 e R

Although this matrix is relatively simple, we should keep in mind that M (t) gen-
erally is very complicated for real application problems. Therefore, we assume that
eigenvalues of M (t) are generally not available. However, it is easy and inexpensive
to find a range for the real parts of the eigenvalues using the Gerschgorin theorem.
And this is sufficient for implementing our algorithm. For this purpose, we quote
a simple version of the Gerschgorin theorem as follows [1]:

THEOREM 4.1. (Gerschgorin) For an nxn matriz A = (a;;), the union of all discs:

K = {p|lp—ai| < lail, i=1,2,..,n},
J#i
contains all the eigenvalues of A.

If A is a real matrix, which is true for our cases, then we can find a range for
the real parts of the eigenvalues by simply looking at intersection intervals of these
discs with the real axis. This is a simple procedure specially for sparse matrices.
For many problems, a formula can be found before-hand so that we do not need to
find the range at every time step.

Let A = w, where t,, refers to the same notation as given in the
previous sections. For mesh point, i = 0,1, 2,...n, the diagonal elements of A are

- ;2 _ xi(tn +tn+1) _ tn +tnt1
- K2 2h 2

Q5
Then,

2 $1(tn +tn+1)
D layl = 55 + =g
J#i

Let A be an eigenvalue of A. Then the Gerschgorin theorem implies

;2_ xl(tn+tn+l) . tn+tn+1) < £+$z(tn+tn+1)
h? 2h 2 ~ h? 2h

A= ( ,i=0,1,2,...,N.
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This implies

;—f _ Ziltn J;Lt"“) _ +2t”+1 < Re()) < —ntinst +2t”+1, i=0,1,2,... N.
Since
-4 i(tn + tnt1) tnttag . -4 TN (tn + tnt1) tnttag
h2 h 2 -  h? h 2
=4 20ty te1) bt b
TR h 2

—Amazx S R€(>\) S —Qmin,

where

P tn +tn+1 a _ i + 27r(tn +tn+1) + tn + tn+1
min 2 ) max h2 h 2 .

Applying the algorithm given in the previous section, the optimal step size at

current step is given by,

At 2 1
n = = .
Amin + Cmaz % + tn+;n+1 + W(tn‘;tvz+l)

Table 1 shows the number of iterations with different methods at different time.
For calculating the number of iterations, every execution of one stage of Runge-
Kutta method is counted as one iteration. So one time step of a two-stage Runge-
Kutta method is equivalent to two iterations. This table indicates that the optimal
time-stepping scheme converges while the standard two-stage Runge-Kutta meth-
ods converges slower (larger number of iterations) or diverges. It also shows that
the other two adaptive methods require larger number of iterations. Table 2 gives
the comparison of the CPU time for the four methods to demonstrate the efficiency
of our method.

TABLE 1. Number of iterations for four methods. Here “Di”
stands for “Divergent”.

Method / Time 1 2 3 4 5
Optimal time stepping 284 | 639 | 1064 | 1561 | 2129
Adaptive RK 2994 | 6000 | 8964 | 11178 | 13416
RKF23 1175 | 2765 | 4310 | 6075 | 8250
Standard RK At =0.004 | 250 | Div | Div | Div Div

Figure 1 shows the relative error between numerical solutions and the analytic
solution. While the standard two-stage Runge-Kutta method blows up in a short
time, the optimal time-stepping scheme and the other two adaptive methods con-
verge with almost the same error rate.

4.2. Computer simulations of chemotaxis in bacteria. Chemotaxis is not
new to biologists. Early experiments for showing bacterial chemotaxis can be traced
back to 1800s [3]. This subject has been studied by scientists for various purposes.
Our focus here is to demonstrate the efficiency and accuracy of our numerical
method. For this purpose, we will show two numerical results. In the first result,
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TABLE 2. Comparison of CPU time between the optimal time-
stepping scheme, Adaptive RK, RKF 23 and Standard RK. The
computation was done on Dell Latitude D620, 2600.

Errar in twio norm
o |
B
]
T

Time / CPU | Our scheme | Adaptive RK | RKF 23 | Standard
(Secs) RK
At =
0.004
10 0.6406 0.9688 0.9688 | Div
20 2.0156 2.7013 2.7188 | Div
30 4.1563 4.9375 5.2656 | Div
40 7.0313 8.1406 8.5469 | Div
50 10.6719 12.0625 12.6094 | Div
. . . . ™ .
|
|
0251 | .
+ RKFZ3 :
02k Adaptive I .
2 DOptimal i
e ;
|
|
|
I

0.1

0.05 F ;ﬁf \t\

FIGURE 1. Error between numerical simulation and analytic solu-
tion.

we use the model proposed in [10] to the experimental results on bacterial chemo-
taxis done by J. Adler in 1966 [2]. To test our numerical scheme, we provide the
second numerical experiment on the reaction-diffusion-chemotaxis model proposed
by Tyson, Lubkin and Murry [27] with the biological experiments done by Bu-
drene and Berg [7]. In both cases, we generated the patterns which simulated the
biological experiments.
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Numerical Experiment 1: The experimental results on bacterial chemotaxis
done by J. Adler in 1966 [2] are relatively old results in this field. We chose
Adler’s experiments mainly for two reasons: (1) The results are generally well
known and well accepted. Scientists still refer to these results for their own
research works. (2) Compared with other reported results on chemotaxis,
Adler’s paper was well written with many details which are important for
mathematical modeling.

One of the main results given in [2] is the two-band pattern formed by bac-
teria when two chemoattractants are in presence and the concentration of one
attractant is relatively higher than the concentration of the other chemoat-
tractant. These two chemoattractants were identified as galactose and oxygen.
The experiments can be done with a capillary tube or a closed petri dish. We
simulated the petri dish case to demonstrate the two-dimensional computa-
tion of our algorithm. Here, a particular form of the system (2) is used The
bacteria equation wu is

uy = DyAu—V(uxi(p)Vp) — V(ux2(¢)Vq) + f1(p)u, (8)
pe = DpAp— fi(p)u/Yy, 9)
@ = DgAq— fa(q)u/Yy, (10)

where u is the bacteria density, p is the galactose (nutrient) density and ¢
is the limited oxygen density. Here f; and fy are constructed by Michaelis-
Menten kinetics

Vix
7 = ) | = ]-7 27
and the Keller-Segel model is used for constructing x; and xa.
CK;
3 = o) ) = 1, 2.
Xi() (DK, +2)? 7
The boundary conditions and the initial conditions are given as
ou Op dq

on |8Q on |8S2 on ‘BQ

_ [ uo(e) ifflzf <4
u(z,0) = { 0 Otherwise.
p(x,0) =po(x), q(x,0) = qo(x).

Here the zero flux boundary conditions are imposed for obvious reasons.
The initial condition for u corresponds to the case that the bacteria was put
in at the center and the initial functions for g and s are assumed to be uni-
form constant distributions. Since we do not have enough data from [2], we
borrowed the parameters from [31]. The following is the parameter list.

u : bacteria density : [u]=0.001cells/cm?3.

g : concentration of galactose : [g]=0.005mmole/cm?.

s : concentration of oxygen : [s]=0.033mmole/cm3.

ug(z) =5 x 1075 if ||lz|| < ¢, where £ = 7.5 x 1072

sp(z) =4 x107%, gg(z) =2.64 x 107°

t : time : [t]=hours.

x : distance along the tube (peri dish) : [x]=cm.

x1(g) = chemotactic sensitivity for galactose : [x1(s)]=cm?/hour.
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x92(s) = chemotactic sensitivity for oxygen : [x9(g)]=cm?/hour.

CKy=0.02 DK; =2x107°

CKy =0.04, DKy = 3.3 x 105

V1 =035 K] =4x107°

Vo = 0.6, Ko = 5.5 x 1075

Dy, = 0.001 : bacteria motility : [Dy]=cm?/hr

Dg = 0.005, and Ds = 0.033 : constant diffusivities : [D ]= ¢m?/hr.

Yy = 0.001 : bacteria yield constant, which gives the yield of bacteria

per galactose taken up : [Yy]= mass u/mass g.

e Y5 = 0.0001 : bacteria yield constant, which gives the yield of bacteria
per oxygen taken up : [Ys]= mass u/mass s.

e 1= [-R,R] x [-R,R], where R =1

Figure 2 shows the simulation results for the case that the concentration
of oxygen is kept as constant and is the lower concentration one among the
two chemoattractants. When the concentration of galactose gets higher, the
appearance of the second band (inner band) is delayed and the two bands
are farther apart from each other. This is the case shown by one of Adler’s
experiments. We have computer simulations of other Alder’s experiments.
The numerical results confirm that our model and our numerical method are
valid and accurate [32].

-7
x 10
12
10
8
6
4
2
0
-1 -0.5 0 0.5 1 -1 -0.5 0 05 1
Concentration of Galatcose is 0.00025 " Concentration of galactose is 0.00046
x10
25
2
1
05
0
-1 -0.5 0 0.5 1 -1 -0.5 0 05 1
Concentration of Galactose is 0.0008 Concentration of Galactose is 0.001

FIGURE 2. Simulations of bacterial bands when the concentration
of galactose is higher than that of oxygen and the concentration of
oxygen is kept as constant.
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Numerical Experiment 2: Our second numerical experiment is based on the
biological experiments reported in [7] and the corresponding mathematical
model given in [27]. There are two sets of experimental findings reported
in [7]. First, for bacteria cells inoculated in semisolid agar on intermediates
of the tricarboxylic acid (TCA) cycle, they form symmetrical rings of spots
or stripes. Second, for bacterial growth in liquid medium, when placed in a
liquid medium and exposed to intermediates of TCA cycle, E. coli and S. ty-
phimurium cells arrange themselves into high density aggregates. Unlike the
first case, these aggregates rearrange randomly as time evolves and fade on a
relatively short time scale compared with the bacteria generation time. These
experimental results are different from that shown in [3]. In [3], chemoattrac-
tant gradients were created artificially. For the patterns generated by the
experiments in [7], attractant chemicals were excreted by the bacterial cells
as they grew and moved around.

A non-dimensionalized mathematical model was proposed in [27] for the
second kind of experiments in [7]. The model is a system of reaction-diffusion-
chemotaxis equations, which is given by

ou 9 U

T 4 VPu—av | 11
5 d,Vu —aV {(1+U)2Vv} (11)
ov 9 u?

Here u, v and w represent cell density, chemoattractant concentration and
succinate concentration respectively. For the simulation, we used the same
boundary conditions and initial conditions for u and v as stated in [27]. These
are the zero flux boundary condition for both w and v, zero initial distribution
for v and the random perturbation at ug = 1 for the initial condition of u. The
random perturbation was obtained via the C*tT random number generator
routine. The noise amplitude is of order 1071.

Figure 3 is our reproduction of Figure 7 in [27]. We used the same param-
eters as given in [27]. However, we used our algorithm and our own C++
code. It can be observed that our graphs carry the same characteristics as
Fig.7 in [27] but generate different patterns, which are typical for randomly
generated data.

For our numerical study, we also simulated the first case reported in [7]
using the above model. We kept all parameters the same as before except
the initial condition for w. Here, the initial condition was changed to ug(z) =
bexp~®*l where a > 0 and b > 0 are constant parameters. This is a peak
function which simulates the center inoculation of cells at the initial time.
Our numerical experiments showed symmetrical rings similar to those shown
in Figure 2, but with more layers. However, we failed to produce spots and
stripes. This suggests that further study is needed for the modeling of the
first case reported in [7].

5. Conclusion. In this paper, a two-stage adaptive time-stepping scheme is pro-
posed for solving general reaction-diffusion-chemotaxis systems. This method is
fully explicit and is based on estimating the optimal step size at each iteration.
Because of its explicitness and simplicity, our scheme combined with any spatial
discretization can be applied to highly nonlinear systems. The scheme is easy to
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[}
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Cell at t=0 Cell at t=1

1]

5 10 0 o 10
Cell at t=2 cell at t=3

F1cURE 3. Simulations of bacterial bands when the concentration
of galactose is higher than that of oxygen and the concentration of
oxygen is kept as constant.

implement and is designed specifically for handling spatially nonhomogeneous pat-
tern formation problems. The efficiency and accuracy of the method were shown
by mathematical analysis and demonstrated by numerical experiments on model
problems and real pattern simulations on bacterial chemotaxis.
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