MATHEMATICAL BIOSCIENCES http://www.mbejournal.org/
AND ENGINEERING
Volume 3, Number 1, January 2006 pp. 111-123

A COMPETITION MODEL OF THE CHEMOSTAT WITH AN
EXTERNAL INHIBITOR

JIANQUAN L1

Department of Applied Mathematics, Xi’an Jiaotong University

Xji’an 710049, China

and
Systems Engineering Institute, Xi’an Jiaotong University

Xi’an 710049, China

and
Department of Applied Mathematics and Physics
Air Force Engineering University
Xi’an 710051, China

ZUREN FENG

Systems Engineering Institute, Xi’an Jiaotong University
Xi’an 710049, China

JUAN ZHANG

Department of Applied Mathematics, Xi’an Jiaotong University
Xi’an 710049, China

JIE Lou

Department of Applied Mathematics, Xi’an Jiaotong University
Xi’an 710049, China

ABSTRACT. A competition model of the chemostat with an external inhibitor
is considered. This inhibitor is lethal to one competitor and results in the
decrease of growth rate of this competitor. The existence and stability of the
extinction equilibria are discussed by using Liapunov function. The necessary
and sufficient condition guaranteeing the existence of the interior equilibrium
is given. It is found by numerical simulation that the system may be globally
stable or have a stable limit cycle if the interior equilibrium exists.

1. Introduction. The chemostat, a laboratory apparatus used for the continuous
culture of microorganisms, has played an important role in microbiology and pop-
ulation [1, 2, 3, 4, 5]. It is the simplest idealization of a biological system where the
parameters are measurable, the experiments are reasonable, and the mathematics
is tractable [4]. Experiment verification of the match between theory and experi-
ment in the chemostat can be found in [6]. A detailed mathematical description of
competition in the chemostat may be found in [4].

Recently, the inhibitor has been introduced in the models for two competitors in
a chemostat, and many authors have studied those models (see [7, 8, 9, 10, 11, 12],
etc.). The inhibitor is assumed from the external resource and can inhibit the
growth of one competitor that is not lethal or that is lethal to one competitor. In
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[8, 9], the mode with an external inhibitor was analyzed, and an attracting limit
cycle was found by the theory of monotone flows or numerical simulation.

Hsu and Waltman [11] and Braselton and Waltman [12] assumed that the in-
hibitor for one competitor is produced by the other one and that the production
of the inhibitor decreases its growth rate. Hsu and Waltman [11] assumed that
the fraction of potential growth devoted to producing the inhibitor is a constant
and they obtained the global asymptotic results. Braselton and Waltmann [12]
assumed that the fraction of potential growth devoted to producing the inhibitor
should depend on the concentration of the competitors, so the fraction is a function.
In contrast to the former, the latter is with a much wider set of outcomes, which
include possibly the interior, stable rest points and stable limit cycles.

In this paper, we consider a model of competition in the chemostat of two com-
petitors for a single nutrient where there is an inhibitor from the external resource.
This inhibitor is lethal to one competitor and can result in the decrease of growth
rate of this competitor, but the other one can take it up with no deleterious effect.

The organization of this paper is as follows. In the next section, the model is
presented. In section 3, the existence and the stability of boundary equilibria are
obtained. In section 4, the existence of the interior equilibrium is discussed. In
section 5, the dynamical behavior with interior equilibrium is analyzed, and some
simulations are shown. Finally, a discussion appears in section 6.

2. The model. We use the standard chemostat notation [4]. Let S(t) denote
the nutrient concentration at time ¢, z(¢) and y(t) denote the concentrations of
the competitors, and p(t) denote the concentration of the inhibitor against the
competitor (x). From our assumption that the inhibitor acts only on the growth
rate, the model takes the following form [7, 8]:

r— (500 _ _ p—bprmuzS _ mayS
S = (S S)D € a1+S az+S"
z' = x(e P uS _ D),

a1 +S 1
v =yds — D), &
!/ 1
p=@% -pD- 2.

Here, S is the input concentration of the nutrient; p(?) is the input concentration
of the inhibitor; D is the dilution rate of the chemostat. S, p© and D are under
the control of the experimenter. The maximal growth rates of competitors without
an inhibitor and the half saturation constants, respectively, are m;,a;,i = 1,2.
These parameters are measurable in the laboratory. The parameters § and k play
similar roles for the inhibitor, § being the uptake by y and k being a half saturation
parameter. Finally, e™#P represents the degree of inhibition of p on the growth rate
of z.

For a case in which the inhibitor results only in the death of the competitor (z),
the model takes the following form [9]:

S = (5(0) - S)D — & m1S Yy moS
o = (2% — D —p),
mQS

¥y =y(33% — D),

p = —p)D— 2L,

where the parameter v represents the coefficient of the interaction between the
inhibitor and the competitor (x), and §;,7 = 1, 2 represent the yield constants. The
meanings of other parameters are the same as those in model (1).

(2)
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We assume that the external inhibitor acts only on the competitor (z) and that
it is lethal and can result in decrease of the growth rate. According to models (1)
and (2), the model considered in this paper takes the form
— (g0 - s s

$'= (50 - 9D -t - S

=z 67“1’—(;?_1’_‘% —D —p|, )

v =u|m% - D).

§
P =@ —p)D - 2By

To reduce the number of parameters, let

g_ _S b _ T g _ Y 57— P F_
S - S0 = 515(0)7 y - 525(0)7 b= p(o)a t_ Dta
Py 0 E N, - _ _a — _m
= pup®, m1 =5, a1 = gy, me = 5,
_ _ (0) = 5 (0) =
__ _as _ap __ 082S _ k.
ag S(0) 7= D 0= Dp©®) > k= FOK

and make these changes for (3). Then, dropping the bars yields the nondimensional
model

r_ 1 _ —upmaS . moS
S'=1-8-c¢ T — 2%y,

=z e_“p—;’l’j_ss—l—'yp , @
4
v=v[zs -1,

[
p=1-p—75y

System (4) will be analyzed in the remainder part of this paper. We assume that
the initial conditions satisfy

S(0) = 0,2(0) > 0,5(0) > 0,p(0) > 0.

Since both z = 0 and y = 0 are the solution surfaces of (4), and S’ =1 at S =0,
and p’ = 1 at p = 0, the positive cone in R* is the positive invariant for (4).
From the first three equations of (4), we have

(S+x+y) <1—(S+x+vy);

then
S(t) +z(t) +y(t) <1+ce™,

Therefore, the coordinates of any omega limit point must satisfy S +x +y < 1.
From the last equation of (4), it follows that

p'(t) < 1—p(t);

then
tlim supp(t) < 1.

Our analysis for (4) will be restricted in the region
Q={(S2,y,p):5>0,220y>0,S+r+y<1,0<p<1}.

For convenient notion, define A1, Ao, A1, and Ap as solutions of

mi — maAa — 1
ar+i1 _ 7 az+Az N ’
e M miA 1+ ¥, e~ HP Mmidp 1+ ’}/ﬁ,

ai1+A1 ar+Xp
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respectively, where p is the positive root of equation (1 — 2)(k + 2) = 0z(1 — A2).
Notice that 0 < p < 1 if and only if 0 < Ag < 1; then A; < A, <A1 as 0 < Ay < 1.

We define \; = +ooif My <1, Ay = +ooif M2 < 1, A = +ooife ™ My < 147,

3. Boundary equilibria: Existence and stability. The existence of the bound-
ary equilibria of (4) is given in the following theorem.

THEOREM 3.1. For system (4), the equilibrium Eo(1,0,0,1) always exists. The
equilibrium El(;\l,%,O,l) exists if 0 < A1 < 1; Fy(X\2,0,1 — Xo,p) exists if
0< A< 1.

The Jacobian matrices of (4) at the boundary equilibria Fy, E7, and Ey are
respectively

e I
e —1-7
_ a1+1
J(Ep) = 0 0 2. 1 0 ’
a2+16
0 0 =
J(E1) )
1 —epma=A) i mady —pmid 1A
(a1+A1)2(1+7) a1+ az+A1 K artr 14y
ST A 1-X
I 0 0 (e ) 2
mo
0 0 023‘5\115 1 0
0 0 “ -1
and
Sl-mEsE ey 0
0 e HPIMuA2 | _ YD 0 0
J(EQ) = maoaz(1—Xs) al+>\20 0 0
(@ tA2)? 5p Sk(1—X2)
_9%p  _1_ —
0 0 e R Gk

Therefore, Ey is locally asymptotically stable if e™# a’ln_il < 14~ and ag”jl <1

(that is, A\; > 1 and Ay > 1); F; is locally asymptotically stable if ::fi < 1 and

A1 < 1 (that is, A\; < Ay and \; < 1); and Es is locally asymptotically stable if
e PP Az < 14 qpand 0 < g <1 (that is, Ay < A, and Ay < 1).
The stability of those boundary equilibria is summarized as follows.

THEOREM 3.2. For system (4), Ey is locally asymptotically stable if A > 1 and
Ao > 1; Eq is locally asymptotically stable if A1 < Ay and A1 < 1; and Fsy is locally
asymptotically stable if Ao < Ap and Ap < 1.

From the third equation of (4), we have

ag—l—li :|

because S < 1. Because Ay > 1 implies ale < 1, by the standard comparison

theorem, tlim y(t) = 0 if Ay > 1. Further, from the fourth equation of (4), it is

y’Sy[
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obtained that 1tlim p(t) = 1if A2 > 1. So we consider the limiting system
— 00

a1+S"?
5
x’:x{e‘“;’ffg—l—v]. (5)

{ S =1—S— e—/tm,lsm

For system (5), we can easily obtain the following using the theory of asymptotic
autonomous systems [13].

LEMMA 3.1. Fgquilibrium (S,x) = (1,0) is globally asymptotically stable on the
region {(S,x): S > 0,2 > 0,8 +x < 1} if \y > 1; equilibrium (S,z) = (A, 1 — A1)
is globally asymptotically stable in the interior of the region {(S,z) : S > 0,z >
0,S+z<1}if A\ < 1.

By using the theory of asymptotic autonomous systems [13], we obtain the fol-
lowing theorems.

THEOREM 3.3. Equilibrium Eq is globally asymptotically stable if A > 1 and Mg >
1; equilibrium Eq is globally asymptotically stable if Ay <1 and Ay > 1.
When A\; < 1, we have two theorems about the global stability of Es and F; as
follows:
THEOREM 3.4. When A2 <1 and Ay < Ay, Es is globally asymptotically stable.
THEOREM 3.5. When A\ + # < A2 <1, Ey is globally asymptotically stable.
To prove Theorem 3.4, the following lemmas are introduced:
LEMMA 3.2. Let a be a finite number and f : [a,00) — R a differential function.
If tlim f(t) exists (finite) and the derivative function f' is uniformly continuous on
— 00
(o, 0), then tlim f'(t) =0.

Lemma 3.2 is cited from [14] and is used in proving the following lemma.

LEMMA 3.3. tlim infp(t) > D if Ay < 1.

Proof. Because all of S,z,y, and p are bounded, the right-hand side of (4)
is bounded. Moreover, the time derivative of the right-hand side of (4) is also
bounded, so the right-hand side of (4) is uniformly continuous on (0,c0). From
Lemma 3.2, tlim y'(t) =0if tlim y(t) exists, and tlim p'(t) =0if tlim p(t) exists.

If tlim p(t) exists, denoted tlim p(t) = p, then tlim y(t) exists, and tlim y(t) =
U=2)U4D) - Further, lim S(t) = Ag if p# 1, s0 lim y(t) < 1 — A because y(t) <

1—5(t). This implies %gﬂ'ﬁ) < 1— ). So we have p > p from the definition of

P, since function W is decreasing for u.
If tlim p(t) does not exist, then there exist t,(n = 1,2,...), satisfying lim ¢, =
— 00 n—oo

(A=p(tn))(k+p(tn)) _

00, such that p/(t,) = 0 and lim p(t,) = tlim infp(t) =: p.. From 5ot

y(tn), we have %(kﬂ)*) = lim y(t,) < lim supy(t).
D n— oo t—oo
We claim tlim supy(t) <1— Ay If tlim y(t) does exist, then there exist 7,(n =
1,2,...), satisfying lim 7,, = oo, such that 3/'(r,) = 0, lim y(7,) = ltlim supy(t)
and S(7,) = Aa. So y(7,) < 1—XAg, then tlim supy(t) < 1—X\,. Similarly, tlim y(t) <
— 00 —00

1— Xy if tlim y(t) exists. Therefore, the claim holds.
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(1=p.)(k+p+)
0P

that is, tlim infp(t) > p. This completes the proof of Lemma 3.3. O
—00

Hence, if tlim p(t) does not exist, then < 1— X\3. Moreover, p, > P,
— 00

Proof of Theorem 3.4. Define the Liapunov function

S Y _ _

A2 mou (17)\2) u
where B = 2m12a1 [e’“ﬁ . % +ai(mg—1)+ a2] > 0 (since Ay < 1 implies mg >
1). By using ;’;_23\22 =1, we have
V’| __ (m2—1)(S+m2—1)(S-X2)?
4) — maS(az2+S)
o [B(emr . s —1—qp) e (1- 255

= —F(S)+zG(S,p),
where F'(S) is positive definite with respect to S = Ag, since Ay < 1.

G(S,p) =B <e“p mS 1-— "yp) — e*upml(% +5) ( maS 1) ’

ar+ S ma(a +5) as+S
Gg(S,p) = % . ﬁ [Bm2a1 — (mg — 1)a1 — CL2]

= 2m7m12 : (ae;:;y {e—ﬂﬁ%ﬂ;f‘z — [(mg — 1)0,1 + ag}} .
By means of the definitions of Ay and \,, we have e‘“ﬁ’lﬁl—% —[(mg — 1)ay + az] =
aias (/\711) - %2), then, G'5(S,p) = ™31z . 7((151;“5)2 (i — A%) .
Because A2 < \p, it follows that G’y < 0. Moreover, G(S,p) < G(0,p) =
eMPIM92 _ B (1 4 4p).

Define f(e) = e‘“(ﬁ_e)% — B[1+~(p—¢)](where ¢ > 0). Since f(0) =
e‘“ﬁ% —B(1+~p) = 22(lt7p) . ()% - i) < 0, there exists € > 0 small enough,

2m2 )\2

such that f(e) < 0. From Lemma 3.3, for this €, there exists T' > 0 such that
p(t) > p— e for t > T. Therefore, for t > T,

G(0,p) < e P92 _ B4 y(p—e)] = f(e) < 0.
moaq

Therefore, for ¢t > T, V' |(4) < 0. So Es is globally asymptotically stable by

LaSalle’s Invariance Principle [15]. The proof of Theorem 3.4 is complete. O
For the proof of Theorem 3.5 we need following three propositions.

PROPOSITION 3.1. If Ay > A1 and tlim y(t) exists, then tlim y(t) =0.

Proof. If tlim y(t) = y* > 0, then tlim S(t) = A2 by Lemma 3.2. The limiting

equation of the second equations in (4) is

¥ =z e‘“p% -1 —fyp]

> e’“%fl—ﬂ,
because p(t) < 1. Since Ao > A; implies e‘“% —1—~>0, then tllglo x(t) = oo,
which contradicts 0 < z(¢) < 1. Hence, Proposition 3.1 is true. O

PROPOSITION 3.2. If Ay > A1 and Jim 2(t) = 8> 0, then lim y(t) = 0.
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Proof. If y(t) does not tend to a limit, then the following inequality holds:
0< tlirgo infy(t) < tlir(I)lo supy(t) = a.
Choose a sequence {t,}(n = 1,2,...) satisfying lim ¢, = oo, such that y'(¢,) =0
and lim y(t,) = a. Since z(¢) tends to a posi@gf? limit by hypothesis, then the
limitncjfm;’( t) as ¢ tends to infinity is zero by Lemma 3.2. So hm z'(tn,) = 0. Thus

0 = lim [e #p(tn) Mude l—vp(tn)}

oo a1+A2
> ek midy
€ ai1+Az 1—

because p(t) < 1. This is a contradiction, because Ao > ;. Thus, y(t) tends to
a limit as t tends to infinity. Further, this limit is zero by Proposition 3.1. This
completes the proof of Proposition 3.2. O

PROPOSITION 3.3. If A\; + 5 < X2 <1, then tlim y(t) exists.
— 00

Proof. We have already noted that
S(t) +x(t) +y(t) < 1+ce™.
Adding the equations of S, z, and y in (2.4) yields

S'(t) + ' (t) +y'(t) =1 8(t) —x(t) — y(t) — yz(t)p(t)
>1-=S5() —2(t) — y(t) —va(
> 1= (1+7)(S) +=(t) +y(t)).

The standard comparison theorem yields that

o~
~

1
S(t) + z(t) + y(t) > T + ¢le”(1HME, (6)

If the limits of x(¢) and y(t) do not exist, then the following inequalities are true:
0< tlim infy(t) < 75lim supy(t) =0
and
tlim infe(t) =a< tlim sup z(t).
Choose a sequence, {t,}(n = 1,2,...) satisfying lim ¢, = oo, such that y/(¢,) =0
and hm y(tn) = B. Since y(t,) > 0,S(t,) = Ao and Ao <1 —a— G, ie, a+ <
1 —)\2 Now choose a sequence, {7, }(n = 1,2, ...) satisfying lim 7,, = oo, such that
n—oo
2'(m,) =0 and lim z(7,) = a. Because p(t) < 1,
m1.S(7,)

ay + S(Tn)
Thus S(7,) < A1. Using (6) gives

mlS(Tn)
aj + S(Tn)

o —1—y < errim) —1—7p(1a) = 0.

1
2 - " = e )T
Lo () () > o+ e

Applying lim z(7,) = a and tlim supy(t) = B yields \; +a + 8 > 1+w So we
have )

—— M <a+p<1= N,

11, M B < 2
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which implies that
.
1+~
This contradicts the hypothesis of the proposition. Therefore, Proposition 3.3 holds.
O
By applying Propositions 3.1, 3.2, and 3.3 and the theory of asymptotic au-
tonomous systems [13], it is easy to see that Theorem 3.5 is true.

+ A1 > Ao

4. The existence of the interior equilibrium. The existence of the interior
equilibrium of (4) is given in following theorem.

THEOREM 4.1. System (4) has a unique interior equilibrium E*(S*,x*,y*,p*) if
and only if 0 < A2 <1 and Ay < Aa < A1

Proof. For the interior equilibrium E*(S*, z*,y*,p*) of (4), it is evident that
S* = X2(0 < A2 < 1) and that «*, y* and p* satisfy equations

miAg MaAa

1— Xy —e #P — =0 7
2 € a1+)\2x a2+)\2y ’ ()
—up_M1A2
=1+p, 8
€ a1+)\2 P ()
dp
1—p=—uy. 9
P k+py 9)

When 0 < A2 < 1, (8) has only one positive root p* in the interval (0, 1) if and
only if Md2 ] > (> ¢ HmA2 _ (14 7); that is, Ay < Aa < M.

a1+Ao ai1+A2 N .
Substituting p = p* into (9) gets y* = (1_”6)}'# > 0. Again, substituting
p=p* and y = y* into (7) gets x* = %.

When A, < A2 < A1, p* < 1 due to \; < \p. And, when Ay > ), we have
ml)\z m1>\p
al + A a1 + )\p

e (14 p*) = = e"P(1 + vp).

So p* > p, and y* = (l_p})p(erp*) < (1_ﬁ;;k+ﬁ) =1— Xg. Thus z* > 0.
S* b a oyt = Ay 122yt g = Qe g Bocanse A + ¢ < 1.

1+~p* 1+p*

When \; < Ay < \,, it follows that e*?” (14+7p*) = ;’f}:j\z < :1”% = e"?(1+7p);
P

then, p* < p, so y* = (1—p;)sz+p*) > (1_ﬁg;k+ﬁ) = 1 — Ay, and thus z* < 0.

Therefore, when A\; < Ay < A, (4) has no interior equilibrium. Therefore, Theorem
4.1 is true. O

5. Dynamical behavior and simulation with the interior equilibrium.
Theorem 4.1 shows that the boundary equilibrium FEs must exist and is unsta-
ble when the interior equilibrium E* exists. We find by numerical simulation that
its dynamical behavior is complex. Three examples are presented here to show its
complexity. All of the computations in this section were performed with Maple.
In the first example, parameter values of (2.4) are as follows: p = 0.002,m1 =
4.5,a1 = 0.02,mg = 4.5,a2 = 1.0,v = 4.0,k = 1.5, = 5.0. For this case, system
(2.4) has two boundary equilibria: Fy(1,0,0,1), E; = (0.2857,0,0.7143,0.3400),
and the interior equilibrium E* = (0.2857,0.1427,0.1152,0.7997). Since M o=
00, A2 = 0.2857, and A\, = 0.0221 (that is, A, < A2 < 1 < A1), both Ey and
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E5 are unstable. And the computation indicates that E* is unstable. The numer-
ical simulation shows that system (2.4) has an attracting limit cycle. The time
course is shown in Figure 1 and Figure 2. The trajectory in (S, z,y) space is shown
in Figure 3.

0.5

0.44

0.3 y

0.2

0.19

t

FIGURE 1. Plot of x(t) and y(¢) in the case of oscillatory coexistence.

0.8+

0.6

S, P

0.4+ S

0.2+

t

FIGURE 2. Plot of S(t) and p(t) in the case of oscillatory coexistence.

In the second example, the parameters are as above, except that v = 3.45. For
this case, system (2.4) has two boundary equilibria that are the same as above,
and the interior equilibrium E* = (0.2857,0.1610,0.0383,0.9269). Because \; =
2.1703, Ay = 0.2857, and )\, = 0.1870 (that is, \, < A2 < 1 < );), both Ey and
E5 are unstable. And the computation indicates that E* is stable. The numerical
simulation shows that E* is globally asymptotically stable. The time course is
shown in Figure 4. The trajectory in (S, x,y) space is shown in Figure 5.
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0.357

0.3

0.257

y(®
0.29

0.19

0.05-

0.1

0.2
x(t) 05 0.4 0.3
S(t)

02 0.1

FIGURE 3. Plot in R? of the limit cycle in Figures 1 and 2.

0.81
0.6

X, ¥, B, P

0.44

0.29 X
\\/\M\A’hy’

0 20 40 60 80 100

t

FIGURE 4. Plot in time course.

In the third example, the parameters are taken to be u = 0.002,m; = 4.5,a1 =
0.02, ms = 26,a3 = 2.5,y = 3.2,k = 1.5, = 5.0. In this case, system (2.4) has three
boundary equilibria: Fy(1,0,0,1), By = (0.2887,0.1694,0,1), F5 = (0.1,0,0.9,0.2839),
and the interior equilibrium E* = (0.1,0.2195,0.0784,0.8574). Since A\; = 0.2887, Ay =
0.1, and )\, = 0.0147 (that is, A\, < A2 < A; < 1), all of the boundary equilibria
Ey, Ey and E5 are unstable. And the computation indicates that E* is stable. The
numerical simulation shows that system (2.4) is globally asymptotically stable. The
time course is shown in Figure 6. The trajectory in (5, z,y) space is shown in Figure
7.
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047

0.3
0.257

yO 021

0.157

0.17

0.054

FIGURE 5. Plot in R? of location of the spiral.

/\—/—p
0.8+
0.6
xy. B, P
0.4
X
0.24
s
y
0 2 4 6 8 10 12 14 16

FIGURE 6. Plot in time course.

6. Discussion. This paper has considered a competition model for a single nu-
trient in a chemostat with an external inhibitor. This inhibitor is lethal to one
competitor and can result in a decreased growth rate for this competitor, but the
other one can take it up with no deleterious effect. By some changes of variables
and parameters, the basic model is transferred to a new system, which contains
fewer parameters, and is investigated throughout this paper.

The boundary equilibria are located, and their stabilities are obtained by Lia-
punov function and the theory of asymptotic autonomous systems. The existence
and stability results are summarized in Table 6.
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1.2
4
0.8
YO 061 |
0.4+
0.4
0.2
02 SO
04 035
> x(t?.25 02 0.15 0.1
FIGURE 7. Plot in R? of asymptotic behavior.
TABLE 1. US-unstable; LAS-locally asymptotically stable; GAS-
globally asymptotically stable
Ay > 1 5\1 > 1 Eo(GAS)
5\1 <1 EO(US)7 El(GAS)
A > 1 Ay > 1 Eo(US), Eo(GAS)
/\p <1 Ao < )\p E‘()(US)7 E2(GAS)
Ay <1 Ao > )\p EQ(US), EQ(US), B
(ﬁ < 1) 5\1 <1l|X< 5\1 Ao < )\p < /_\1 EO(US)7 El(US), EQ(GAS)
/\p < e < /_\1 Eo(US), El(US), EQ(US)7 E*
Ay > 5\1 E‘()(US)7 El(LAS), EQ(US)

The results obtained show that the system demonstrates the complex dynamical
behavior. When the interior equilibrium exists, the computation indicates that it
may be stable or unstable. Moreover, we find by numerical simulation that the
system may be globally stable or have an attracting limit cycle. For this case, the
system is uniformly persistent, that is, the competitors may coexist. Therefore, for

this model, the competitive exclusion principle does not hold.

Acknowledgments. This study was supported partially by China Ministry of
Science and Technology (2004BA719A01) and by the Postdoctoral fund of China

(2005037785).




COMPETITION MODEL OF THE CHEMOSTAT 123

REFERENCES

[1] T. Egli, THE ECOLOGY AND PHYSIOLOGICAL SIGNIFICANCE OF THE GROWTH OF HETEROTROPHIC
MICROORGANISMS WITH MIXTURES OF SUBSTRATES. In Advances in Microbial Ecology, Vol. 14,
ed. G. Jones, Plenum Press, New York, 1995.

[2] D. Herbert, R. Elsworth, and R. C. Telling, THE CONTINUOUS CULTURE OF BACTERIA: A
THEORETICAL AND EXPERIMENTAL STUDY. J. Gen. Microbiol. 14(1956) 601-622.

[3] A. Novick and L. Sziliard, DESCRIPTION OF THE CHEMOSTAT. Science 112(1950) 715-716.

[4] H. Smith, P. Waltman, THE THEORY OF THE CHEMOSTAT. Cambridge University Press, Cam-
bridge, UK, 1995.

[5] P. A. Taylor and J. L. Williams, THEORETICAL STUDIES ON THE COEXISTENCE OF COMPETING
SPECIES UNDER CONTINUOUS-FLOW CONDITIONS. Canadian J. Microbiol. 21(1975) 90-98.

[6] S. R. Hansen and S. P. Hubbell, SINGLE NUTRIENT MICROBIAL COMPETITION: AGREEMENT
BETWEEN EXPERIMENTAL AND THEORETICAL FORECAST OUTCOMES. Science 20(1980) 1491-
1493.

[7] R. E. Lenski and S. Hattingh, COEXISTENCE OF TWO COMPETITORS ON ONE RESOURCE AND
ONE INHIBITOR: A CHEMOSTAT MODEL BASED ON BACTERIA AND ANTIBIOTICS. J. Theoret. Biol.
122(1986) 83-93.

[8] S. B. Hsu and P. Waltman, ANALYSIS OF A MODEL OF TWO COMPETITORS IN A CHEMOSTAT
WITH AN EXTERNAL INHIBITOR. SIAM J. Appl. Math. 52(1992) 528-540.

[9] S. B. Hsu, Yen-Sheng Li, and P. Waltman, COMPETITION IN THE PRESENCE OF A LETHAL
EXTERNAL INHIBITOR. Math. Biosci. 176(2000) 177-199.

[10] S. B. Hsu, Ting-kung Luo, and P. Waltman, COMPETITION BETWEEN PLASMID-BEARING AND
PLASMID-FREE ORGANISMS IN A CHEMOSTAT WITH AN INHIBITOR. J. Math. Biol. 34(1995) 225-
238.

[11] S. B. Hsu and P. Waltman, COMPETITION IN THE CHEMOSTAT WHEN ONE COMPETITOR PRO-
DUCES A TOXIN. Japan J. Indust. Appl. Math. 15(998) 471-490.

[12] J. P. Braselton and P. Waltman, A COMPETITION MODEL WITH DYNAMICALLY ALLOCATED
INHIBITOR PRODUCTION. Math. Biosci. 173(2001) 55-84.

(13] H. R. Thieme, CONVERGENCE RESULTS AND A POINCARE-BENDIXSON TRICHOTOMY FOR ASYMP-
TOTICALLY AUTONOMOUS DIFFERENTIAL EQUATIONS. J. Math. Biol. 30(1992) 755-763.

[14] K. Gopalsamy, STABILITY AND OSCILLATIONS IN DELAY DIFFERENTIAL EQUATIONS OF POPU-
LATION DyNaMiIcs, Kluwer, Dordrecht, The Netherlands. 1992.

[15] J. P. LaSalle, THE STABILITY OF DYNAMICAL SYSTEMS. Regional Conference Series in Applied
Mathematics, SIAM, Philadelphia, 1976.

Received on December 15, 2004. Revised on April 27, 2005.

E-mail address: jiang-110263.net



