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ABSTRACT. In this work, the Rossler system is used as a model for chrono-
therapy. We applied a periodic perturbation to the y variable to take the
Rossler system from a chaotic behavior to a simple periodic one, varying the
period and amplitude of forcing. Two types of chaos were considered, spiral
and funnel chaos. As a result, the periodical windows reduced their areas as the
funnel chaos character increased in the system. Funnel chaos, in this chrono-
therapy model, could be considered as a later state of a dynamical disease,
more irregular and difficult to suppress.

1. Introduction. Dynamical diseases are characterized by sudden changes in qual-
itative dynamics of the physiological process [8, 44]. Some of the pathologies recog-
nized as dynamical diseases are the well-known cardiac arrhythmias [28] and epilep-
sies [43], but there are also hematological diseases [46, 22, 9, 16, 17], immunological
diseases [40, 55, 23], some endocrinological disorders such as diabetes [35, 56, 50],
and some pathological human behavior [58]. It has been claimed that some of these
dynamical diseases show a chaotic behavior [35, 38, 57]. However, others have
claimed that some excessive order (periodicity) is pathological [29, 60] and that the
corresponding wealth dynamics is chaotic or at least irregular [60, 30, 51, 53, 39, 20].
In any case, the pathological dynamics is the deviation of the normal one [26].

Although it is difficult to unambiguously demonstrate a chaotic behavior in a
biological system because of such difficulties as short time series, nonstationarity
and noise [26, 27, 37], under controlled conditions in the laboratory, chaotic behavior
can be clearly observed in some biological systems [39, 12, 33, 13].

It is believed that many dynamical diseases are characterized by a basically nor-
mal control system in a region of physiological parameters that produces patho-
logical behavior [8, 44], and many models of these diseases support this claim
[43, 9, 16, 17, 40, 23, 56, 50, 38, 57].

Chronotherapy is the coordination of the biological rhythms with medical treat-
ment. There are chronotherapeutic studies and applications in some diseases as
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cancer [47, 18, 48, 21, 42], rheumatoid arthritis [19] and asthma [45, 54]. Chrono-
therapy is a logical choice for the treatment of a dynamical disease. By now, there
is an ample variety of type of control of chaotic systems [11, 2, 3], but for a model of
chronotherapy, a time function perturbation serves more conveniently as external
control of dynamics. A biological system is always exposed to external perturba-
tions. Until these perturbations reach a critical level, the dynamics of the system is
not appreciably modified. Then, if the perturbation were an undiserable environ-
mental stimulus, a disease could be produced. However, if the perturbation were a
therapy, the goal would be to surpass the critical level.

For example, it has been found that a model for the mechanism of circadian
rhythms in Neurospora (three-variable model) develops nonautonomous chaos when
perturbed with a periodic forcing [32, 31]. In addition, in a ten-equations model
of the circadian rhythm of Drosophila, autonomous chaos occurs in a restricted
domain of parameter values, but this chaos can be suppressed by a forcing cycle
[31, 41]. Drosophila circadian models has been used as a model of chronotherapy, by
applying perturbations to get an entrainment of the oscillations with the external
stimulus [14, 15].

Although the Rossler system is not a model of a specific disease (this is not our
intention), it has been chosen because it is a minimal model for continuous-time
chaos, and it has been used as a prototype for a large variety of chaotic behavior
[24]. Tt exhibits the same basic complex behaviors that less simple systems do:
periodic orbits, bifurcations and various types of chaotic dynamics [1].

Two types of chaotic behavior can be distinguished: one of them, spiral chaos,
is very similar in its spectral and correlation properties to a harmonic oscillation
in the presence of noise [4, 5, 6, 7]. The phase trajectory of the spiral attractor
rotates with a high regularity around one saddle-focus, and the spectrum exhibits
a narrow-band peak corresponding to the mean rotation frequency. Spiral chaos is
called phase-coherent.

The other type of chaos, funnel (or screw) chaos, is very similar to a random
process; the rate of mixing can not be considerably affected by noise [4, 5, 6,
7]. Phase trajectories on the funnel attractor make complicated loops around a
saddle-focus and thus, demonstrate a non-regular rotation behavior, and the power
spectrum does not contain sharp peaks.

It is well known that the Rossler system shows both types of chaos [24, 52].
Because of the differences between both types of chaos, we can not expect the same
response to a periodic perturbation. To control chaos, it is not enough to know
that the dynamics is chaotic; it is also necessary to know what type of chaos it
is. A previous work applied periodic perturbations to the chaotic Rossler system
[10]. With appropriate choice of the period and amplitude of perturbation, the
chaotic dynamics of the system was controlled; but in that work, the parameters
were restricted to a range where the system shows spiral chaos. The objective of
this work is to generalize this formalism to a funnel chaos to be used as a theoretical
model for chronotherapy.

2. Experimental part. Let us consider the chaotic chemical Réssler model [59]:
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A4+z=2z

T+y=2y

B+z=2z (1)

C+y=2D

r+z=F
where x, y and z are the intermediates of the reactions. From the mass action law
of chemical kinetics, the behavior of the concentrations of the intermediates x, y
and z is described by the following adimensional autonomous system of ordinary
differential equations:

t=—(y+z)
y=a+ay (2)

z=b+z(x—c).

Working from system (2), we add a periodical term d sin % to the second equa-
tion (the external perturbation):
t=—(y+2)
Y =+ ay + dsin 2t (3)

Z=b+z(x—c)

where d is the amplitude and T is the period of the perturbation.

A sinus function was used because it is a simple rhythmic pattern and actu-
ally it has been used in cancer chronotherapy studies by drug infusion with pro-
grammable in-time pumps [18, 42]. Moreover, a drug periodically administered by
some common routes, such as oral or intramuscular, can produce a profile of plasma
concentration over time roughly similar to a sinus function.

Two parameters were fixed: b = 0.1 and ¢ = 18. When a is varied from 0.1
to 0.36, the chaotic behavior changes from spiral to funnel type. These values for
the three parameters were chosen because the two types of chaos appear in these
ranges (although there are other ranges with similar properties). For spiral chaos,
the power spectrum was examined to find the sharp peak corresponding to the mean
rotation frequency, to determine Ty, the period corresponding to that frequency.
For funnel chaos, this sharp peak does not exist, so Ty was obtained by averaging
sections (by binning) of the spectrum and selecting that of higher amplitude. Then,
in both cases, T' was varied for a short interval around Tj.

The variation of the amplitude d was from 0 to the value where the solutions
go to infinitum (with 40,000 points and interval of time of 0.04 in solutions of the
differential equations). In some cases, inside periodic orbit regions, the iterations
were extended to 100,000 points to remove the transients.

System (3) was numerically solved applying the Gear algorithm for stiff ordinary
differential equations, using double precision and tolerance of 1078 [25]. The time
series obtained were analyzed by using the software Tisean 2.1 [34], using the follow-
ing tools: d2 and 2t (integral correlation and Takens-Theiler maximum likelihood
estimator to obtain optimal values for correlation dimension), lyap_k (maximal Lya-
punov exponent by Kantz algorithm), spectrum (power spectrum) and poincare (to
obtain a Poincaré section). We applied lyap_k on the z variable. The Poincaré
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section was constructed from embedding of the z variable in three dimensions and
cutting with a plane x(t — 27) = 0. The lag time, 7, was calculated with the mu-
tual tool (this estimates the time delayed mutual information of the data). The
periodicity of the system was determined by the Poincaré section. The maximal
Lyapunov exponent was used to determine if the behavior is chaotic (it is the case
if its value is positive). The figures were constructed with Scilab 2.7 software [36].

3. Results and Discussion. When the parameter a is below the critical value
a. ~ 0.192 , the Rossler system always cycles around the saddle fixed point
(x0,90) ~ (0,0). This is the spiral chaos (Fig. la); but beyond a., sometimes
the cycle around the fixed point is not completed and there are some maxima of
y < yo, characteristics of funnel chaos in Roéssler system (Fig. 1b) [49]. Beyond
a. ~ 0.36, the system apparently does not have an attractor and the trajectories
go to infinitum. Nevertheless, the transition from spiral chaos to funnel chaos as a
is increased is smooth; the power spectrum gradually broadens as the sharp peak
decreases and vanishes.

As can be seen in the bifurcation diagrams (Fig. 2 and Fig. 3), the oscillatory
perturbation can suppress the chaotic behavior to obtain a periodic behavior, if we
select the appropriate T' and d. But if the amplitude d is too high for the system, the
trajectories go to infinitum (no attractor); the critic value of d (d.) for this behavior
depends on T and the parameter a. Note that this attractor disappearance is more
sensible to a: when a changes from 0.1 to 0.36, then d. decreases in two orders.

Although this work did not focus on the mechanisms of bifurcations presented,
cascades of period-doubling bifurcation were observed at least for period 1 orbits
when d decreased, in all cases.

Another important result derives from the periodic windows. As a increases
from 0.1 to 0.36, the windows decrease their areas and vanish. In part, this can
be produced by the fall of the d. as a curtain that covers the areas of existence of
some attractor, so the space occupied by the periodic areas decreases. However, we
can see that the reduction of periodic areas is very important at a = 0.2, where
d. is not below the great periodic areas at a = 0.1 (Fig. 2). Therefore the most
important cause of this shrinking of periodic areas is the change of parameter a;
that is, the increase of the funnel character of the chaotic dynamics of the system.
When a = 0.36, no periodic area is found and chaos can not be suppressed.

All the period 1 orbits are 1:1 phase-locked with the forcing oscillator, and the
stable orbits generated by their period-doubling bifurcations are N:N phase-locked.
However, in the a = 0.1 case, N:M phase-locked (N>M) orbits are observed when d
is increased. For example, in the central periodic area above d = 16, there are 4:2
and 3:2 phase-locked orbits, and their corresponding period doubling bifurcations
(Fig. 2). Below d = 16, almost all periodic orbits are N:N phase-locked, and most
of the attracting orbits when d > 16 are N:M phase locked (N>M).

When a = 0.1, birhythmicity was detected in some cases, specifically where
d = 11.4 and T = 5.958; in this case, an 11:7 and a 1:1 phase-locked orbit coexist
in a small region of parameters (less than Ad = 0.3 and AT = 0.05).

What consequences may be extracted for chronotherapy? If a chaotic behavior
were considered a pathological one, the goal would be to transform this behavior
into a periodical one by means of a periodic therapy (the external periodic force).
Nevertheless, if the healthy state was the chaotic, the periodic rhythm could be
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FIGURE 1. Phase space representation of the two types of chaotic
dynamics of Rossler system; a) spiral type, where a = 0.1; and b)
funnel type, where a = 0.36

eliminated by reduction of the harmful external periodic force. For example, sup-
pose the dynamics of a rhythmic disease (such as asthma or arthritis) were chaotic
and presented peaks of attacks or crises. In this case, the dynamics could be reg-
ulated by a periodic therapy to transform the chaotic behavior into a periodic,
preferably of short frequency (for example, period 1 orbits). In our model, T is
the period of the therapy and d is the quantity of dose. For a secure therapy it is
necessary to have periodic areas (in bifurcation diagram) as large as possible.

On one hand, a period 2 area could be interesting, too, if it is a 2:2 phase-locked
orbit (as is the case in the central region seen in Fig. 2, around d = 3 when a = 0.1),
because it is geometrically similar to a 1:1 orbit and the average rate of the rotation
(measured by time between two maxima of z) is the same. Higher periodicity N:N
phase-locked orbits exist when @ = 0.1 in Fig. 2, but the areas covered by them are
small. On the other hand, N:M phase locked orbits (N>M) are risky if they are
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FI1GURE 2. Bifurcation diagrams of the perturbed Rossler, varying
amplitude d and period T'. The control parameters are b = 0.1 and
¢ =18. In a) and b) a = 0.1 (spiral chaos regime), at different
scales of the vertical axis; in ¢), a = 0.2 (funnel chaos regime).

considered in chronotherapy, because of their faster rate of rotation. For example,
a 3:1 phase-locked orbit, as seen around d = 75 and T' = 5.16 when a = 0.1 (Fig. 2),
can imply in a rhythmic disease a very high frequency of peaks of attacks or crises
compared with the original chaotic, but of lower rate dynamics.

In most of cases of attracting periodic orbits found in this work, the system
approaches them in a few number of iterations, but with some T, d and a val-
ues, there are long transients, depending on initial conditions. In these cases, the
chronotherapeutic approach would be to wait for appropriate initial conditions be-
fore apply the chronotherapy. Instead, we could force these appropriate initial
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FicURE 3. Bifurcation diagrams of the perturbed Rossler in funnel
chaos regime, varying amplitude d and period 7. The control
parameters are b = 0.1 and ¢ = 18. In a) ¢ = 0.3; in b), a = 0.36.
Note the scales of vertical axis of these diagrams are different.

conditions, by means of another therapy that could be a more conventional one or
through another chaos control method.

Another important fact that must be taken into account in chronotherapy is that
birhythmicity should be avoided as far as possible. If birhythmicity is unavoidable,
we can force or wait for the appropriate initial conditions, too.

Nevertheless, for a successful therapy in a chronic disease, knowing the actual
dynamical state of the disease may be of primary importance. Plausibly, a chronic
disease is not stationary. If it is worsening, its dynamics may be growing more
disorderly, more difficult to control. Funnel chaos could represent a pathological
state more irregular than spiral chaos, possibly as a consequence of evolution of a
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chronic disease from more benign states. In this hypothetical scenario, the initial
states, where spiral chaos is present, are very similar to the periodic states with
some noise, whereas the final states, where funnel chaos is present, are more similar
to random fluctuations. The evolution of the chronic disease is controlled by a
control parameter, as a in Rossler system.

As a consequence, chronotherapy may not be as effective in a funnel chaos-
type disease as in a spiral chaos-type one. If a disease is chronic, it may be evolving
toward a more complex dynamics, with the result that the possibility of a successful
treatment is decreasing with time.

As the Rossler system is only a minimal model, for a more realistic and detailed
analysis it is necessary to work with specific models of physiological systems.
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