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ABSTRACT. In this paper, a general periodic vaccination has been applied to
control the spread and transmission of an infectious disease with latency. A
SEIRS! epidemic model with general periodic vaccination strategy is analyzed.
We suppose that the contact rate has period T, and the vaccination function
has period LT, where L is an integer. Also we apply this strategy in a model
with seasonal variation in the contact rate. Both the vaccination strategy
and the contact rate are general time-dependent periodic functions. The same
SEIRS models have been examined for a mixed vaccination strategy composed
of both the time-dependent periodic vaccination strategy and the conventional
one. A key parameter of the paper is a conjectured value R{ for the basic
reproduction number. We prove that the disease-free solution (DFS) is globally
asymptotically stable (GAS) when Ry*? < 1. If Ré"f > 1, then the DFS is
unstable, and we prove that there exists a nontrivial periodic solution whose
period is the same as that of the vaccination strategy. Some persistence results
are also discussed. Necessary and sufficient conditions for the eradication or
control of the disease are derived. Threshold conditions for these vaccination
strategies to ensure that RSUP < 1 and Rénf > 1 are also investigated.

1. Introduction. Mass immunization is frequently used as a tool to control the
spread of epidemics. The simplest vaccination strategy is to vaccinate all individuals
at a constant rate. This may also be combined with vaccination of a fixed fraction
of very young children at the smallest possible age where maternal antibodies no
longer confound the effect of the vaccine, commonly 9-18 months for measles. In
this paper, we ignore the effect of maternal antibodies, so these young children
are in essence vaccinated at birth. In the absence of vaccination, cases of many
common childhood diseases show a regular periodic oscillation whose period is a
whole number of years [9, 14]. Much work has been done that analyzes seasonal
periodic outbreaks of infectious diseases by considering seasonal variation in the
contact rate [5, 9, 14].
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Recently it has been postulated that in some circumstances a periodic vaccination
strategy, for example, pulse vaccination, can be a more efficient use of limited
immunization resources than a continuous constant vaccination effort [1, 11, 15].
In this paper, we study a general continuous periodic vaccination strategy r(t). This
is combined with vaccination of a given proportion of newborn individuals. Because
in many real diseases there is a time delay between the time an individual becomes
infected and the time he or she becomes infectious, we introduced an exposed or
latent class into the model. We consider the model with both a periodic disease
transmission rate and a constant one.

If the combined vaccination strategy is applied in the situation where no disease
is present, then the number of susceptibles eventually reaches a unique periodic
solution. Our results lead us to conjecture that this combined periodic and fixed
vaccination strategy is sufficient to eliminate disease from the population exactly
when the weighted, time-averaged, disease-free susceptible population is less than
a certain threshold value.

1.1. The pulse vaccination strategy. Pulse vaccination vaccinates susceptibles
at discrete points in time, usually at regular intervals. One such example is the use
of annual immunization days, which was successful in eradicating measles from The
Gambia between 1967 and 1972 [17]. In recent times, a pulse vaccination strategy
has been applied in South and Central America and was highly successful against
poliomyelitis [4, 13]. This method is now used in Brazil, where it is both easier
to arrange and has a greater uptake than the conventional continuous vaccination
strategy. Pulse vaccination has been used in Africa recently albeit with only partial
success. Agur et al. [1] discuss the possibility of implementation of the pulse
vaccination method in Israel.

Pulse vaccination has also been used in the United Kingdom. In November 1994,
a single dose of combined measles and rubella (MR) vaccine was given to children
aged 5 to 16 years. In England and Wales, an average of 92% of these children were
vaccinated. This policy caused a significant fall in the number of cases of measles
reported to the Office of Population Censuses and Surveys. It was concluded that
the application of pulse immunization to all schoolchildren would probably prevent
a large rate of morbidity and mortality and would have a marked effect on measles
transmission for several years [11].

Nokes and Swinton [11] use simple steady-state and age-structured dynamic
models to extend the theory of the mechanism of action of pulse vaccination, and to
explore the relationship between the maximum permitted interval between pulses
and key epidemiological, demographic, and vaccination variables. They further
developed the work of Agur et al. [1]. An ordinary differential equation model is
used to derive equilibrium expressions for the pulse interval and considers combined
routine and pulse vaccination. Simulations using age-structured compartmental
deterministic models illustrate complex epidemiological dynamics associated with
pulse vaccination, particularly when there is age heterogeneity in contact rates in
the population.

Pulse vaccination in an SIR epidemic model with vaccination has been considered
by Shulgin et al. [15]. They consider a vaccination function r(t) = > -, pd(t—nT).
Here, §(t) is the Dirac delta function, and p is a constant. This corresponds to a
series of pulse vaccinations, each separated by time 7. They found that a periodic
DFS is possible where the numbers of susceptibles and recovereds are periodic
functions with a period equal to that of the pulse vaccination. Shulgin et al. also
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discovered a threshold condition for this periodic infection-free solution to be locally
stable, first in the case where (3, the transmission rate of the infection, is a constant,
and second in the more general case where the disease transmission rate §(t) is a
nonconstant periodic function with the same period T as r(t). If this threshold is
not exceeded, then the periodic DFS is locally stable and a serious epidemic will
not occur. In what follows, we investigate a more realistic and complicated SEIRS
model with a general continuous periodic vaccination rate r(t).

2. The SEIRS model with vaccination. Our SEIRS model of the spread of
infectious diseases makes the following assumptions:

1. The total population size is IV, and the per capita birth rate is a constant p.
As births balance deaths, we must have that the per capita death rate is also
L.

The population is uniform and mixes homogeneously.

3. The population is divided into susceptible, exposed, infective, and recovered
individuals. The total number of individuals in each of these classes is S =
S(t), E=E(), I =1(t), and R = R(t), respectively.

4. The infection rate §(t) is defined as the total rate at which potentially infec-
tious contacts occur between two individuals. A potentially infectious contact
is one which will transmit the disease if one individual is susceptible and the
other is infectious, so the total rate at which susceptibles become exposed
is B(t)SI. Biological considerations mean that G(¢) is continuous. We also
assume that either (i) 5(¢) is not identically zero, positive, nonconstant and
periodic of period T or (ii) B(t) = § is a constant.

5. The susceptibles move from the exposed class to the infective class at a con-
stant rate o, where (1/0) is the average latent period conditional on survival
to the end of it.

6. The infectives move from the infective class to the recovered class at a constant
rate vy, where (1/) is the average infectious period conditional on survival to
the end of it. We assume that the disease does not give permanent immunity,
so individuals transfer back from the immune to the susceptible class at a
constant per capita rate 9.

7. A fraction p (0 < p < 1) of all newborn children are vaccinated. In addition
all susceptibles in the population are vaccinated at a time-dependent periodic
rate r(t). This is the periodic vaccination strategy. We shall suppose that
r(t) is periodic with period LT. The case where r(t) has period T can be
obtained by setting L = 1.

o

Our SEIRS model with time-dependent vaccination strategy can be written as
a set of four coupled nonlinear ordinary differential equations as:
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% — UN(L—p) — B(O)SI — (u+r(t)S + R, (1)
% = B)SI - (u+0)E, (2)
% = oE—(u+)I, (3)
C;if = uNp+ (ST — (u+0)R, )
with
S+E+I+R = N. (5)

Here the disease transmission rate 8(t) and the vaccination rate r(t) are nonzero,
positive, continuous periodic functions. The system (1)—(5) has no equilibrium
points, but a DFS, with E(t) = I(t) = 0, is still possible.

Consider the region D in R?*, defined by

D={(S,E,I,R)€[0,N]*| S+ E+I+R=N}.

The system of differential equations (1)—(4) with initial conditions in D obviously
starts off in the region D. The right-hand sides of these equations are differentiable
with respect to S, F, I, and R with continuous derivatives. It is straightforward to
show using standard techniques [7] (and considering separately the cases E(0) =
I1(0) = 0and E(0) > 0 or I(0) > 0) that the equations (1)—(4) with initial conditions
in D have a unique solution that remains in D for all time and moreover,

S+E+I+R=N.

3. The DFS. When r(t) is a nonconstant bounded continuous periodic function,
there is no equilibrium point for the system (1)-(5). So there is no disease-free
equilibrium point; however, a periodic DFS corresponding to the case E(t) = I(t) =
0. In this case, (1) becomes
ds
7 = HN(A=p) = (p+7(t))S+ IR,
= N =p)+96) = (p+r()+9)S. (6)

If E(t) = I(t) = 0, (6) has a solution for S(t). We examine the behavior of this
solution. Integrating (6), we find that

S() = S(to)exp [(#+5)(tto) /trmdr]

to

+ N[l —p)+d]exp {—(u +0)(t—to) — /t’l"(’T)dT:|

to
t
/ exp
to

¢
(1 +6)(C —to) +/ 7’(T)dT] dg. (7)

to
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Hence,

S(to+ (n+1)LT) = S(to+nLT)exp

to+ LT
—(u+8)LT — / T(T)dT]

to

+ Nip(l—p)+dexp

to+ LT
/ exp
to

Equation (8) gives a recursive relationship between the number of susceptibles at
time to +nlT,n=1, 2, 3, ... .If welet S,, = S(to + nLT), then (8) defines a
mapping F' such that

to+LT
—(,u—l-(S)LT—/ T(T)dT‘|

to

<
(43¢~ t0)+ [ r<T>dT] “

to

F(S,) = Snt1-
If S7 and Sy are different values of S, then

[F(S1) — F(S2)| < [S1 — S| exp(—pLT).
So, F is a contraction mapping [3] and has a unique fixed point S*(¢y) such that

(o) = (N[uu—p)w]exp

to+LT
/ exp
to
1

1—exp [~(u+0)LT — [

—(p+ cS)LT—/0 ’I“(T)dT]

to

¢
(1 +0)(¢ —to) +/ T(T)dTl dC)

9)
]

Hence, S*(to + LT) = S*(tp). So, S* is a periodic function of ¢. Differentiating (9),
S*(to) is continuously differentiable with respect to to and S(t) = S*(t), E f =0,
and R(t) = R*(t) = N — S*(t) is a disease-free periodic solution of the system (1)—
(5), which repeats itself every LT years. We have the following result.

THEOREM 3.1. Equations (1)-(5) have a disease-free periodic solution of period LT
that is continuously differentiable, and this is the only disease-free periodic solution
to (1)-(5); any disease-free solution to (1)-(5) approaches this one as time becomes
large.

Proof This is a straightforward adaption of the STRS model considered in [10] for
the case L = 1. O

Recall that Ry, the basic reproduction number of the disease, is defined as the
expected number of secondary cases caused by a single infected case entering the
disease-free population at equilibrium [2]. Anderson and May [2] call this the
basic reproduction rate, but it is a number, not a rate. Consider a single newly
infected person entering the population at the DFS. During the latent period, this
person faces a death rate pu and leaves for the infectious class at rate 0. Assuming
that the time taken for these two events to happen follow independent exponential
distributions, the probability that the individual survives his or her incubation
period is o/(u + o). Similarly, the average length of the infectious period is 7 =
1/(pn+7y). The average value taken over a cycle of the expected number of secondary



596 I. A. MONEIM AND D. GREENHALGH

cases produced by a single infected person entering the population at the DFS is
our conjectured value for Ry; namely,
1 i S(r)d
RS = — oB(r)S(r)dr (10)
LT Jo  (n+o)(n+7)

Define R;"" =

o /LT (p+ 0)B(t — €)S(t — ¢) exp[— (1 + o){Jd¢
0

————  sup
(+7) (1 +0) e, 1 —exp[—(u +0)LT]

, (1)

and R =

o o /LT (1 + 0)B(t = OS5 (t = ¢) exp[—(p+ 0)¢Jd¢

(1 +7)(p+ o) tel0.L1] Jo 1 —exp[—(u+ 0)LT]
Later we show that R)"” > R§ > Ré"f , with both of the inequalities being strict if
B(t)S(t) is nonconstant on [0, LT]. We expect that if RS > 1 the disease will take
off, whereas if Rf < 1 the disease will die out. However, we have been able to show
only that if Ri"" < 1 the disease will die out, and if Rénf > 1, then the disease will
take off if it is initially present. In the following sections, we formally investigate
these results.

. (12)

4. The stability analysis of the DFS. In this section we concentrate on the
stability analysis of the DFS, and we try to extend the results obtained in [6] for
an SIRS model with constant vaccination of individuals of all ages.

4.1. Stability of the DFS when Ry < 1. Our first result is to show that the
DFS (S(t),0,0, R(t)) is GAS when Rj"P < 1. We need the following lemma.

LEMMA 4.1.

lim sup(S — §)(t) < 0.

t—o0

Proof From equation (1),
as
dt

pN(1—p) = B(t)ST — (n+7(t))S + 6R,
< Nu(l—p)+6)— (p+r(t)+9)S.
As (S(t),0,0, R(t)) is a solution of (1), then

o N1 )+ 0) ~ () + DS,
Therefore,
A5 =9 - _utrt)+8)(S—8).

dt -
Integrating this inequality we find that

(580 < (5= 8w exp (~u+ )t —10) — [ r(r)ir).

to
Lemma 4.1 now follows. O

sup

Now we can prove the global stability of the DFS when Rj™ < 1.
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THEOREM 4.1. If RS"’ < 1, the DFS (5,0,0, R) is GAS for the system (1)-(5).

Proof Since

dI
— = oE- 1
7 oE — (n+)1,
we can easily show that,
oE™>
1° < .
Hty

The idea behind the proof of Theorem 4.1 is as follows: By Lemma 4.1, we know
that given e > 0, there exists #; such that S(t) < S(t) + € and I < I + ¢ for all
t > t1. From (2), we bound E(t) above and from this upper bound, we deduce that
E* = 0. Suppose that E* > 0. Integrating (2), we find that for ¢t > tq > t1,

E(t) < E(to)exp[—(u+0)(t —to)]
+ (I°°+€)exp[—(u+0)t]/t B(T)(S(7) + €) exp[(p + o)7]dr.

Define y(7) = 4()S(7). Note that y(7) is a nonzero positive periodic function with
period LT, so
t—to

expl—(u-+ )] [ y(r) el ridr = [ ytt = w)expl—(u + ouldu.

to 0
Suppose that (k+ 1)LT >t —ty > kLT. We have that

/0 y(t — ) expl— (s + o)eldu

LT
= [t =) expl—(u+ oyuldu 1+ expl— () L]

+ exp|—(u+0)2LT] +- - +exp|—(u + o) (k— 1)LT])

4 / (e = wyexpl—(u+ o)l

LT

< / y(t—u)exp[—(u—&-a)u]du(l—i—exp[—(u—i—U)LT]
0

+ exp[—(u+0)2LT] + -+ exp[—(u + a)kLT]),

BT y(t — ¢) exp[—(u + 0)¢]d¢
= /0 1 —exp[—(u+o)LT]

Therefore, for t > ty we find that

E(t) < E(to)exp[—(u+0)(t —to)]
[° te /LT (14 0)B(t = Q)(S(t = ¢) + €) exp[— (1 + 0)¢ld¢
w+o Jo 1 —exp[—(u+ 0)LT) ’
N exp[—(p+0)(t = to)]

tel o /LT(u+0)y(t—C)exp[—(u+o)C]dC
H+o \icpo,L1)Jo 1 —exp[—(p+o)LT]

e/LT (1 +o)B(t — ) exp[—(p + o)¢ld¢
0 1 —exp[—(u+ o) LT] |

_|_

IN

_|_
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Now choose ta2 > to large enough so that for ¢ > to, Nexp[—(u + 0)(t — to)] < e.
Then for t > to,

E(t) <

LT 00
RYME*+e(1+ s y(t = Q) exp[—(p + o)CJd( (I +e) -
0 e ( +teT$LpT]/0 1 —exp[—(pu+ o) LT] + uw+o A ’

where Bya0 = Sup,eqo, 77 3(u). Now choose € small enough so that

LTy(t_() exp[—(u + 0)¢]d¢ <Ioo +€> N
‘ (1 +t€?&ET]/0 1 —exp|—(u + o) LT] + Lto Bmaz | < YE,

where Ry"P+1 < 1 and ¢ > 0. Hence for t > t5, we have that E(t) < (Ry"P+y)E>.
Thus, 0 < E* < (R{"™ +¢)E>. So, E* = 0. Hence also I*® =0 and E(t) — 0
and I(t) — 0 as t — oo. It remains to show that (S — S)(t) — 0 and
(R—R)(t) — 0 as t — 0. Because R(t) is a solution of equation (4) when
E(t) = I(t) =0, we have that,

d(R— R)

dt

Given €¢; > 0 using Lemma 4.1, there exists t3 such that E(¢) + I(t) < € and
S(t) < S(t) + e for all t > t5. So for ¢ > ts,

d(R—R)
dt
where 7yaz = SUPyejo, 7] r(u). Integrating this inequality, we find that

(R=R)(t) < (R—R)(ts)exp[—(u+8)(t —t3)]

=r(t)(S = 8) +~I — (u+8)(R— R). (13)

< (Tmaz +7)e1 — (u+0)(R — R),

L (W) (1~ exp[—(u 4 6)(¢ — 1)),
< Nexpl—(u+6)(t—ts)] + (J) |

It is now straightforward to show that given es > 0, there exists ¢4 such that
R(t)—R(t) < e, for t > t4. Hence, S(t) = N—R(t)—I(t)—E(t) > N—R(t)—e; —es
for t > t4. Using Lemma 4.1, we deduce that S(t) — S(t) as t — oo. Since
R(t) = N — S(t) — I(t) — E(t), then we must have that R(t) — N — S(t) = R(t) at
t — oo. This completes the proof of Theorem 4.1. O

Thus if B)"” < 1, the DFS is GAS.

5. The existence of periodic solutions. The existence of a periodic solution of
(1)—(5) can be proved in two stages. The first is that if R(Z)”f > 1, then there exists
a minimum threshold value for I(t) such that if I(0) > 0 or E(0) > 0, then I(t)
will rise above this threshold value, and from then on the time spent continuously
beneath it can be bounded above by a bound that depends only on the model
parameters, not on the initial conditions. Moreover, the time taken to rise initially
above the threshold can be bounded above by a bound that depends only on the
initial value I(0) and the model parameters.

In the second stage, by using fixed-point theory we prove that the system (1)
(5) has an LT-periodic solution. These results are also true for the same model
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when the contact rate is constant if the vaccination strategy is a general continuous
periodic function.

To prove the existence of periodic solutions of (1)—(5), we need the following
notations.

DEFINITION 5.1.
RIS () = o e [ (et o)yt = Q) exp[—(u + 0 + A)¢JdS
0 = 1mn .
(1 + 7)1+ o) teo,.L1] Jo 1 —exp[—(u+ 0+ A)LT]

Define

) = /LT y(t —wexpl=(pto+Ny
0 1 —exp|—(u+ 0o+ \)LT)
Note that f(t,\) is monotone decreasing in A for a fixed ¢, and hence, Ré"f (N) is
monotone decreasing in A.
Now consider the equation A2 + dj A + da(\) = 0, where

1 >IN
= 5 (1= B () (1 + o) (1 +)-
If R (0) = RI™ > 1, then dy(0) < 0 and the equation A2 + dy A + dy(A) = 0 has
a unique positive root, say Ay > 0. Then
(R (M) + D)(n +0) (1 +7)
2 t+o+A)(p+y+ M)

di=(u+o)+(p+y) and  da(})

=1. (14)

DEFINITION 5.2.

ﬂsup = Ssup
tel0,LT

/LT (u+ a)B(t — ) exp[—(p + o + A1 )(¢]dC¢
1Jo 1 —exp[—(u+ 0+ X\ )LT] '

DEFINITION 5.3.
LR (M) = D+ o) (e +7)(1 —n)

Ki(n) =
Bmaz N 2 3
[+ G + gy | P

)

where n < 1 is an arbitrarily small positive number and ¥(n) is a positive number
such that

0<v(n) < min{

Kl(n)’N [1 B BmazGO(n)] N 27€e0(n) }
2 (k+o) (1 +9)
where €y(n) is a positive number such that

52 M0 i)

Here Ki(n) is a well-defined positive number, and €p(n) and ¢ (n) are in well-
defined ranges. Given 1 > 0, we suppose that 7(0) > 0 and find an upper bound
for the time for which I(¢) can spend continuously beneath €y(n). We do this by
supposing that I(t) remains indefinitely and continuously beneath ey(n), and we
deduce a contradiction. For the moment, we suppose that n > 0 is fixed and write
K1, eo, and ¢ for Ki(n), €o(n), and ¥(n) respectively. We need four preliminary
lemmas. We use these to show that I(¢) must eventually rise again above ¢, and

0 < eo(n) < min{
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the time taken to do this can be bounded above by a time depending only on ¢,
1, and the model parameters.

If the solution has the initial value I(0) > €, suppose that the solution I(t)
drops beneath ¢ for the first time at time (. Then, without loss of generality, we
can assume that (o = 0. Our first result is that E(t) also becomes small.

LEMMA 5.1. Suppose that I(0) = ey and I(t) < €y for allt > 0. Then there exists

maa:N
a time Ty > 0 such that E(t) < Pmaa 10
(n+0)

on 1, €y, and the model parameters.

+ for allt > Ty, where Ty depends only

Proof This is straightforward. O

LEMMA 5.2. Suppose that I(t) < ey for all t. Then there exists a time Th > 0 such
that 5
Y€o
+
T ) v
for allt > Ty, and Ty depends only on ¥, €y, and the model parameters.

R(t) < R(t)+

Proof Given € > 0, there exists ¢y, depending only on € and the model parameters,
such that (S — S)(¢t) < e for all t > tg. So for ¢t > ¢ from (13),

d(R—R R
MRT) < s tye0 — (4 ) (R R)

Lemma 5.2 now follows straightforwardly. O

Now, supposing that I(0) = €, our next aim is to find a time 75 and a strictly
positive lower bound E; for E(T3), where E; and Ty depend only on the model
parameters and €3. We deal with the two cases, p < 1 and p = 1, separately in the
following two lemmas.

LEMMA 5.3. Ifp < 1, define a time Ty = (x+1)LT, where x is the smallest integer
such that xLT > T3 = (In2)/(BmazN + 4 + Tmaz) and By = Eyexp[—(u+0)Ts] >
0, where E5 = eoslfOLTﬁ(T) exp[—y7|dr exp[—yxLT] > 0 and S; = uN(1 —
)/2(BmazN + it + Tmaz). Then E(To) > Ey > 0, and Ey and Ty depend only on
the model parameters and €q.

Proof From (1), we have that

ds
E > UN(l - p) - (ﬂmawN +p+ Tmam)s-
Integrating this inequality, we have that
pN (1 —p)
S 4 1—e - mazN+ +rn1am t)) .
1) > e (1= Pl (BN + 1+ o))
As I(0) = eg, I(t) > exp[—(u+ 7)t]. Hence for t > T3,

% +(p+o)E > B(t)Sieoexp[—(u +7)t).

Multiplying by exp[(p + o)t] and integrating between zLT and (z + 1)LT, the
required result follows. O
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LEMMA 5.4. Ifp =1, define a time Ty = (x1+1)LT, where x1 is the smallest integer
such that x1 LT > Ty + Ts. Here Ty = (In2)/(p + 0) and Ts = (In2)/(BmazN +
i+ Tmaz)- Define By = Egexp|—(u+ 0)Ty] > 0, E3 = €959 fOLT B(7) exp[—v7]dr
exp[—yz1LT] > 0, S = (6R1)/(2(Bmaz N + o + Tmaz)), and Ry = (uN)/2(p + 9).
Then E(Ty) > E; > 0, and Ty and Ey depend only on the model parameters and
€o.
Proof From equation (4), we have that

dR

_— >

dt  —
Integrating this inequality and arguing similarly to Lemmas 5.2 and 5.3, we deduce
that for t > Ty = (In2)/(u+0), R(t) > (uN)/(2(p+ 6)) = Ry. Again, from (1), we
have that for t > Ty,

uNp — (u+ 0)R.

ds
E 2 5R1 - (6maxN + M + rmaa:)S'
Integrating this inequality for ¢ > T}, we have that
OR;
S(t 1 — exp[—(BmazN + b + Tmaz)(t —Tu)]) .
® 2 5 p[—(8 7 )(t = T4)])
Hence for t > Ty + T5, S(t) > S, and
dE
E + (M + U)E > ﬁ(t>521-
Lemma 5.4 is now a straightforward argument as in Lemma 5.3. ]

These results allow us to proceed to the first theorem in this section, which gives
a lower bound 7 for I, and an upper bound on the initial time for which the value
of I(t) remains beneath 7.

THEOREM 5.1. If Rénf > 1, then there exists ng > 0 such that all n1 > 0; if
I(0) > m, then I(t) > ng for allt > T(n1), where T(n1) depends only on 1n and
the model parameters.

Proof First, suppose that I(0) = eg and I(t) < € for t > 0. We show that R > 1
forces I(t) to rise to at least the level ¢y by a time T that depends only on %, €,

and the model parameters. From Lemmas 5.1 and 5.2, we have shown that for
t > T = max (TQ,Tl) ,

S(t) = N—E(t)—I(t)— R(t),
> {Su)—-2¢-—eo(1+-ﬁm““v 2y )}.

(ito) ' (u+o)

By Definition 5.3, we have that
ﬁmamN + 2'7 :|
(n+o) (u+96)

ﬁma:cN + 27 :|

(p+o)  (u+d)]
< iy 4 2O =D+ o)+ )L =)

Uﬁsup
(RY (M) = D+ o)+ 7)1 =)
20Bsup .

2’(/J + €0 |:1+

< K |:2+ aS'Q[J<(K1/2) and ¢y < K1,

, using Definition 5.3,

< (15)
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From (2), choose ty > T7 = max(Ty, Ts), then E(to) > Eq exp|—(p+0)(to—T4)] > 0,
using Lemmas 5.3 and 5.4, and from (3), we have that I (tg) > eg exp[—(u+7)to] > 0.
Note that from Definition 5.1 we have that

Rin () = o inf /LT (1 +0)y(t = ) expl—(p + 0+ \)JdC
w—+ o) tel0,LT] Jo

() 1 —exp[—(u+ 0+ A)LT]

Given a small enough 7 > 0, choose ¢; and an integer k so that

a

) LT
et [ e ol — Ol o+ MG

<1 +exp[—(p+ 0+ M)LT) + exp|—(pp+ 0 + A1)2LT] + - - -

+expl—(u+ 0 + ) (k 1)m> SR -n),  (16)

and 0 < € < min {620 exp[—(u + ) (to + kLT)],

g

Wty exp[—(p+0)(to = Ta + k:LT)]}.

Then E(tp) > 2e1(( + v+ A1)/o) and I(tg) > 2€;. Provided that I(t) remains
continuously below the level ¢,

A
I(to+7) > egexp[M(T—kLT)] and E(tog+71) > mel exp[A (T —kLT)].
o
Define 1y such that
79 = inf {§ >0:I(to+7) > erexpM(r — kLT)] and
A
E(to+7) > B0 TN b(r— KIT)] for 7€ [o,g]}.
o

By continuity, 75 > 0, and if 7y < oo, then either

I(to+70) = €1 exp[A1(r0—kLT)] or E(to+70) = €1 exp[A1 (1o —kLT)].

(17)

(p+v+ A1)
g

We show that (17) leads to a contradiction. If 79 < kLT, we have that

I(to+71) > eoexp[—(p+7)(to+ 70)],
> e exp[Ai(ro — kLT)],
and
E(to + 70

v

Eyexp[—(p+ o) (to — Ty + 70)],

(g 47+ Aer exp|\i (1o — kLT)].
(o
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If 79 > kLT from (3) we have that

I(to+710) = I(to)exp[—(p+7)70]
to+7o
+ exp[—(u+7)(to +TO)]/t o E(¢) exp[(p +7)¢ld¢,
> e exp[A(ro — KLT))]. (18)

Also, for 79 > kLT, we have that
E(to+10) = E(to) exp[—(p + 0)70]

to+T7o

+ exp[—(p+0)(to + 70)] BE)S(EI(C) exp[(p + o)¢dC,

B(to) expl— (1 + 7)70] + €1 exp[— (1 + o) (Fo + 70)]

"B S it — o)(1—
J (<><S<<>—(RO () = D) (p+0) (1 m)

Y

ﬁ 2O-Bsup
exp[(p + 0)¢ + A(C — to — KLT)]dC,

0

p+y+ M

> —————aexp[—(p+ o)) + e explhi (o —kLT)]
. S Ry _ o _
/t 5(0(5(0_(30 (A1) 1)2(5;7)(u+ )(1 n))

exp[(u +o +)\1)(C —tO—TO)]dC,

V

€1 exp[Ai (1o —kLT)] Oﬁb(to + 70 — 1) (S‘(to + 70 — )

(R () — () (o) (L~ n)
2o-ﬁsu;o

(RiM (A1) = D(ut) (1 — ?7))
20

) exp[—(u +0 +A1)uldu,

K + Y pin
> (URO T (1—n) -
€1 exp[)\l(ﬁ) —kLT)],
using Definition 5.2 and inequality (16),

_ ((Ré"f@l) + D)1 - 77>>61 exp[\ (o — KLT)),

20

+ty+Mpto+ A
- - ,:/T W,HU S (1 = n)er exp[Ai (1o — kLT)],

using equation (14).

Since 7 is arbitrarily small, we can choose 1 small enough so that (u+o+A;)(1—
n)/(p+ o) >1, and

E(to+7) > wqexwl(m—un]. (19)

Hence, (18) and (19) contradict (17); so we deduce that 79 = oo, and assuming that
1(¢) always lies below €q,

(47 +A)er
ag

I(to+ 7) > erexp[Ai (T —kLT)] and E(to+17) > exp[A1 (T —kLT)],



604 I. A. MONEIM AND D. GREENHALGH

for 7 > 0. In particular, I(¢) must rise again above its initial value €y by a time at
most T' = kLT + T7 + 11, where 7 = (1/A1)In (é9/€1), and this time depends only
€0, ¥, and the model parameters. Moreover, for all ¢ > 0, we have that

I(t) > no = eg exp[—(u + ) (KLT + T7 + 11)].

Next, suppose that ¢y > I(0) > n; > 0. A similar argument shows that provided
m > 0, I(t) rises above ey by a time at most T(n;) = kLT + T7 + 72, which
depends only on n; and the model parameters, not on the initial conditions, where
T2 = (1/A1)In (e /€e2) and

0 < e < min{n;exp[(qu*y)(tonLkLT)],

o
——Frexp|—(u+o)(to + kLT — T, .
Sy el ) m}
Moreover, by our previous argument, I(t) remains above rg for t > T'(n;). ([

Hence, if I(0) > 1, then I(t) > no for all t > T'(ny), where T'(11) depends only
on 7 and the model parameters. So, we can look for nonzero periodic solutions for
our system when R(’)"f > 1. The following theorem gives the existence of a periodic
solution of the system (1)-(5) with period LT.

THEOREM 5.2. The system (1)-(5) has a nonzero LT -periodic solution.

Proof The set Z = R* with the norm |z| = v/S2 + E2? + I2 + R? is a Banach space
[3]. Defining the sets

Ly = {(S,E,[,R):Sgo,Ezo,Izno,Rzo,S+E+I+R:N},
L = {(S,E,I,R):SZO,E20,1>”20,320,5+E+1+R=N},
L, = {(&E,I,R):Szo,Ezo,Izo,Rzo,S+E+I+R=N},

we find that Ly and Lo are compact, L is open relative to Ly (i.e., La-Lq is closed),
and Lo, Ly, and Ly are convex sets.
Define the mapping h : Lo — Lo such that

h(z0) = a(LT, 0, 7).
Then h(zg) is the solution of the initial value problem (1)—(5) at time LT with
zo = (S(0), E(0),1(0),R(0)) at time ¢ = 0. The mapping h is continuous since
the right-hand side of the system (1)—(5) is differentiable. Then for any positive

integer j, the image of the set L; remains contained completely in the set Lo, so
for =1, 2, 3, ... we find that

B/ (Ly) C Lo.

Now suppose that zg € Li. Then for ¢ > T(ino), I(t) > no. Hence, if moLT >
T(4no), then we have h™(Ly) C Lg for all m > mg. Then by Horn’s Fixed Point
Theorem [8], the mapping h has a fixed point in the set Ly. Hence, the system
(1)—(5) has a nonzero LT-periodic solution. O
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6. Persistence results.

6.1. Stability of the DFS when Ry" > 1. Suppose first that E(0) = I(0) = 0.
Then from equations (1)—(5), we find that E(t) = I(t) = 0 for all t. Arguing as
in the proof of Theorem 4.1, we deduce that (S(t), R(t)) — (S(?), R(t)) as t — oo,
whatever the value of Ry > 1.

Next, consider the case where E(0) > 0 or I(0) > 0. If I(0) = 0, then it is
straightforward to show from (3) that I(At) > 0 for At small and positive. So, by
changing the time origin, if necessary, we deduce the following from Theorem 5.1:
COROLLARY 6.1. The DFS is unstable if Ry > 1.

6.2. Persistence of the disease when Rf)"f > 1. Now we examine the persis-
tence of the disease when Ré"f > 1. Here, persistence means that the number of
infectives is bounded away from zero.

DEFINITION 6.1. For a function f : [0,00) — RY, we define foo = liminf; . f(t).

DEFINITION 6.2. Uniform strong repeller. Following [16], we say that the set
g={I=0:0<SH)<N,0<E{) <N, 0<S{t)+E@l) <N}
is a uniform strong repeller for the set
G={(S,[LE): 0<S<N,O<I<NOLKEZSN,0<S+4+T1+FE<N},
if Io > 0.
DEFINITION 6.3. Uniform persistence. We say that the disease is uniformly persis-

tent if each of S(t), E(t), I(t), and R(t) is strictly bounded away from zero, and
moreover, this bound depends only on the model parameters.

From Theorem 5.1, we have the following corollary.

COROLLARY 6.2. If R(i)"f > 1, then the set q is a uniform strong repeller for the set
G.

Proof As I, > ng the result is obvious. ([l

Our next step is to show that the disease is uniformly persistent when Rénf > 1.
From Theorem 5.1, I(¢) is bounded away from zero for large times. We need to
show that S(t), E(t), and R(t) are similarly bounded away from zero for large times.

LEMMA 6.1. Ry > n3 > 0, where n3 depends only on the model parameters.

Proof Given €; > 0, there exists ¢; such that I(t) > ng — e; for ¢ > ¢;. Then for
t >t from (4),
dR

o 2 #Np A —ea) = (u+O)R.

Integrating this inequality and arguing as in Lemma 4.1, we deduce that
pNp + (o — €1)
(1 +9)
Letting 3 = (uNp + ym0)/(p + 6), the result follows by letting e; — 0. O

Ry >

LEMMA 6.2. So > 14 > 0, where 1y depends only on the model parameters.
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Proof Given €; > 0, there exists ty such that R(t) > %773 — €1 for t > t5. Then for
t > to from equation (1), we have that

as

1
E Z MN(l _p) + 6<2773 - 61) - (ﬁmaa:N + M + rmaw) S.

Arguing as in Lemma 6.1, we deduce that

uN(1—p) + Lon;

> 0.
ﬁmawN + l’[/ + Tmaa:

Soo 2> Ty =

LEMMA 6.3. The exposed population is bounded away from zero by a bound that
depends only on the model parameters.

Proof There exists t3 such that for ¢ > t3, S(t) > (Sao/v2) and I(t) > (Ino/V?2).
Hence, for ¢ > t3 from (2),
dE

1
o Tt aE = SB()Secl. (20)

Choose n such that nLT > t3 then multiply (20) by exp[(p + 0)t] and integrate

E((n+ 1)LT)expl(p+ o)(n+ 1)LT)
(n+1)LT

> E(nLT )exp[(pp+ o)nLT] + %SDOIOO /LT B(t)exp [(p + o)t] dt.

So

LT

E((n+1)LT) > %SOOIOO B(t) exp|(p+ o)(t — LT)]dt = ¢1 > 0,
0

considering the fact that ((t) is a nonzero, continuous, positive function so the
integral is strictly positive. Moreover, ¢; depends only on the model parameters.
But

dE
dt
So for (n+2)LT >t > (n+1)LT,

> —(p+o)E.

E(t) > evexp [~ (u+ 0)(t — (n+ 1)LT)] > ea = e exp[—(u + o) LT,

Hence, E(t) > e for all ¢ > (n+ 1)LT. Lemma 6.3 follows. O

From Lemmas_ 6.1 through 6.3 and Theorem 5.1 we find that min (Ss, Foo, Ioo, Roo)
=¢>0. Soif RS > 1, then S(t), E(t), I(t), and R(t) are strictly bounded away
from zero, and moreover, this bound depends only on the model parameters. Hence,

the disease is uniformly persistent when Rf)nf > 1.
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7. Implications of results. Our results for the SEIRS model with a periodic
vaccination strategy are less complete than those for the corresponding STRS model
[10]. We have not been able to show that the disease will die out if R§ < 1 and
that it will take off if R > 1. We have shown that the disease always dies out
if RS" < 1 and that if R > 1 the DFS is unstable, the disease is uniformly
persistent if initially present, and an LT-periodic solution exists. As the disease is
uniformly persistent if initially present when Ré"f > 1, we deduce that instability
of the DFS when R(i)”f > 1 can be extended from not being locally asymptotically
stable to being Lyapunov unstable. '
It is straightforward from the definitions of R3"” and R to show that

Rgmx _ Uﬁmawsmaw > Rgup > Rénf > R('Snin _ aﬁmznsmln )
(b +o)(n+7) (b +o)(u+7)
Here, Byin = infue[&LT] ﬁ(u), Smaz = SUPuyel0,LT] S(u)a and Spin = infue[O,LT] S(u)
Hence, if RJ*® < 1, then the disease will die out, and if RJ“" > 1, the DFS is
unstable, the disease is uniformly persistent, and an LT-periodic solution exists.
We can also show that R)"” > R§ > Ré”f with both inequalities being strict if

B(t)S(t) is nonconstant on [0, LT]. Define

LT
20)= [ vt~ wfwn
0
where y(t) = 8(t)5(t) and f(u) = (u+0) exp|[—(u+o)ul/(1—exp[—(u+0)LT]), 0 <
u < LT. By the definitions of R, R;"", and Rgnf , we need only to show that

1 LT
inf Ztg—/ T)dr < sup Z(t),
te[0,LT) ®) LT J, y(r) te[o,IL)T] ()

with strict inequality if y(¢) is nonconstant. Now

/OLTZ(t)dt = /OLT/OLTy(t—u)f(u)dudt,

LT ,LT—u
= / / y(s) f(u)dsdu, letting s =t — u,
0 —u
LT
= LTy f(u)du,
0
= LTwy.
1 LT
Hence, inf Z(t)<y = — Z(t)dt < sup Z(t),with both inequalities
te[0,LT) (t) =<y LT J, ®) t€[0,LT) ®)

being strict unless Z(¢) is a constant. Write

2(t) = / y(s)f(t — 5)ds,

—LT

7() = / y()F(t — s)ds — y(t) ((0) — F(LT)).

—LT
If Z(t) is a constant, then Z'(t) = 0; so,
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(1n+o0)

G — fop 2

y(t) =

is also a constant.
A sufficient condition for the DFS to be GAS is that R,"” < 1, equivalently

/LT (14 0)y(t = O expl—(u+ 0)dJdC _ (n+0)(n+1)
o 1 —exp[—(p+ 0)LT] o

sup ) (21)

te[0,LT)
and a necessary condition is that Ré"f > 1, equivalently

T (n+ o)yt — Q) exp[—(p+0){Jd¢ _ (n+0)(u+7)
/0 1 —exp[—(n+o)LT] ” % ’ (22)

inf
te[0,LT]

In the case that 3 is a constant, the first condition becomes

LT &
u (p+0)S(t —Qexp[—(p+o)f]dC  (p+o)(u+1)
te?O,ET] /0 1 —exp[—(u+ o) LT) < o3 ) (23)
and the second
LT &
: (1 +0)S(t = Q) exp[—(p + o)¢Jd¢ (n+o)(p+)
te[lg,lgT] 0 1 —exp[—(u+ 0)LT] > o3 - (24)

We might conjecture that a necessary and sufficient condition for the DFS to be
GAS is R§ < 1, which is equivalent to

Jy" BES@dr (it o)+ 1) LT
fOLT B(rydr fOLT oB(T)dr

Condition (25) says that the average number of susceptibles in the DFS weighted
by ((t) over the period of the vaccination function is less than or equal to a critical

value S..
Recall that a similar condition for local stability of the DFS, S(t), for L =1,

Jy B)SMdr - (u+)T
Jo B(r)dr Jy B(rydr

was obtained for a pulse vaccination function r(¢) = p ., §(t — nT’) by Shulgin
et al. [15] in an SIR model. In the case that 3(t) is a constant and L = 1 condition
(25) becomes

!

= S.. (25)

CH

7/ " §(rar < Bt LS (26)

and Shulgin’s condition

LM o mt)
T/OS()d< 7

8. Summary and Discussion. We have extended the work of [6] and [10] from
SIRS epidemic models to the more realistic and complicated SEIRS model. It
is important to include an exposed or latent class in our models, because many
childhood diseases have a latent period. We have studied control of the dynamics
of the infectious disease by using periodic vaccination of susceptibles of all ages,
combined with immunization of a given proportion of newborns. We did this both
for a constant and for a seasonally varying disease transmission rate. Using a
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periodic vaccination strategy in such a SEIRS model seems to lead to periodicity
in the disease dynamics.

This work can be summarized as follows. In section 1 a short introduction to
common, practically used vaccination strategies was given. Section 2 outlined the
SEIRS model that we studied and gave the assumptions underpinning the model.
Section 3 showed that there is a unique DFS for our SEIRS epidemic model, and
this solution is periodic with a period equal to that of the vaccination function.
We also gave a conjectured expression for Ry, the basic reproduction number of
the disease, when the vaccination campaign r(t) is used. Lower and upper bounds,
Ré”f and R)"", respectively, for this expression were also defined. In this section,
we also studied the stability of the DFS of our model. We found that the DFS
was GAS when R)"" < 1, and in this case, the infection will ultimately fade out of
the population. In section 4, fixed-point theory was used to show the existence of
nontrivial periodic solutions. Horn’s Fixed Point Theorem showed that the model
equations (1)—(5) have a nontrivial LT-periodic solution if r(t) has period LT and
B(t) has period T

Section 5 proved some persistence results when Rf)"f > 1. The DFS is unstable
(neither locally asymptotically stable nor stable in the Lyapunov sense). When
Ré”f > 1, if the disease is present initially, it will persist and remain endemic in
the population. We also showed that all of S(t), E(t), I(t), and R(t) were uniformly
bounded away from zero. Finally, section 6 presented a conjecture for a condition
under which an immunization program can prevent epidemics from occurring in the
population. This is to keep a weighted mean value of the susceptible population at
the DFS over the period of the vaccination function beneath a certain critical value.
Our upper and lower bound results go some way toward proving this. A similar
result for a SIRS model was found in [10]. We also gave an equivalent condition for
R"? < 1, that the maximum of a weighted average of the number of susceptibles at
the DFS is less than a certain critical value, and a similar condition for Ré”f > 1,
that the minimum of the same weighted average exceeds the same critical value.
The results were obtained for a SEIRS epidemic model with the disease transmission
rate 8(t) having period T (or being a constant) and the vaccination function having
period LT, where L > 1.

We conjectured that to control or eradicate the disease, it was both necessary
and sufficient to keep the mean value of the product of the disease transmission
rate and the susceptible population at the DFS beneath a critical threshold value.
If this is true, then it is possible for sometimes only a few individuals to be vacci-
nated, provided only that the weighted mean value of the number of susceptibles at
the DFS over the period of the vaccination function does not exceed the threshold
value. The disease will still be eradicated. This contrasts with the strategy of con-
stant vaccination, where a critical fixed level of immunization effort must always be
applied to guarantee eradication, and this is an advantage of a periodic vaccination
strategy over a constant one.

For a highly infectious disease such as measles, using vaccination at birth only
requires that approximately 91% to 94% of newborn individuals be vaccinated
to guarantee elimination of the disease [2]. It is difficult to achieve this level of
vaccination coverage, particularly bearing in mind that measles vaccine efficacy is
only around 95%, that some individuals may be difficult for health professionals
to locate, and that others may refuse vaccination for religious or other reasons.
Using a continuous periodic vaccination strategy in conjunction with vaccination of
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a fixed proportion of newborn individuals reduces the proportion of newborns who
need to be immunized to a more realistic level. Moreover, from (9), one can see
easily that using such a mixed vaccination strategy uniformly reduces the level of
fluctuation of susceptibles in the DFS compared with a purely periodic vaccination
function (p = 0). Hence, it is more effective to use a combined vaccination approach
to prevent major outbreaks of infectious disease from occurring.

9. Appendix: List of symbols, abbreviations, and medical terms.
S(t): number of susceptibles at time ¢

E(t): number of exposed individuals at time ¢
I(t): number of infected individuals at time ¢
R(t): number of removed individuals at time ¢
N: total population size

B(t): total rate at which potentially infectious contacts occur between two individ-
uals

r(t): general continuous periodic vaccination strategy
T : period of contact rate
L: LT is period of vaccination function
(1/0): average latent period conditional on survival to the end of it
(1/6): average immune period conditional on survival to the end of it
(1/5): average infectious period conditional on survival to the end of it
w: common per capita birth and death rate
p: fraction of newborn children who are vaccinated
d(t): Dirac delta function
Ry: basic reproduction number
6: conjectured value for basic reproduction number
R("P: upper bound for R§
R : lower bound for R
T =1/(p +): average length of infectious period
DFS: disease-free solution
GAS: globally asymptotically stable
S’(t): susceptible population at DFS
R(t): recovered population at DFS
E®°: limsup,_, ., E(t)

I°°: limsup,_, . I(t)
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