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Abstract: Traveling waves of the (3+1)-dimensional modified Korteweg-de Vries-Zakharov-
Kuznetsov equation are studied, first in the unforced case and then under a weak co-moving periodic
source. Without forcing, the profile equation reduces to a quartic Hamiltonian whose level sets
carry periodic waves, homoclinic pulses, heteroclinic kinks, and unbounded orbits. The substitution
Φ = U2 turns the first integral into a cubic polynomial and gives a discriminant-based classification
of a restricted family of explicit profiles subject to the constraint Φ ≥ 0 and to a piecewise sign
reconstruction of U. This part recovers structures already reported in bifurcation studies of the same
model and serves as the geometric baseline. The forced problem is the main concern. A weak periodic
source turns the reduction into a Duffing-type system for which closed-form Melnikov functions are
obtained on both the homoclinic and the heteroclinic separatrix. Both have simple zeros, so both
separatrices split transversely at a small forcing amplitude. Their amplitudes differ where it matters:
The heteroclinic one tends to a finite positive limit as ω → 0, the homoclinic one vanishes there
and peaks at an intermediate frequency, and both decay exponentially at high frequency. Stroboscopic
Poincaré sections and largest Lyapunov exponents computed at ε = 0.01, 0.05, and 0.10 agree with this
picture, the section passing from thin invariant arcs to a scattered layer around the former figure-eight
as the exponent rises from order 10−4 to about 0.12.
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1. Introduction

The modified Zakharov-Kuznetsov (ZK) equation extends the dispersive balance of Korteweg-
de Vries (KdV)-type models to multidimensional media in which transverse effects cannot be
neglected [1–3]. Related traveling-wave and lump structures in higher-dimensional dispersive models
have also been reported [4]. Its cubic nonlinearity is relevant when the quadratic response is weak
or changes sign, as occurs in several magnetized-plasma and nonlinear-wave settings. For a traveling
wave, the PDE reduces to an autonomous ordinary differential equation, and the resulting phase portrait
records the admissible bounded oscillations and separatrix connections [5–7]. Closed trajectories
generate periodic waves, homoclinic loops generate localized pulses, and heteroclinic connections
produce kink-type profiles.

Extending from one to higher dimensions, the Kadomtsev-Petviashvili (KP) equation [8] and
the Zakharov-Kuznetsov equation [9] were successively developed as generalizations of the one-
dimensional Korteweg-de Vries equation. The KdV equation itself [10] is a cornerstone model
for weakly nonlinear long waves in one dimension; its higher-dimensional generalizations become
necessary when transverse effects are significant [11]. Among these, the ZK equation extends the KdV
balance to multidimensional settings and is frequently employed in magnetized plasma contexts [12].
However, in certain physical regimes, the dominant nonlinearity may shift from quadratic to cubic,
rendering the classical ZK equation insufficient to fully capture wave evolution [13]. In such cases, a
cubic nonlinear term must be incorporated [11, 14, 15]. Moreover, the intrinsically three-dimensional
nature of real physical space demands a model that includes all three spatial coordinates, making the
(3+1)-dimensional form a natural framework for describing such wave propagation [16–18]. Motivated
by these considerations, this article investigates the (3+1)-dimensional modified ZK model with a cubic
nonlinearity, namely the mKdV-ZK equation:

ut + µ1u2ux + µ2uxxx + µ3(uyy + uzz)x = 0, (1.1)

where the parameters µ1, µ2, and µ3 characterize the cubic nonlinearity strength, the longitudinal
dispersion coefficient, and the transverse coupling effect, respectively.

For the unforced mKdV-ZK equation, traveling-wave solutions and bifurcation structures have been
obtained by direct ansatz and auxiliary-equation methods [19–21], by expansion and Kudryashov-
type schemes [22–24], and by elliptic-function and planar-dynamical-system analyses [25–27]; related
soliton and bifurcation studies of ZK-type models are reported in [28, 29]. In particular, [30] analysed
the bifurcations of traveling-wave solutions of the (3+1)-dimensional mKdV-ZK equation, while [31]
studied bifurcations and exact solutions of the generalized KdV-ZK equation, and [32] investigated
solitary waves and chaotic behaviors in related systems. These studies established much of the
current understanding of unforced wave geometry. Less attention has been paid to the fate of the
homoclinic and heteroclinic boundaries when the reduced dynamics is subjected to a weak periodic
modulation. This distinction is important: The unforced phase portrait identifies the coherent wave
families, whereas a separatrix-splitting calculation determines whether those organizing boundaries
persist under external excitation.

The unforced reduction is used here as a geometric baseline, not as the novel part. What is new
concerns the forced system. A periodic source compatible with the co-moving reduction is added,
and the Melnikov function is evaluated separately on the homoclinic the heteroclinic separatrices,
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in the spirit of earlier applications to nonlinear wave equations [33, 34]. The computation follows
the classical Melnikov framework [35–37], as presented in [38]. This yields two explicit transverse-
splitting criteria and shows that the two separatrices respond differently to the forcing frequency. Phase
portraits, stroboscopic Poincaré sections and largest Lyapunov exponents are then used to test this
prediction at three representative weak-forcing amplitudes, and the numerical results are found to be
consistent with the Melnikov mechanism.

Recent work has continued along related directions, including exact-wave construction by sub-
equation and Exp-function techniques [39–41], phase-space and perturbation analysis [42], and
fractional or stochastic extensions that are closer to the present nonlinear-wave setting [16, 34]. These
studies provide useful context, whereas the question addressed here is specifically the separatrix
splitting of the periodically forced mKdV-ZK reduction.

The remainder of the article is organized as follows. Section 2 derives the traveling wave reduction
and first integral. Section 3 constructs explicit traveling wave solutions using discriminant-based
classification. Section 4 presents a complete four-quadrant Hamiltonian phase portrait classification,
including equilibrium analysis, four canonical configurations, and explicit homoclinic/heteroclinic
formulas for the separatrix thresholds. Section 5 presents a Melnikov analysis to analytically justify
the onset of chaos under periodic forcing via transverse separatrix splitting. Section 6 numerically
investigates chaotic dynamics and sensitivity to initial conditions. Section 7 concludes the article.

2. Traveling wave transformation and first integral

This section derives the autonomous traveling-wave equation and the first integral used in the
subsequent phase-plane analysis. The integration constant is retained initially so that the restriction
adopted later can be stated explicitly.

2.1. Traveling wave transformation

Consider the modified KdV-ZK equation:

ut + µ1u2ux + µ2uxxx + µ3(uyy + uzz)x = 0, (2.1)

where the parameters µ1, µ2, and µ3 are as defined in the introduction. Applying the traveling wave
transformation u(x, y, z, t) = U(ξ) with ξ = kx+ ly+mz−ct and substituting the derivatives into Eq (2.1)
yields

−cU′ + µ1kU2U′ + µ2k3U′′′ + µ3k(l2 + m2)U′′′ = 0. (2.2)

Define
A = µ2k3 + µ3k(l2 + m2) = k[µ2k2 + µ3(l2 + m2)].

Integrating Eq (2.2) once with respect to ξ gives

AU′′ − cU +
µ1k
3

U3 = C0, (2.3)

where C0 is the integration constant. The analysis below is restricted to C0 = 0. This choice preserves
the symmetry U 7→ −U, keeps U = 0 as an equilibrium, and contains the zero-background homoclinic
and heteroclinic branches considered in Sections 4 and 5. When C0 , 0, a linear term tilts the effective
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potential, the equilibria move off the symmetric configuration, and the four-quadrant classification no
longer applies.

Letting Y = U′, the equivalent planar dynamical system is obtained:
dU
dξ
= Y,

dY
dξ
=

c
A

U −
µ1k
3A

U3.

(2.4)

2.2. Hamiltonian

Multiplying the second-order equation by U′ and integrating yields the first integral:

H(U, Y) =
1
2

Y2 −
c

2A
U2 +

µ1k
12A

U4 = E, (2.5)

where E denotes the conserved energy level of the traveling-wave ordinary differential equation (ODE).
Here, H is an energy-like invariant in the co-moving coordinate, not necessarily the total laboratory-
frame energy of the plasma. Its kinetic part Y2/2 and its effective potential fix the equilibria, the
bounded oscillations, and the separatrix connections, so the level sets of H can be read directly as
a catalog of wave profiles. Hamiltonian-based frequency formulations have also been used to obtain
approximate frequency–amplitude relations for strongly nonlinear oscillators [43,44]. The construction
used here is different: H in Eq (2.5) is an exact first integral of the reduced profile equation, not an
approximate energy functional built for frequency estimation.

3. Traveling wave solutions

3.1. Reduction transformation

To simplify the analysis, the transformation Φ = U2 is introduced, which converts the quartic term
in the Hamiltonian Eq (2.5) into a cubic form. Let

Φ(ξ) = U2(ξ) (Φ ≥ 0). (3.1)

The first integral contains only even powers of U. Introducing Φ = U2 therefore converts the
quartic energy polynomial into a cubic polynomial, which is convenient for a complete discriminant
classification. The forward map loses nothing, but its inverse does: U = ±

√
Φ is two-to-one and

requires Φ ≥ 0, so a fixed sign recovers only constant-sign branches, and a profile crossing U = 0 has
to be rebuilt piecewise across its zeros. Every formal solution of the cubic must therefore be tested
against Φ(ξ) ≥ 0.

Then, Φ′ = 2UU′. On any interval on which U , 0 (equivalently Φ > 0), the relation can be
inverted to give

U′ =
1

2
√
Φ
Φ′. (3.2)

At a zero of U, the inverse sign must be reconstructed piecewise, and the relation is interpreted
by continuity.
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Substituting Eqs (3.1) and (3.2) into the Hamiltonian Eq (2.5) yields

1
4Φ

(Φ′)2 = −
µ1k
6A
Φ2 +

c
A
Φ + 2E, (3.3)

and rearranging gives

(Φ′)2 = −
2µ1k
3A
Φ3 +

4c
A
Φ2 + 8EΦ. (3.4)

For convenience, our work introduces the following notations:

α = −
2µ1k
3A
, β =

4c
A
, γ = 8E (3.5)

so that Eq (3.4) becomes
(Φ′)2 = αΦ3 + βΦ2 + γΦ, (3.6)

where α , 0 is required; otherwise, the equation degenerates to a quadratic form.

3.2. Standard form conversion

To eliminate the quadratic term and obtain a standard cubic form, a linear shift transformation is
applied: Φ = λΨ + η. Substituting this into Eq (3.6) gives

λ2(Ψ′)2 = α(λΨ + η)3 + β(λΨ + η)2 + γ(λΨ + η), (3.7)

and expanding yields

λ2(Ψ′)2 = αλ3Ψ3 + (3αλ2η + βλ2)Ψ2 + (3αλη2 + 2βλη + γλ)Ψ + (αη3 + βη2 + γη). (3.8)

Dividing by λ2 and comparing with the target form (Ψ′)2 = Ψ3 + χ1Ψ + χ0, the coefficient of Ψ3 is
set to 1, and the coefficient of Ψ2 is set to 0:{

αλ = 1,
3αη + β = 0.

(3.9)

Solving these conditions gives

λ =
1
α
, η = −

β

3α
. (3.10)

With these choices, the remaining coefficients become χ1 and χ0. Substituting λ, η and
simplifying yields

χ1 = −
16

3A2

(
c2 + Aµ1kE

)
, (3.11)

χ0 =
128

27A3

(
c3 +

3Aµ1kcE
2

)
. (3.12)

Thus, Eq (3.6) is transformed into the standard form:

(Ψ′)2 = Ψ3 + χ1Ψ + χ0. (3.13)
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3.3. Classification of solutions via discriminant

Explicit profiles of Eq (2.1) have also been constructed by subequation and Exp-function
techniques [39, 40]. Those approaches generate individual closed-form solutions efficiently. The route
used here is complementary: The complete discriminant system organizes the profiles by the root
pattern of the cubic, so that each formula can afterwards be matched to a closed orbit, a separatrix, or
an unbounded branch of the Hamiltonian in Section 4.

Equation (3.13) involves the square root of a cubic polynomial. Integrals of this type are evaluated
using elliptic integrals. For the cubic Ψ3 + χ1Ψ + χ0 = 0, the complete discriminant system provides
a systematic classification of the roots. The discriminant is ∆ = −4χ3

1 − 27χ2
0. Depending on the sign

of ∆, the cubic has three distinct real roots, multiple roots, or one real root and two complex conjugate
roots. Each case leads to a different functional form for Ψ(ξ) and consequently for U(ξ). Recall that

Φ = α−1Ψ −
β

3α
, U = ±

√
Φ, (3.14)

and all branches are subject to the admissibility condition stated in Section 3.1. Each case is treated
separately.
Case I (∆ > 0, χ1 < 0): Three distinct real roots e1 > e2 > e3.

When ∆ > 0, the inequality −4χ3
1 > 27χ2

0 holds, which requires χ1 < 0. From χ1 < 0, the parameter
condition c2 + Aµ1kE > 0 follows. Write

P(Ψ) = (Ψ − e1)(Ψ − e2)(Ψ − e3), e1 > e2 > e3. (3.15)

Then,

Ψ(ξ) = e3 + (e2 − e3) sn2
[
1
2
√

e1 − e3(ξ − ξ0); me

]
, me =

e2 − e3

e1 − e3
. (3.16)

Here me denotes the elliptic parameter (the square of the modulus), which is the convention used
consistently throughout this section. This branch is bounded in [e3, e2] and corresponds to a periodic
wave. An equivalent representation using cn2 is possible but requires a phase shift to keep the root
interval consistent.
Case II (∆ = 0): Multiple-root branches.

The condition ∆ = 0 implies χ2
0 = −4χ3

1/27 with χ1 ≤ 0.
(a) Triple root (χ1 = χ0 = 0):

From χ1 = χ0 = 0, it follows that

c2 + Aµ1kE = 0, and c3 +
3Aµ1kcE

2
= 0,

which imply c = 0 and E = 0. Hence, P(Ψ) = Ψ3. The nonconstant solution is

Ψ(ξ) =
4

(ξ − ξ0)2 , (3.17)

together with the constant solution Ψ ≡ 0.
(b) Double root above the simple root (e1 = e2 = a > e3 = b):

P(Ψ) = (Ψ − a)2(Ψ − b). (3.18)
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The bounded homoclinic branch is

Ψ(ξ) = a − (a − b) sech2
[
1
2

√
a − b (ξ − ξ0)

]
. (3.19)

There is also an unbounded singular branch,

Ψ(ξ) = a + (a − b) csch2
[
1
2

√
a − b (ξ − ξ0)

]
. (3.20)

(c) Double root below the simple root (e1 = a > e2 = e3 = b):

P(Ψ) = (Ψ − a)(Ψ − b)2. (3.21)

The solution is a singular periodic branch:

Ψ(ξ) = a + (a − b) tan2
[
1
2

√
a − b (ξ − ξ0)

]
. (3.22)

Case III (∆ < 0): One real root r and two complex conjugates p ± iq.
From the cubic equation, Vieta’s relations give

r + 2p = 0 ⇒ p = −
r
2
, q2 = −

(
3r2

4
+ χ1

)
. (3.23)

The cubic factorizes as
P(Ψ) = (Ψ − r)

[
(Ψ − p)2 + q2]. (3.24)

Introduce the auxiliary quantities

S =
√

(r − p)2 + q2, me =
1
2

[
1 −

r − p
S

]
. (3.25)

With these definitions, the solution for Ψ(ξ) takes the form of a singular elliptic branch,

Ψ(ξ) = r − S +
2S

1 + cn
[√

S (ξ − ξ0); me

] . (3.26)

This branch is singular when the denominator 1 + cn(·; me) vanishes, which occurs at discrete points

ξ = ξ0 +
2
√

S
(2n + 1)K(me), n ∈ Z,

where K(me) is the complete elliptic integral of the first kind. On intervals excluding these singularities,
the solution is real-valued and represents a periodic wave with unbounded amplitude near the poles.
The corresponding U(ξ) = ±

√
Φ(ξ) is admissible only where Φ(ξ) = α−1Ψ(ξ) − β/(3α) ≥ 0, subject to

the condition stated in Section 3.1.
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3.4. Numerical simulation and residual verification

The simulations below use dimensionless parameters µ1 = 1.0, µ2 = 1.0, µ3 = 0.5, k = 1.0, l = 0.5,
and m = 0.3, giving

A = k[µ2k2 + µ3(l2 + m2)] = 1.17.

These parameters are chosen as mathematical illustrations and are not calibrated against a specific
plasma experiment. Each retained profile is then checked twice: symbolically, by substituting U(ξ)
into the reduced ODE Eq (2.3) with a computer-algebra system and simplifying the residual under the
corresponding root conditions and then numerically, by evaluating the residual on a fine grid away
from the singular points.

For the periodic wave in Figure 1 for ∆ > 0, the residual satisfies max |R| ≈ 2.3 × 10−12. For the
solitary wave in Figure 2 for ∆ = 0, the residual satisfies max |R| ≈ 1.7 × 10−12. Both values sit at the
round-off level of double-precision arithmetic. These results illustrate two representative regimes.

(a) 3D diagram. (b) 2D profiles. (c) Contour diagram.

Figure 1. Physical field profile U(ξ) of the periodic traveling wave solution to Eq (2.1),
reconstructed from Ψ(ξ) = e3 + (e2 − e3) sn2[ 1

2

√
e1 − e3(ξ − ξ0); me] via Φ = α−1Ψ −

β/(3α) and U =
√
Φ, with ∆ > 0 (e1 > e2 > e3). Parameters: (µ1, µ2, µ3, k, l,m) =

(1.0, 1.0, 0.5, 1.0, 0.5, 0.3), A = 1.17, c = 1.5, E = 0.8, χ1 = −12.41, χ0 = 16.22, me = 0.901.
The reconstructed U is a periodic oscillatory profile (see the ∆ > 0 case in Section 3.3).

(a) 3D diagram. (b) 2D profiles. (c) Contour diagram.

Figure 2. Physical field profile U(ξ) of the solitary traveling wave solution to Eq (2.1),
reconstructed from Ψ(ξ) = a − (a − b) sech2[1

2

√
a − b(ξ − ξ0)] via Φ = α−1Ψ − β/(3α) and

U =
√
Φ, with ∆ = 0 (a > b). Parameters: (µ1, µ2, µ3, k, l,m) = (1.0, 1.0, 0.5, 1.0, 0.5, 0.3),

A = 1.17, c = 1.2, E = −0.92, χ1 = −1.40, χ0 = −0.64. The reconstructed U is a bell-shaped
solitary pulse (see the ∆ = 0 double-root case in Section 3.3).
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4. Global Hamiltonian geometry of the reduced system

Rewrite system Eq (2.4) as 
dU
dξ
= Y,

dY
dξ
= h1 U − h2 U3,

(4.1)

where h1 = c/A, h2 = µ1k/(3A). Here, A is the effective dispersion along the traveling direction; h1

measures the relative strength of wave speed to dispersion, and h2 measures that of nonlinearity to
dispersion. If µ1, µ2, µ3, k, and c are all positive, then A > 0, and the system sits in the standard regime
h1 > 0, h2 > 0. The remaining three sign combinations are mathematically admissible but require
reversed propagation or nonlinearity signs. The associated Hamiltonian is

H(U, Y) =
1
2

Y2 −
h1

2
U2 +

h2

4
U4 = E, (4.2)

with E the energy constant.

4.1. Equilibria and their types

The equilibrium points satisfy Y = 0 and h1U − h2U3 = 0. Thus,

P0 = (0, 0), P± =
(
±

√
h1/h2, 0

)
, (4.3)

with P± existing only when h1/h2 > 0 (i.e., h1 and h2 have the same sign).
The Jacobian matrix is

J(U, Y) =
(

0 1
h1 − 3h2U2 0

)
.

The eigenvalues satisfy λ2 = h1 − 3h2U2, so the equilibrium types are determined by the signs of h1

and h2:
(1) If h1 > 0, h2 > 0, then P0 is a saddle while P± are centers.
(2) If h1 < 0, h2 < 0, then P0 is a center while P± are saddles.
(3) If h1 < 0, h2 > 0, then P0 is the unique equilibrium and is a center.
(4) If h1 > 0, h2 < 0, then P0 is the unique equilibrium and is a saddle.

The line h1 = 0 is a pitchfork (symmetry-breaking) bifurcation boundary at which the linear part
degenerates, and the finite phase portrait changes its topological structure.

4.2. Complete four-quadrant phase portrait classification

Based on the signs of h1 and h2, the reduced system exhibits four topologically distinct phase
portraits, as detailed below. Figure 3 shows representative level sets of Eq (4.2) for the four regimes,
computed with |h1| = |h2| = 1.
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(a) Case I: h1 = 1.0, h2 = 1.0. Saddle at (0, 0),
centers at (±1, 0).

(b) Case II: h1 = −1.0, h2 = −1.0. Center at
(0, 0), saddles at (±1, 0).

(c) Case III: h1 =−1.0, h2 = 1.0. Global center at
(0, 0) with concentric periodic orbits.

(d) Case IV: h1 = 1.0, h2 = −1.0. Saddle at (0, 0)
with unbounded trajectories.

Figure 3. Phase portraits of the unforced system Eq (4.1) for the four parameter regimes.

Case I: h1 > 0, h2 > 0
The effective potential

V(U) = −
h1

2
U2 +

h2

4
U4 (4.4)

yields a double-well potential, where P0 is a saddle, and P± are symmetric centers. Their energy
levels are

H(P±) = −
h2

1

4h2
< 0 (4.5)

for

−
h2

1

4h2
< E < 0, (4.6)

two disjoint periodic orbit families surround P+ and P−. At E = 0, the saddle P0 forms a symmetric
figure-eight homoclinic separatrix. For E > 0, one outer periodic family encloses all three equilibria.
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This regime yields localized pulse-type solitary waves (on the homoclinic orbit) and periodic waves
(inside each well or outside the figure-eight separatrix).
Case II: h1 < 0, h2 < 0

Here,

V(U) =
|h1|

2
U2 −

|h2|

4
U4, (4.7)

has a central well at U = 0 and symmetric maxima at

U = ±

√
|h1|

|h2|
. (4.8)

The origin P0 is a center, and P± are saddles, with saddle energy

H(P±) = −
h2

1

4h2
> 0 (4.9)

for

0 < E < −
h2

1

4h2
, (4.10)

periodic orbits surround P0. At

E = −
h2

1

4h2
, (4.11)

heteroclinic connections link P− and P+. Energy levels with E < 0 or E > −h2
1/(4h2) are unbounded.

This regime supports periodic waves near the center and kink/anti-kink waves on the heteroclinic
threshold.
Case III: h1 < 0, h2 > 0

Here,

V(U) =
|h1|

2
U2 +

h2

4
U4. (4.12)

The potential is positive definite and confining. The origin is the unique equilibrium and is a center.
For every E > 0, the level set is a closed curve encircling the origin. Thus all finite, non-equilibrium
trajectories are periodic, and P0 acts as a global center in the finite plane.
Case IV: h1 > 0, h2 < 0

Now,

V(U) = −
h1

2
U2 −

|h2|

4
U4. (4.13)

The potential decreases away from the origin and is unbounded below. The origin is the only
equilibrium and is a saddle. No nontrivial bounded energy levels exist; all nonequilibrium trajectories
are unbounded. Consequently, no bounded traveling waves arise from closed orbits or separatrix loops.

The signs of h1 and h2 determine the shape of the effective potential and therefore the global orbit
geometry. All four cases are kept because together they exhaust the sign classification, but they are not
equally realistic. Case I corresponds to positive wave speed, positive effective dispersion, and focusing
cubic nonlinearity; the other three each require at least one sign reversal. Thus, unless a specific plasma
parameterization is supplied, Cases II–IV should be viewed primarily as mathematically admissible
regimes that complete the bifurcation picture.
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4.3. Explicit homoclinic and heteroclinic orbits

The separatrix solutions can be obtained in closed form from the Hamiltonian level sets.
Homoclinic orbits (Case I). At the homoclinic energy level E = 0, integration gives

U±h (ξ) = ±

√
2h1

h2
sech

( √
h1(ξ − ξ0)

)
, (4.14)

which correspond to bell-shaped solitary waves.
Heteroclinic orbits (Case II). At the heteroclinic energy level E = −h2

1/(4h2), integration yields

U±k (ξ) = ±

√
h1

h2
tanh


√
−h1

2
(ξ − ξ0)

 , (4.15)

which correspond to kink and anti-kink traveling waves.

4.4. Dynamical interpretation of the wave families

The orbit classification yields the following wave correspondence: Closed orbits correspond to
periodic traveling waves, the homoclinic loop in Case I corresponds to bell-shaped solitary waves, the
heteroclinic connections in Case II correspond to kink and anti-kink waves as given explicitly by the
tanh-type solutions in Eq (4.15), Case III yields only periodic bounded waves, and Case IV does not
generate bounded traveling wave structures. The tan2-type branch in Case II(c) of Section 3.3 is not
a heteroclinic wave but rather an unbounded singular periodic solution. This geometric interpretation
complements the exact solution formulas in Section 3 and explains waveform selection through energy
levels of the reduced phase plane.

5. Melnikov analysis for the periodically forced system

The periodic term is introduced as a weak phenomenological modulation compatible with the
co-moving reduction. At the PDE level, a source depending on the traveling coordinate produces
a harmonic term in the profile equation after one integration. It may represent the projection of a
weak radio-frequency (RF) field or a periodic modulation of background density, magnetic field, or
refractive index. The model is not claimed to be a unique first-principles forcing law; its role is to test
the structural stability of the wave-organizing separatrices. To leading order, such influences enter the
profile equation as a single small periodic term, yielding

ut + µ1u2ux + µ2uxxx + µ3(uyy + uzz)x = εR(ξ), 0 < ε ≪ 1, (5.1)

where R is the projection of the external driving onto the co-moving wave coordinate ξ = kx+ly+mz−ct.
Substituting u = U(ξ) and integrating once, as in Section 2, reduces this to

AU′′ − cU +
µ1k
3

U3 = εG(ξ) (5.2)

with G(ξ) =
∫

R(ξ) dξ.
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For a harmonic modulation G(ξ) = F cos(ωξ), dividing Eq (5.2) by A and absorbing F/A into the
amplitude gives the forced planar system

dU
dξ
= Y,

dY
dξ
= h1 U − h2 U3 + ε cos(ωξ),

0 < ε ≪ 1, (5.3)

where ε now denotes the rescaled forcing amplitude εF/A.
Here, ε measures the strength of the modulation and ω its frequency. Whatever physical reading

is attached to them, Eq (5.3) answers one question: Do the homoclinic and heteroclinic connections
survive a small time-periodic perturbation?

System Eq (5.3) is a time-periodic perturbation of Eq (4.1). The unperturbed flow possesses a
homoclinic separatrix when h1 > 0, h2 > 0 and a heteroclinic separatrix when h1 < 0, h2 < 0. Melnikov
theory is therefore applicable to detect transverse intersections of the stable and unstable manifolds,
which indicate the onset of chaos.

5.1. Melnikov function

Writing Eq (5.3) in the standard perturbative formX′ = f0(X) + ε f1(X, ξ),
X = (U,Y)T ,

(5.4)

with 
f0(U, Y) =

(
Y

h1 U − h2 U3

)
,

f1(U, Y, ξ) =
(

0
cos(ωξ)

)
,

(5.5)

the Melnikov function associated with an unperturbed separatrix Xs(τ) = (Us(τ), Ys(τ)) is defined by

M(ξ0) =
∫ ∞

−∞

Ys(τ) cos(ω(τ + ξ0)) dτ. (5.6)

The signed distance between the perturbed stable and unstable manifolds on a transverse section
is proportional to εM(ξ0) + O(ε2). A simple zero of M therefore implies a transverse intersection
only for ε small enough; the expansion says nothing about orbit geometry or Lyapunov exponents at
larger forcing.

5.2. Homoclinic case

By substituting the homoclinic orbit Eq (4.14) into Eq (5.6), it is first noted that

Y±h (τ) = ∓

√
2h2

1

h2
sech

( √
h1 τ

)
tanh

( √
h1 τ

)
, (5.7)
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which is an odd function of τ. Using

cos(ω(τ + ξ0)) = cos(ωτ) cos(ωξ0) − sin(ωτ) sin(ωξ0), (5.8)

the even cosine contribution vanishes after integration, and the following expression is obtained:
M±h (ξ0) = ±Ch sin(ωξ0),

Ch = πω

√
2
h2

sech
( πω
2
√

h1

)
> 0.

(5.9)

Hence, the zeros of the Melnikov function are

M±h (ξ0) = 0 ⇐⇒ ξ0 =
nπ
ω
, n ∈ Z. (5.10)

Moreover,
dM±h
dξ0

= ±Chω cos(ωξ0), (5.11)

which is nonzero at every zero of M±h . Therefore, all zeros are simple, and the perturbed stable and
unstable manifolds intersect transversely for sufficiently small 0 < ε ≪ 1.

The factor sech(πω/(2
√

h1)) shows that the splitting amplitude decays exponentially as ω increases
relative to the inverse width of the homoclinic pulse. The splitting is therefore weakest at high
frequency. In the homoclinic case, the amplitude also vanishes as ω→ 0, so Ch attains its maximum at
an intermediate frequency rather than at low frequency; the heteroclinic case behaves differently and
is discussed in Section 5.5.

5.3. Heteroclinic case

Substituting the heteroclinic orbit Eq (4.15) into Eq (5.6) gives

Y±k (τ) = ±

√
−h2

1

2h2
sech2


√
−h1

2
τ

 , (5.12)

which is an even function of τ. Therefore, the odd sine contribution vanishes, and the Melnikov
function becomes 

M±k (ξ0) = ±Ck cos(ωξ0),

Ck = πω

√
2
−h2

csch
( πω
√
−2h1

)
> 0.

(5.13)

Its zeros satisfy

M±k (ξ0) = 0 ⇐⇒ ξ0 =
π/2 + nπ
ω

, n ∈ Z. (5.14)

Furthermore,
dM±k
dξ0

= ∓Ckω sin(ωξ0), (5.15)

which is nonzero at every zero of M±k . Hence, all zeros are simple, and the stable and unstable
manifolds intersect transversely in the perturbed heteroclinic regime.
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5.4. Consequence for chaotic dynamics

Therefore, for sufficiently small 0 < ε ≪ 1, the homoclinic loop in Case I and the heteroclinic cycle
in Case II split transversely whenever the corresponding Melnikov function has a simple zero. In the
homoclinic case, the Smale-Birkhoff homoclinic theorem implies the existence of a Smale horseshoe
and hence chaotic dynamics. In the heteroclinic case, the transverse splitting of the heteroclinic cycle
likewise generates a heteroclinic tangle and chaotic dynamics. The remaining parameter regimes
(Cases III and IV) do not admit separatrix-based Melnikov analysis, because the unperturbed system
has no homoclinic or heteroclinic orbit.

5.5. Melnikov amplitude decay

The Melnikov amplitudes are given explicitly by
Ch(ω) = πω

√
2
h2

sech
( πω
2
√

h1

)
, h1, h2 > 0,

Ck(ω) = πω
√

2
−h2

csch
( πω
√
−2h1

)
, h1, h2 < 0.

(5.16)

The asymptotic behavior differs between the two branches. For the homoclinic case, Ch(ω) → 0
as ω → 0, attains a maximum at an intermediate frequency, and decays exponentially as ω → ∞.
For the heteroclinic case, Ck(ω) → 2

√
h1/h2 as ω → 0 (with h1, h2 < 0, so the ratio is positive) and

decays exponentially as ω → ∞. The two branches therefore behave oppositely at low frequency:
Ck approaches a finite positive limit, whereas Ch vanishes. In the low-frequency limit it is therefore
the heteroclinic separatrix, not the homoclinic one, that splits more readily. Figure 4 plots the two
amplitudes in Eq (5.16) against the forcing frequency on linear and logarithmic scales, with |h1| =

|h2| = 1. The contrast at low frequency and the common exponential decay at high frequency are both
visible.

(a) Linear scale. (b) Log scale.

Figure 4. Melnikov amplitude decay as a function of the forcing frequency ω. The red
curve corresponds to the homoclinic case, Ch(ω) = πω

√
2/h2 sech(πω/(2

√
h1)). The green

curve corresponds to the heteroclinic case, Ck(ω) = πω
√

2/(−h2) csch(πω/
√
−2h1). The

horizontal axis is the forcing frequency; the vertical axis is the normalized amplitude.
Amplitudes are normalized by their respective maxima; normalization does not affect
exponential decay in the log-scale panel.
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These formulas show that the first-order separatrix-splitting amplitude decays as ω increases. They
should therefore be interpreted as a small-forcing criterion for the ease of separatrix splitting, rather
than as a standalone predictor of the responses reported in Section 6. There the frequency is held fixed
at ω =

√
2, and only the amplitude is varied, which is the comparison the first-order theory supports.

6. Chaotic behavior and sensitivity analysis

Section 5 predicts transverse splitting for small ε but says nothing about what an individual orbit
then looks like. This section supplies that information. Stroboscopic Poincaré sections and largest
Lyapunov exponents are computed for ε = 0.01, 0.05, and 0.10 at fixed ω =

√
2, using the same

integrator, step size, and averaging window throughout, and the response to nearby initial states is
examined at ε = 0.10. The numerical picture is consistent with the Melnikov prediction, with one
qualification: At the smallest amplitude, the selected orbit remains regular, as a transverse tangle need
not be visible along every trajectory.

6.1. Phase-plane trajectories and stroboscopic Poincaré sections

Figure 5 shows the phase-plane trajectories at the three amplitudes, with the initial condition fixed at
(U0, Y0)= (0.2, 0.1). As ε grows, the orbit spreads outward and begins to cross between the two wells.

(a) ε = 0.01. (b) ε = 0.05. (c) ε = 0.10.

Figure 5. Phase-plane trajectories of the periodically forced system Eq (5.3) with h1=h2=1,
ω =

√
2, and initial condition (U0, Y0) = (0.2, 0.1).

For a system of period T = 2π/ω, the stroboscopic section is the discrete set

P =

{
(U(ξn), Y(ξn)) ∈ R2 | ξn =

2nπ
ω
, n ∈ N

}
, (6.1)

with ξn denoting the sampling times, one per forcing period. The structure of P separates the three
regimes: A periodic orbit leaves finitely many isolated points, quasiperiodic motion leaves a smooth
closed curve, and motion inside a separatrix layer leaves a scattered two-dimensional band.

The same three trajectories are sampled once per forcing period at ξ = 2nπ/ω, with the first
100 periods discarded and 2500 points retained. All three panels share identical coordinate ranges
U ∈ [−1.65, 1.65] and Y ∈ [−1.05, 1.05], ensuring that the spread of the point sets is not masked by
automatic scaling. The results are presented in Figure 6.
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(a) ε = 0.01. (b) ε = 0.05. (c) ε = 0.10.

Figure 6. Stroboscopic Poincaré sections of the periodically forced system Eq (5.3) with
h1 = h2 = 1, ω =

√
2 and initial condition (U0, Y0) = (0.2, 0.1). After discarding 100

transient forcing periods, 2500 points are sampled once per period using a fixed-step RK4
integrator with 800 steps per period. All three panels share identical coordinate ranges.

As ε increases, the Poincaré sections in Figure 6 exhibit a transition from regular structures to
chaotic layers. For ε = 0.01, the section is confined to thin, smooth arcs; the point set does not fill
a two-dimensional region but instead concentrates on several well-separated smooth invariant curves,
indicating that the orbit is in a regular or near-resonant state. For ε = 0.05, the section undergoes a
qualitative transition: the point set transforms from one-dimensional thin curves into a two-dimensional
scattered band surrounding the former figure-eight separatrix, with trajectories visiting both potential
wells. At finite resolution this is consistent with a chaotic layer generated by separatrix splitting. For
ε = 0.10, the scattered region expands further into a wider stochastic sea, with the points occupying a
larger area and exhibiting high occupancy in both potential wells and the central crossing region.

6.2. Largest Lyapunov exponent

The largest Lyapunov exponent (LLE) is computed using the Benettin algorithm [45] to quantify
the sensitivity of the forced system to initial conditions. The variational equations associated with the
forced system Eq (5.3) are

δU′ = δY, δY ′ =
(
h1 − 3h2U2

)
δU, (6.2)

which govern the linearized evolution of an infinitesimal perturbation (δU, δY) along a reference
trajectory (U, Y). The LLE is defined as

λmax = lim
ξ→∞

1
ξ

ln
∥δ(ξ)∥
∥δ(0)∥

, (6.3)

where δ = (δU, δY)T . The integration is carried out using the same fixed-step RK4 integrator as for the
Poincaré sections, with 800 steps per forcing period and renormalization applied four times per period.
The first 100 forcing periods are discarded as transient, and the LLE is averaged over 2500 periods.
The initial tangent vector is chosen as δ(0) = (1, 0)T . Convergence checks with halved step size and
doubled integration time confirm that the reported λmax values are stable at the qualitative level; the
variations are smaller than the differences between the three forcing amplitudes. Table 1 collects the
largest Lyapunov exponent together with the coordinate ranges of the stroboscopic point set for the
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three forcing amplitudes. The exponent rises by three orders of magnitude between ε = 0.01 and
ε = 0.05, and over the same step the point set expands from a single well (Umin = 0.1986) to both wells
(Umin = −1.4518), which is the transition already visible in Figure 6.

Table 1. Summary of numerical results for the stroboscopic Poincaré sections and largest
Lyapunov exponents, all computed under consistent numerical settings.

ε λmax Umin Umax Ymin Ymax

0.01 2.73 × 10−4 0.1986 1.4024 −0.5666 0.5666
0.05 1.126 × 10−1 −1.4518 1.4677 −0.8638 0.8638
0.10 1.199 × 10−1 −1.5689 1.5231 −0.9791 0.9747

The convergence of the finite-time LLE as a function of the averaging window is shown in Figure 7
for the same three trajectories. For ε = 0.05 and 0.10, the finite-time exponent stays positive over the
whole averaging window and settles near 0.11 and 0.12. For ε = 0.01, it decays to order 10−4, which
at this resolution cannot be distinguished from zero.

Figure 7. Convergence of the finite-time largest Lyapunov exponent as a function of the
averaging window for the three forcing amplitudes. The curves are computed under identical
numerical settings as the Poincaré sections in Figure 6. For ε = 0.05 and 0.10, the exponents
converge to positive values, while for ε = 0.01, the exponent decays to the order of 10−4,
numerically indistinguishable from zero.

The two diagnostics answer different questions. A section shows how the orbit is organized under
the period map; the exponent says whether nearby orbits separate exponentially along it. Neither
alone is decisive, as a thin arc and a scattered band can both occur at finite resolution, but the positive
exponents at ε = 0.05 and 0.10 and the scattered sections in Figure 6 point the same way.

6.3. Sensitivity to initial conditions

The positive exponent at ε = 0.10 should show up as visible divergence between neighboring
orbits. Figure 8 tests this at the same ε and ω for three nearby initial states: (U0, Y0) = (0.20, 0.10),
(0.21, 0.10), and (0.20, 0.11).
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(a) (U0, Y0) = (0.20, 0.10).

(b) (U0, Y0) = (0.21, 0.10).

(c) (U0, Y0) = (0.20, 0.11).

Figure 8. Sensitivity to initial conditions in the small-forcing regime (ε = 0.10, ω =
√

2).
Three nearby initial states (a)–(c) separate visibly within the window ξ ∈ [0, 200].

As shown in Figure 8, the resulting trajectories diverge over the observation window ξ ∈ [0, 200],
despite the small differences in the initial states. The largest deviation occurs for trajectory (c), whose
perturbation acts in the Y-direction. The Euclidean separation ∥(∆U,∆Y)∥ between each perturbed
orbit and the reference orbit reaches O(1) over ξ ∈ [0, 200], consistent with the positive exponent λmax

reported in Section 6.2. Over a finite window, such divergence is suggestive rather than conclusive,
and it is the positive exponent of Section 6.2 that makes the reading firm.

7. Conclusions

The traveling-wave reduction organizes mKdV-ZK dynamics through a quartic effective potential.
Its four sign regimes separate periodic families, figure-eight homoclinic pulses, heteroclinic kink
connections, and parameter ranges carrying no bounded wave at all. The amplitude-squared
substitution gives a convenient cubic description of a restricted set of explicit profiles, provided the
constraint Φ ≥ 0 and the sign reconstruction of U are respected. This part of the analysis recovers the
traveling-wave geometry already known for this model.

The contribution of this article lies in the forced problem. For a weak periodic modulation the
Melnikov functions on the homoclinic and on the heteroclinic separatrix can both be written in closed
form. Their simple zeros give transverse splitting criteria, and their amplitudes differ in the low-
frequency limit while sharing an exponential decay at high frequency. Stroboscopic Poincaré sections
and largest Lyapunov exponents computed at ε = 0.01, 0.05, and 0.10 are consistent with this
mechanism: The section breaks up into a scattered layer around the former separatrix at the same
amplitudes for which the exponent becomes positive.
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Two restrictions should be kept in mind. The analysis is confined to the symmetric branch C0 = 0,
and the periodic source is phenomenological rather than derived from a complete plasma model; the
Melnikov criterion itself is a first-order result and carries no information about strong forcing. Nonzero
integration constants, damping, variable coefficients, stochastic excitation, and fractional or nonlocal
extensions each lead to a different problem and are natural directions for further work.
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