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Abstract: An improved adaptive type-Il progressive censoring (IAT-1I PC) scheme has been
introduced to effectively control the duration of life-testing experiments within a prespecified limit.
While this scheme has attracted considerable attention, statistical inference under random removals,
in which the number of removals at each failure time is treated as a random variable, remains largely
unexplored in the literature. In this paper, we focus on statistical inference for the two-parameter
Weibull distribution based on the IAT-11 PC scheme, where the number of removals at each failure
time follows a binomial distribution. Point and interval estimation of the Weibull parameters was
carried out using the maximum likelihood (ML), maximum product spacing (MPS), and Bayesian
estimation methods. Asymptotic confidence intervals for the model parameters were constructed
based on the asymptotic normality of the ML and MPS estimators. Since the posterior distributions
are analytically intractable, Bayesian estimates and their corresponding credible intervals were
obtained using the Markov Chain Monte Carlo method. The performance of the proposed estimators
was evaluated through an extensive Monte Carlo simulation study. In addition, a real-world dataset
was analyzed to demonstrate the practical applicability of the proposed inference methods. The
results show that the Bayesian estimators yield more accurate point and interval estimates than their
classical counterparts under the IAT-11 PC scheme with binomial removals.
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1. Introduction

In survival and reliability analysis, experiments are typically conducted over long durations,
incur high costs, and are subject to various experimental constraints. As a result, full life testing is
often impractical, and censoring is commonly used as an effective alternative. Among various
censoring schemes, the type-Il progressive censoring (T-11 PC) scheme is widely used, as it allows
the removal of surviving units at failure times according to a prespecified censoring plan [1]. Despite
this flexibility, the T-11 PC scheme may still result in long testing times and high experimental costs.
To address this limitation, Ng et al. [2] introduced the adaptive type-11 progressive censoring (AT-II
PC) scheme. However, for high-reliability products, this scheme may not sufficiently reduce total
testing time. To further reduce the total testing time, Yan et al. [3] proposed the IAT-11 PC scheme.
Specifically, in this scheme, two threshold time points are used to ensure that the experiment is
completed within a specified time period, while at the same time, sufficient information is retained to
enable statistical inference under censoring. Accordingly, the procedure of the IAT-11 PC scheme can
be described as follows. Suppose that n independent and identically distributed units, characterized
by a probability density function f(x) and a cumulative distribution function F(x), are placed in a
life-testing experiment at time zero. Before the experiment begins, the total number of failures, denoted
by m (m < n), is fixed in advance, and the censoring scheme R = (R, Ry, ..., R;y) With R; >0 is
specified. The values of R; may be predetermined or generated from a specified distribution.
However, under the IAT-11 PC scheme, some of these values may be changed during the experiment
according to two prespecified time thresholds, T; and T,, satisfying 0 < T; < T, < co. The first
threshold T, serves as a warning point, whereas the second threshold T, represents the maximum
allowable testing time. During the experiment, when the first failure occurs at X;.,,.,, Ry UNits are
randomly selected from the n — 1 surviving units and removed from the test. Upon the occurrence
of the second failure at X,.,,.., Rz units are randomly selected from the remaining units and
removed. This process continues iteratively for subsequent failures. Accordingly, an experiment
conducted under the IAT-11 PC scheme results in one of three possible cases, as summarized and
illustrated below.

Case I: If the failure of the m — th unit occurs before the first threshold T,, then the
experiment terminates at X,,,..,.n. In this case, the IAT-1I PC scheme coincides with the T-11 PC
scheme, and the corresponding sample consists of Xi..0 Xoummns - Xmemen - The experimental
procedure for this case is illustrated in Figure 1.
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Figure 1. Case | of the IAT-11 PC scheme.

Case I1: If the failure of the k; — th unit (k; < m) occurs before the first threshold T,, and
the failure of the (k; + 1) — th unit occurs after T;, then the experiment is accelerated by retaining
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all surviving units. In this situation, R; =0 for i = k; + 1, ..., m — 1, and the remaining removals
are assigned to the final stage as R,, =R*"=n—m— ZlelRi. Furthermore, the experiment
terminates at X,,,....n.. Consequently, the IAT-11 PC scheme reduces to the AT-11 PC scheme, and the
resulting sample consists of X...0 Xoumens -+ Xmemen- 1 e corresponding experimental procedure is
illustrated in Figure 2.
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Figure 2. Case Il of the IAT-11 PC scheme.

Case Il1: If the failure of the m — th unit occurs after the maximum allowable testing time,
that is, T, < X,..m:n, then the experiment is terminated at the second threshold T,. In this case, let
k, (k, < m) denote the number of failures observed prior to T,. The resulting IAT-1I PC sample
consists of X1, X2:mems +oos Xi,mm- The experimental procedure for this case is illustrated in

Figure 3.
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Figure 3. Case Il of the IAT-11 PC scheme.

In recent years, considerable attention has been devoted to the IAT-1II PC scheme in the
literature, with numerous studies investigating its use for modeling and inference for lifetime data.
For instance, Dutta and Kayal [4] investigated a competing risks model with exponential lifetimes
under the 1AT-11 PC scheme and derived both ML and Bayesian estimators for the model parameters.
Zhang and Yan [5] focused on parameter estimation for the Chen distribution based on data obtained
from the IAT-11 PC scheme. Similarly, Nassar and Elshahhat [6] developed classical and Bayesian
estimation procedures for the Weibull distribution, while Nassar et al. [7] extended the framework to
Weibull constant-stress accelerated life tests and performed statistical inference for the associated
model parameters. In addition, Dutta et al. [8] analyzed the logistic-exponential distribution under
the IAT-I1 PC scheme and carried out both parameter and reliability estimation. Irfan et al. [9]
addressed parametric inference for the Kumaraswamy-G family of distributions in the same setting.
More recently, Alotaibi et al. [10] investigated parameter and reliability estimation for a competing
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risks model with Burr-X lifetimes under the IAT-1I PC scheme using both ML and Bayesian

approaches. Finally, Lone [11] considered estimating the parameters of the Burr 111 distribution based

on an IAT-11 PC sample.

A review of the literature indicates that most studies on the IAT-II PC scheme assume a
predetermined censoring scheme, in which the number of units removed at each failure time is fixed
in advance. However, in practical applications, such as certain clinical trials and reliability
experiments, the number of units removed at each failure time cannot always be fixed in advance and
may vary randomly over the course of the experiment. Therefore, there is a need for censoring
schemes that allow random removals. In this context, Yuen and Tse [12], Tse et al. [13], and Singh et
al. [14] considered censoring schemes in which the number of removed units follows discrete
distributions such as the discrete uniform, binomial, or beta—binomial distributions. Subsequently,
several studies have investigated statistical inference under censoring schemes with random
removals in a variety of settings, including different lifetime distributions, competing risks models,
and accelerated life tests; see, for example, Wu et al. [15], Usta and Gezer [16], Abushal and
Abdel-Hamid [17], and the references therein.

Despite these studies, the IAT-11 PC scheme with random removals has received limited attention.
To the best of our knowledge, only one study has examined this setting: Gezer and Usta [18]
investigated parameter estimation for the Rayleigh distribution under the IAT-1I PC scheme with
random removals, using both classical and Bayesian approaches. This limited attention is noteworthy
given the importance of incorporating randomness into the censoring mechanism to better reflect
real-world experimental conditions. Motivated by this gap, the present study has two main objectives,
as follows:

e The first objective is to consider the IAT-11 PC scheme in which the number of units removed at each
failure time is assumed to follow a binomial distribution with parameter p. The binomial
specification allows the random removal process to be modeled using a single-parameter distribution,
which is computationally convenient. In contrast, alternative specifications such as the beta—binomial
distribution introduce additional parameters, thereby increasing computational complexity. On the
other hand, the discrete uniform distribution assumes equal probabilities for all possible numbers of
removals, which may limit its ability to capture variability in the removal process.

e The second objective is to develop point and interval estimation procedures for the parameters of
the underlying lifetime distribution based on samples obtained from the IAT-11 PC scheme with
binomial removals. To this end, the Weibull distribution is considered for its flexibility in
modeling various types of failure-rate behavior. Owing to these properties, it is one of the most
widely used lifetime distributions in survival and reliability analysis. Comprehensive treatments
of the Weibull distribution can be found in Lawless [19] and Rinne [20], among others. In
addition, statistical inference for the Weibull distribution under various censoring schemes has
been extensively studied; see, for instance, Balakrishnan and Aggarwala [21], Hassan et al. [22],
Nassar and Alotaibi [23], and the references therein.

In line with these objectives, this study focuses on statistical inference for the two-parameter
Weibull distribution under the IAT-1I PC scheme with binomial removals. To the best of our
knowledge, statistical inference for the two-parameter Weibull distribution under the IAT-11 PC
scheme with binomial removals has not been investigated in the existing literature. Motivated by this
research gap, the present study derives ML, MPS, and Bayesian estimators for the model parameters.
Moreover, asymptotic confidence intervals (AClIs) based on the asymptotic normality of the ML and
MPS estimators, as well as highest posterior density (HPD) credible intervals within the Bayesian
framework, are also constructed. The performance of the proposed methods is evaluated through a
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Monte Carlo simulation study, and a real-world data application is provided to illustrate their
practical usefulness.

The remainder of this study is organized as follows: Section 2 introduces the Weibull
distribution and the IAT-11 PC scheme with binomial removals. Section 3 derives the ML, MPS, and
Bayesian estimators of the model parameters, while Section 4 constructs asymptotic confidence
intervals based on the asymptotic normality of the ML and MPS estimators, as well as HPD credible
intervals within the Bayesian framework. Section 5 presents the simulation study and assesses the
finite-sample performance of the estimators under various settings. Section 6 provides a real-world
data analysis to illustrate the practical applicability of the proposed methods. Finally, Section 7
concludes the paper and summarizes the main findings.

2. Model description

Suppose that the lifetime of a particular unit, X, follows a Weibull distribution with the shape
parameter « and the scale parameter £, denoted as X ~ Weibull(a, ). Then, the corresponding
probability density function (pdf) and cumulative distribution function (cdf) are given as follows:

flx;a,B) = apx®texp(—px%), x> 0,a,8 >0 (2.1)
and
F(x;a,8) =1—exp(—Bx%*), x> 0,a,B > 0. (2.2)

Let X = (Xynm Xom o0 Xjyomos 0 Xpymm) e @n  1AT-Il PC  sample  from
Weibull(a, ) with a predetermined number of removals, R= (R, =1, R, =13,..,0,..0,
R* =r*). Then, the corresponding conditional likelihood function of the observed data can be
written as follows:

J1

J2
L@pixiR =) = |[ [femn [{] [1 - FGmal 1 -F@, @3

i=1
where C is a constant. Substituting Egs (2.1) and (2.2) into Eq (2.3) yields:
J2

J1 J2
Li(a,B;x|R =71) = C(aB)zexp|—p le“ + z rixl +r(T*)* nx{""l, (2.4)
1 i=1 i=1

i=

where x; denotes x;.,., for notational simplicity. Table 1 summarizes the values of C, J;, J,, 77,
and T* corresponding to different cases of the IAT-11 PC scheme.

In the present setup, suppose that each unit is independently removed from the IAT-11 PC life
test with the same probability p. Motivated by the binomial removal framework of Tse et al. [13],
we incorporate this mechanism into the IAT-II PC scheme. Accordingly, the number of units
removed at the i-th failure follows a binomial distribution with the following probability mass
function. For i =1,

PRy =)= (" ) —pn s (2.5)

and i =2,3,...,/;
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i—

1
PR =1|Ri-1 =Ti—g, e, Ry =11) = nome Z g p"i(l— p)n_m_z§=1rj' (2.6)
T =
where 1; are nonnegative integers satisfying 0 <r, <n—-m, and 0 <, <n—-m-— Zj'-;llrj
for i =2,3,...,J;, with J; determined by the IAT-1l1 PC scheme as given in Table 1.
L(a,B,p;x,7r) = L(a,B;x|R =71)P(p;R =T1), 2.7)
where
P(p;R=1r)=P(R,, =1,|R,-1=7},_1,..,Ry =71) . P(R, = 13|R; =1)P(R, = 17)
B (n —m)! (2.8)
(n—m-— Z{ilri)! H{;lri!
Using Egs (2.4), (2.7), and (2.8), the full likelihood function of the IAT-1I PC scheme with
binomial removals can be expressed as

poLun(1 = pyih(m3fa),

L(a, B, p; x, r) = KL,(a, B)L,(p), (29)
where

K C(n—m)!
= ’ 2.10
(n_m_2§1=1rj)!nfl=1rj! (210

]2 ]1 ]2
Ly(a,B) = (apYzexp|—B| Y xf+ » rixf+r (T ||| [x7, (2.12)
(272 L]

Ly(p) = pETi(1 — p)Zeti () (2.12)

Table 1. Values of C, J;, J,, r*,and T in the likelihood function for cases of the IAT-11 PC scheme.

Case C J1 J2 r T*
m i-1 m—1

I | n—l+1—2rj m-—1 m n—m-— T; Xm
i=1 j=1 i=1
m k1 kl
i=1 j=1 i=1
K2 i-1 kq

“I ] n_l+1_zrj kl kz n_kz_ T'l T2
i=1 j=1 i=1

It is worth emphasizing once again that, in an experiment conducted under the IAT-1I PC
scheme with binomial removals, the researcher specifies the total number of test units n and the
total number of failures m before the experiment, whereas the number of surviving units removed
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at each failure time cannot be predetermined. Instead, it is generated according to a binomial
distribution with parameter p. Table 2 summarizes the sampling procedure that reflects this feature.

Table 2. Sampling procedure for a life test under the IAT-11 PC scheme with binomial removals.

Case  Stage Failure time Number of removed units Number of surviving units
| 1 X4 r,~Binom(n — m,p) n—-n—1
2 X, r,~Binom(n —m —ry,p) n—nr—r—2
m—1 X, s m-2 m-1
rm_1~Bin0m(n—m—Zri,p) n—m+1—Zri
» i=1 i=1
m Xm S
rr=n-m-— T;
i=1
I 1 Xy ri~Binom(n — m,p) n—-nr—1
X, r,~Binom(n —m —ry,p) n—r-—rn—2
k, Xe, ki1 ky
T, ~Binom(n —m — Z ,p) n—kl—Zri
i=1 =1
k1 +1 Xk1+1 rk1+1 =0 1
n—k;—1- Z 1
i=1
key
m — 1 Xm_1 T‘m_1 - 0
n-m+1- Z T
. i=1
m Xom ! 0
r=n-m-— )
i=1
11 1 X4 ri~Binom(n — m,p) n—-nr—1
2 X, ry,~Binom(n —m —ry,p) n—r—nr—2
k, Xe, k-1 kq
rk1~Binom(n—m—z 7,D) n—kl—Zri
i=1 =1
ki +1 X, +1 Ti,41 =0 !
n-— k1 —-1- Z 1;
i=1
: : : ~ .
ky—1 Xy, Tg,-1 =0
n-— kz +1- Z 1
. i=1
kz sz L 0
r'=n—k,— Zri
i=1

3. Point estimation

In this section, we consider both classical and Bayesian approaches to estimate the shape
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parameter a and the scale parameter S of the Weibull distribution under the IAT-I1 PC scheme
with binomial removals. Within the classical framework, we derive ML and MPS estimators. In
addition, we obtain the ML estimator for the binomial removal parameter p.

3.1. Maximum likelihood estimation

In this subsection, the ML estimators (MLEs) for the parameters a, B, and p are derived
based on data obtained under the IAT-11 PC scheme with binomial removals. As seen from the full
likelihood function in Eq (2.9), K is independent of all unknown parameters, L,(a, ) depends
only on a and g, and L,(p) involves only p. Consequently, the MLEs of a and g are directly
obtained by maximizing L, (a, B), whereas the MLE of p is directly derived by maximizing L,(p).

In this context, taking the natural logarithm of L;(a, 8) in Eq (2.11), we obtain

J2 1

logLy (@, ) = Jolog(aB) = B | D xf+ ) rixf +7(T) |+ (@ = 1)
i=1

i=1

J2
log(x;). (3.1)
=1

i

By setting the first-order partial derivatives of Eq (3.1) with respect to a and S to zero, the
corresponding likelihood equations are obtained as follows:

J2 J1 12
dlogly(a,) ] - *
ala = EZ - B Z @i+ ) rip; +r*(T")%log(T") |+ Z log(x;) =0, (3.2)
i=1 i=1 i=1
dloal ( ,B) J J2 J1
0 a,

where ¢; = x;%log(x;).
If a is known, then the MLE of f, denoted by S, can be easily obtained by solving Eq (3.3) as

ﬁ'\ _ ]2
MLE — .
S ke 3 (1)

i=1""1

(3.4)

Conversely, when both a and g are unknown, the MLEs of a and B, denoted by &5
and fy.r, respectively, cannot be obtained in closed form by solving Egs (3.2) and (3.3)
simultaneously. In such cases, numerical methods, such as the Newton-Raphson method, are
required to compute @ and Buyik.

Similarly, the log-likelihood function of L,(p) in Eq (2.12) is given by

J1 1

logLo(@) = | ) i Jlog@) +( Y [ n-m=>"1; | |ogt = p. (3.5)
j=1

i=1 i=1

Taking the first-order derivative of Eq (3.5) and setting it equal to zero yields the likelihood
equation. Solving this equation gives the MLE of p, denoted by pyy g, as follows:

Yo

Y (n-m-3in)

(3.6)

PMmLE =
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3.2. Maximum product spacing estimation

For continuous univariate distributions, the MPS method was introduced by Cheng and Amin [24]
as an alternative to ML estimation. Around the same time, Ranneby [25] independently derived the
MPS method by linking it to the Kullback—Leibler information. The MPS estimators have been
shown to perform favorably compared with ML estimators in small samples, particularly for
heavy-tailed or skewed distributions and in the presence of outliers. Moreover, the method possesses
desirable properties such as consistency, asymptotic normality, and invariance; see Cheng and lles [26]
for further details. Owing to these properties, the MPS method has been widely used in reliability
analysis and survival modeling, where it often performs competitively with ML estimation; see, for
instance, Nassar and Elshahhat [6], Nassar and Alotaibi [23], and Anatolyev and Kosenok [27],
among others. In this context, the following subsection presents the MPS estimation method for
estimating the shape and scale parameters of the Weibull distribution under the 1AT-11 PC scheme.

Let X = (Xionm Xommns oo Xjpmns » Xpyomm) D€ @an  1AT-Il PC  sample  from
Weibull(a, ) with R = (R =1,R; = 13,...,0,...0,R* = r*). Following Nassar and Elshahhat [6],
the product spacing (PS) function, without the normalizing constant, can be written as

I3 J1
Ps(aplx R =1 =1 [Fad - Fealg || [a-Feop|a-rayr, @7
i=1 i=1
where J5 =], +1, F(x) =0, and F(xj;) = 1. Substituting Egs (2.1) and (2.2) into Eq (3.7),
we obtain
I3 J1

P pixlR=7) =1 | [leia—gidtexp |- Y raf+rare ]|, @9

where ¢; = exp(—Bx{).

As in the ML framework, since the PS function does not involve the parameter p, the MPS
estimators of @ and £ can be obtained by directly maximizing PS(a, B; x|R = r) with respectto «a
and p. For simplicity, we denote PS(a,f;x | R =1r) by PS(a, ). For computational convenience,
we consider the natural logarithm of PS(a, 8), given by

J2 J1
logPS(@,B) = ) log(i s — ¢ =B ) rixf + (T | (39)
i=1

i=1

Taking the first-order partial derivatives of Eq (3.9) with respect to a« and B and setting them
equal to zero yields the following nonlinear equations, respectively:

*

J2
dlogPS(a,p) " wi— wi—q
da et hi-1 — i

J1

-pB Z r;o; +r*(T*)*log(T*) | =0, (3.10)

i=1

and
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I3 1

dlogPS(a,B) " Wi — i1 @ 4 xppna |
DY e ;nxi +r ()" | =0, (3.11)

where ¢; = x;%log(x;), w; = pxi’log(x)exp(—px{"), and ; = x{"exp(—fx{").

The MPS estimators (MPSEs) of a and S8, denoted by &,ps and Buyps, are obtained by
solving Egs (3.10) and (3.11) simultaneously. Because these equations do not admit closed-form
solutions for @ and g, numerical techniques, similar to those used for MLEs, are required to compute
the MPSEs for the unknown parameters of the Weibull distribution under the IAT-11 PC scheme.

3.3. Bayesian estimation

This subsection deals with a Bayesian framework for estimating the two unknown parameters of
the Weibull distribution under the IAT-11 PC scheme with binomial removals. An important aspect of
Bayesian estimation is the specification of prior distributions that reflect available knowledge about
the unknown parameters. In this context, the Weibull parameters are assumed to follow independent
gamma distributions. This choice is motivated by several considerations. First, the support of the
gamma distribution is consistent with the positive domains of the Weibull parameters. Second, it
provides a flexible family that can accommodate a wide range of prior beliefs through its
hyperparameters. Third, gamma priors are widely used in Bayesian inference for the Weibull
distribution, which facilitates comparison with existing studies; see, for example, Lawless [19],
Rinne [20], and Kundu [28]. Accordingly, we assume that the unknown parameters a« and S are
independent random variables, each following a gamma distribution, with a~Gamma(a,, b;) and
B~Gamma(a,, b,), respectively. The corresponding joint prior density is then written, ignoring the
normalizing constant, as follows:

n(a, B) < at~1p%le=bra=b:f g g >, (3.12)

Here, the hyperparameters (a;, b;), i = 1,2, are assumed to be known and are selected to
incorporate prior information. In particular, setting a; = b; = 0 leads to improper non-informative
priors for a and B as the form (ap)?.

Combining the likelihood function in Eq (2.11) with the joint prior in Eq (3.12), the joint
posterior density of a« and £ is obtained, up to a normalizing constant, as

J2

n(a, B| x,1) x qta~13%1 nxia—1
i=1

J2 1 (313)
X exp|—ba—f lea + Z rixk+r*(T*)*+ b, ||,

i=1 i=1

where a; =a, +J, and a; = a, +J,.

In Bayesian estimation, the choice of loss function is another important aspect in deriving the
optimal estimator of the parameter of interest from the posterior distribution. Among the available
choices, the squared error loss function (SELF) is one of the most commonly employed in the
literature, as it yields Bayesian estimators (BEs) in the form of posterior means; see, for instance,
Gezer and Usta [18], Kundu [28], and Gelman et al. [30]. Accordingly, the BE of any function
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g(a, B) under the SELF, denoted by ggg(a, B), is given by the posterior mean
Gos@ ) =Eg@p) = | [ g@pntapl xr)dadp. (314)
0 0

From Eq (3.14), it follows that the ggzg(a,B) is expressed as a ratio of two-dimensional
integrals, for which no closed-form solution is available. Markov Chain Monte Carlo (MCMC)
methods are widely used to compute Bayesian estimates of the distribution parameters and the
corresponding HPD intervals. An alternative approach for obtaining Bayesian estimates is the
Lindley approximation. However, this method is not suitable for constructing HPD intervals.
Moreover, its implementation requires higher-order derivatives of the log-likelihood function, which
increases computational complexity. For completeness, it should be noted that the Bayesian estimates
of the parameters of the Weibull distribution based on the Lindley approximation were also obtained.
However, due to space constraints and their inferior performance, these results are not reported in
this study but can be provided upon request from the authors. Therefore, in this study, we use the
MCMC approach, which allows us to compute Bayesian estimates for any function of the parameters
and to construct HPD intervals. A detailed description of the MCMC procedure is provided below.

Samples of the unknown parameters « and g from the joint posterior distribution in Eq (3.13)
are generated through the MCMC procedure. Before applying the MCMC methodology, it is
necessary to examine whether the full conditional posterior distributions of the parameters a« and f
correspond to any well-known distributions. To this end, the full conditional posterior distributions
of @ and B are derived as follows:

J2 J2 J1
w(a| B,x,r) < a1 nxi“‘l exp|—bia — Z xf + z rxf +r*(T*)* (3.15)
i=1 i=1 i=1
and
J2 J1
n(B| a, x,1) < % texp|—B| b, + le“ + Zrixi“ +r (T ]| (3.16)
i=1 i=1

From Eq (3.16), it follows that the full conditional posterior distribution of S is a gamma
distribution with the shape parameter a;, and the scale parameter b, +Z{2=1xf‘ +Z{;1rixf‘ +
r*(T*)* is denoted as f~Gamma(ay, by + X2, x& + XL, rix® + r*(T*)%). Hence, samples of
can be generated directly from this distribution. In contrast, the full conditional posterior distribution
of @ in Eq (3.15) does not correspond to any well-known distribution. In such cases, the
Metropolis—Hastings (M—H) algorithm provides an effective approach for generating samples of a.
Therefore, to implement the MCMC procedure, we employ Gibbs sampling steps to update the
unknown parameter S, in conjunction with M-H steps to update «. The MCMC procedure is
implemented by updating g via Gibbs sampling, while « is updated using M—H steps. The steps
for generating samples of a and B are summarized in Algorithm 1.

Algorithm 1:

Step 1. Start with the initial values of (a©®,5®) for (a,p).

Step 2. Set j =1.

Step 3. Generate B from Gamma (ag, by + 302 x84y g +r*(T*)“U_1)) for
given m, n and the IAT-11 PC sample with binomial removals.
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Step 4. Generate a¥) from n(aU=V|8Y), x,7) using M-H steps with the proposal distribution
N(aU™D,q2):
(i)  Generate a* from N(aU™b,02).
(i) If a* <0, reject the proposal and retain the current state, i.e., set a* = aU=D,
(i) Caloulate 6(c’,a0™) = min{1, YT |
(iv)  Generate u from the uniform distribution U(0,1).
W sea0={ & SN
al-b, otherwise
Step 5. Set j =+ 1.
Step 6. Repeat Steps 3-5 for M iterations to obtain (@, W), (a@,pP), ..., (a®™, D).

To reduce the effect of the initial values and ensure convergence of the Markov chain, the first B
iterations are discarded as burn-in. The remaining samples, corresponding to iterations j = B +
1,B+2,..,M, where M is sufficiently large, are used for statistical inference. Based on these
post-burn-in samples, the Bayes estimates of the parameters are approximately calculated.
Accordingly, the Bayes estimates of « and £ under SELF are obtained as follows:

jpr1 @ (3.17)
T '
and
M p0)
Bop = %, (3.18)

where B is the burn-in period of the Markov chain.
4. Interval estimation

In this section, ACls for the parameters of the Weibull distribution under the 1AT-11 PC scheme
with binomial removals are constructed using the ML and MPS estimation methods. In addition,
HPD credible intervals for the same parameters are obtained using the Bayesian method.

4.1. ACIs based on maximum likelihood estimation

As previously established, the MLEs of the parameters « and £ of the Weibull distribution do
not have closed-form expressions. This limitation complicates the derivation of their exact sampling
distributions and the construction of exact confidence intervals. To overcome this issue, the AClIs for
the parameters are constructed based on the Fisher information matrix and asymptotic theory.
Furthermore, as seen from Eq (3.1), the binomial removal parameter p, which characterizes the
random removal scheme, does not contain information about the Weibull parameters. Therefore, it is
not considered in the construction of these confidence intervals. Accordingly, the Fisher information
matrix for the parameters a« and B of the Weibull distribution under the IAT-11 PC sample with
binomial removals is given by
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[_0%logLi(a,B) _ 9%logLi(a B)]

_ da? 0adp
I(a,p) = E! 02 log L. (a, B) 0% 1og Ly(a, )| (4.1)
9o« R
where
9% log L,(a, B) J 2 S
ol <Z o) g ) “*(T*>“<109<T*>>2>' #2)
2
a lOg Ll(a’ ,8) _ ]2 (43)

N

92log L,(a,B) 9%logLy(a,B) )2 J1
: = i = - : () * N\ *
0cdp  opoa Zso +Zwl FrT0g(T) |, @)
1= i=

where ¢; = x{*log(x;). However, the exact expression for the expectation in Eq (4.2) is not easily
obtainable. As a practical alternative, the Fisher information matrix is approximated by the observed
Fisher information matrix, given as

[_0%logLi(a,p)  9%logLy(a )]

o | da? dadp
I(“MLE;BMLE)=i azlong(a,ﬁ) 62 lOng(a,ﬁ)J . (45)
 9Boa B 92

(a.B)=(amLE.BmLE)

Furthermore, under certain regularity conditions, the joint distribution of the MLEs of « and g is
asymptotically bivariate normal with mean (e, ) and variance-covariance matrix [~*(&y.z, Buvr);
for further details, see Lawless [19] and Lehmann and Casella [31]. Accordingly, the inverse of the
observed Fisher information matrix [~*(&y.z, Bure) can be expressed as

Var(@ye) Cov(@umie, BAMLE)
Cov(@mrE, BuLE) Var(Buyie)

Consequently, forany 0 < 7 < 1, the 100(1 — )% ACIs for the parameters « and g of the
Weibull distribution are constructed, respectively, as

[&MLE — Zz/2v Var(@yre), Qi + Zz/2v Var(&MLE)] 4.7)

l:éMLE —Z¢/2, / Var(ﬁMLE): BMLE + Zr/z,’VaT(BMLE)I, (4.8)

where z;,, denotes the upper t/2 —th quantile of the standard normal distribution.

i_l(&MLE'ﬁAMLE) =

(4.6)

and
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4.2. ACls based on maximum product spacing estimation

In this subsection, the ACIs for the parameters a« and g of the Weibull distribution are
constructed based on the MPS estimation method under the IAT-II PC scheme with binomial
removals. As noted by Cheng and lles [26] and Anatolyev and Kosenok [27], under certain regularity
conditions, the MPSEs possess the same asymptotic properties as the MLEs, including consistency
and asymptotic normality. This equivalence provides a theoretical basis for using the asymptotic
distribution of the MPSEs in constructing the ACIs. Accordingly, the ACIs for the Weibull
parameters are constructed using the asymptotic normality of the MPSEs, with the
variance—covariance matrix obtained from the Fisher information matrix derived from the log
product spacing function. To this end, the second-order partial derivatives of the log product spacing
function in Eq (3.9) with respectto a and g are derived as follows:

J2

, 5o,
0% log PS(a,B) _ z W] = Wiy Z (wl Wi 1)
da? =1 (nbi—l - ¢i = ¢l 1 ¢l

. (4.9)
—B| ) nipilog(x) +r*(T*)*log*(T")|,
2
62 lOg PS(“' ﬁ) Il}l Il}l 1 lpl lpl 1 4 10
0p? Liir—¢i Z(qbl ) ¢>l) (10

*

02 log PS(a,f) _ 0% log PS(a,f) _ < w;" — wl . z (0 — 01-) Wy — Pi_y)
0Bda  Oadp 4 hir — < (i1 — $1)? (4.11)

Zl i + () log(T™),

where ¢; = exp(—fx{"), ¢; = x{'log(x;), w; = Bx'log(x)exp(—Px{"), ¥; = x{'exp(—px{"),
w0} = wlog(x)(1 - Bx{), wi" = x{log(x)exp(—x{)(1 - Bxf), and Yi = —x{p.

As seen in Egs (4.9)-(4.11), the resulting expressions are quite complex, which makes the
evaluation of their expected values intractable. Therefore, as in the maximum likelihood approach,
the observed information matrix derived from the log product spacing function is employed as an
approximation to the Fisher information matrix. The observed Fisher information matrix is obtained by

_azlogPS(a,,B) leogPS(a,B)]

L , B da? ~ 9adp
[(@upse, Bupse) = [ 92 log PS(a, B) 92 log PS(a,B)‘ (4.12)
~ 9Bda - 22

(a.)=(@mpse.BmpsE)

Following Cheng and lles [26], under certain regularity conditions, the MPSEs of a and S are
asymptotically distributed as a bivariate normal distribution with mean («,8) and
variance-covariance matrix given by the inverse of the observed Fisher information matrix, given by

Var(&ypse) Cov(@upse, Pupse) (4.13)

I=*(@upse, B = 3 ;
( MPSE ﬁMPSE) ICOU(&MPSE;,BMPSE) VaT(,BMpsE)
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Hence, for any 0 <7 <1, the 100(1 —1)% ACIs of the parameters a« and g of the
Weibull distribution are obtained, respectively, as

[&MPSE — Zg/2v Var(@upsg), @upse + Zz/24/ Var(&MPSE)] (4.14)

lBMPSE — Zg/2, / Var(BMPSE)»BMPSE + ZT/Z,/Var(ﬁAMPSE)]i (4.15)

where z;,, denotes the upper t/2 —th quantile of the standard normal distribution.

and

4.3. HPD credible intervals based on Bayesian estimation

In Bayesian inference, an HPD interval is a credible interval defined as the region of highest
posterior density containing the most probable values of a parameter. HPD intervals are typically shorter
and more informative, particularly when the posterior distribution is skewed or multimodal; for more
details, see Gelman et al. [30] and Chen and Shao [32]. For these reasons, HPD intervals are widely used
in Bayesian inference for interval estimation of the parameters. However, HPD credible intervals
generally cannot be derived in closed form and must therefore be computed numerically. In such cases,
MCMC samples are used to estimate the HPD credible intervals of the parameters.

In this study, the MCMC samples of the Weibull parameters « and f generated via Algorithm 1
in Section 3.3 are used to compute numerical approximations of the HPD intervals. Based on these
samples, the first B samples are discarded from the MCMC samples as burn-in, and the remaining
post-burn-in samples aU) and fU) for j =B +1,B +2,..,M are retained. These samples are
then sorted in ascending order and re-indexed with indices i = 1,2,...,M — B, as follows: a'l <
all <. <all <. < aMBl and gl <plPl < ... < plil <... < pIM=B] The HPD credible
intervals for the parameters a and g are subsequently computed following the approach suggested
by Chen and Shao [32], as described below.

Let § denote any parameter of interest. Then, for any 0 <7 < 1, the 100(1 —7)% HPD
credible interval for § is given by

817, 517+4], (4.16)

where k = [(1 —1)(M — B)| and |y] denotes the greatest integer less than or equal to y. Here,
the index i* is determined such that

[i("+k] _ sli"] = i [i+k] _ sl
B =g i, (014 5, @

5. Simulation study

In this section, a comprehensive Monte Carlo simulation study is conducted to evaluate the
performance of the point and interval estimators derived in this study for the two-parameter Weibull
distribution under the proposed IAT-11 PC scheme with binomial removals. To this end, the 1AT-11 PC
samples are generated by considering various combinations of n, m, Ty, T,, and p, where the true
parameter values of the Weibull distribution are set to be either « = 1.5, =1 or a = 2.5, = 1.
For the sake of brevity and due to space constraints, simulation results are presented only for a =
1.5, B = 1; however, results for a« = 2.5, § = 1 are available upon request from the authors.
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In the simulation, for each pair of time thresholds (Ty,T,) = (0.4,0.7) and (0.7, 1), different
values of n and m are considered, where n assumes the values 40, 60, and 80, and m is set
according to the ratios m/n =40%, 60%, and 80% for each n. Furthermore, for each
combination of n and m, the number of units removed at the i-th failure time, R;, is generated
from a binomial distribution with parameter p = 0.3,0.5, and 0.7. To generate the samples for the
Monte Carlo simulation study, we extend the IAT-11 PC sample generation procedure proposed by Yan
et al. [3] by incorporating the binomial removal mechanism described in Section 2. The procedure is
presented in the following algorithm for generating IAT-1I PC samples with binomial random
removals from the Weibull distribution.

Algorithm 2:

Step 1. Set the values of n,m,T;,T,, a, B, and p.
Step 2. Generate r; from R;~Binom(n —m,p).
Step 3. Generate r; from

-1
R;~Binom| n —m—er,p ,i=23,..,m—1.
j=1
Step 4. Compute r* as

m-—1 m-—1
= n—m—Zri, if n—m—Zn>O,
i=1 i=1

0, for otherwise.

Step 5. Generate a T-11 PC sample using the censoring scheme R = (1, ..., 7;,), Obtained in Steps 24,

according to the procedure of Balakrishnan and Sandhu [33].

Step 6. Determine the value of k, that occurs before the first-time threshold T,. Then:

(i) If X, <Ty, the experiment is terminated at X,,. Set X;,X,,...,X,, as the final IAT-1I PC
sample, and (R =14, ..., R,, = ") as the final removal scheme. This yields Case I. Otherwise,
continue with Step 6(ii).

(i) If X, <T; < X, 41, then discard the sample Xy, ..., X;, and continue to the next step.

Step 7. Generate the first m — k; — 1 order statistics from a truncated distribution f(x)/[1 —

F(xy,+1)] with sample size n—k; —1— Zf;lrl- . Denote the newly generated sample as

Xk, +2: Xk, +3 - » X, Which differ from those generated under the T-11 PC scheme in Step 5.

Step 8. Determine the value of k, that occurs before the second time threshold T.,. Then:

(i) If X,, <T,, the experiment is terminated at X,. Set X;,X,, ..., Xy, ..., Xy, as the final 1AT-II
PC sample and (Ry =1y, ...,Ry, = 7%, Rky41 = 0, ..., Rjp—qy = 0, R, = 7*) as the final removal
scheme, where r*  =n—m — Zlelri. This yields Case II.

(ii) If T, < X,,, the experiment is terminated at T,. Set Xy, ..., Xy, ..., Xy, as the final IAT-11 PC
sample and (R; =1y, ...,R, =Tk, Riy41 =0, ., Re,—1 = O,Ry, =7°) as the final removal
scheme, where r* =n—k, — Zf;lri. This yields Case IlI.

In the Bayesian estimation, 12,000 MCMC samples are generated using Algorithm 1 in Section 3.3.

The first 2000 iterations are discarded as burn-in to ensure convergence, and the remaining 10,000

post-burn-in samples are used to compute the Bayesian point estimates of the parameters o and f, as

well as to construct their corresponding HPD credible intervals. To assess the convergence of the

MCMC algorithm, trace plots, autocorrelation plots, effective sample sizes, and acceptance rates are

examined for all simulation settings. These diagnostics consistently indicate satisfactory mixing and

stationarity of the Markov chains. Furthermore, the proposal standard deviation is carefully tuned
under each prior specification to achieve appropriate acceptance rates for the M—H algorithm, as
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recommended by Robert and Casella [29]. The corresponding acceptance rates are monitored
throughout the simulation study and are observed to fall remain an optimal range (e.g., between 0.25
and 0.45), ensuring the efficiency of the sampling process.

Bayesian inference for @ and g is conducted under non-informative and informative prior
specifications. As in Kundu [28], the hyperparameters of informative prior distributions are selected
such that the corresponding prior means match the true parameter values. This specification is
suitable for evaluating the estimators under correctly specified prior information. However, it
should be noted that it naturally favors Bayesian estimation over classical methods. Specifically, for
the first informative prior (Prior 1), the hyperparameters are set as (aq,b;) = (3,2) for a = 1.5
and (a,, by) = (2,2) for B = 1. For the second informative prior (Prior 2), the hyperparameters are
specified as (a;,b;) =(64) for a=15 and (a,b,)=(44) for f=1. For the
non-informative prior (Prior 0), all hyperparameters (a,, by, a,, b,) are set to zero, yielding an improper
prior distribution that is commonly used in Bayesian inference. As the estimates obtained under Prior 0
are nearly identical to the corresponding MLEs, only the results corresponding to Prior 1 and Prior 2 are
presented here for brevity. The complete results for Prior 0 can be provided upon request.

The performance of the point estimators derived in this study is evaluated numerically in terms
of their average estimates (AEs), mean squared errors (MSEs), and deficiencies (DEFs). The
deficiency, denoted by DEF(8,,8,), provides a measure of the joint efficiency for a pair of
estimators, such as (8;,0,), and is defined as the sum of their MSEs, namely, MSE(8;) + MSE(8,);
for further details, see Usta [34] and Kantar and Senoglu [35]. In addition, the performance of the
interval estimators is assessed based on their average lengths (ALs) and coverage probabilities (CPs).

For each case in the simulation study, the AEs, MSEs, DEFs, ALs, and CPs are computed
over 1000 replications based on the point and interval estimates of all parameters obtained using the
estimators derived in Sections 3 and 4. The computational implementation is carried out in the R
statistical computing environment (version 4.2.2). Specifically, the maxLik package by Henningsen
and Toomet [36] was used to obtain the ML and MPS estimates using the L-BFGS optimization
algorithm implemented in the maxLik package. The coda package by Plummer et al. [37] is
employed to compute the Bayesian estimates and the corresponding HPD credible intervals. All
optimization procedures converged successfully, and no convergence problems were encountered
during either simulation study.

The point estimation results for the parameters a« and S are presented in Tables 3 and 4,
while the interval estimation results are reported in Tables 5 and 6. In Tables 3 and 4, BEp,;or,
and BEp,,, denote the Bayesian estimates obtained under the corresponding informative prior
distributions, respectively. In Tables 5 and 6, HPDpyir, and HPDp.,,, represent the
corresponding HPD credible intervals, whereas ACI,; and ACI,ps denote the asymptotic
confidence intervals based on the ML and MPS estimation methods, respectively. In all tables, the
estimators with the smallest MSE and DEF values and the intervals with the smallest AL are
highlighted in bold.
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Table 3. AEs, MSEs, and DEFs for the estimates of « and g at (Ty,T,) = (0.4,0.7).

p nm MLE MPS BEp;ior, BEprior,
a B a B a B a B

0.3 40,16 AE 1.6089 1.1566 1.7350 1.1610 1.5545 1.0668 1.5389 1.0370
MSE  0.2006 0.2870 0.2862 0.3445 0.0993 0.1025 0.0669 0.0587

DEF 0.4875 0.6306 0.2018 0.1256
40,24 AE 1.5991 1.1104 1.7150 1.1137 1.5563 1.0580 1.5407 1.0351
MSE  0.1773 0.1762 0.2528 0.2011 0.0963 0.0846 0.0659 0.0532

DEF 0.3535 0.4540 0.1808 0.1191
40,32 AE 1.5852 1.0829 1.6890 1.0853 1.5506 1.0493 1.5367 1.0315
MSE  0.1586 0.1293 0.2157 0.1442 0.0923 0.0731 0.0648 0.0495

DEF 0.2879 0.3599 0.1654 0.1143
60,24 AE 1.5620 1.0913 1.6635 1.1007 1.5355 1.0498 1.5256 1.0304
MSE  0.1243 0.1478 0.1719 0.1746 0.0780 0.0759 0.0572 0.0486

DEF 0.2721 0.3464 0.1540 0.1058
60,36 AE 1.5712 1.0849 1.6599 1.0922 1.5474 1.0570 1.5371 1.0407
MSE  0.1126 0.1086 0.1510 0.1209 0.0745 0.0660 0.0559 0.0456

DEF 0.2212 0.2719 0.1405 0.1014
60,48 AE 1.5485 1.0470 1.6289 1.0535 1.5332 1.0341 1.5256 1.0240
MSE  0.0875 0.0715 0.1141 0.0777 0.0624 0.0497 0.0484 0.0372

DEF 0.1590 0.1918 0.1121 0.0856
80,32 AE 1.5427 1.0825 1.6222 1.0894 1.5260 1.0530 1.5187 1.0366
MSE  0.0967 0.1263 0.1215 0.1399 0.0663 0.0748 0.0510 0.0472

DEF 0.2230 0.2613 0.1411 0.0982
80,48 AE 1.5604 1.0610 1.6326 1.0675 1.5460 1.0449 1.5386 1.0335
MSE  0.0851 0.0809 0.1072 0.0866 0.0602 0.0558 0.0464 0.0416

DEF 0.1660 0.1939 0.1160 0.0879
80,64 AE 1.5424 1.0452 1.6077 1.0530 1.5321 1.0367 1.5262 1.0287
MSE  0.0712 0.0596 0.0885 0.0651 0.0553 0.0458 0.0446 0.0363

DEF 0.1308 0.1536 0.1010 0.0809
05 40,16 AE 1.6043 1.1620 1.7513 1.1684 1.5518 1.0634 1.5370 1.0337
MSE  0.2111 0.3200 0.3237 0.3943 0.1006 0.1074 0.0678 0.0598

DEF 0.5311 0.7180 0.2081 0.1276
40,24 AE 1.5928 1.1100 1.7185 1.1136 1.5518 1.0554 1.5367 1.0328
MSE  0.1876 0.1924 0.2713 0.2228 0.0993 0.0890 0.0669 0.0552

DEF 0.3800 0.4940 0.1883 0.1221
40,32 AE 1.5928 1.0821 1.7021 1.0853 1.5566 1.0471 1.5417 1.0292
MSE  0.1705 0.1349 0.2383 0.1520 0.0973 0.0744 0.0657 0.0499

DEF 0.3054 0.3903 0.1717 0.1155
60,24 AE 1.5760 1.1075 1.6949 1.1193 1.5484 1.0585 15371 1.0366
MSE  0.1334 0.1783 0.2021 0.2124 0.0815 0.0891 0.0592 0.0564

DEF 0.3118 0.4145 0.1705 0.1156
Continued on next page
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p nm MLE MPS BEpyior, BEpyior,

60,36 AE 1.5671 1.0741 1.6586 1.0800 1.5469 1.0479 1.5365 1.0323
MSE  0.1160 0.1205 0.1552 0.1364 0.0765 0.0737 0.0570 0.0512

DEF 0.2365 0.2916 0.1502 0.1082
60,48 AE 1.5545 1.0421 1.6357 1.0475 1.5387 1.0281 1.5298 1.0174
MSE  0.1088  0.0863 0.1396 0.0952 0.0747 0.0578 0.0568 0.0428

DEF 0.1951 0.2348 0.1325 0.0996
80,32 AE 1.5572 1.0828 1.6546 1.0943 1.5418 1.0531 1.5329 1.0358
MSE  0.0972  0.1325 0.1334  0.1504 0.0661 0.0779 0.0500 0.0525

DEF 0.2297 0.2838 0.1440 0.1025
80,48 AE 1.5363 1.0388 1.6144 1.0461 1.5272 1.0275 1.5212 1.0184
MSE 0.0828  0.0744  0.1053 0.0814 0.0615 0.0523 0.0486 0.0391

DEF 0.1572 0.1867 0.1138 0.0877
80,64 AE 1.5525 1.0423 1.6194 1.0493 1.5421 1.0340 1.5359 1.0262
MSE  0.0677  0.0597 0.0865 0.0645 0.0523 0.0461 0.0426 0.0369

DEF 0.1274 0.1510 0.0985 0.0795
0.7 40,16 AE 1.6029 1.1548 1.7656 1.1610 1.5535 1.0571 1.5392 1.0293
MSE  0.2237  0.3317 0.3533 0.4208 0.1034 0.1093 0.0678 0.0602

DEF 0.5554 0.7741 0.2126 0.1281
40,24  AE 1.5791 1.0969 1.7151 1.1031 1.5432 1.0476 1.5297 1.0272
MSE  0.1851  0.1802 0.2815 0.2225 0.0969 0.0851 0.0663 0.0533

DEF 0.3652 0.5040 0.1821 0.1196
40,32 AE 1.5765 1.0812 1.6973 1.083 1.5548 1.0475 1.5401 1.0296
MSE 0.1656  0.1374  0.2222 0.154 0.0951 0.0761 0.065 0.0514

DEF 0.3030 0.3763 0.1712 0.1164
60,24 AE 1.5552 1.0891 1.6786 1.0964 1.5351 1.0450 1.5259 1.0259
MSE  0.1404 0.1734  0.2074  0.2040 0.0833 0.0856 0.0593 0.0536

DEF 0.3138 0.4115 0.1689 0.1129
60,36 AE 1.5523 1.0571 1.6507 1.0621 1.5367 1.0354 1.5276 1.0220
MSE  0.1129 0.1143 0.1486 0.1268 0.0761 0.0699 0.0569 0.0491

DEF 0.2272 0.2754 0.1460 0.1060
60,48 AE 1.5584 1.0539 1.6391 1.0588 1.5415 1.0390 1.5321 1.0275
MSE  0.1055  0.0809 0.1386 0.0882 0.0730 0.0552 0.0557 0.0409

DEF 0.1864 0.2269 0.1282 0.0966
80,32 AE 1.5407 1.0493 1.6473 1.0589 1.5325 1.0295 1.5250 1.0169
MSE  0.0954  0.1024 0.1354  0.1168 0.0657 0.0631 0.0499 0.0436

DEF 0.1978 0.2522 0.1288 0.0935
80,48 AE 1.5393 1.0449 1.6220 1.0530 1.5308 1.0333 1.5234 1.0232
MSE  0.0850  0.0768 0.1099 0.0841 0.0631 0.0542 0.0496 0.0407

DEF 0.1617 0.1940 0.1173 0.0903
80,64 AE 1.5283 1.0319 1.5937 1.0374 1.5209 1.0260 1.5162 1.0195
MSE  0.0671  0.0557 0.0821 0.0591 0.0522 0.0428 0.0424 0.0342

DEF 0.1228 0.1411 0.0950 0.0766
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Table 4. AEs, MSEs, and DEFs for the estimates of a« and g at (Ty,T,) = (0.7,1).

p nm MLE MPSE BEp;ior, BEprior,
a B a B a B a B

0.3 40,16 AE 1.5880 1.1076 1.6973 1.1133 1.5558 1.0555 1.5429 1.0374
MSE  0.1483 0.1722 0.2076 0.2171 0.0961 0.0889 0.0664 0.0583

DEF 0.3204 0.4248 0.1850 0.1247
40,24  AE 1.5782 1.0494 1.6696 1.0424 1.5583 1.0277 1.5478 1.0199
MSE  0.1265 0.0899 0.1671 0.0991 0.0914 0.0623 0.0645 0.0469

DEF 0.2164 0.2662 0.1537 0.1114
40,32 AE 1.5590 1.0379 1.6368 1.0297 1.5448 1.0254 1.5368 1.0204
MSE  0.0969 0.0638 0.1221 0.0684 0.0742 0.0491 0.0598 0.0398

DEF 0.1607 0.1904 0.1234 0.0996
60,24 AE 1.5523 1.0598 1.6354 1.0603 1.5387 1.0354 1.5321 1.0267
MSE  0.0880 0.0904 0.1169 0.1007 0.0671 0.0623 0.0539 0.0470

DEF 0.1784 0.2177 0.1294 0.1008
60,36 AE 1.5417 1.0424 1.6073 1.0381 1.5335 1.0300 1.5285 1.0253
MSE  0.0708 0.0516 0.0892 0.0552 0.0577 0.0407 0.0485 0.0334

DEF 0.1223 0.1444 0.0984 0.0819
60,48 AE 1.5469 1.0166 1.6076 1.0121 1.5393 1.0103 1.5356 1.0084
MSE  0.0607 0.0384 0.0774  0.0394 0.0509 0.0327 0.044 0.0285

DEF 0.0991 0.1168 0.0836 0.0725
80,32 AE 1.5265 1.0291 1.5967 1.0299 1.5211 1.0159 1.5180 1.0115
MSE  0.0630 0.0611 0.0777 0.0668 0.0517 0.0466 0.0438 0.0373

DEF 0.1241 0.1444 0.0984 0.0811
80,48 AE 1.5345 1.0229 1.5900 1.0203 1.5302 1.0156 1.5267 1.0131
MSE  0.0551 0.0385 0.0658 0.0405 0.0472 0.0324 0.0410 0.0279

DEF 0.0936 0.1063 0.0796 0.0690
80,64 AE 1.5342 1.0267 1.5816 1.0242 1.5298 1.0219 15271 1.0199
MSE  0.0486 0.0283 0.0570 0.0295 0.0427 0.0249 0.0380 0.0223

DEF 0.0768 0.0865 0.0676 0.0603
05 40,16 AE 1.5723 1.0834 1.6952 1.0817 1.5490 1.0379 1.5380 1.0235
MSE  0.1423 0.1672 0.2065 0.2030 0.0936 0.0908 0.0686 0.0604

DEF 0.3095 0.4095 0.1844 0.1290
40,24 AE 1.5634 1.0458 1.6616 1.0371 1.5477 1.0257 1.5383 1.0186
MSE  0.1125 0.0866 0.1539 0.0959 0.0818 0.0605 0.0630 0.0459

DEF 0.1992 0.2497 0.1423 0.1090
40,32 AE 1.5597 1.0357 1.6446 1.0270 1.5460 1.0237 1.5374 1.0191
MSE  0.0956 0.0587 0.1210 0.0629 0.0737 0.0455 0.0593 0.0369

DEF 0.1543 0.1839 0.1192 0.0962
60,24 AE 1.5435 1.0752 1.6341 1.0735 1.5339 1.0495 1.5264 1.0394
MSE  0.0874 0.0989 0.1158 0.1115 0.0674 0.0659 0.0542 0.0487

DEF 0.1864 0.2273 0.1334 0.1029
Continued on next page
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P nm MLE MPSE BEPrior1 BEPriorz

60,36 AE 15481  1.0355 1.6215  1.0304 1.5408 1.0242 1.5352 1.0200
MSE 0.0757 0.0524  0.0976  0.0560  0.0613 0.0414  0.0510 0.0342

DEF 0.1281 0.1536 0.1027 0.0851
60,48 AE 15481  1.0159 1.6115 1.0113 1.5414 1.0099 1.5365 1.0078
MSE  0.0656  0.0395  0.0814  0.0417  0.0549 0.0335  0.0468 0.0291

DEF 0.1051 0.1231 0.0885 0.0759
80,32 AE 15155  1.0185 1.5923 1.0161 1.5139 1.0072 1.5114 1.0046
MSE  0.0594  0.0562 0.0779  0.0616  0.0491 0.0439  0.0413 0.0356

DEF 0.1156 0.1395 0.0930 0.0770
80,48 AE 15324  1.0189 15920  1.0154 1.5291 1.0125 1.5255 1.0103
MSE  0.0547  0.0361 0.0663  0.0379  0.0471 0.0306  0.0409 0.0265

DEF 0.0909 0.1043 0.0778 0.0675
80,64 AE 15222  1.0168 15708  1.0136 1.5189 1.0127 1.5168 1.0113
MSE 0.0432 0.0285 0.0505 0.0296  0.0380 0.0252  0.0339 0.0226

DEF 0.0717 0.0801 0.0632 0.0565
0.7 40,16 AE 15698  1.0614 1.7017 1.0517 1.5520 1.0239 1.5405 1.0130
MSE 0.1386  0.1438 0.2130 0.1689  0.0914 0.0821  0.0662 0.0557

DEF 0.2824 0.3819 0.1735 0.1219
40,24 AE 1.5597  1.0382 1.6626  1.0279 1.5460 1.0197 1.5363 1.0135
MSE  0.1137 0.0876  0.1557  0.0974  0.0818 0.0621  0.0636 0.0474

DEF 0.2013 0.2531 0.1439 0.1110
40,32 AE 15617  1.0385 1.6416  1.0289 1.5482 1.0261 1.5397 1.0210
MSE 0.0987 0.0654 0.1273 0.0702  0.0751 0.0504  0.0598 0.0407

DEF 0.1641 0.1975 0.1255 0.1005
60,24 AE 1.5509  1.0460 1.6588  1.0414 1.5440 1.0253 1.5358 1.0181
MSE 0.0963  0.0908 0.1422 0.1009  0.0734 0.0632  0.0579 0.0477

DEF 0.1871 0.2431 0.1367 0.1056
60,36 AE 15533  1.0351 1.6329 1.0301 1.5469 1.0244  1.5402 1.0201
MSE  0.0748  0.0533 0.1003  0.0573  0.0606 0.0425  0.0501 0.0351

DEF 0.1281 0.1576 0.1032 0.0852
60,48 AE 1.5509  1.0306 1.6114 1.0254 1.5438 1.0236 1.5385 1.0206
MSE 0.0643 0.0425 0.0792 0.0445  0.0537 0.0359  0.0458 0.0312

DEF 0.1067 0.1236 0.0896 0.0770
80,32 AE 15353  1.0378 1.6171 1.0340 1.5334 1.0244  1.5282 1.0195
MSE 0.0712  0.0643 0.0921  0.0695  0.0583 0.0496  0.0486 0.0400

DEF 0.1355 0.1616 0.1079 0.0886
80,48 AE 15318  1.0370 1.5947 1.0339 1.5285 1.0296 1.5245 1.0265
MSE 0.0556 0.0370  0.0705 0.0392  0.0476 0.0312  0.0412 0.0270

DEF 0.0927 0.1097 0.0788 0.0681
80,64 AE 15164  1.0194 1.5664  1.0164 1.5136 1.0155 1.5116 1.0140
MSE  0.0413  0.0269 0.0490 0.0281  0.0365 0.0239  0.0327 0.0215

DEF 0.0682 0.0771 0.0604 0.0542
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Table 5. ALs and CPs for the estimates of « and £ at (Ty,T,) = (0.4,0.7).

P n,m ACI,, ACI yps HPDp, o, HPDp,or,

a B a B a B a B
03 40,16 AL 16334 1.8710 1.8838 2.0195 1.3614 1.3772 1.2286 1.1945
CP  0.9525 0.9426 0.9694 0.9353 0.9727 0.9726 0.9813 0.9843
40,24 AL 15388 1.5571 1.7442 1.6614 1.3117 1.2390 1.1940 1.0990
CP  0.9570 0.9485 0.9696 0.9443 0.9703 0.9709 0.9810 0.9801
40,32 AL 14547 1.3470 1.6224 1.4237 1.2617 1.1241 1.1577 1.0146
CP  0.9533 0.9479 0.9678 0.9437 0.9680 0.9662 0.9775 0.9771
60,24 AL 13374 1.4961 1.4931 1.5911 1.1718 1.2170 1.0805 1.0863
CP  0.9570 0.9560 0.9590 0.9520 0.9690 0.9790 0.9750 0.9910
60,36 AL  1.2508 1.2495 1.3718 1.3129 1.1175 1.0720 1.0400 0.9771
CP  0.9425 0.9525 0.9590 0.9495 0.9570 0.9665 0.9660 0.9755
60,48 AL 1.1664 1.0623 1.2637 1.109 1.0579 0.9456 0.995 0.8768
CP  0.9590 0.9610 0.9650 0.9630 0.9720 0.9730 0.9780 0.9780
80,32 AL 1.1706 1.3094 1.2789 1.3741 1.0553 1.1143 0.9851 1.0113
CP  0.9620 0.9590 0.9660 0.9560 0.9730 0.9760 0.9790 0.9830
80,48 AL 1.0872 1.0724 1.1702 1.1152 0.9962 0.9558 0.9401 0.8870
CP  0.9430 0.9520 0.9560 0.9510 0.9540 0.9620 0.9640 0.9660
80,64 AL 1.0074 0.9176 1.0730 0.9508 0.9337 0.8416 0.8880 0.7925
CP  0.9540 0.9440 0.9530 0.9440 0.9530 0.9630 0.9660 0.9660
05 40,16 AL  1.6947 1.9884 2.0150 21714 1.3993 1.4293 1.2562 1.2319
CP  0.9535 0.9402 0.9713 0.9304 0.9741 0.9695 0.9843 0.9824
40,24 AL 1.5664 1.5916 1.8011 1.7067 1.3295 1.2572 1.2084 1.1129
CP  0.9517 0.9463 0.9671 0.9413 0.9704 0.9707 0.9788 0.9802
40,32 AL 14774 1.3595 1.6576 1.4419 1.2768 1.1299 1.1706 1.0186
CP 0.9519 0.9488 0.9657 0.9463 0.9667 0.9710 0.9782 0.9796
60,24 AL  1.3969 1.5670 1.5945 1.6812 1.2164 1.2580 1.1150 1.1171
CP  0.9480 0.9460 0.9660 0.9400 0.9660 0.9680 0.9780 0.9820
60,36 AL 12743 1.2582 1.4056 1.3229 1.1365 1.0780 1.0563 0.9827
CP 0.9410 0.9420 0.9600 0.9410 0.9590 0.9630 0.9740 0.9770
60,48 AL 1.1870 1.0648 1.2893 1.1117 1.0750 0.9467 1.0069 0.8774
CP  0.9440 0.9360 0.9600 0.9420 0.9580 0.9560 0.9640 0.9710
80,32 AL 12115 1.3332 1.3480 1.4099 1.0878 1.1306 1.0138 1.0249
CP  0.9540 0.9450 0.9650 0.9430 0.9670 0.9630 0.9750 0.9720
80,48 AL 1.0932 1.0591 1.1870 1.1051 1.0019 0.9486 0.9448 0.8814
CP  0.9620 0.9510 0.9630 0.9520 0.9700 0.9610 0.9720 0.9690
80,64 AL 1.0262 0.9173 1.0955 0.9506 0.9491 0.8412 0.9027 0.7922
CP  0.9590 0.9420 0.9660 0.9450 0.9700 0.9560 0.9790 0.9610
Continued on next page
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p nm ACI,, ACI yps HPDp,jor, HPDp,or,
a B a B a 4] a 4]
0.7 40,16 AL 1.7376 2.0127 21189  2.2128  1.4277 1.4408 1.2786 1.2412
CP 09580 09400 0.9770 0.9350 0.9750 0.9740 0.9880 0.9870
40,24 AL 15773 15791 1.8393 1.7078  1.3397 1.2531 1.2163 1.1116
CP 09530 09430 0.9660 0.9370  0.9650 0.9670 0.9780 0.9860
40,32 AL 14825 13566 1.6671 14375 12813 1.1299 1.1736 1.0193
CP 09630 09450 0.9780 0.9390 0.9780 0.9630 0.9850 0.9690
60,24 AL 14085 15531 1.6303 1.6657  1.2292 1.2510 1.1269 1.1125
CP 0.9400 0.9500 0.9650 0.9490 0.9600 0.9690 0.9700 0.9800
60,36 AL 1.2941 1.2637 14423 13347  1.1509 1.0816 1.0692 0.9850

CP 09550 09465 0.9630 0.9465  0.9660 0.9665 0.9740 0.9765
60,48 AL 11898 1.0734 12923 11205 1.0760 0.9542 1.0084 0.8842
CP 09570 0.9550 0.9660  0.9550  0.9690 0.9690 0.9770 0.9740
80,32 AL 12351 1.2964 13953 13746  1.1097 1.1116 1.0328 1.0107
CP 09580 09480 0.9720 0.9460 0.9740 0.9630 0.9820 0.9710
80,48 AL 11115 10564 12128 1.1043 1.0168 0.9467 0.9579 0.8795
CP 09460 09520 0.9640 0.9490  0.9600 0.9660 0.9650 0.9700
80,64 AL 10159 0.9050 1.0849 0.9364  0.9404 0.8323 0.8964 0.7858
CP 09580 0.9510 0.9690 0.9500  0.9690 0.9600 0.9760 0.9630

Table 6. ALs and CPs for the estimates of « and g at (T, T,) = (0.7,1).

p nm ACIy, AClypg HPDpyior, HPDp,or,
a B a B a B a p

03 40,16 AL  1.3595 1.3967 1.5189 1.4724 1.2197 1.1604 1.1321 1.0545
CP  0.9380 0.9360 0.9440 0.9290 0.9570 0.9520 0.9700 0.9620

40,24 AL  1.2518 1.0847 1.3721 1.1137 1.1466 0.9691 1.0768 0.9067
CP  0.9430 0.9470 0.9480 0.9360 0.9550 0.9580 0.9640 0.9630

40,32 AL 11576 0.9283 1.2501 0.9448 1.0723 0.8547 1.0166 0.8126
CP  0.9470 0.9350 0.9570 0.9320 0.9560 0.9400 0.9630 0.9500

60,24 AL 1.1085 1.0881 1.2056 1.1224 1.0287 0.9701 0.9761 0.9069
CP  0.9440 0.9350 0.9520 0.9280 0.9530 0.9510 0.9610 0.9610

60,36 AL  1.0133 0.8695 1.0833 0.8850 0.9530 0.8065 0.9124 0.7709
CP  0.9590 0.9440 0.9610 0.9370 0.9610 0.9530 0.9640 0.9560

60,48 AL  0.9452 0.7423 1.0006 0.7517 0.8944 0.7026 0.8624 0.6796
CP  0.9420 0.9470 0.9500 0.9430 0.9460 0.9490 0.9620 0.9520

80,32 AL  0.9640 0.9362 1.0346 0.9592 0.9099 0.8593 0.8733 0.8150
CP  0.9460 0.9480 0.9580 0.9500 0.9590 0.9580 0.9610 0.9620

80,48 AL 0.8716 0.7529 0.9222 0.7641 0.8304 0.7116 0.8032 0.6869
CP  0.9490 0.9520 0.9520 0.9480 0.9520 0.9580 0.9630 0.9600

80,64 AL  0.8094 0.6492 0.8457 0.6558 0.7754 0.6223 0.7541 0.6054
CP  0.9390 0.9520 0.9450 0.9480 0.9400 0.9530 0.9480 0.9550

Continued on next page
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p nm ACIML ACIMPS HPDPrior1 HPDPriorz
a B a B a B a B

05 40,16 AL 13884 13862 15840 14522 12463 11618 11557  1.0571
CP 00438 09311 09579 09212 09620 009456 09725  0.9603

4024 AL 12592  1.0856 13931 11129 11520 09717  1.0826  0.9100
CP 009509 09443 09631 009397 09605 009532 09704  0.9649

40,32 AL 11681 09263 12663 09422 10802 0.8537 10236  0.8117
CP 009469 09525 09556 009460 0.9558 09594  0.9670  0.9660

6024 AL 11267 11220  1.2404 11561  1.0454 09988  0.9902  0.9313
CP 009410 09500 09520 009420 0.9490 009600 0.9620  0.9650

60,36 AL 10265 0.8772 11045 0.8924 09649  0.8139 09230  0.7777
CP 009520 09530 09480 009470 09540 009600 0.9640  0.9640

6048 AL 009540 07431 10127 07525 009018 07034  0.8690  0.6801
CP 00510 09360 09560 009270 0.9540 009410 0.9680  0.9510

80,32 AL 009840 09243 10672 09444 09284 08513  0.8906  0.8099
CP 009550 09340 09630 09270 09570 009380  0.9640  0.9490

8048 AL 08922 07481 009464 07580 0.8482 07079  0.8202  0.6837
CP 009485 09575 09600 009550 0.9585 09640 0.9650  0.9680

80,64 AL 08133 06439 08514 0.6502 07782 06175 07572  0.6014
CP 00530 0.9490 09610 009430 09590 00530 09620  0.9580

07 4016 AL 14074 13809 16323 14378 12628 11647 11693  1.0613
CP 009390 09470 09555 009430 09585 009605 0.9685  0.9735

4024 AL 12830 1.0858 14279 11112 11715 09738 10978  0.9120
CP 009550 0.9400 09650 009390 09630 009560  0.9740  0.9660

40,32 AL 11727 09281 12710 09434 10837 08552  1.0274  0.8129
CP 009500 0.9500 09550 009450 0.9580 009540 0.9670  0.9610

6024 AL 11678 1.0891  1.3068 11177  1.0808 009748  1.0204  0.9125
CP 009570 09520 09650 009510 0.9620 009570  0.9680  0.9690

60,36 AL 10454 08737 11313 08890 09809 08123 09372  0.7762
CP 009550 0.9450 09660 009370 09660 009540 09710  0.9610

6048 AL 009560 07517 1.0131 07608  0.9039 07113  0.8707  0.6865
CP 009530 09350 09600 009320 09600 009420 09640  0.9520

80,32 AL 10146 09351 11083 09544 09540 0.8606 09133  0.8171
CP 009560 0.9380 09610 009240 0.9560 009480  0.9730  0.9550

8048 AL 08983 07572 009558 07676  0.8524  0.7162  0.8246  0.6914
CP 009520 09640 09560 009600 0.9570 009660  0.9640  0.9700

80,64 AL 08145 06446 08536 0.6510 07790 0.6183 07582  0.6021
CP 009540 09530 09660 009470 09550 009570  0.9650  0.9650

The results summarized in Tables 3-6 lead to the following conclusions:

e Based on the point estimation results, the DEF and MSE values of all estimators exhibit a
decreasing trend as m/n increases for fixed values of n, p, T;, and T,. Furthermore, for fixed
m/n, p, Ty, and T,, a similar pattern is observed as n increases. Conversely, as T; and T,
increase, the DEF and MSE values of the estimators for the parameters « and S decrease.
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6.

As prior information is taken into account, the Bayesian estimators demonstrate superior
performance compared to the MLEs and MPSEs in terms of both DEF and MSE across all cases.
In addition, the MLEs outperform the MPSEs with respect to MSE and DEF. Among the
Bayesian estimators, BEp,;,, > exhibits the best performance, as it achieves the lowest DEF and
MSE values in all examined cases. This finding is consistent with expectations, as although Prior 1
and Prior 2 have the same prior means, Prior 2 contains more prior information due to its smaller
prior variance. It should be noted that the informative priors considered in the simulation study
were correctly specified, with prior means equal to the true parameter values. Therefore, the
superior performance of the Bayesian estimators should be interpreted within the context of
correctly specified prior information.

In terms of AE, all estimators tend to slightly overestimate the true parameter values in all cases.
However, as n or m/n increases, their estimates converge toward the true parameter values.
Regarding interval estimation, as n/m increases, the AL values decrease for all considered
interval estimators, while the CP values remain close to the nominal confidence level when n, p,
T,, and T, are fixed. Similar trends are also observed when other quantities are held constant
and either n or T increases. Moreover, the HPD credible intervals for « and S outperform
the ACIsy,, and ACIsyps in terms of AL. On the other hand, the HPDp,;,,, provides the best
interval performance by achieving the smallest AIL values across all cases.

When evaluating the point estimation results with respect to the parameter p under fixed
settings, it is observed that for (T,T,) = (0.4,0.7), when n = 40 and n = 60, the parameters
a and B are estimated with the lowest MSE and DEF values at p = 0.3. In contrast, when n = 80,
the most efficient estimates are predominantly obtained at p = 0.7. Futhermore, for
(Ty,T,) = (0.7,1), when n =40 and n = 80, the estimates of « and B generally perform
better at p = 0.5, although p = 0.7 also yields satisfactory results in some cases. For n = 60,
the best estimates are again observed at p = 0.3.

Considering the interval estimation results in terms of p, the interval estimates for a perform
best at p = 0.3, with the smallest AL values across all cases. For S, the shortest interval estimates
are obtained at p = 0.3 when n =40 and n = 60, whereas for n = 80, the best results are
achieved at p = 0.7 for (T, T,) = (0.4,0.7),andat p = 0.5 for (Ty,T,) = (0.7,1).

In summary, when data are collected under the IAT-Il PC scheme with binomial random
removals, it is recommended to employ the Bayesian estimation approach implemented via the
M-H algorithm including Gibbs steps for both point and interval estimation of the Weibull
parameters. It should also be noted that the estimation performance is influenced by both the time
thresholds (T, T,) and the parameter p, and that more efficient results are generally obtained for
moderate values of p when the length of threshold points is relatively large.

Real-life data analysis

To demonstrate the implementation of the proposed IAT-11 PC scheme with binomial removals

and to illustrate the applicability of the proposed inference procedures, a complete real dataset is
used to generate IAT-11 PC samples with binomial removals, which are then analyzed in this section.
The complete dataset consists of breaking stress measurements (in GPa) of carbon fibers of a certain
type used in fibrous composite materials, as reported in Table 7. This dataset was originally
introduced by Padgett and Spurrier [38] and was later reanalyzed by Okasha et al. [39].

AIMS Mathematics Volume 11, Issue 8, 27231-27263.



27256

Table 7. Breaking stresses (in GPa) of carbon fibers used in fibrous composite materials.

3.70, 2.74, 2.73, 2.50, 3.60, 3.11, 3.27, 2.87, 1.47, 3.11, 4.42, 2.41, 3.19, 3.22, 1.69, 3.28, 3.09, 1.87, 3.15,
4.90, 3.75, 2.43, 2.95, 2.97, 3.39, 2.98, 2.53, 2.67, 2.93, 3.22, 3.39, 2.81, 4.20, 3.33, 2.55, 3.31, 3.31, 2.85,
2.56, 3.56, 3.15, 2.35, 2.55, 2.59, 2.38, 2.81, 2.77, 2.17, 2.83, 1.92, 1.41, 3.68, 2.97, 1.36, 0.98, 2.76, 4.91,
3.68, 1.84, 1.59, 3.19, 1.57, 0.81, 5.56, 1.73, 1.59, 2.00, 1.22, 1.12, 1.7, 2.17, 1.17, 5.08, 2.48, 1.18, 3.51,
2.17, 1.69, 1.25, 4.38, 1.84, 0.39, 3.68, 2.48, 0.85, 1.61, 2.79, 4.70, 2.03, 1.80, 1.57, 1.08, 2.03, 1.61, 2.12,
1.89, 2.88, 2.82, 2.05, 3.65

Before conducting the inference under the proposed censoring scheme, the suitability of the
Weibull distribution for the complete dataset is assessed by comparing it with several commonly
used lifetime distributions, namely the gamma, lognormal, and exponential distributions. Table 8
presents the goodness-of-fit results, including the log-likelihood, AIC, BIC, and the
Kolmogorov—Smirnov  (K-S), Anderson-Darling (A-D), and Cramé&-von Mises (CvM)
goodness-of-fit statistics with their corresponding p-values. The goodness-of-fit tests are used to
assess the adequacy of each candidate distribution, whereas the log-likelihood, AIC, and BIC values
facilitate comparison among the distributions that adequately fit the data.

Table 8. Goodness-of-fit comparison of candidate lifetime distributions for the complete
carbon fiber breaking stress dataset.

Distribution Log-likelihood AIC BIC K-S statistic ~ A-D statistic CvM statistic
(p-value) (p-value) (p-value)
Weibull -141.5435 287.0869 292.2973 0.0605 0.4178 (0.8306) 0.0633
(0.8569) (0.7945)
Gamma -143.2520 290.5041 295.7144 0.0934 0.7608 (0.5098) 0.1506
(0.3469) (0.3883)
Lognormal  -148.4382 300.8764 306.0867 0.1177 1.4663 (0.1847) 0.2755
(0.1251) (0.1587)
Exponential -196.3747 394.7493 399.3545 0.3206 17.2974 3.4328
(0.0001) (0.0001) (0.0001)

As shown in Table 8, the Weibull, gamma, and lognormal distributions adequately fit the data, as
all three distributions yielded nonsignificant K-S, A-D, and CvM test results (p > 0.05). In contrast,
the exponential distribution was rejected by all goodness-of-fit tests (p < 0.001), which suggests that
it does not adequately fit the observed data. Among the distributions that satisfied the goodness-of-fit
criteria, the Weibull distribution achieved the highest log-likelihood value (—141.5435) and the lowest
AIC (287.0869) and BIC (292.2973) values, which indicates that it provides the best overall fit
among the candidate distributions. Therefore, the Weibull distribution is selected as the underlying
lifetime model for the subsequent analyses under the 11AT-11 PC scheme with binomial removals.

Following the selection of the Weibull distribution, the ML estimation is performed using the
complete dataset. The resulting parameter estimates provide reference values for subsequent
comparisons with the IAT-11 PC scheme with binomial removals. The ML estimates of the Weibull
shape and scale parameters are obtained as & = 2.7925(0.2141) and £ = 0.0490 (0.0139),
respectively, where the values in parentheses denote the corresponding standard errors. These
estimates are reported for comparison with the results obtained under the IAT-1I PC scheme with
binomial removals.
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Based on the complete dataset in Table 7, three IAT-1I PC samples with binomial random
removals are generated for m = 30 under different combinations of the binomial removal
probability p and the time thresholds (T,’T,). The resulting IAT-11 PC samples, together with their
corresponding censoring schemes, are presented in Table 9. For notational convenience, the
censoring scheme R = (25,12,0,0,0,1,1) isdenoted by R = (25,12,0%3,1*2).

Point estimates (Est.) of the unknown parameters « and g of the Weibull distribution,
together with their corresponding standard errors (St. Er.), are obtained using ML, MPS, and
Bayesian estimation methods based on the IAT-IlI PC samples with binomial removals presented in
Table 9. In addition, the 95% ACIs and HPD credible intervals are constructed for both parameters,
and the associated interval lengths (Len.) are computed. Since prior information on the Weibull
distribution parameters a« and g is unavailable for the carbon fiber breaking stress dataset,
non-informative priors (Prior 0) are employed for the parameters. Bayesian point estimates and HPD
credible intervals are obtained from the generated MCMC samples using Algorithm 1, with a total of
M = 80,000 iterations, where the first B = 10,000 iterations are discarded as burn-in. The point
and interval estimation results are summarized in Tables 10 and 11, respectively.

Table 9. Generated IAT-11 PC samples with binomial removals from the carbon fiber
breaking stress dataset.

p  Scheme IAT-11 PC sample T,(dy) Ty(dy) R T
0.3 (38,16,10,2*3,0*24) 0.39,0.85, 1.08, 1.36, 1.41, 1.61, 1.61, 1(2) 2 (10) 52 1.84
1.69,1.73,1.84
(14,12,8*2,11,2,6, 0.81,1.08,1.18,1.22,1.41,1.47,1.57, 2(10) 3(20) 12 2.87
2*2,3,1*2,0*18) 1.59,1.61,1.61,2.17,2.17,2.35, 2.41,
2.55,2.59,2.77,2.81, 2.83, 2.87
0.5 (30,17,9,2,5,3, 0.39,1.17,1.18,1.36, 1.47,1.57, 1.57,  1(1) 2(12) 58 2
2,1,0,1,0%20) 1.59, 1.69, 1.84,1.89, 2

(41,14,7,3,4,0%2,1,0*22) 0.39,1.41,1.69,1.73,1.92, 2,2.03,2.17, 2(6) 3(19) 12 3
2.35,2.38, 248, 2.5, 2.53, 2.55, 2.56,
2.76, 2.88, 2.93, 2.97

0.7 (44,20,4,1*2,0*25) 0.39,1.12,1.36, 1.47, 1.57, 1.57, 1.59, 1(1) 2 (11) 45 1.84
1.61,1.69, 1.69, 1.84
(55,12,0,2,1,0*25) 1.18,1.36,1.47,1.61,1.69,1.84,1.87,2, 2(8) 3(18) 12 3
2.17,2.41, 2.43, 2.48, 2.56, 2.59, 2.73,
2.93,2.97, 2.98
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Table 10. Point estimates of the Weibull parameters based on the 1HAT-11 PC samples
with binomial removals generated from the carbon fiber breaking stress data.

» T,T, Par MLE MPSE BEprior,
Est. St. Er. Est. St. Er. Est. St. Er.
19 a 2.4361 0.68249 2.6076 0.83556 2.4529 0.00268
0.3 ’ B 0.0315 0.01690 0.0229 0.01480 0.0335 0.00007
2 3 a 3.3680 0.51810 3.4212 0.56984 3.3648 0.00201
’ B 0.0218 0.01132 0.0184 0.01056 0.0239 0.00005
19 a 2.9023 0.78752 3.4342 1.07553 2.9307 0.00307
05 ’ B 0.0250 0.01504 0.0148 0.01178 0.0277 0.00006
2 3 a 4.0160 0.71184 4.6019 0.90579 4.0229 0.00274
’ B 0.0104 0.00763 0.0057 0.00538 0.0127 0.00004
19 a 2.8483 0.77678 3.1607 1.06607 2.8914 0.00304
0.7 ’ B 0.0303 0.01795 0.0185 0.01469 0.0329 0.00007
53 a 4.2371 0.68295 4.2825 0.72521 4.2605 0.00268
’ B 0.0084 0.00594 0.0078 0.00588 0.0099 0.00003

Table 11. Interval estimates of the Weibull parameters based on the 1IAT-I1 PC samples
with binomial removals generated from the carbon fiber breaking stress data.

p T, T, Par. ACIy, ACI yps HPDpyior,
Low. Upp. Len. Low. Upp. Len. Low. Upp. Len.
03 1,2 a 1.0984  3.7737  2.6753 0.9700  4.2453 3.2753 1.1962 3.8265 2.6302
B 0.0000 0.0646  0.0646 0.0000 0.0520 0.0520 0.0056 0.0676 0.0620
2,3 a 23526  4.3835  2.0309 23043 45381 22338 23673 4.3966 2.0293
B 0.0000 0.0440 0.0440 0.0000 0.0391 0.0391 0.0045 0.0476 0.0431
05 1,2 a 13588  4.4458  3.0870 1.3262 55422 4.2160 1.5106 4.5402 3.0296
B 0.0000 0.0545 0.0545 0.0000 0.0379 0.0379 0.0031 0.0586 0.0555
2,3 a 2.6204  5.4107  2.7903 28265  6.3772 35507 2.6891 5.4323 2.7432
B 0.0000 0.0254 0.0254 0.0000 0.0162 0.0162 0.0006 0.0307 0.0301
0.7 1,2 a 1.3258  4.3707  3.0449 1.0713  5.2502 4.1789 1.4501 4.4348 2.9848
B 0.0000 0.0654 0.0654 0.0000 0.0473 0.0473 0.0040 0.0687 0.0647
2,3 a 2.8989 55760 2.6771 28612 57039 2.8428 29491 5.6117 2.6626
B 0.0000 0.0200  0.0200  0.0000 0.0193 0.0193 0.0006 0.0234 0.0229

The results presented in Tables 10 and 11 indicate that the Bayesian estimates consistently
exhibit smaller standard errors than those obtained using the ML and MPS methods. In addition, the
HPD credible intervals are comparable to the corresponding asymptotic confidence intervals. Overall,
these findings demonstrate the superiority of the Bayesian approach in terms of point estimation,
while its interval estimation performance remains comparable to that of the ML and MPS methods
under the proposed IIAT-11 PC scheme with binomial removals.

To assess the convergence of the MCMC chains, Figure 4 presents the posterior density and
trace plots of a and B based on the IAT-11 PC samples reported in Table 8. In each trace plot, the
solid and dashed horizontal lines represent the posterior mean and the corresponding 95% HPD
credible limits, respectively. The density plots further indicate that the posterior samples of a are
approximately symmetric, whereas those of B are positively skewed. As a result, these plots show
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that the MCMC procedure converges for both parameters.
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Figure 4. MCMC trace and posterior density plots of « and £ based on the IIAT-11 PC
samples with binomial removals generated from the carbon fiber breaking stress data.
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7. Conclusions

This study presents a comprehensive inferential framework for estimating the parameters of the
Weibull distribution based on data obtained from an improved adaptive type-11 progressive censoring
scheme with binomial random removals. Maximum likelihood and maximum product spacing
methods are employed for classical inference, whereas Bayesian inference is carried out using
Markov Chain Monte Carlo techniques. Point estimates are obtained using all three methods, while
interval estimation is conducted through asymptotic confidence intervals for the maximum likelihood
and maximum product spacing estimation methods and highest posterior density credible intervals
for the Bayesian method. The proposed point and interval estimation procedures are evaluated
through Monte Carlo simulations, and their practical applicability is demonstrated using a real
carbon fiber breaking stress dataset.

The simulation results demonstrate that, as the sample size and the proportion of observed
failures increase, the estimation accuracy improves in terms of mean squared error, deficiency, and
average interval length. Furthermore, under the correctly specified informative prior distributions
considered in this study, the Bayesian approach generally outperforms the maximum likelihood and
maximum product spacing methods in both point and interval estimation. Among the Bayesian
estimators, those obtained under more informative priors exhibit the best overall performance. It
should be noted that the informative priors used in the simulation study were specified such that their
prior means coincided with the true parameter values. Therefore, the superior performance of the
Bayesian estimators should be interpreted within the context of correctly specified prior information.
The real-data analysis further demonstrates the practical applicability of the proposed inferential
procedures. In particular, the Bayesian approach yields smaller standard errors than the ML and MPS
methods for point estimation, while the corresponding highest posterior density credible intervals
provide interval estimation performance comparable to that of the asymptotic confidence intervals.

Overall, the proposed inferential procedures provide effective tools for analyzing
Weibull-distributed lifetime data obtained under the improved adaptive type-11 progressive censoring
scheme with binomial removals. The findings from both the simulation study and the real-data
application demonstrate the effectiveness of the proposed inferential framework and support the use
of the Bayesian estimation method for practical statistical inference under the considered censoring
scheme in reliability and survival analysis.

Possible extensions of the present study include applying the proposed inferential procedures to
other lifetime distributions under the improved adaptive type-Il progressive censoring scheme with
binomial random removals and considering alternative distributions for the random removal variables.
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