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Abstract. In this paper, we investigate the behavior of the pulsatile blood
flow in a stenosed right coronary artery with a bypass graft. The human
blood is assumed to be a non-Newtonian fluid and its viscous behavior is
described by the Carreau model. The transient phenomena of blood flow
though the stenosed region and the bypass grafts are simulated by solving the
three dimensional unsteady Navier-Stokes equations and continuity equation.
The influence of the bypass angle on the flow interaction between the jet flow
from the native artery and the flow from the bypass graft is investigated.
Distributions of velocity, pressure and wall shear stresses are determined under
various conditions. The results show that blood pressure in the stenosed artery
drops dramatically in the stenosis area and that high wall shear stresses occur
around the stenosis site.

1. Introduction. Cardiovascular disease has been one of the major causes of death
in developed countries [1]. Most of the cases are associated with some form of
abnormal blood flow in arteries, which is induced by the existence of stenoses [2, 3,
4]. At the neck of a stenosis, the local pressure reduces because of the acceleration
of the flow through the narrowing section. When the degree of stenosis is very high,
the pressure may be lower than the external pressure at the neck of the stenosis,
and consequently the stenosis may collapse, causing choking of the flow and likely
leading to heart attack [5].

In recent years, surgical treatments of cardiovascular diseases have been devel-
oped rapidly, and coronary artery bypass grafting (CABG) has been widely used
for patients with severe coronary artery diseases [2, 6]. Different kinds and shapes
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of bypass anastomoses are available at present, and consequently different surgery
procedures are used to set up a bypass. However, up to 25% of the grafts become
occluded within one year and up to 50% occluded within ten years [7]. To reduce
the surgical and post-surgical failures, it is thus essential to further study the flow
behavior of blood through the bypass graft. Mathematical modelling of physiologi-
cal flows will lead to a better understanding of the phenomena involved in coronary
artery diseases [9, 10]. This will not only reduce the number of bypass graft failures,
but also may suggest new methods in bypass surgical procedures.

The flow in the coronary artery with a bypass graft was studied by numerous
authors [2, 6, 8, 12, 17, 18, 19]. In these studies, blood was modeled as a Newtonian
fluid. The viscoelasticity of blood was ignored under the assumption that the shear
rate is larger than 100 s−1. In the last two decades, many researchers [3, 14, 15, 16,
20] numerically investigated the influence of the non-Newtonian properties of blood
on the flow in three-dimensional coronary artery models. All of the above studies
investigated blood flow based on some assumptions, for instance, constant velocity
at the inlet and constant pressure at the outlet. The use of constant pressure at
the outlet may introduce unrealistic artificial wave-reflections. Also, until recently,
none of the studies concentrated on the influence of the bypass graft angle using a
non-Newtonian model on the flow patterns and the wall shear stress in the artery.

In this study, we simulated the unsteady non-Newtonian blood flow in the 75%
stenosed right coronary artery. The three-dimensional Navier-Stokes equations cou-
pled with a non-Newtonian model are solved numerically using the Galerkin finite
element method. The effect of using different bypass graft angles, 45o, 60o and 90o,
on the flow pattern is investigated.

2. Mathematical Model. Precise analysis of blood flow through arteries requires
coupling of the blood flow with the elastic deformation of the blood vessel. In this
work, to capture the main feature of blood flow through stenotic arteries with a
bypass graft and to keep the model simple, the effect of the deformation of blood
vessels on blood flow is neglected. It has been generally accepted that human blood
behaves as a Newtonian fluid when the shear rate is greater than 100 s−1. However,
when the shear rate is lower than 100 s−1, blood behaves as a non-Newtonian fluid,
and the shear stresses depend nonlinearly on the deformation rate [21]. In pulsatile
blood flow, the instantaneous shear rate over a cardiac cycle may vary from zero
to more than 1000 s−1 depending on the problem under examination, as shown in
section 4 of this paper. Therefore, in this study, human blood is modelled as a
non-Newtonian fluid, and the stress-deformation rate relation is described by

σ = −pI + 2η(γ̇)D, (1)

where p is the pressure and D is the rate of deformation tensor given by

D =
1
2

(∇u + (∇u)T
)
;

η and γ̇ denote respectively the viscosity of blood and shear rate. Various non-
Newtonian models have been proposed to describe the relation between η and γ̇.
In this work, we use Carreau’s shear-thinning model, namely,

η = η∞ + (η0 − η∞)
[
1 + (λγ̇)2

](n−1)/2
,

in which γ̇ =
√

2tr(D2) is a scalar measure of the rate of deformation tensor, and
η0 and η∞ denote the zero shear viscosity and the infinite shear viscosity. The
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(a) (b)

Figure 1. Geometry of the three-dimensional 75% stenosed right
coronary artery with bypass grafting model: (a) global view, (b)
x-z view.

consistency index, n, is a parameter whose value is between 0 and 1. Based on
Cho and Kensey [11], the parameters have the following typical values: η∞ =
0.0345 g cm−1 s−1, η0 = 0.56 g cm−1 s−1, n = 0.3568, and λ = 3.313 s.

The equations governing the blood flow include the constitutive equation (1) and
the following continuity and stress equations of motion:

∇ · u = 0, (2)

∂u
∂t

+ u · ∇u =
1
ρ
∇ · σ, (3)

where ρ denotes the blood density.
By substituting equation (1) into (3), we have the following Navier-Stokes equa-

tions
∂u
∂t

+ u · ∇u =
1
ρ
∇ · [−pI + η(∇u + (∇u)T )]. (4)

To completely define the flow problem, boundary conditions for the velocity and
pressure fields must be specified. For a typical coronary artery bypass grafting
system, the boundary of the computation region consists of four parts, namely, the
inflow surface of the native artery and the bypass graft, the artery wall, and the
outflow boundary.

On the inflow surfaces, the velocity is set to the pulsatile velocity ūin(t) =
Q(t)/A, where A is the cross-section area of the inlet surface [cm2] and Q(t) is the
pulsatile flow rate [ml/s], as shown in Figure 2 [12]. First, a spatially averaged
mean velocity is used on the inlet boundary. With the use of the no-slip condition
on the arterial wall, a parabolic velocity profile develops at a small distance from
the inlet boundary, which is then used for the inflow boundary condition. The flow
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Figure 2. The blood volume flow rate and pressure in the right
coronary artery.

waveform can be written in the form of the following Fourier series:

Q(t) = Q +
5∑

n=1

Qncos(nωt− αn), (5)

where Q̄ is the mean volume flow rate, and ω =
2π

T
is the angular frequency with

period T = 0.75s. The no-slip condition is applied to the artery wall. On the
outflow boundary, the normal stress is specified; that is,

σ · n = −p(t)n,
where n is the unit normal vector to the outlet section. We assume the pressure
at the outlet to be the pulse pressure as shown in Figure 2. The pulsatile pressure
takes the form of the following Fourier series:

p(t) = p +
5∑

n=1

pncos(nωt− βn), (6)

where p̄ is the mean pressure.
In summary, the fluid flow problem in the coronary artery bypass grafting is

governed by the following boundary value problem.

BVP: Find u and p such that the field equations (2) and (4) are satisfied in Ω
and all boundary conditions are satisfied.

3. A Numerical Algorithm Based on the Finite Element Method. To
develop a variational statement corresponding to the BVP, we consider the following
alternative problem:
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Find u and p ∈H1(Ω) such that for all wu and wp ∈H1
0 (Ω), all boundary conditions

are satisfied and

(∇ · u, wp) = 0,(
∂u
∂t

,wu

)
+ (u · ∇u,wu) =

1
ρ

(∇ · [−pI + η(∇u + (∇u)T )],wu
)
,

(7)

where (·, ·) denotes the inner product on the square integrable function space, and
L2(Ω), H1(Ω) is the Sobolev space W 1,2(Ω) with norm ‖ · ‖1,2,Ω and H1

0 (Ω) = {v ∈
H1(Ω)|v = 0 on the Dirichlet type boundary}.

To find the Galerkin numerical solution of the above problem, we pose the problem
into a finite dimension subspace. Firstly, we choose an N -dimensional subspace
Hh ⊂ H1(Ω) for u and the corresponding test function. Let {φi}N

i=1 be the basis
functions of Hh; then we have

u (x, t) ≈ (u)h =
N∑

i=1

φi(x)ui(t), (8)

wu ≈ (wu)h =
N∑

i=1

φi(x)wu
i (t). (9)

Secondly, we choose an M -dimensional subspace Hβ ⊂ H1(Ω) for p and wp. Let
{ψi}M

i=1 be the basis functions of Hβ ; then we have

p (x, t) ≈ ph =
M∑
i=1

ψi(x)pi(t), (10)

wp ≈ (wp)h =
M∑
i=1

ψi(x)wp
i (t). (11)

In principle, Hβ can be chosen to be the same as Hh. However, our numerical
experiments have shown that it is necessary to choose Hβ to be different from Hh

to ensure the convergence of the solution to the problem.

By substituting (8)-(11) into (7), noting that wu and wp are arbitrary and us-
ing Green’s formula, we have

∫

Ω

Ψ
∂ΦT

∂xi
dΩUi = 0, (12)

∫

Ω

ΦΦT dΩ
∂Ui

∂t
+

∫

Ω

Φuj
∂ΦT

∂xj
dΩUi − 1

ρ

∫

Ω

∂Φ
∂xi

ΨT dΩP

+
1
ρ

∫

Ω

η
∂Φ
∂xj

∂ΦT

∂xj
dΩUi +

1
ρ

∫

Ω

η
∂Φ
∂xj

∂ΦT

∂xi
dΩUj +

1
ρ

∫

Γexit

ΦΨ dΓP = 0,
(13)

where Ψ = (ψ1, ψ2, . . ., ψN )T , Φ = (φ1, φ2, . . ., φN )T , and Ui = (u1i, u2i, . . ., uNi).

The system (12)-(13) can be combined and written in matrix form as follows:

CT U = 0,

MU̇ + A(U)U + CP = F.
(14)
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Using the backward Euler differentiation scheme for a typical time step (tn → tn+1),
we have

CT Un+1 = 0,(
M

∆tn
+ A

)
Un+1 + CPn+1 = Fn+1 +

M

∆tn
Un,

(15)

which is nonlinear because A depends on Un+1. To deal with this nonlinearity for
an iterative solution of (15), we use the following iterative updating:

CT U i+1
n+1 = 0,(

M

∆tn
+ Ai

n+1

)
U i+1

n+1 + CP i+1
n+1 = F i

n+1 +
M

∆tn
U i

n,
(16)

where the superscript i denotes evaluation at the ith iteration step. Therefore,
in a typical time step (tn → tn+1), starting with U0

n+1 = Un, we determine
U i+1

n+1 and P i+1
n+1 by solving system (16) repeatedly until

∥∥U i+1
n+1 − U i

n+1

∥∥ < εu and∥∥P i+1
n+1 − P i

n+1

∥∥ < εp.
By repeatedly using the above procedure for n = 0, 1, 2, . . . we can determine

the state U and P of the system at t0, t1, t2, . . .. If the norm ‖Un+1 − Un‖ and
‖Pn+1 − Pn‖ are sufficiently small, then the system approaches the so-called steady
state.

4. Numerical Results. Flow simulations were conducted under a typical physio-
logical condition. The fluid properties are typical of human blood with a density of
1.06 gcm−3 [5]. The computation region, as shown in Figure 1, represents the right
coronary artery with a 75 % stenosis located at 3.95 cm from the inlet boundary.
The diameter of the native artery is equal to 0.3 cm (D), and the diameter of the
graft is equal to 0.96 ×D cm[13]. The length of the artery is 8.5 cm for a typical
coronary artery in this investigation. It should be noted that we have used an ide-
alized geometry here in our model. For a real blood vessel, the cross-section is not
perfectly circular, and the cross-section area also varies along the axial position.
This simplification indicates that some arteries may have a larger risk of restenosis
than others. The values of Qn, αn in (5) and pn and βn in (6) are given in Table
1. The mean flow rate (Q̄) and mean pressure (p̄) are equal to 59.09 ml/min and
122.5 mmHg, respectively.

We simulate the three-dimensional blood flow through the stenosed right coro-
nary artery with the 45o, 60o, and 90o bypass operations. The mesh as shown in
Figure 1 consists of 15, 819 tetrahedral elements with 27, 030 nodes corresponding
to 85,068 degrees of freedom. To get the transient flow patterns in cardiac cycles,
each cycle is divided into 1,051 time steps with step size of 3.57 ms.

Figure 3 shows the velocity profile of blood flow in the right coronary artery with
a 45o bypass graft. It clearly outlines how the flow goes through the stenosed artery.

Table 1. The parameter values used in the computation.

n Qn αn pn βn

1 17.28 -4.027 -21.740 -0.406
2 -34.91 -6.509 -9.088 0.202
3 16.11 -1.913 4.771 -0.633
4 11.70 -1.461 2.035 -4.315
5 6.64 -0.074 0.768 3.932
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The velocity at the stenosis region suddenly tends to decrease at the downstream
when we use the bypass operation.

Figures 4 shows the vector plot and the streamline plot of the blood flow on
the x-z plane in the stenosed right coronary artery with no and with 45o, 60o, and
90o angles of bypass graft. The maximum blood velocity at the throat of stenosis
decreases to 113.2, 90.57, 111.3, and 113.1 cm/s at the downstream, point C, for
the geometry with no bypass graft and with 45o, 60o, and 90o angles of bypass
graft, respectively. By comparing the results obtained from the model with no a
bypass graft, it is noted that the blood velocity tends to decrease in magnitude
in the model with a bypass graft. The results also indicate that the flow from
the stenosed artery becomes a jet flow when interacting with the flow from the
graft. When it arrives to the heel, it hits the flow from the graft. This reduces the
magnitude of blood velocity near the graft region.

To demonstrate the characteristics of blood pressure and velocity in the stenosed
artery, in Figures 6 and 7, we show the pressure distribution along the arterial axis
and the velocity distribution along the radial axis at the throat during the systolic
and diastolic periods. The arterial axis and the radial axis along which results
are examined are shown in Figure 5(a). The instants of time for which results are
presented are shown in Figure 5(b). The results of Figures 6 and 7 show that the
pressure drops very fast around the stenosis site for any bypass graft angles, and it
produces high blood velocity in this region.

Figures 8 and 9 show the velocity distribution in the heel and toe parts and
the far distal part in five cardiac cycles. In Figures 8, the jet flow from the host
artery decreases when the 45o angle bypass operation is used in the model. In
the model with no bypass operation, the velocity in the far distal part is very low
compared to the one with the bypass operation. In the model with no bypass graft,

(a) (b)

Figure 3. The velocity profile in RCA at two different instants of
time during a cardiac cycle: (a) at the peak of systole t = 0.25s,
(b) at the peak of diastole t = 0.5s.
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(a) (b)

(c) (d)

Figure 4. The velocity vectors and the streamlines of blood flow
in the right coronary artery on the x-z plane at the instant of time
t = 0.1s (beginning of the systole): (a) with no bypass, and (b)-(d)
with bypass operation 45o, 60o, and 90o, respectively.

(a) (b)

Figure 5. (a) The arterial axis and the radial axis along which
results are examined, (b) the instants of time during a typical
cardiac cycle for which results are presented.

the maximum blood speed in the far distal part is equal to 40.41 cm/s. However,
when we use the 45o, 60o, and 90o angles of bypass graft, blood speed in the far
distal part tends to increase and reaches 78.08, 70.91, and 54.07 cm/s, respectively.
In addition, the maximum blood speed in the far distal part decreases as the angle
of bypass graft increases.
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(a)

(b)

(c)

(d)

Figure 6. The distributions of pressure and velocity in the steno-
sis region at the systole period: (a) with no bypass graft, (b)-(d)
with bypass graft angles 45o, 60o, and 90o, respectively. (The
stenosis is located at 0.35.)
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(a)

(b)

(c)

(d)

Figure 7. The distributions of pressure and velocity in the steno-
sis region at the diastole period: (a) with no bypass graft, (b)-(d)
with bypass graft angles 45o, 60o, and 90o, respectively.
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(a) (b)

(c) (d)

Figure 8. The distribution of velocity in the heel and toe parts
(C) (see Figure 2(b)): (a) with no bypass graft, (b)-(d) with bypass
graft angles 45o, 60o, and 90o, respectively.

(a) (b)

(c) (d)

Figure 9. The distribution of velocity in the far distal part (D):
(a) with no bypass graft, (b)-(d) with bypass graft angles 45o, 60o,
and 90o, respectively.

To determine the critical flow condition, it is necessary to predict the wall shear
stress. Thus, we plot the wall shear stress along the bed of the host artery in Figure
10 to show the influence of bypass graft. The results indicate that the magnitude of
wall shear stress varies between 0 and 4150 dyn/cm2 and high negative wall shear
stress occurs around the stenosis site.

5. Conclusions. This study is undertaken to provide a better understanding of
the bypass graft effects on blood flow through a 75% stenosed right coronary artery.
The model is presented based on a non-Newtonian model and the Bubnov-Galerkin
finite element formulation. The use of the pulsatile velocity at the inlet and the
pulse pressure at the outlet is aimed to simulate the real blood flow. Comparing
the results for different angles of bypass grafts, the one with a 45o graft angle seems
to perform better. However, the results illustrate that the low wall shear stress in
the bed of the stenosed artery and the negative value of shear stress in the stenosis
region may indicate that atherosclerotic lessions will develop. In addition to the
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(a) (b)

(c) (d)

Figure 10. The distribution of wall shear stresses along the bed
of artery (along the line from A to A′; see Figure 1(b)) at various
instants: (a) t=0.15s, (b) t=0.25s, (c) t=0.35s, and (d) t=0.5s.
(The stenosis is at a distance 2.5 cm from A.)

effects on the flow patterns demonstrated here, other mechanisms may affect the
formation of atherosclerosis. It is noted that the proper choice of the diameter of
the graft might improve the balance of inflow and outflow in the coronary artery.
We should also emphasise that to improve the accuracy of results, the effect of
porous wall and wall deformation must be included. Therefore, further research
will be carried out to include the effect of wall deformation.
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