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ABSTRACT. By using the theory of planar dynamical systems to the travelling
wave equation of a higher order nonlinear wave equations of KdV type, the
existence of smooth solitary wave, kink wave and anti-kink wave solutions and
uncountably infinite many smooth and non-smooth periodic wave solutions are
proved. In different regions of the parametric space, the sufficient conditions to
guarantee the existence of the above solutions are given. In some conditions,
exact explicit parametric representations of these waves are obtain.

1. Introduction. This paper is a sister article of our paper(I) and (II)(see [5,10]).
In 2002, E.Tzirtzilakis,etc [8] suggested studying a ”more physically realistic form
of water wave equations of the KdV type” as follows (also see Fokas [1]):

U + Uy + QUUE + BUgre + a2p1u2ux + af(poutiyry + P3UzUzy) = 0, (1.1)

where p; (i = 1,2,3) are free parameters and «, 3 are positive real constants, which
characterize, respectively, the long wavelength and short amplitude of the waves.
For the equation (1.1), J. Li, Y. Long et al.[4] have studied the dynamics of solitary
waves, kink waves and breaking waves for the case p3 = (p + 1)p2, p < —1, and
obtained some exact explicit parametric representations of solitary wave, kink and
anti-kink wave solutions. In our second paper [10], we have considered the dynamics
of reduced travelling wave equation of (1.1) for the case p3 = (p+1)p2, p > —1, p2 >
0. In this paper, we shall consider the case po < 0, p > 1. As in [10], we consider
the travelling wave equation of (1.1),

1 1 1
B+ apag)d” + 5aBppa(¢)* + 30%md” + 50a6” + (1 - )6 =0, (1.2)

and its equivalent two-dimensional system,

do _ - dy __BoPppy’ + 202016 4 306" +6(1~ c)o 13)

dg Tod¢ 68(1 + ap29) ' ’
Now, system (1.3) has the following first integral,

_ 1
y2 = h(l + ap2¢) P 5 (Ao - apgpAong + C()¢2 + D0¢3) s (14)

2000 Mathematics Subject Classification. 92D30.
Key words and phrases. travelling wave solutions, wave equation of KdV type.

125



126 J. LI, W. RUI, Y. LONG AND B. HE

where h is arbitrary constant and

Ao = 6[p3(p+2)(p+3)(c—1) +p2(p+3) —2p1], Co = 3p(p+1)a®p3[(p+3)p2—2p1],
Do = 2p(p + 1)(p + 2)a’p1p3, Q@ = 3p(p + 1)(p + 2)(p + 3)a*Bp;. Suppose that
d(x — ct) = ¢(£) is a continuous solution of system (1.3) for £ € (—o0,00) and
5lim »(&) = a, Elim $(§) = b. Recall that (i) ¢(x,t) is called a solitary wave

solution if a = b; (ii) ¢(x,t) is called a kink or anti-kink solution if a # b. Usually,
a solitary wave solution of equation (1.1) corresponds to a homoclinic orbit of
system (1.3); a kink (or anti-kink) wave solution equation (1.1) corresponds to a
heteroclinic orbit (or the so-called connecting orbit) of system (1.3). Similarly, a
periodic orbit of system (1.3) corresponds to a periodically travelling wave solution
of equation (1.1). Thus, to investigate all possible bifurcations of solitary waves and
periodic waves of equation (1.1), we need to find all periodic annuli and homoclinic
orbits of system (1.3), which depend on the system parameters. We notice that the
right-hand side of the second equation in system (1.3) is generally not continuous
when ¢ = _%m' In other words, on such straight lines in the phase plane (¢, y), the
function zj)’g’ is not well-defined. It implies that the smooth system (1.1) sometimes
has non-smooth travelling wave solutions(see [2, 3, 5,6]).

2. Bifurcations of phase portraits of system (1.3). System (1.3) has the same
phase orbits as the following system,

d d
dff = 66(1 + ap20)y, % = —(3aBppay® + 20°p19” + 3a¢” +6(1 — c)9), (2.1)
except for the straight line ¢ = ¢, = _0%27 where dr = 66(1 + apa¢)d€ for

o # 7&%2' Throughout in this paper, we assume that p2 < 0, p > 1. (1.4) can be
written as

H(¢,y) = (1 + apad)? y? + é (AO — apapAod + Cod? + DO(;SS)] = h. (2.2)

Write
f(9) =2a%p16° + 3ad® + 6(1 — ¢)¢.
Denote that

-3+ VAT 1 Ag
P g T 2
where A; = 9+48p1(c—1), Ay = 6p3(1—c)+2p1 —3p2. Then, when p; # 0, Ay > 0,
system (2.1) has three equilibrium points at O(0,0), Ay 2(¢1,2,0). When Ay = 0,
system (2.1) has two equilibrium points at O(0,0) and Aj2(¢12,0), d12 = _40?;71'
1

When Ay > 0, there exist two equilibrium points of (2.1) in L: ¢ = ——

apz’

S+ (¢s, Y1). It is easy to see that for p; > 0, then when 0 < 1 — ﬁ <c<l1, o<

1 < 0. When ¢ = 1, ¢2:—23p1 <0=¢;. Whenc>1, ¢ <0 < ¢;. For p; <0,

then when ¢ = 1, ¢1=0<—25p1 = ¢o. Whenl<c<1—ﬁ7 0 < @1 < oo
When ¢ > 1, ¢1 < 0 < ¢o. For p; = 0, (2.1) has two equilibrium points at
0(0,0) and Ag(¢o,0), where ¢ = 2 When 0 < ¢ < 1, ¢p < 0. When
¢ >1, ¢g > 0. Let M(¢;,ye) be the coefficient matrix of the linearized system of

(2.1) at an equilibrium point (¢;,y.). Then we have Trace (M (¢$1,2,0)) = 0 and
J(0,0) = detM(0,0) = 366(1 — ¢), J(h1,2,0) = 66(1 + apag12) f'(d1,2),
J(¢s,Yy) = detM (s, Yy) = —36pa’B2p3YE < 0.
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By the theory of planar dynamical systems, we know that for an equilibrium point
of a planar integrable system, if J < 0, then the equilibrium point is a saddle
point. If J > 0 and Trace (M(¢;,0)) = 0, then it is a center point. If J > 0 and
(Trace (M(¢;,0)))? — 4J(¢;,0) > 0, then it is a node. If J = 0 and the index of
the equilibrium point is 0, then it is a cusp.

=¥ SO
. oD NA

(1-3) (1-4) (1-5)

7(1-12) 7 (1-13)

Ficure 1. The phase portraits of system (2.1) for p1 > 0, p2 < 0. (1-1) ¢
=1, ¢2 <d1 = 0< ¢s, Az > 0. (1-2) c = 1 = 32—, 1 = 2 < 0< ¢, hay >
0.(18)e=1— g, d1=¢2 <0< s, 1 =0. (I-d) c =1~ g, ¢1 =
¢2 <0< ¢s, h1 <0. (1-5) 1—& <c<l, 92 < ¢ <0< s, h1 >0,A,

D2 >0.(16) 1 - 5 <c<1,¢2<d1 <0< s, hi =0, A2 >0. (1-7) 1
8 <<, 92 <1 <0< s, h1 <0, A2 >0.(1-8) ¢ > 1, 2 < 0 < s

T 16p1
<1, D2 <0.(1-9) c>1,d2 <0< 1 = ¢ps, A2 =0. (1-10) ¢ > 1, 2 < 0

<1 < s, Ag >0, Az > 0. (1-11) ¢ > 1,2 < 0 < ¢1 < s, Ag = 0, A2 > 0.
(1-12) > 1, 62 <0 < ¢1 < ¢, Ao <0, Ay > 0. (1-13) 0< c <1 — 12—, 0
<¢57A2>0.

For H(¢,y) defined by (2.2), we write
Ag

hoiH((),O):ﬁ, hs:H((bs;Yﬂ:):Oa

1
his = H(¢152,0) = a (Ao — apapAodr 2 + Codl o + Dot o) (1 + apadre)”,

1
hi = H(¢o,0) = a (Ao — apapAodo + Cod + DOGY) (1 4 apacdo)?-

For a fixed h, the level curve H(¢,y) = h defined by (2.2) determines a set of (2.1),

which contains different branches of curves. By using the above fact, we have the

phase portraits of (2.1) shown in Figures 1-3 for p > 1, ps < 0.
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(2-6) (2-7) (2-8) (2-9)

Ficure 2. The phase portraits of system (2.1) for p1 =0, p2 < 0.(2-1) 0
<c<1l, ¢po<0< s, he >0, Az >0. (2-:2)0<c<1, ¢o <0< s,
he =0, A2 >0.(23)0<c<1, ¢po<0< s, he <0, A2 >0. (24) c
=1, ¢po=0<¢s. (25)c>1, 0< s < pg, A2 <0. (2-6)c>1, 0<

¢s = Po, N2=0.(2-7T)c>1, 0< ¢po < s, ho >0, Ay >0.(2-8) c>
1, 0 < ¢o < s, ho =0, Az > 0. (2—9)C>1, 0< o < s, ho <0, Ay
> 0.
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(3-20)

(3-21) (3-22)
Ficure 3. The phase portraits of (2.1) for p1 <0, p2 <0. (3-1) ¢
=1,0=0¢1 <2< s, <0. (3-2)c=1, 0=¢1 < ¢p2 = s, A2z =
0.(33)c=1,0=¢1 < ¢s < ¢p2, A2 >0. (3-4)0:1—ﬁ, 0<
$12 < ¢s, D2 < 0. (35) c=1— 5, 0< 12 = ¢s, A2 =0. (3-6)
c:l—ﬁ, 0< ¢s < P12, D2 <0.(3-7)0<c<1, ¢1 <0< ¢2
ey Na<0.(38)0<c<1, ¢ <0<s=cs, h1 <0, Ay <O.
(39)0<c<l, ¢1 <0< 2 =4¢s, h1 >0, ha =0, Ay =0. (3-10)
0<e<l, p1 <0< s <2, h1 <0, Ay >0.(3-11)0<c< 1, ¢
<0< s <2, h1 =0, A2 >0.(3-12)0<c<1, ¢1 <0< s < @2,
h1 >0, A2>0.(3—13)1<C<1—ﬁ7 0< ¢ps < 1 < 2, A2 <O.
(B14)1<c<l— 35, 0<¢s =¢1 < ¢2, h1 =0, Az =0.(3-15) 1
<c<1—ﬁ,0<¢1<¢8:¢2, AQ:O.(3-16)1<C<1—ﬁ,
0< 1 < ps < 2, Ao <0, Az > 0. (3-17) 1<C<1—ﬁ,0<¢1
< ps < @2, Apg =0, A2>0.(3-18)1<c<1—ﬁ,0<¢1<¢S<
@2, Ao >0, A2>O.(3-19)1<c<1—ﬁ, 0< 1 < P2 < s, ho>
ha, A2<O.(3—20)1<c<1—ﬁ,()<¢1<(]52<¢7s7 ho = ha, As
<O.(3—21)1<c<1—ﬁ,0<¢1<¢2<¢3, ho < ha, A2 < 0. (3-

22) c>1— 32—, 0<¢s, Az <O.

16p1 7

We shall apply these phase portraits to discuss the travelling wave solutions of
Equation (1.1) in section 3.

3. Existence of smooth solitary wave solutions, periodic wave, kink wave
and anti-kink wave solutions of equation (1.1). In this section, we con-
sider the existence of smooth solitary wave and smooth and non-smooth periodic
wave solutions of equation (1.1). First, we discuss the existence of solitary wave
solutions. We see from Figures 1-3 that the following conclusion holds. Theo-
rem 3.1. (i.) Equation (1.1) has a smooth solitary wave solution of the valley
type, which corresponds to H(¢,y) = % under the following two conditions: (1)
pr >0, ¢c=1 Ay <0, Ay > 0 (see Fig. 1 (1-1)). (2) p1 > 0, ¢ > 1 (see
Fig. 1 (1-8)-(1-12)). In addition, if Ay < 0, equation (1.1) also has a smooth soli-
tary wave solution of peak type (see Fig. 1 (1-12)). (ii.) Equation (1.1) has a
smooth solitary wave solution of valley type, under the following conditions: (1)
pp >0, 1— ﬁ <ec<1, Ay >0 (see Fig. 1 (1-5)-(1-7)), which corresponds to
H(¢,y) = hy. In addition, if h; < 0, equation (1.1) also has a smooth solitary wave
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solution of peak type (see Fig. 1 (1-7)). (2) p1 <0, 1 <c<1— 16p1 0< 1 <2<
¢s, ho > ha, Ay <0 (see Fig. 3 (3-19)), which corresponds to H(¢,y) = hs. (iii.)
Equation (1.1) has a smooth solitary wave solution of peak type, which corresponds
to H(¢,y) = AO under the following conditions: (1) py =0, ¢ > 1, Ag <0, Ay >0
(see Fig. (2 9). (2) pp <0, 1 <c< 11— ﬁ, Ag < 0, Ay > 0 (see
Fig. 3 (3-15) and (3-16)). (3) pr < 0, 1 < ¢ < 1 — g5, ho < ha, Ay <0
(see Fig. 3 (3-21). (iv.) Equation (1.1) has a smooth solitary wave solution of
peak type, which corresponds to H(¢,y) = h; under the the following condi-
tions: (1) pr > 0, ¢ = 1 — g~ hi < 0, Ay > 0 (see Fig. 1 (1-4)). (2)
p1=0,0<c<1, hy <0, Ay >0 (see Fig. 2 (2-3)). (3) p1 <0, 0<c<1 hy <0
(see Fig. 3 (3-7), (3-8) and (3-10)). (4) p1 <0, 1 <ec<1-— 16p , Ay < 0 (see
Fig. 3 (3-13)). Second, we consider the smooth periodic solutions of equation
(1.1). Theorem 3.2. (i.) Equation (1.1) has a family of smooth periodic wave
solutions, which corresponds to H(¢,y) = h, h € (ha, %) under the following con-
ditions: (1) p1 >0, c =1, ¢2 < ¢1 = 0 < ¢, Ay > 0 (see Fig. 1 (1-1)). (2)
p1 >0, ¢>1, ¢2 <0 (see Fig. 1 (1-8)-(1-12)). In addition, if Ay < 0,A > 0,
(1.1) also has a family of smooth periodic wave solutions, which corresponds to
H(¢,y) =h, h € (hi,42) (see Fig. 1 (1-12)). (ii.) Equation (1.1) has a family of
smooth periodic wave solutions, which corresponds to H(¢,y) = h, h € (42, h),
under the following conditions: (1) p;1 >0, c=1— 16p , h1 <0, Ay >0 (see Fig.
1(1-4)). (2) p1 <0, 0<c<1, ¢1 <0<y < s, hy <0, Ay <0 (see Fig. 3
(3-7) and (3-8)). (3) p1 <0, 0<c<1, 1 <0< s < ¢p2, h1 <0, Ay > 0 (see
Fig. 3 (3-10)).

(iii.) Equation (1.1) has a family of smooth periodic wave solutions, which
corresponds to H (¢, ) = h, h € (h, 0) under the following conditions: (1)
p1 <0, 1<e<1- 16p ; 0< @1 < s < 2, Ag <0, Ay >0 (see Fig. 3 (3-15)
and (3-16)). (2) p1 <0, 1 <c< 1*ﬁ’ 0 < 1 < o< sy, ho < hgy Ay <0 (see
Fig. 3 (3-20) and (3-21)). (iv.) Equation (1.1) has a family of smooth periodic wave
solutions, under the following conditions: (1) p1 =0, 0 < ¢ <1, ¢o <0 < ¢pg, hi <
0, Az > 0 (see Fig. 2 (2-3)), which corresponds to H(¢,y) = h, h € (£2,h,). (2)
pr=0,¢c>1, 0< ¢do < ¢s, hg < 0, Ay > 0 (see Fig. 2 (2-9)), which corre-
sponds to H(¢,y) = h, h € (h.,42). (v.) Equation (1.1) has a family of periodic
wave solutions, which corresponds to H(¢,y) = h, h € (hg, h1) under the following
conditions: (1) p; > 0, 1 — 16p <c<1, ¢ <1 <0< s, Ay > 0 (see Fig.
1 (1-5)-(1-7)). In addition, if hy < 0, Ag > 0, equation (1.1) also has a family of
smooth periodic wave solutions which corresponds to H(¢,y) = h, h € ( ,hi). (2)
p1 <0, 1<c<l—52, 0< s <1 <o, Ag <0 (see Fig. 3 (3-13)). ( .) Equa-
tion (1.1) has a famlly of periodic wave solutions under the following conditions:
(1) p1 <0,0<c<1, ¢p1 <0<y =g, h1 >0, Ay =0, H(¢,y) =h, h € (ho,0]
(see Fig. 3 (3-9)). (2) p1 <0, 1 < ¢ < 1—%, 0 < ¢s = 1 < P2, Aoy =
0, H(¢,y) = h, h € (hg,0] (see Fig. 3 (3-14)). Finally, we notice that correspond-
ing to the phase orbits which close to a segment of the straight line ¢ = ¢, there
exists a class of periodic cusp travelling wave solutions.

Theorem 3.3. It exists a class of uncountably infinite many-periodic travelling
wave solutions of Equation (1.1), which will gradually lose smoothness of wave
profiles when h is varied in H(¢,y) = h under the following conditions: (i.) When
h varies from hg = % to 0, the profile of periodic wave evolve from smooth periodic
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wave to periodic cusp wave, under the following conditions: (1) p1 >0c =1, Ag <
0, A2 >0, H(¢,y) = h, h € (ho,0) (see Fig. 1 (1-1)). (2) p1 > 0c=1—35-, h1 >
0, Az >0, H(¢,y) = h, h € (ho,0) (see Fig. 1 (1-2)). (3) p1 >0, 1 — g5~ <c <
1, h1 >0, Ay >0, H(p,y) = h, h € (ho,0) (see Fig. 1 (1-5)). (4) p1 >0, 0 <
¢ <1l—qgom 0<ds, Do >0, H(p,y) = h, h € (ho,0) (see Fig. 1 (1-13)). (5)
p1 >0, c>1, ¢ <0< 1 < s, Ao <0, Ay >0, H(d,y) =h, h € (hg,0) (see
Fig. 1 (1-12)). (6) p1 =0, 0<ec < 1,h, >0, Ay > 0,H(¢,y) = h, h € (ho,0) (see
Fig. 2 (2-1)). (ii.) When & varies from hy to 0, the profile of periodic wave evolve
from smooth periodic wave to periodic cusp waves, under the following conditions:
(1) p1 <0, c=1, 0=¢1 < ¢s < P2, Ao >0, H(¢,y) = h, h € (ha,0) (see Fig.
3(3—3)) (2)p1<0, 0<e<l, ¢1 <0< s < 2, hy <0, Ay >0, H(d),y):
h, h € (h2,0) (see Fig. 3 (3-10)-(3-11)). (3) p1 <0, 1 <e<1— -, 0< ¢ <
s < o, Ao <0, Ay >0, H(¢,y) =h, h € (h,0) (see Fig. 3 (3-16)-(3-17)). (iii.)
When p1 <0, 0<ec<1, ¢1 <0< s < 2, hy1 >0, Ay > 0 corresponding to two
families of periodic orbits of system (1.3) given by H(¢,y) = h, h € (he,0) and
h € (he,0), (see Fig. 3 (3-12)), there are two families of periodic wave solutions.
As h varies from hg to 0 and from hs to 0, respectively, the profile of periodic waves
evolve from smooth periodic waves to periodic cusp waves. (iv.) When p; <0, 1 <
c<1— ﬁ, 0< @1 < ds < @2, Ag > 0, Ag > 0, corresponding to two families
of periodic orbits of system (1.3) given by H(¢,y) = h, h € (h1,0) and h € (hs,0)
(see Fig. 3 (3-18)), there are two families of periodic wave solutions. When h
varies from h; to 0 and from hs to 0, respectively, the profiles of periodic waves
evolve from smooth periodic waves to periodic cusp waves. Theorem 3.4. Suppose
that p1 < 0, p2 <0, 1<C<1—ﬁ, 0 < @1 < P2 < s, hg = ha, Ag < 0.
Then, corresponding to h = hy = hy = % in (2.2), equation (1.1) has a kink
wave and an anti-kink wave solution. For h € (hq, hg), there exist uncountably
infinite many-smooth periodic travelling wave solutions of equation (1.1) (See Fig.

3 (3-20)).

4. Exact explicit parametric representations defined by H(¢,y) = 0 in
(2.2). In this section, we shall describe the types of non-smooth solitary wave and
periodic wave solutions that can appear for our system (1.1) which correspond
to some homoclinic or heteroclinic orbits of (2.1) connecting to the straight line
¢ = _%pg' To discuss the existence of cusp waves, we need to use the following
lemma relating to the singular straight line (see [3], Theorem 3.1 and Theorem
3.2). Lemma 4.1. The boundary curves of a periodic annulus are the limit curves of
closed orbits inside the annulus. If these boundary curves contain a segment of the
singular straight line ¢ = ¢4 of system (1.3), then all along this segment and near
this segment, in a very short time interval, y = ¢, rapidly jumps rapidly. By using
Lemma 4.1, corresponding to the homoclinic and heteroclinic orbits connecting to
¢ = —aim in section 2, we now consider the level curves of H(¢,y) = 0 defined by
(2.2). We have the following different types of solitary cusp wave and periodic cusp
wave solutions.

4.1. Solitary cusp wave. 4.1.1. Suppose that p; >0, c =1 — ﬁﬁl = ¢9 <

0 < ¢s, hy = 0 ,that is, py = =222, Ay > 0 (see Fig. 1 (1-3)). In this case,

apapp—3)°3 .
H(qﬁ’ y) = 0 becomes (1 + ap2¢)p =0 or y2 = %. Thus, we obtain the
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following parametric representation of solitary cusp wave solution of equation (1.1):

3 p+3
t) = (x —ct) = 1- 2:/63(— —ct

U(JZ, ) ¢($ C) Oépgp[ 3(91(£E—Ct)+1)2}7 ﬂ( p2)<|$ C‘<OO,
(4.1)
here Oy = ———. 4.1.2. se th = 1 ., hy =

where W) Suppose that p;1 =0, 0 <c< 1,00 <0< ¢ps, h
0, thatis, c=1+ pjlp, Ay > 0, (see Fig. 2 (2-2)). In this case, H(¢,y) = 0
becomes (]_ + ap2¢)p =0 or y2 = 7&%226;?_22). Thus, we obtain the fOHOWng

parametric representation of solitary cusp wave solution of equation (1.1):

1
u(z,t) = ¢(x — ct) = ———|[(p + 2) exp(— Q| — ct|) — 2], 4.2
(z,t) = &( ) a(_pz)p[( ) exp(— 2| ) — 2] (4.2)
_ 1 _ _
where 0y = ST 0 < |x—ct] < o0. 4.1.3. Suppose that p; =0, ¢ > 1, 0 <
o < ¢s, ho =0, thatis, ¢ =1— m Ay > 0 (see Fig. 2 (2-8)). In this

2

case, H(¢,y) = 0 becomes (1 + apa$)? = 0 or y? —m. Thus, we obtain

the following parametric representation of solitary cusp wave solution of equation
(1.1):

u(z,t) = ¢l — ct) =

I S

(—p2)B(+2)’
4.2. Smooth periodic wave. 4.2.1. Suppose that p; < 0, 0 < ¢ < 1, ¢1 <
0 < ¢ = s, hy > 0, ha = 0, Ay = 0 (see Fig. 3 (3-9)). In this case, we
see that p; = 3p3(c — 1) + 1.5p,. Now, H(d),y) = 0 becomes (1 + ap2¢)? = 0 or

a(jpg) exp(—Qs|z — ct|), (4.3)

where Q3 = 0< |z —ct] < oo.

y* =~ a1(¢® +bid +ci)(o+ 07,2)_@1( aps — 0@~ dr) (6 — dm), where a; =
a(14+2pa(c— 1)) b = _28@F3)Utpa(pt5)(c=1)) . _ 2B(p+3)(1+p2(p+5) (c=1)) b, =
B(p+3) 1 p2(p+2)(1+2p2(c—1)) ap3(p+1)(p+2)(1+2p2(c—1))’ M

(/b3 —4e1 — b)), m = —2(3/ b3 — 4e1 + by). Hence, we have the following para-

metrlc representatlon of a smooth periodic wave solution of (1.1):

b, — ¢, k2sn?(Qu(z — ct), k) (4.4)

u(w,t) = ¢z — ct) = dn?(Q(a — ct), k)

where Q4 = \/O‘(% ‘Zgg}gigif;(c V) g = ¢57¢M 4.2.2. Suppose that p; <
0, 1<e<1- 0< ¢s = <<;527 hi1 =0, Ay =0, (see Fig. 3 (3-14)). In

16p ’
this case, we see that p; = 3p3(c — 1) + 1.5p2. Now, H(¢,y) = 0 becomes (1 +

apag)? = 0 or y? = L) (42 4 by t-cp) = “;ﬁgiig)l(am 6)(¢— ) (60—

_ _ 2B(+3)(A+p2(pt+5)(c—1)) _ _2B8(p+3)(A+p2(pt5)(c=1))
$m), where by = pg(p+2)(1+22p2(c_1)) 0 G2 = a92(p+1)(l)+2§(1+2ﬂ2(c 1))’¢M

1(v/ b3 —4cs —by), dm = —3(y/ b3 —4co + bs). Hence, we have the following

parametric representation of a smooth periodic wave solution of (1.1):

u(z,t) = ¢(a — ct) = ¢ar — (a1 — ds)sn* (s (x — ct), k), (4.5)
where 9 = (/R k= [
4.3. Coexistence of a smooth sohtary wave and a solitary cusp wave.
4.3.1. Suppose that p; >0, 1 — 16p <c<l, ¢ <1 <0< s, hy =0, that is,
Ao—apakAgp1+Cod3+Dod3 = 0, Ag > 0 (see Fig. 1 (1-6)). There are a homoclinic
orbit and two heteroclinic orbits of (2.1) to the equilibrium point O(¢1,0) with

the level curve y? = 2o ((Gglol —empledo g o g2 g8} — o 2em (o)
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$)2(6 — bm), where ¢, = —3(Ge + ¢ — [ 128E4 1 b _ 2ag, — 368) < 0 and

¢1 is given by (2.3). Thus we have a smooth sohtary Wave solution of equation
(1.1) of valley form

u(x,t) = ¢(x — ct) = dm + (1 — dm)tanh?(w(x — ct)), (4.6)
where w = % On the other hand, for 2 tanh™ 1,/ Py ‘757” < |z—ct] < o0,
u(@,t) = ¢(x = ct) = ~[pm + ($1 — dm)tanh?(w(z — Ct))] (4.7)

describes the solitary cusp wave solution of peak type of (1.1), which corresponding
to two heteroclinic orbits and a segment of ¢ = ¢. 4.3.2. Suppose that p; > 0, ¢ >
1, 2 < 0 < 1 < s, A9 = 0, Ay > 0,, that is, hg = hs = 0 (see Fig. 1
(1-11)). There are a homoclinic orbit and two heteroclinic orbits of (2.1) to the

equilibrium point O(0,0) with the level curve y? = 3ﬂ5§(§71+3) ¢*(¢ — dm), where
¢, = %m < 0. Thus, we obtain a smooth solitary wave solution of valley
form
u(z — ct) = p(x — ct) = ¢, sech®(wi(x — ct)), (4.8)
where wy = #ﬁi&. On the other hand, when sech™* (1 / E) Jwi < |z —ct] <
m?
u(z — ct) = p(x — ct) = —¢, sech®(wi(x — ct)), (4.9)

describes the solitary cusp wave solution of peak type of (1.1), which corresponding
to two heteroclinic orbits and a segment of ¢ = ¢,. 4.4. Periodic cusp wave.
4.4.1. Suppose that p; > 0. We see 8 cases in Figure 1 (1-1), (1-2), (1-4), (1-5),
(1-7), (1-10), (1-12), (1-13). A branch of the level curve H(¢,y) = 0 is an arch of
heteroclinic orbit of (2.1), which defines a periodic cusp wave solution of peak type

of (1.1). In fact, in these cases we have y? = — 2o (%‘; - apszO(ﬁ +5 ¢2 + ¢3) =

m(gﬁ #,)[(¢—b1)?+a?], where (¢,,,0) is the intersection pomt the arch

and ¢—axis. Thus, we obtain the parametric representation of these wave solutions
as follows:

(A4 dm) — (A =09, )en(Qs(x — ct), ko)

t) = ¢z —ct) = 4.10

u(% ) ¢($ C ) 1+ cn(QG(m — Ct) ko) y ( )
where 0 < |z—ct| < i _1(%) A% = (by— )2 +a2, k2 = A+b1 Q=
m 4.4.2. Suppose that p; < 0. We see 3 cases in Figure 3 (3 3), (3-10),

(3-16). A branch of the level curve H(¢,y) = 0 is an arch of heteroclinic orbit of
(2.1), which defines a periodic cusp wave solution of the valley type of equation

(1.1). In fact, in these cases we have y? = 2o (—%‘C’) + apzkAO(b Sep? — ¢3) =

3ﬁ(2ka<|£§)p2 (6., — &)(¢ — b2)? + @3], where (¢,,,0) is the intersection point of the

arch and ¢—axis. Thus, we obtain the parametric representation of these waves as
follows:

(Al + (bz\/z)cn(Q7(3j - Ct)7 kTO) - (Al - ¢M>

u(x,t) = ¢(x —ct) = = 4.11
( ) ¢( ) 1+ cn(Q7(m — Ct)7 ]ﬂo) ( )
_ — ~ 2 A1—b
where 0 < [z —ct| < gen™ (4155228, A = (by—¢,,)2 +a3, ko = o
Q7 = (/=221 4.4.3. Suppose that p; = 0. We see two cases in Figure 2 (2-1)

368(p+3)p2
and (2-7). A branch of the level curve H(¢,y) = 0 is an arch of heteroclinic orbit of
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(2.1), which defines a periodic cusp wave solution of peak type of equation (1.1). In
: 2 _ _Co (A a(— ) A 2) _ 1
fact, in these cases we have y* = —g (?3 + P2 al=p2)pdo 4 ) _ m(¢ _

O ) (p—dm)- Thus, we have the following parametrlc representations of two periodic
cusp wave solutions of equation (1.1):

1) = 6{z = et) = 5[(0n + 0m) + (on — bm)cosun(r — ] (412)

_ 1 _apapAo+y/apip? AZ— 4Aoco _ apapAo
where w =\ / gy =0ay» m = 2Co = 7320,
\a?p3p2 AZ— 4AUCO

2Co

5. Coexistence of a solitary cusp wave of the peak type and periodic
cusp waves of the valley type. 5.1. Suppose that p; < 0, 0 < c < 1, ¢ <
0 < ¢s < ¢2, h1 < 0, that is, Ag — ap2kAgp1 + Co(ﬁ% + l)o(b‘rl3 =0, Ay >0
(see Fig. 3 (3-11). In this case, H(¢,y) = 0 becomes (1 + aps¢)? = 0 or y? =

—A op(—A 1
Do (gt — comfodnl = Gag? — %) = gttt (9ar — 9)(6 — 61)2. Hence,

0
we have the following parametric representations of a solitary cusp wave solution

for witanh*, / % < |z — c¢t| < oo and a periodic cusp wave solution for 0 <

|z — ct] < —tanh 1\/% of (1.1):
u(z,t) = ¢(x — ct) = dpr — (dar — d1)tanh? (w3 (x — ct)), (4.13)

where w3 = %w

¢-axis, ¢ is defined by (2.3).

5.2. Suppose that p; < 0, 1<c<1—ﬁ7 0 < 1 < s < pa, Ag =0, Ag >
0 (see Fig. 3 (3-17). In this case, H(¢,y) = 0 becomes (1 + apggb)p =0 or
y? = 2og2(py — ¢) = %qﬂ(@w — ¢), where ¢pr = —F2. Thus, we
have the following parametric representations of a solitary cusp wave solutlon for

and (¢, 0) is the intersection point of the arch and

w%sech_l f;l < |z — ct| < oo and a periodic cusp wave solution for 0 < |z — ct| <
w%sech’l, / ;’M of equation (1.1):

u(z,t) = p(x — ct) = prrsech?(wy(x — ct)) (4.14)

— ap &
where wi =/ 55553 = pa1 D5 -

6. Coexistence of periodic cusp waves of the peak type and the val-
ley type. 6.1.  Suppose that p; < 0. We see two kinds of cases in Figure
3 (3-12) and (3-18). A branch of the level curve H(¢,y) = 0 are two arches
of heteroclinic orbits of (2.1), which defines a periodic cusp wave solutions of
peak and valley type of equation (1.1). In fact, in these cases we have y?> =

B (- egeg 1 2002 +07) = gl (9ur — 6)(6s — 6)(6 — du). and
G A%— D62 — %) = gl (n — 9)(6 — 0)(0 —

¢m). Corresponding to these two cases, respectively, we have the following para-

metric representations of a periodic cusp wave solution of the peak type for 0 <
k )
|z — ct] < =52

U(JZ, t) = ¢($ - Ct) = ¢m + (¢s - (bm)sn?(QS(x - Ct)a kO) (415)
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and a periodic cusp wave solution of valley type for 0 < |z — ct| < k“’) :
u(z,t) = ¢z — ct) = ¢y — (P — gbs)snz(Qg(:E — ct), k10), (4.16)
— O‘(7 )(¢ 7¢M) — ¢s_¢m d’ ¢s
where Qs = |/ S0 a0 Fo =\ G on — ori—o, @0d (#n,0) and

(¢m,0) are two intersection pomts of two arch and ¢ axis; K (k ) is the first type of
complete elliptic integral.
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