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ABSTRACT. The nonlinear L2-stability (instability) of the equilibrium states
of two-species population dynamics with dispersal is studied. The obtained
results are based on (i) the rigorous reduction of the L2-nonlinear stability to
the stability of the zero solution of a linear binary system of ODEs and (ii) the
introduction of a particular Liapunov functional V' such that the sign of —

along the solutions is linked directly to the eigenvalues of the linear problem.

1. Introduction. Let Q C IR be a bounded smooth domain. The nonlinear
stability analysis of an equilibrium state in {2 of two-species population dynamics
with dispersal, very often can be traced back to the nonlinear stability analysis of
the zero solution of a dimensionless nonlinear binary system of PDEs like (see [1],
[2], [3] and the references quoted therein and section 6)

oC'

87151 =a1Cy — by Cy + 11 AC + f(C1,Co)

oC. v
87152 =b3C1+asCy + ’Y2A02 + 9(01, 02)

with a; (i = 1,4), b; > 0(i = 2,3), v > 0(i = 1,2) constants; C; perturbations (of
finite amplitude) to the equilibrium concentrations of species; and f, g nonlinear
smooth functions of C, Cs verifying the conditions

£(0,0) =g(0,0)=0. (2)

In the present paper we consider the Dirichlet boundary conditions
Ci=Cy=0 on 00, Vi >0 (3)
and denote by < -,- > the scalar product in L*(Q); || - || the L?(2)-norm; H}(Q)

the Sobolev space such that
¢ € Hy(Q) — {p* + (Vy)? € L*(Q), ¢ = 0 on 9Q} .
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Our aim is to study the stability of the null solution (C} = C5 = 0) in the

L?(Q)-norm with respect to the perturbations (Cy, Cy) € [H(}(Q)]2 Precisely
assuming

£+ lgll = ol(IC1 I1* + [IC2]1%) /2] (4)

with e, k positive constants and setting

by =a; — a1
(5)

b4 = a4 — O_l")/g
with & positive constant appearing in the embedding ! Poincaré inequality
IVol? > allel?, Vo e Hy(9), (6)

our aim is to link the stability (instability) of (C; = C5 = 0) to the stability
(instability) of the solution (&, = 1, = 0) to the linear system of ODEs:

d§
—=b -0
g e bem
. (7)
n
—=b bym.
il §+ban
The eigenvalues of (7) are
I+VI2—4A
A= L5220 (3)
with
I=0by+by
9)
A = b1b4 + b2b3 y
hence
I1<0
(10)
A>0
guarantee the stability of (£, = 7, = 0), while the instability is guaranteed by
I1>0
(11)
A>0
or by
A<O. (12)

Our goal is to prove the followings theorems.

Theorem 1. Let (4) and (10) hold. Then (C; = C5 = 0) is nonlinearly asymptot-
ically stable with respect to the L*(Q)-norm.

Theorem 2. Let (4) and (11) or (4) and (12) hold. Then (C} = C5 = 0) is
unstable with respect to the L?(Q)-norm.

The plan of the paper is the following. Section 2 is dedicated to a particular
Liapunov functional such that the sign of its derivative along the solutions of (1)
essentially depends on the eigenvalues (8) through the product AI. In section 3
we obtain Theorem 1, while section 4 is dedicated to the instability Theorem 2. In

L As it is well known, & = &(Q2) is the lowest eigenvalue A of A® + A® = 0 with ® € H}(Q).
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section 5 the stabilizing-destabilizing effect of diffusivity is studied, while in section
6, we apply the obtained results to some classical model for two-species population
dynamics with dispersal. In section 7, we conclude with some remarks concerning
possible generalizations of the obtained results.

2. Two particular Liapunov functionals. Setting

Ci1 = au, Cy=pv (13)

with o and 3 suitable constants to be chosen appropriately later, in view of (1), we
obtain

U = AU — gbz’l} +mAu+ f

(14)
vy = %bgu + aqv +Av+ g
with
_ 1 1
f = Ef(auvﬁv)v g = Bg(auvﬂv) . (15)
Setting
f*=m(Au+au), 9" =72(Av + av) (16)
by virtue of (5) and (13)—(16), it follows that
ut:blu—gbgv+f*+f
(17)
@ T
vy = Bb3u+b4v+g +g
under the boundary conditions
u=v=0 on 0}, VYt>0. (18)
The analysis of the present paper is based essentially on the Liapunov funtional
1 2 2 - 2 B 2
V=5 [ Aull® + [lol7) + by — Bb:WH 17 b2v + baull” (19)
which is very particular. In fact, along the solutions of (17) it turns out that
dv X
= ALl + o) + ¥+ ® (20)

with
U* =< aqu — agv, f* >+ < av — asu, g* >
U =<ou-— Oég’l},f_ >+ < v — a3u,g > (21)

2

o? «
—b2 b3, ap=A+bI+ ?bg, ag = Bb1b3 — §b2b4-

Oé1:A+/B2

av
Hence, the eigenvalues (8) influence ’r in a simple direct way through the product
Al

Remark 1. We notice the following:
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i.

ii.

iii.
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Setting

* * * a *
f1:—§b27)+f ) 91:Eb3u+9 ) (22)

(17) becomes
Ut = b1u + fl* + fT

(23)
ve=bw+gi+7.
The functional V' for the system (23) becomes
N 1
V=3 [baba(llul® + [ol) + B2 [lol* + b3 [lu]?] , (24)
then, along (23), one obtains
dv 2 2 Ty * T
= b1ba(br £ ba)([[ull® + [lo]?) + 7 + @ (25)
with
U* =< a1y, ff >+ < dav, g7 >, U =< Gru, f > + < Gov, g >
(26)
Qq :b4(b1+b4), (o Zbl(bl +b4), a3 =0;
that is, (in view of (23)),
av o
d— = (b1 + b4) blb4(||u||2 + ||’U||2) + <b1b3 — ﬁb2b4) <u,v >:| +
t 3 «
(27)
+0% + 0y
with
@T:&1<u,f*>+642<v,g* > Uy =ar<u,f>+d<v,§> . (28)

By virtue of (19), A > 0 implies that V is a positive definite functional of
(u,v). Further, V denotes a norm equivalent to the L?(2)-norm so that there
exist two positive constants k1, ks, such that

kr(llul® + [lvl?) <V < Ka(Jlull® + [[0]]?) - (29)

In fact, on choosing
A 3 a? 2
I maX{A, 5 (b% + 526§> P (azbg +bz>} (30)
by virtue of (19), (29) immediately follows.
By virtue of (24), biby > 0 implies that V' is a positive definite functional of
(u,v). Further, it develops that
ks([ull® + [[0]1*) < V < ka(llull® + [[o]|*) (31)
with
1
ks = 5 biba, ky = (b1 + bs)? . (32)
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3. Nonlinear stability: Proof of Theorem 1. For any constant £ such that

0<€<'f 7|| e Y )4
111
2 ) |[|5 17 2 )

setting

it easily turns out that 2

A26154+52b3 >0.
By virtue of (14) and (34), we obtain

ut:l_)lu—gbgv+f*+f

«

ﬁbgu+54v+§*+§

Vg =

with f, g given by (15) and
f* =31 (Au+ au) + gAu

G =¥ (Av + av) + EAv.
Then, using the substitution
bi by by by [T gt [ g
bi by b3 bs f* g f g
from (19)—(21) we obtain that along the solutions of (36), it turns out that

v o
= AI(ul? + o) + ° +
with
1T _ _
= 5 Al + J0lP) + B0 = 5 bl + |20 — Bl
and

U =< q1u — v, f* > + < aov — asu, §* >

U =< ayu — asv, f > + < Gov — dgu, § >

R RTINS P52, B 3 B
0_41:A+?b3+b4, 0_12:A+b1+?b2, O_Zgnglbg*abezl.

2In fact, in view of I < 0, it follows that

I _
0<§<!:>I:I+2o‘zs‘<0
2

A _
O<E<W:>A:A+(6z5‘)2+&él>0.
(e

(33)

(34)

(35)

(38)

(39)

(40)
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[bgl_)4
= = = 1
@ b1b37 ﬂ )

a3 = 0
and, by virtue of (37) and (41), we obtain
U* =ay <u, f* > +ag < 9,7° >= a1y (|| Vul|? + allul|?)+

Choosing

it follows that

azye(= Vol + allvl*) — &(an [ Vul? + azl|Vo]?);
that is,
U < k([ Vull® + [IVo*)
with
0 < k. =¢ inf(ay, as).
On the other hand, (4), (15), (41) and (42) imply

U < % < Oy, f(C1,C2) > +az < Cy, g(C1,Ca) ><
o ~ 5
k(55 + @) (G2 + ICa 2 IV 2 + IV Ca?] <

k(S5 +a2) (@2 + D)0 (ul + ol|)* [IVal® + V]
that is,
T < k(lfull® + o) [ Val® + Vo’
with _
k=k (% + 642) (14 o)+,

Therefore, by virtue of (39), (44) and (46), we obtain

dv

At
and hence, in view of (29), it turns out that

av . AlI| - ke
v __Allly_ <k w7 ) [IVul® + Vo)
1

with B
_ A - _ _ 1 _
k1:§, kQ:maX{A,2(1)%—{—042[)%),2(0[2[)%—1—1)2)}

By recursive arguments, one obtains that

Vi < k*]}i
k

implies

and in view of (6), setting

1
0<d==—

< — AT (fal® + 1001%) = T = k(lull® + 01?0V l® + 1V0)1%],
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it easily follows

dVv _
— < =6V
dt — ’
that is,
V < ‘70 6_(” . (53)

Remark 2. We observe the following:

i. The proof of Theorem 1 is not based on the methodology of the usual energy
method ([4] pp. 80-39). In particular the stability condition is not linked to
the solution of a variational problem embedded in HE(SY), but is simply linked
to the (algebraic) inequalities (10).

ii. The inequalities in (10) do not imply

b; <0 Vie {1,2} (54)
In fact, for instance, the inequalities (10) are verified by

bab:
0<by < \/bobs, by=—b —e¢, 0<E<4%§—by (55)

1
iii. When (54) hold, Theorem 1 can be obtained, through an analogous but simpler

procedure, from (27).

4. Instability: Proof of Theorem 2. By definition, the instability is guaranteed
by the existence of at least one destabilizing admissible perturbation. The optimum
occurs when the destabilizing perturbations are dynamically admissible.

In view of (17) with a = 8 = 1, the L2-energy system

1d
5%\\11”2 =<u, hiu—bov >+ <u, f*+f>
(56)
LAyl =< v, byutbio > + < v, g" 49>
5 g IVII° =< v, bsu+ byv v, g +g
easily follows. Let us look for solutions of (56) having the multiplicative form
u=p=X@t)p, v=q=Y(t)p (57)
with ¢ principal eigenfunction of —A in H{(£); that is,
Ap+ap=0, o€ Hy(R). (58)
Then (57)—(58) imply
Ap+ap=Aq+aq=f*(p)=g"(a) =0
(59)
IVpl? = allpll®, IVall*> = allqll®,
and any nonzero solution of
dXx
(60)
dY

E :b3X+b4Y+G(X7 Y)7



196 S. RIONERO

with

F(X,Y)=

o <% fleX, oY) >

1
G(X,Y)= W <p,9(pX, YY) >
nonlinear smooth functions of X, Y such that
F(0,0) =G(0,0)=0 (62)

is a solution of (56). The global existence of the multiplicative solutions (57) of
(56) is guaranteed by the global existence of the solutions of the binary system of
ODEs (60), and the instability of the null solution (X, = Y, = 0) of (60) implies
the instability of the null solution (C} = C5 = 0) of (1). The linear version of (60)
coincides with (7); hence, its eigenvalues are given by (8). In the cases (11)—(12),
at least one of the eigenvalues is real positive or complex with positive real part.
Although it is well known that in the case at hand, the null solution of (60) is
nonlinearly unstable, for the sake of completeness, we present here a simple direct
proof of it.

In case (11), the appropriate Liapunov functional for the instability is the anal-
ogous of (18)

1
W= [AX?+Y2) + (1Y — b3X)? + (b2} + by X)?] (63)

Along (60) it follows that
% =AI(X*+Y?) + ¥, (64)

with
Uy, = FF + GGy

Fy = (A+b3+03)X — (b1bs — baby)Y (65)

G1 = (A+b2 +b2)Y — (bibs — baby) X .
But it easily follows that there exists a positive constant k4 such that
|| < ka(X? +Y2)1He, (66)
and hence
aw

— 2 ANX? 4+ Y?) — by (X2 +Y2)e, (67)

AT 1/e
Therefore in the sphere S, of radius r < (k) centered at (X =Y =0), W is
4

positive definite and E > (0. Then the instability is guaranteed by the Liapunov
instability theorem [5], [6]. 3
3In case (11), the instability can be obtained directly as follows. There exist two positive
5
constants 01, d2 such that |¥a| < SoWlte X2 4y2< A—}W and hence (64) implies

d
stV >5HW — SoWite,

Integrating, one obtains
L W§ eso1t
— 01+ 02 W56551t ’

€
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In case (12), (X, =Y, = 0) is a saddle point, and via the transformation
X, = 7b4X + (b1 — )\1>Y7 Y, = 7b4X + (bl — )\Q)Y,
(60) can be reduced to

dX

— =\ X F;
i 1X1 + 11
dY;

— =\

at oY1+ G,

with (p, g, r, s being suitable constants)
Fy = pF[X (X1, Y1), Y(X1,Y1)] + ¢G[X (X1, Y1), Y (X1, Y1)]

Gl = TF[X(Xl,Yl), Y(X]_,Yl)] + SG[X(Xl,Y1)7 Y(Xl,Yl)}

and )
XX, Y1) =———[(b1 —AM)Y1 + (A2 — b)) X
(X1, Y1) b4()\1—/\2)[(1 Y1+ (A2 1)X1]
Yi - X,
Y(Xi,Y]) = ———.
( 1, l) )\1_)\2

In view of A\1Ay < 0, without loss of generality, one can assume A; > 0.

appropriate Liapunov functional in this case is
L o 2
E=S(X-YD),

and along the solutions of (69), it follows that

% =MXT7 4 Y+ X1 F+Y1G.
Setting
0 = min(Aq, |A2])
and recalling that (4), (57)—(59) and (71) imply
| X1F1 4+ V1G] < a(X7 + Y7
with a positive constant, it turns out that

dFE
a > 0(X7+Y7) —a(X7 + YY),

S 1/e
Therefore in the sphere S, of radius r < <) centered at (X; =Y, = 0), it
a

dE
turns out that ’ > 0. By virtue of
Y1=0=F>0,

(76)

also in case (12), the instability is guaranteed by the Liapunov instability theorem.

Remark 3. We observe that

i. The classical energy method of nonlinear L?-stability generally does not allow

to obtain conditions guaranteeing instability [4];

and the instability is implied by
1)
lim We > 2, vy,

t—o0 2
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ii. If (11) and (12) are respectively equivalent to by > Rg)(bg,bg,m) and by >
Rg)(bQ,bg,IM), then the effective instability critical value for by is Rc =
inf(RY), &Y.

5. Stabilizing-destabilizing effect of diffusivity. Immediate consequences of
Theorems 1-2 are as follows:

Theorem 3. Let (4), (10) and

Iy=a14+a4 >0
(77)
Ag = ajaq + babs >0

or
AO =aia4 + b2b3 <0 (78)

hold. Then (Cf = C5 =0) - - unstable in the absence of diffusivity - - is stabilized

by diffusivity.

Theorem 4. Let (4), (12) and

Ip=a1+a4<0
(79)
Ay = ajag + bobz >0

hold. Then (C; = C3 =0) - - stable in the absence of diffusivity - - is destabilized
by diffusivity.
It remains only to show the consistency of the assumptions (79). From

A= 7172072 — (’}/1CL4 + ’Ygal)(j( + A < 0, (80)

it follows that the consistency of (79) requires

N F 2
(81)
ajag < 0.
Let
a < 0; (82)
then (80) becomes
]. _ A(]
N> —(lal+ma)e+—, (83)
aq aqx
and the consistency of (79) is guaranteed by (81)—(82) and
14+9)A
Gy
aqpCe
0 = const. > 0 (84)
- 5 Ag
s (Jar| + ma)a

Analogously if
as <0, (85)
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the consistency is guaranteed by (81), (85) and
L > (140)A0

a1
0 = const. > 0 (86)
5 A

1 < . N -
TS (aal + vaa)a

Remark 4. The stabilizing-destabilizing effect of diffusivity on the linear stability
is well known ([1] pag. 351, [7]). When Q) is a torus and the perturbations verify
the plan-form equations, the nonlinear stabilizing-destabilizing effect of diffusivity
has been considered in [8].

6. Applications. Let a;; (i, = 1,2) be real constants and consider the case
f= a11C12 + a12C1Cy + a13022
(87)
g = a210F + a2C1Cs + a3C3

which is encountered, for instance, in the stability of the equilibrium states of the
Lotka-Volterra prey-predator model

or
aitl = h1F1 —|—’71AF1 — d1F1F2
(88)
or
87; = —hyly + AT + doI'1 T2

and in the stability of the equilibrium states of its modified version of Segel and
Jackson [1]

or
aTl =Ty +NAD — diT Ty + e T2
(89)
or
87: = —hyl'y + AT + doT'1 T — €13

with T'y, Ty biomass of prey and predator, respectively, and h; > 0 (i = 1,4);v; >
0,d; >0,e; >0(i =1,2) constants. In fact the stability of an equilibrium state
(T3, T%) of (88) or (89), setting
L =I1+C
(90)
Iy =T%+Cs,
is easily traced back to the stability of the null solution of (1) with f and g given
by (87) with
a11 = a1z = ag = agg =0 (91)
in the case (88) and by (87) with
a13 = a1 = 0 (92)

in the case (89).
By using the Cauchy-Schwarz inequality and the Sobolev embedding inequality

/ W < 02|V, We HA(Q), (93)
Q
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one easily obtains that Wy, ¥y € H(Q) imply

/w? 42 < 5,0 - [V, i=1,2
Q
(94)

Q

with §; = positive constant, and hence (4) immediately follows. Then all the results
of the previous section can be applied. In particular the results below hold true:

i.

ii.

iii.

By virtue of Theorem 3 the condition

a; < oy (95)

implies that the null solution of (88), which is unstable in the absence of
diffusivity, is stabilized by the diffusivity.
Model (88) admits the nonzero spatially uniform equilibrium

h4 hl
I''=— .= = 96
1 d2 ’ 2 dl ( )
In view of (90), one obtains (1) with
ai :h1 —d1F§ :O, bg :dl].—‘){, b3 :d2F§
(97)
CL4=d2F>{ —h4:0, f:—dlC’ng, g:dQClcQ,
and hence because
I:b1+b4:*(71 +’)/2)6é<0
(98)

A = b1by + babs = 172 + babs > 0,

Theorem 1 implies the asymptotic exponential L2-stability of (96).
Provided {d;ds > ejeq, hy = 0, hy > 0}, (89) admits the spatially uniform
equilibrium state

hies hids
) [ B = 99
' didy —erep” 27 didy —erey (99)
Substituting (99) in (89), setting
hq
€1 2 _ 12 d 2 2 ha h
do ’ es “ doT5 el (100)
= dg = ()
Ci=—C Cy=—=C
1= g, G 2=, @
and omitting the bars, one obtains the system (1) with
a? a? 1 1
— =1, ba=—, b3=— =——
ai b2 ) 2 b2 ’ 3 b27 Gy b2 (101)
=1 =0, f=(@-0)0]-a*CiC;, g=0CiCy—C3.
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In view of
a?—1 o
(102)
a2 9 1 9_
Affb—20 a+(1+a) b—2+9 al,
it follows that
1. By virtue of Theorem 1,
l1+a
a? < inf{[l + (1 + 6%)a)v?, ,;20‘ +(1+ a)bQ} (103)
o

guarantees the asymptotic exponential stability in the L?(Q)-norm of (99).

Setting
—1+/1+4(1+a)?
2= 104
0 e 7 (104)
one obtains
2 < 2 o2 S 1+a N2
N A I R R LR L (105)
and the stability of (99) is guaranteed by
62 < 62
(106)
a? <14 [1+ (1+6%)alb?
and by
02 > 02
~ (107)
1+a
2 ~\12
a® < =0 + (14 a)b”.
2. In view of Theorem 2, the instability of (99) is guaranteed by
1+a
L+ [14+ (1 +6%ah? < a® < %Hua)b? (108)
and by
1+a
2 —\12
> —5 + (14 a)db”. (109)
By virtue of (105) the consistency of (108) is guaranteed only for 6% < 62;
hence
62 < 62
(110)
a?>1+[1+ (14 6%)alb?
and
62 > 62
_ 111)
1+a (
2 ~\12
a>— +(1+ab

imply instability. In other words (105)—(106) are also necessary for the L?(Q)-
stability.



202 S. RIONERO

3. In the absence of diffusivity, the stability is guaranteed by

a2 <1+, (112)
Looking for the destabilizing effect of diffusivity, by virtue of (84) it is re-
quested that

a’ > b, (113)

In view of (112)—(113) and A < 0, it turns out that the destabilizing effect of
diffusivity is implied by

bV <a?<1+b

1+a (114)

">

7. Final remarks.

i. Theorems 1-2 allow one to obtain the coincidence between the conditions of
linear stability (via normal modes) and the conditions of nonlinear stability
with respect to the L?(§2)-norm.

ii. By virtue of the Holder inequality [9] and of the Sobolev inequality below [4]

/Q<I>6 dQ < 6% ||[Vel© (0 = const. > 0), (115)
it turns out that
[ @t asa0 < sjon e Va2, (116)
Therefore (4) is fulfilled also in the more general case

f=f1(a11C} + a12C1Cs + a13C3 + 1114C10§/3 + 1115C11/3C22 + 1116017/3)

(117)
g= g1 (a21C? + a22C1Cs + az3C3 + 02402011/3 + a25021/3012 + 1126027/3)
with
ajj = const. , |f1(01, CQ)| + |gl(01, CQ)‘ < §; = const. (118)
iii. In the one-dimensional case (i = 1,2)
C; = C’i(x,t) x € [0, ].]
(119)
C;=0 =01,
it turns out that [12]
1
C}<=|Ivail?  (i=1,2); (120)
T
hence, (i,7 = 1,2)
1 1
| cxczan < Zywae oyl
T
0
(121)

1 1
/ €03 < 1||vcj||2-/ CLCyldar <
0 ™ 0

< o IVGIE - UG + 1C517) -
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In view of (121) it follows that - - at least in the one dimensional case - - (4)
also continues to be fulfilled when one adds to the right hand side of (117)
the functions f» and g, respectively, given by (b;; = constants)

f2 = f1(C1,C2)(011C5 + b12C3Co + b13C1C% + b14C3)
(122)
g2 = 91(C1, C2)(b21C5 + b2 CECo + bazC1C3 + by C3) .

Then, in the one-dimensional case, the stability-instability results obtained in
the present paper can be applied to many other models. In particular, they
can be applied to the second model presented in [7] by Segel and Jackson in
which the source terms +C?Cy appear.

iv. When a maximum principle implies

|Ci| < M = const. i=1,2,

then (4) is fulfilled when f and g are polynomials of any degree > 1 of C;, (i =
1,2).
v. Theorem 2 holds for any nonlinearity such that

|F|+ |G| <o(v/X2+Y?2).

vi. When the coefficients a;, b; contained in (1) are not constant in €2, subregions
* C Q can exist in which the instability begins [10], [11] . This problem will
be considered in a future paper.

vii. Theorems 1-2 continue to hold also in the case of Neumann boundary condi-

tions

du dv

== 12

dn dn 0 (123)
(n being the unit outward normal to 9€2) in the class of the perturbations

such that
/udQ:/de:O. (124)
Q Q

In fact, when (123)—(124) hold, the inequality (6) continues to hold (generally
with a different value for the constant &) [12].
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