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ABSTRACT. We consider the following Lotka-Volterra predator-prey system
with two delays:

/ (E)

Y (t) = y(t) [-r2 + cx(t) — dy(t — 72)] .
We show that a positive equilibrium of system (E) is globally asymptotically
stable for small delays. Critical values of time delay through which system
(E) undergoes a Hopf bifurcation are analytically determined. Some numerical
simulations suggest an existence of subcritical Hopf bifurcation near the critical

{ ' (t) = z(t) [r1 — ax(t — 71) — by(?)]

values of time delay. Further system (E) exhibits some chaotic behavior when
T becomes large.

1. Introduction. An extensive literature deals with various aspects of Lotka-
Volterra delay systems. Many studies concern permanence, persistence and the
stability of a positive equilibrium. Permanence and persistence for Lotka-Volterra
delay systems are extensively studied, for example, by Cao and Gard [2], Saito [22],
Wang and Ma [30], and Burton and Hutson [1] and Hale and Waltman [6]. In
studying the stability of a positive equilibrium, one often classifies systems under
consideration in two types. One type of systems contains undelayed (or instan-
taneous) intraspecific competitions which dominate both delayed intraspecific and
interspecific interactions. Another type of systems contains only delayed intraspe-
cific competitions. For the former class, Lu and Wang [16] obtained a necessary
and sufficient condition under which a positive equilibrium of a two-dimensional
Lotka-Volterra system without any intraspecific time delay is globally asymptot-
ically stable. Hofbauer and So [11] generalized the result in [16] to an arbitrary
n-dimensional system. In both cases, it was shown that delays incorporated in the
system are harmless under some appropriate condition, called a weakly diagonally
dominant condition (see Hofbauer and Sigmund [12] for the definition of WDD).
The other generalization of [16] was given by Saito [21], [23], in which a necessary
and sufficient condition for a global asymptotic stability of positive equilibrium for a
Lotka-Volterra system with intraspecific time delay is also given. It was pointed out
by Kuang [13] that more realistic models should consist of delay differential systems
without instantaneous intraspecific competitions, since instantaneous responses are
rare or weak relative to delayed response in real-life interactions. Lotka-Volterra
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systems without instantaneous intraspecific competitions are often called “pure-
delay-type” systems. Pure-delay-type systems have been extensively studied by He
[7], [9], [10], Lu and Takeuchi [15], Ma and Takeuchi [17], Zhen and Ma [31], etc.
Gopalsamy and He [4], He [8] and Kuang [13] improved existing results for the
global attractivity of various Lotka-Volterra systems by assuming that an interac-
tion matrix has the form of M-matrix. Recently 2/3-type criteria for the global
attractivity of pure-delay-type systems were obtained by Tang et al. [28] [29], and
similar types of criteria for the asymptotic stability of linear delay systems are given
by So et al [25], [26]. Each also assumes that an interaction matrix has the form of
M-matrix.

On the other hand, it is known that time delays destabilize the system. Shibata
and Saito [24] considered a pure-delay-type Lotka-Volterra competitive model with
two delays and showed that complicated chaotic dynamics appear when time delays
become large. Also, differential equations with two delays have been well studied
by Li et al. [14] and Ruan and Wei ([19], [20]), in which a Hopf bifurcation due to
the effect of time delay is observed.

In this paper, we consider the following Lotka-Volterra prey-predator system
with distributed delays:

a'(t) =x(t) |11 —a 0 w(t +s) dua(s) — by(t) |,
s |

(1.1)

0
V0 =9(0) |=rebes®)=d [ yle+9)duato)]
with the initial condition
x(s) = ¢(s) > 0 and y(s) = ¥(s) >0 for — max7; <s<0. (1.2)

Here, z(t) and y(t) denote the population densities of prey and predator, re-
spectively; 7; is nonnegative and the rest of parameters are positive. Further,
Wi : [—7,0] — R is nondecreasing on [—7;, 0], continuous to the left on (—7;,0) and
satisfies LOTi dui(s) =1, (i=1,2).
Throughout the remainder of this paper we assume that
cry —arg > 0. (1.3)

Then system (1.1) has a unique positive equilibrium (x*, y*):

_dry +bro « _ Cr1—ary
T adtbe YT Tadtbe
As a special case, system (1.1) contains the following predator-prey system with

discrete delays:
{ a'(t) = 2(t)[r — az(t — 1) — by(t)],

*

J/(8) = y{t) —ra + ca(t) — dy(t — 72)]. )
In the case 7 = 0, system (E) was considered by May [18] and Song and Wei [27].
Some existing results show that a positive equilibrium of (E) is globally attractive
for sufficiently small delays (see [10] for example). On the other hand, in [27], the
existence of a local Hopf bifurcation for the positive equilibrium and the global
existence of periodic solutions on (E) are shown. It is expected that the dynamics
of sytem (E) possesses various interesting properties.

In this paper, we investigate the effect of time delays on the global dynamics of
system (1.1) and (E). The global asymptotic stability and local stability of (z*, y*)
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for system (1.1) are discussed in sections 2 and 3, respectively. In section 4, some
numerical simulations are given for the global dynamics of system (E). One of the
simulations demonstrates that chaotic behavior occurs.

2. Global asymptotic stability. In this section, we discuss a global asymptotic
stability for the positive equilibrium of system (1.1). It is shown that the positive
equilibrium is globally asymptotically stable for sufficiently small delays.
By using the transformation
f:x—x’ﬂy:y—y*, Q_SZQS_:I;*’ 121:7/)—?,/*7
system (1.1) is reduced to

2(t) = (a(t) + ) [—a / U bt dia(s) — by(tﬂ ,

IR (2.1)
V0= 00+ ) [eal) = [ a4 5)dpas)
with the initial condition
x(s) = ¢(s) > —z* and y(s) = P(s) > —y* for — max 7; <s<0. (2.2)

Here we used z(t), y(t), ¢(t) and 1 (t) again, instead of Z(t), §(t), #(t) and ¥ (t),
respectively. Inequality (1.3) ensures that system (2.1) has the zero solution. For
our main theorem, we exploit a basic result for the upper-boundedness of solutions
of system (2.1). Note that we can apply a similar method developed in [7] and [30]
to Lemma 2.1 so that we omit the proof.

LEMMA 2.1. Suppose that (1.3) holds. Let (x(t),y(t)) be an arbitrary solution of
system (2.1) with (2.2). Then there exists a positive value T' such that for (t > T)

1

ot M
2(t) +2° < My = —2e" ™, y(t) +y* < My = %e“ﬁ%m. (2.3)
a

Let us define ¢; and c¢o by
b
C1 = a2M1h1 + i(aMlhl + dMQhQ) , Co = d2M2h2 + %(aMlhl + dMghQ)
where M; and My are defined in (2.3). Also, h;s are defined by h; := fET_ (—s)dp;(s)
(i = 1,2), respectively.

THEOREM 2.1. Assume that (1.3) holds. Then the zero solution of (2.1) is globally
asymptotically stable if a > ¢1 and d > c,.

Proof. Let us construct the following Liapunov functional:

Vi (e, p0) —c {x(t) 2 log {””(t);"“"} } b {y(t) _ ylog [y(t)y“/} } (2.4

Then the derivative of Vi (x4, y:) through (x(¢),y(¢)) is given by

Vi (e, o) =ex(t) [—a / " s+ Sy dm(s) by(tﬂ

-7
0

+ by(t) [cx(t) - d/

—T3

y(t+s) duz(s)} .
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We can calculate the first and the fourth terms in (2 5) fOT x(t + 8)duy(s) =

f ft+s u) dudpy(s) and f y(t+s) dus(s f . ft+s u) dudps(s).
Hence We have

Vi(ze,ye) = — aca® +a0/ / uw) dudps(s)
—T1 Ji+s

— bdy*( +bd/ / w) du dps(s).
—T2 +S

Let us denote I; and I by

I —ac/ / w)dudpy(s), Is —bd/ / u) dudps(s).
—71 Jt+s —T12 Jt+s

Taking the absolute value of I gives

|I;| < ac/ / )+z*)|—
—T1 Jit+s

By Lemma 2.1, there exist My > 0 and T > 0 such that z(t) + * < M; for all
t >T. Then for t > Ty :=T + 2max{r, 72}, we have

du dpq ().
(2.6)

0
o [ afutv)din() - byl

—T1

0

1 <acnsy [ /t+ x<t>|{a [ et i) +by(U)|}dudu1(8)

0 gt
S%ach {(a + b)hi2?(t) + /

—71 Jt+s

{aRl + by?( )} du dul(s)} ,

2
where Ri(u) = ’f (u+v)du (v )’ . We used the relation 2a8 < o? + 82 in

evaluating the first mequahty
In the same way, we can estimate the absolute value of I as follows:

1 0
|I] < 5bdM2 [(c—i— d)hay?(t) +/

—T2 Ji+s

{dRz ) + ca? )} du d,ug(s)} ,

2
where Ro(u) = ‘fi)m y(u+v) d[,LQ('U)‘ :
Additional Liapunov functionals V5 and V3 are defined by:

Va(xy, ye) = %ach /T1 /H [ahlx /{aR1 u) + by? (u )}du] do duy(s),

Va (24, y:) = %bdMg /_ } /H {dhgyz(a)—i— /U {ng(u)+cx2(u)}du] dodps(s).

Then the derivative of Va(z¢,y:) through the solution (x(t),y(t)) is given by

Valze, yt) = %ach [ahlx (t) + bhiy(t /_ /+ {aRy (u) + by*(u)} dudp (s)

tahs {Rl(t) _ /OT 22(t + s)dul(s)}] .
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2
Note that Ry (t) — f_oﬁ 22(t + s)dus(s) = {ffn x(t+s) dul(s)} - f_OTl 22 (t +
s)du1(s) < 0. Hence, we have

0yt

1
Va(xy,ye) < §GCM1 {ahlxz(t) + bhiy?(t) —/

—711 Jt+s

(oRa(0) + b hdudpn ()|

In the same way,

Vi(zt,y1) < §bdM2 |:Ch2£l72 + dhoy? (t) — / / {dRy(u) + ch(u)}dud,ug(s)} .
—T72 Jt+s

Consequently, an estimate of the derivative of V := Vi + Vo + V3 is

1 1
%V(zt,yt) <-c {a - 5a(2a +b)Myhy — 2bdM2h2} z2(t)

1 1
—b [d = 5d(2d + c)Mahs — Qachhl] y2(t)

= —c(a —c1)x?(t) — b(d — c2)y*(t).
If a > ¢; and d > ¢, the second method of Liapunov functional implies that the

zero solution of (2.1) is globally asymptotically stable for ¢ > T [5, p. 132, Theorem
2.1]. This completes the proof. O

Finally let us compare Theorem 2.1 with the result obtained by X.-Z. He [10] on
system (E):

COROLLARY 2.1. [10, Corollary 2] Assume that (1.3) holds. Then the zero solution
of (E) is globally asymptotically stable if a > ¢; and d > co, where ¢ and ¢y are
b
C1 = a2M17'1 + §(CLM17’1 + d]\427’2)7 Cy = d2M2T2 + g(aMlTl + dMQTQ).
X.-Z. He [10] showed a sufficient condition for the positive equilibrium to be
globally attractive as a corollary of his main theorem:

COROLLARY 2.2. [10, Corollary 2]. Assume that (1.3) holds. Then the zero solution
of (E) is globally attractive if a > dy and d > da, where di and dy are

by
2z*

* *

cx
(aMy7y 4+ dMary), dy = d* Myt + @(aMm + dMaTs).

It is easy to see that ¢; > dy and co < do if * > y*. While ¢; < d; and
co > do if * < y*. Conditions of global attractivity of system (E) are improved as
a > min{cy, d;} and d > min{ca,ds2} by combining Corollary 2.1 and 2.2.

dy = a2M171 +

3. Instability. The characteristic equation of the linearized system of (E) is given
by
P(A71,m2) = N+ (pe ™+ qe )N+ pge AR =0, (3.1)
where p = ax*, ¢ = dy* and r = bex*y*. Note that A = 0 is not a solution of (3.1).
Substituting A = iw (w > 0) into (3.1) gives

2

qwsinwTty + pgeosw(m + 1) = w® —r — pwsinwry, (3.2)

qw coswTy — pgsinw(r + T2) = —pw cos wTy.
Squaring and adding equations (3.2) and (3.3) gives

2pw(w? —r — @) sinwry = (W? —1r)? + p*w? — ¢*w? — p*¢. (3.4)
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In the same manner, we have
2 _r—pHsinwn = (W? —1r)? + ¢w? — pPw? — p?¢. (3.5)
Note that p = ¢ if w? —r —¢? = 0. In fact, the right hand side of (3.4) is calculated
as (w? — )2 + p?w? — ¢?w? — p?¢? = (p? — ¢®)r = 0. In the same way, p = q if
w? —r — p? = 0. By taking contraposition, we obtain that w? — r — p? # 0 and
w? —r—q? # 0if p # q. Note that the characteristic equation (3.1) does not change
its form by exchanging (p, 1) and (¢, 72). Hence, throughout the remainder of this
section, we can assume that p < ¢ without loss of generality. The particular case

p = q is out of consideration in this paper. Then we have

2qw(w

. wt+ (p? — ¢% — 2r)w? +r? — p?¢?
sinwm = (@ =1 = ) ; (3.6)
Wt (@ — p? — 2r)w? + 12 — p2g?
i = . 3.7
sin wty gl —r —p?) (3.7
Let us substitute (3.6) and (3.7) into (3.2). Direct calculation gives
2, 2
PPy (p* — ¢*)°r
coswn +7) = a2 —r )P =)
Let us define f; : (0,7 +¢>) U (r+¢%,00) = R, fo: (0,7 +p?>) U (r +p* 00) = R
and f3: (0,7 +p?)U(r+p*r+¢*)U(r+q%00) — R as

u? + (pz - 2r)u—|—r2 —p2q?

(3.8)

N [ )
’LL2 2 2 u 7,2 2,2

folu) = +(q2qfa(u32_}) rL (3.10)

falu) = il " = ¢)*r (3.11)

2pg  2pq(u—r—p*)(u—r—¢?)
Intervals Iy, I and I3 are defined by
I, = {u €0, r+dHU(r+q%00): =1 < fi(u) < 1},
L={ue(0,r+p)U(r+p*o0):—1< fo(u) <1},
Li={ue0,r+p*)U(r+q¢°,00): ~1< fa(u) <1}.

Note that it suffices to consider the interval I3 without (r + p*,r + ¢?), since for
€(r+p*r+q?),

oy = LT C (r* —¢*)*r
2pg  2pq(u—r—p*)(u—1r—g?)
2 2\2
<14 (r*> —¢*)*r 1

2pg(u — 1 —p?)(u —7r —¢?)
On [ := I, N Iy N I3, inverse functions of sinwm; and sin w7y are well defined, and
hence we obtain the following relations:

& 01 +2knr  w™—01 +2kw

T = ) ) (k:Oa1a2a"')7
0 +w217r m™— 6 cj—?lﬂ' (3.12)
TQZ:: 2(4} ) Z} ) (l:071727)

Here, 6; = sin™* f1(u) and 6 = sin™* fo(u).
PROPOSITION 3.1. (3.2) and (3.3) are equivalent to (3.6)—(3.8).
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Proof. In the procedure of deriving (3.6)—(3.8) from (3.2) and (3.3), it is clear that
(3.2) and (3.3) imply (3.6)—(3.8). Conversely, suppose that (3.6)—(3.8) hold. Then
it is easy to see that (3.6)—(3.8) imply (3.2).

Let us check (3.3) by evaluating (pw cos wry + qw coswTz)? — {pgsinw(r + 72)}
as follows:

2

(pw cos wT + qw coswT)? — {pgsinw(ty + )}
=pw?(1 — sin® wr) + ¢w? (1 — sin’® wry)
+ 2pqu?{cosw(Ty + T3) + sinwr sinwr} — p?¢*{1 — cos? w(r + 1)}
=—w' + (p* + *)w? — p*¢® + {pgcosw(m + 7o) +w? + pwsinwr — quwsinwry} x
{pgcosw(ty + 7o) + w? — pwsinwr + qusinwr}
=—w'+ (p* + P — PP + (2w —r — 2qwsinwny)(2w? — r — 2pwsinwry).
Here we used (3.2) in evaluating the last equality. By (3.6) and (3.7), 2pw sinwry =
2 2 2 2
w—r+p*+ 75)’;_71_212 and 2qwsinwry = w? —r + ¢ + 751%;”_;2.
culation gives (pwcoswt; + qwcoswma)? — {pgsinw(m +72)}? = 0. Hence, ei-
ther (3.3) or pw coswTy + qw coswTe + pgsinw(m + 72) = 0 holds. If pwcoswr +
qw cos wTa +pgsinw (7 + 72) = 0, the same manner of deriving (3.4) and (3.5) gives
sinw(my + 2712) = sinwm and sinw(27 + 72) = sinw7s. Consequently, sinwm =
sinwry = 0. Then it follows from (3.6) and (3.7) that p = ¢. This is a contradiction
and hence the proof is completed. O

Direct cal-

ProPOSITION 3.2. Assume that v # pq. Then I, Is, I3 are not empty and
I, = I, = I3. Moereover, there exists a set of critical values (w,TF,75) such that
(w,7F, 78) satisfies (3.6)—(3.8).

Proof. First, let us show I3 is not an empty set. Direct calculation gives
—(p—)*(r — pg)?
/2pa(r +p?)(r + ¢°)

Hence f3(0) < —1. The derivative of f3(u) on [0,7 + p?) U (r + ¢%, 00) is
P = @)Pr{lu—r—p*)+@u-—r-¢*)}
2pq(u —r — p2)2(u —r — ¢?)? ’
This implies that f5(u) is positive on [0, 7+ p?) and negative on (r + ¢, 00). Hence,

f3(u) is strictly monotonically increasing on [0, + p?), and strictly monotonically
decreasing on (r + ¢, 00). It is easy to see that fz(u) — +oo asu — r+p? —0

f3(0) +1= <0.

and f3(u) — +o00 as u — 7+ ¢? +0. Moreover, f3(u) — —% < —lasu— +oo.
Therefore, I3 = [4_r,Uyp]U[U—R, G4 r], where 4_p, and @y, are roots of equations
f3(u) = —1 and f3(u) = 1 on [0,r + p?), respectively, while 4_g and @, g are

respective roots of equations f3(u) = 1 and f3(u) = —1 on (r + ¢2, 00) (see Fig. 3).
It follows that

f3(w) = 1= u® = (p* + ¢* + 2r)u+ (r +pg)* = 0, (3.13)
fa(u) = =1 <= u® — (p* + ¢ +2r)u+ (r — pg)* = 0. (3.14)

Hence, explicit values of @_p,, 41, i—gr and @4 can be obtained by solving (3.13)
and (3.14).
Second, let us show the following statement:

filu)=—-1lorl<= fo(u) = —-1lorl<= f3(u) =—1orl. (3.15)
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Suppose that fi(u) = 1. By (3.6), sinwm = f1(u) = 1. Hence, coswr; = 0. Then
in (3.3), g(w — p) coswry = 0. Assume that w = p. Then r = 0 in (3.2). This is a
contradiction. Hence, coswts = 0 and fa(u) = —1 or 1. In the same manner, we
can show that fi(u) = —1 <= fa(u) = —1 or 1. Next, suppose that f3(u) = 1.
By (3.8), cosw(m + 7o) = f3(u) = 1. Hence, sinw(r + 72) = 0, or equivalently,
sin wty coswTy+coswty sinwte = 0. It follows from (3.3) that p coswr +qcoswre =
0. Hence coswmy(psinwr — ¢sinwry) = 0. If psinwr — gsinwmy = 0, it follows
that

(pcoswT + qcoswry)? + (psinwr — gsinwr)?
="+ ¢ + 2pgeosw(n + 1) = (p+q)> = 0.

This is a contradiction, and hence coswmy = coswt; = 0. The other cases can be
proved similarly.

Third, let us show I; and I are not an empty set and I1 = I = I5. Here, g1(u)
denotes the numerator of f1(u). Then g1(0) = r2—p2¢® and g1 (r+¢*) = —(¢*—p?)r.
If > pq, g1(0) > 0 and g1 (r + ¢*) < 0, because p < g. Hence, for u € (0,7 + ¢?),
we have f1(u) — —oo as u — 0+, and fi(u) — +o0 as u — r + ¢*> — 0. For
u € (r+¢? ), fi(u) » —ccas u — r+q¢*>+ 0 and f1(u) — +oo as u — +oo.
By (3.15), I exists. Moreover, f1(a_r) = —1, fi(ayr) =1, fi(i_r) = —1 and
fi(uyr) = 1. Hence, I; = I3 (see Fig. 1). Now, ga(u) denotes the numerator of
fa(u). Then go(0) = r2 — p?¢® and go(r + p?) = (¢> — p?)r. Since r > pg and p < ¢,
g2(0) > 0 and go(r + p?) > 0. Hence, for u € (0,7 + p?), we have fao(u) — —occ as
u — 0+, and fo(u) — —oo as u — 7+ p> — 0. For u € (r + p?,00), fa(u) — +o0
asu — 7+ p>+0 and fo(u) — +oo as u — +oo. Since fo(u) is continuous
on (0,7 + p?) U (r + p%,00), I exists. Moreover, fao(tui_r) = —1, fa(tipr) = —1,
fa(u—g) = 1, and fa(uyr) = 1. Hence, I = I3 (see Fig. 2). In r < pgq, the
same approach can be used, and hence it is shown that I;, Is are not empty and
I=1p = Is.

By substituting (3.12) into (3.8), we have the following equations with respect
to u :

cos [sin_1 fi(u) +sin™! fa(u)] = fs(u), (3.16)

cos [sin™! fi(u) —sin™" fo(u)] = —f3(uw). '
Note that f3(u) is a monotone function on I and f3(I) = [—1,1]. Hence, the
intermediate theorem implies that there exists at least one root of (3.16) on I.
This completes the proof. O

Hereafter, let us suppose that there exists at least one positive root w of (3.2)

and (3.3). Let 1o be arbitrary fixed. Derivatives of P(\, 7y, 72) with respect to A
and 71 at A =iw, 11 = le and m = 7'21 are
OP(iw, TF, 7L
( a)\l 2) :2/\+p67/\71 +q67)\7'2 _ (pTlei)\Tl 4 q7'267>\7—2)/\

)67)\(7'14*7'2

—pq(T1 + 72 )|)\:iw .

T1:T1k,7'2:7'2
|
OP (iw, 11, 73)

- =—pe M (A + qe_)‘TQ)/\’Am'w ,

k 1
T1=T1,T2=Ty

respectively. If A\ + pe~*™ = 0, then it follows from (3.1) that » = 0, since (3.1) is
written as (A 4+ pe ™) (X 4 ge*™2) +r = 0. Consequently, X\ + pe~*™ # 0. In the
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-5

FIGURE 1. fi1(u)

355, 7.5 10 12.5 15 17.5 20"
-2.5

-5
-7.5
-10!

FIGURE 2. fa(u)

S5 7 63632535 375 20"

FIGURE 3. f3(u)

same way, A + ge~*™ # 0. Hence, the implicit function theorem gives
oN A pe AT\ 4 ge= A2 )\2
__7-1 +7—2 F1(>\7T17T2)
B A G1(>\7T17T2).

o _ _mAT N o= pgen (M) 4 py(peT i — ge )N

Define §; as

01 = (w? = ){w? + 7+ pgcosw(tf + 1)} — qu{(w? + 7) sinwrl — pgsinwr}

+ w?7h [pgwsinw(r{ — 73) + (w® — 7)(poswrf — geoswr)] .

Let us show

8P()\,'rl,7—2)
2D

OP(\,11,72) e
oT1 =, L
T1=T1 ,T2=To

sgnRe = sgndy. (3.17)
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In fact,

0
sgnRe ai)\l — | T [FirG1r + F11G1i]
T1=Ty ,T2=Tg

where Fir = Re[F) (iw, 7, 7)], Fir = Im[Fy (iw, 7F,78)], G1r = Re[G (iw, 7F, 74)]
and Gy7 = Im[G (iw, 7F, 71)]. By (3.2), we have

Gir = —w(W? — 7 — qusinwrl),

Gy = qu? coszé.
Direct calculation gives

(FirG1r + Fi1Gip) Jw? =

(w?

—r — qusinwrd) {w® +r+ pqcos w(tF + 74) 4+ Thw?(p cos wrF — g cos WTé)}
— qw cos W} {—pq sinw(rF 4+ 78) + Ttw?(—psinwry + qsin(m'é)} = 4.

Hence, (3.17) holds. By (3.17), dP(iw, 7, 74)/OX # 0 if and only if 6; # 0. If

01 # 0, again using the implicit function theorem gives

AP\, F 7l

o\
52N
sgnRe | — = sgnRe — = . =S n(5.
g 87—1 A=iw . g GP(A,TF,Té) g !
TI=T} , T2=Ty oty
Define §5 as

8o = (w? = r){w? + 7+ pgcosw(tf + 7))} — pw{(w? 4+ r) sinwrf — pgsinwrl}

+w?rf [pqwsinw(rs — 7F) + (w? — 1) (gcoswr — peoswry)] .

o

In the same way, we can show that sgnRe For

A=iw .
T1 :7’1 ,T2 :7‘2

] = sgndy. Hence, we
obtain the following result:

THEOREM 3.1. Assume that w* is a positive real root of (3.2) and (3.3). Then a
pair of simple conjugate pure imaginary roots Ay = iw* and A\_ = —iw* of (3.1)
exists at T = TF and 1o = 74, which crosses the imaginary awis as 1 (T2) increases
for fized 1o (11) from left to right if 61 > 0 (d2 > 0) and right to left if 51 < 0
(62 < 0)

If 75 = 0, the same result obtained by Song and Wei [27] is obtained.

COROLLARY 3.1. [27, Theorem 2.1.] Assume that 7o = 0. Let

(H1) either r > pq and ¢> —p* —2r > 0 or (¢* — p? — 2r)2 — 4(r? — p?¢?) < 0,
(H2) either r < pq or ¢> — p? —2r < 0 and (¢*> — p*> — 2r)? — 4(r% — p?¢?) = 0,
(H3) 7> pq, ¢> —p? —2r <0 and (¢*> — p*> — 2r)? — 4(r? — p2¢?) > 0.

i. If (H1) holds, then the positive equilibrium of (E) is (locally) asymptotically
stable for all 71 > 0.

ii. If (H2) holds, then the positive equilibrium of (E) is (locally) asymptotically
stable for 1 € [0,7]5) and unstable for 1y > 71,. System (E) undergoes a Hopf
bifurcation at the positive equilibrium for T = 1.

iii. If (H3) holds, a finite number of stability switches occurs. Finally system (E)
becomes unstable.



LOTKA-VOLTERRA PREDATOR-PREY SYSTEM 183

Here w = w4 are real roots of the polynomial equation
W (=Pt —2r) = P2 =0 (3.18)

satisfying w_ < wy; T is defined by i cos™! [W%},

Proof. Note that (3.18) is derived from (3.7). If (H1) holds, (3.18) has no real roots.
Since all roots of the characteristic equation (3.1) have negative real parts when
71 = 72 = 0, (i) holds. It follows that (3.18) has at least one positive root if and
only if either (H2) or (H3) holds. Then, d; is calculated as follows:

01 = (w? — 1) (2w? — pwsinwrn) + pg*wsinwr
=uwt = (" - p¢%). (3.19)

Here we used (3.2) with 72 = 0 and (3.6). If (H2) holds, then it immediately
follows from (3.19) that §; > 0. If (H3) holds, then w? < —(¢? — p® — 2r)/2 < w3.
Moreover, §; > 0 for w = w? and §; < 0 for w = w?. The remainder of the
proof proceeds as the same manner used by Cooke and van den Driessche [3]. This
completes the proof. O

Finally let us show the existence of a Hopf bifurcation. By Proposition 3.2,
there exists at least one set of critical values (w, 7F,7}) which satisfies (3.6)—(3.8)
if » # pg. Since a number of w which satisfies (3.6)—(3.8) is finite, there exists a
set of minimum values (74, 75). Since all roots of the characteristic equation (3.1)
have negative real parts when 71 = 75 = 0, The Hopf bifurcation theorem [5, p.
332, Theorem 1.1.] is applicable to system (E).

COROLLARY 3.2. Assume that ax™ # dy* and ad — bc # 0. Let w* be a positive
real root of (3.2) and (3.3). If either 61 > 0 or do > 0, a family of periodic
solutions of (E) bifurcates from the positive equilibrium for T near 77 or 1o near
75 . Furthermore, the period of periodic solution is approximately 27 /w*.

4. Numerical simulations. In this section, let us apply the results obtained in
section 3 and give some numerical simulation results. Hereafter, parameters are
fixed at the following values:

rm=24,10=21a=14b=22 c=55,d=33. (P)

Then p = 1.05, ¢ = 2.025 and r = 5.56875. Note that if 75 = 0, Corollary 3.1-(i)
holds. Hence the positive equilibrium is locally asymptotically stable for all 71 > 0
with 75 = 0. Since r # pq, Proposition 3.2 implies that I, I3, I3 are not empty
and I = I} = Iy = I3. The interval I becomes [0.760643, 5.42423) U [10.9164, 15.58].
By (3.12) and (3.16), (w*,7y,75) is approximately calculated as w* = 3.63978,
71 = 0.706884 and 75 = 0.365617.

In the remainder of this section, some numerical simulation results of (E) are
given. The positive equilibrium is numerically calculated as (z*, y*) = (0.75,0.6136).
First, let us fix 71 and 72 as 73 = 0.7 and 75 = 0.35. Hence all roots of (3.1) have
negative real parts. Figures 4 and 5 illustrate the time series and the projection
into zy plane of the trajectory of the solution of (E) with initial functions ¢ = 0.75
and ¥ = 0.1, respectively. It is observed that the solution tends to the positive
equilibrium (see Figs. 4 and 5). Next, let us show figures on which only the ini-
tial function 1 is changed from 0.1 to 0.05. Then it is observed in Figures 6 and
7 that the solution evolves to some periodic solution; d; and do are numerically
calculated as 01(75) = —0.673553 < 0 and d(7) = 20.2818 > 0. Corollary 3.2
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implies that a family of periodic solution bifurcates from the positive equilibrium
for 75 near 7. Figures 8 and 9 illustrate the trajectory of the solution with (P),
71 = 0.71 and 75 = 0.37. The initial functions are taken near the equilibrium point,
(¢,4) = (0.75,0.6). Then it is observed that the solution evolves to some periodic
solution (see Figs. 8 and 9). In Figures 4-9, it seems that an unstable closed curve
appears around the positive equilibrium. Further, the solution starting at the in-
side of the closed curve tends to the positive equilibrium (Figs. 4 and 5), while
the solution starting at the outside of the curve evolves to some robust periodic
solution (Figures 6 and 7). Since the positive equilibirum is locally asymptotically
stable and system (E) undergoes a Hopf bifurcation by Corollary 3.2, exsitence of a
subcritical Hopf bifurcation is suggested from these figures. Finally, let us change
the values of 75 from 0.37 to 1.73. Then, a complicated dynamics is observed in
Figure 10. The trajectory of the solution of (E) with ¢ = 0.75 and ¢ = 0.6 is
attracted in a shark-head shaped region. In other words, shark-head chaos occurs
on system (E) as the time delay in an intraspecific competition of predator becomes
large. We observe that shark-head chaos is formed by repeating the following three
steps:

Step 1. The low density of the predator makes the density of the prey increase.

Step 2. The growth of the predator follows the growth of the prey with delay.
Step 3. The exhaustion of the prey results in the decrease of the predator.

Chaotic behavior occurs markably in Step 2 : it seems that the trajectory forms
the upper lip of the shark with the high growth of predator y, while the trajectory
forms the lower lip of the shark with the relatively low growth of predator y. The
predator repeats such high and low growth alternatively. The solution never moves
on the same path and finally the shark-head region is filled densely.

x1 and X;

FIGURE 4. 7 = P _
0.7, 75 = 0.35 IGURE 5. ¢ =

0.75, 1 = 0.1

5. Conclusions. In section 2, we obtained Theorem 2.1 for global asymptotic
stability of the positive equilibrium of (1.1). The theorem for global attractivity of
system (E) is improved by combining with the result obtained by He [10]. It was
also shown that Liapnov functionals used in the proof of global attractivity are also
applicable to prove the uniform stability for the zero solution of linearized system.
In section 3, critical values of time delay through which system (E) undergoes a
Hopf bifurcation were analytically determined. Furthermore, for the existence of
local Hopf bifurcation, the result by Song and Wei [27] is obtained as a special case.
In section 4, some numerical simulations were carried out and it was suggested that
subcritical Hopf bifurcation occurs on system (E). Moreover chaotic behavior was
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x1 and Xz

FIGURE 6. 71 = F - B
0.7, 7 = 0.35 IGURE 7. ¢ =

0.75, 1 = 0.05

FIGURE 8. 71 = . -
0.71, 7, = 0.37 IGURE 9. ¢ =
0.75, v = 0.6

observed when the time delay in an intraspecific competition of predator 7 becomes
large. The chaotic behavior was not discussed in He [10]. We believe this is the first
time such chaotic behavior has been observed. Compared to results of May [18]
and Song and Wei [27], our model brings new aspects of the effect of time delay,
since 72 = 0 in their model. Other values of 75 may generate other type of chaotic
behavior, which is an interesting problem. Further analyses and considerations for
the global dynamics of (E) are left for future work.
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