AIMS Mathematics, 11(8): 27116-27130.
DOI: 10.3934/math.20261086
ATMS Mathematics Received: 09 June 2026

Revised: 19 August 2026

Accepted: 21 August 2026
https://www.aimspress.com/journal/Math Published: 27 August 2026

Research article

Optimal constants and equality conditions for a class of quadratic functional
inequalities in real inner product spaces

Baofeng Lai*

School of Mathematics and Computer Science, Quanzhou Normal University, Quanzhou, Fujian,
362000, China

* Correspondence: Email: laibaofeng @sina.cn; Tel: 8615659067618.
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1. Introduction

It is well known that the Cauchy-Schwarz inequality is one of the most fundamental inequalities in
analysis. Its discrete form states that for real sequences {a,}, {b,} € 2,

00 2 00 00
[Z anbn] < Z a Z b,
n=1
with equality if and only if {a,} and {b,} are linearly dependent. The analogous integral form holds
in L?(Q) [1]. These inequalities can be regarded as special cases of the Cauchy-Schwarz inequality in
general inner product spaces. Numerous refinements, generalizations, and reverses of this inequality
have been established in various settings, including but not limited to normed spaces [2], inner product
spaces [3], operator algebras [4,5], operator inequalities [6,7], as well as functional generalizations [8]
and self-improvements [9] and references therein.

We now consider a problem related to the Cauchy-Schwarz inequality. We first introduce the
following examples.

For any f(x) € L? [0, x], the Cauchy-Schwarz inequality implies that

T 2 T T T
(f f(x)cosxa’x) sf fz(x)dxf cos® xdx = 7—Tf fz(x)dx, (1.1)
0 0 0 2o

T 2 T T T
( f f(x) sinxdx) < f FA(x)dx f sin? xdx = ~ f FA(x)dx. (1.2)
0 0 0 2 0

Combining inequalities (1.1) and (1.2), we have

T 2 7 2 -
(f f(x)cos xdx) +(f f(x) sinxdx) < ﬂf fz(x)dx. (1.3)
0 0 0

Equality holds in (1.3) if and only if equality holds in both (1.1) and (1.2), which would require f to
be proportional to both cos x and sin x almost everywhere, impossible unless f = 0 almost everywhere.
Hence, m cannot be asserted as the optimal constant in (1.3).

Similarly, it follows from the Cauchy-Schwarz inequality that

1 1 3
f Ff(x)dx| < ( f f2(x)dx) , (1.4)
0 0
! 1 3/ 7 1 3
f x4f(x)dx < (f dex) (f fz(x)dx) = —(f f2(x)dx) . (1.5
0 0 0 3\Jo

Combining inequalities (1.4) and (1.5), we have

1 1
f f(x)dx f Xt f(x)dx
0 0

Equality holds in (1.6) if and only if equality holds in both (1.4) and (1.5), which would require f
to be proportional to both 1 and x* almost everywhere, impossible unless f = 0 almost everywhere.
Hence, % cannot be asserted as the optimal constant in (1.6).

I
glffz(x)dx. (1.6)
3 Jo
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Inequalities (1.3) and (1.6) are obtained by combining several inequalities, and their coefficients do
not necessarily guarantee optimality. In the April 2022 issue of the American Mathematical Monthly,
the following questions were posed [10]:

Let a be a positive real number, and let S, be the set of functions f : [-a,a] — R such that

f“ FP(x)dx =1.LetA(f) = | f(x)dx, B(f) = f ) xf(x)dx, C(f) = f“ x f(x)dx.
(a)aWhat is sup {A%(f) + BX( f)}; ’ ’
feSaq

(b) What is sup {A%(f) + BX(f) + CX(f)}?
f€Sa
There are many similar problems, and it is necessary to establish a unified rule for their solutions.

These examples point to a common structure: For a real inner product space V, a set of linearly
independent vectors €q,...,&, € V, and a real symmetric matrix A = (a;;), consider the quadratic

combination
m m
Z Z aij(a,g)(, &), a € V.

i=1 j=1
By the triangle inequality and the Cauchy-Schwarz inequality, we obtain the following simple
inequality:

- i Zm: |aij| (€ e)e), )| (@, @) < Zm: i a;j(a, &)(a, &) < Zm: Zml |aij| (&, &)(e), €) | (a, ).

i=1 j=1 i=1 j=1 i=1 j=1

Thus, finding the optimal constants and equality conditions for the inequalities

Ci(a,a) < ZZaU(a g)a,gj) < Cya,a)

i=1 j=1

becomes a problem worth investigating.
This problem is related to several classical results. Bessel’s inequality in inner product spaces states
that for an orthonormal system {g;}, one has

D l@.&)f < (@, a).

In the finite-dimensional setting, this is a special case of the problem formulated above: The

m

vectors &1, ...,&, form an orthonormal system and the quadratic combination reduces to ), (a, &)
i=1

More generally, frame theory [11, 12] extends Bessel’s inequality to systems of vectors that are

not necessarily orthonormal, and the optimal frame bounds are precisely the smallest and largest
eigenvalues of the associated Gram matrix. Massey and Ruiz studied the minimization of convex
functionals over frame operators in finite-dimensional Hilbert spaces, where the associated quadratic
forms also involve combinations of inner products [13]. Recent developments in this direction include
two-sided inequalities for frames and fusion frames with new perspectives [14, 15].

However, none of the abovementioned works seems to provide a unified treatment for the optimal
constants and equality conditions of the inequalities related to quadratic combinations of an arbitrary
finite set of linearly independent vectors in a real inner product space. In this paper, by employing
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orthogonal decomposition, Gram matrices, and the Rayleigh quotient theory, we establish a general
theorem that provides the optimal constants and equality conditions for such quadratic combination
inequalities.

Although orthogonal decomposition, Gram matrices, and Rayleigh quotients are classical tools, the
contribution of this paper is a systematic reduction of a broad class of sharp quadratic inequalities
to a single eigenvalue problem. The framework yields both optimal bounds and complete equality
conditions, which are determined by the extremal eigenvalues of the associated matrix and the
orthogonal complement of the subspace spanned by the given vectors, a detail often overlooked in
the standard Rayleigh quotient theory. The result applies to any real inner product space, bridging
finite-dimensional linear algebra with infinite-dimensional analysis.

This paper is organized as follows. In Section 2, we introduce some necessary notations, definitions,
and preliminary results. In Section 3, we establish and prove the main results of this article.
In Section 4, we present some applications and illustrative examples, together with a preliminary
discussion of the non-quadratic case.

2. Preliminaries

In what follows, we introduce some necessary notations, definitions, and preliminary results.
Throughout this paper, the prime ’ denotes the transpose of a matrix or a vector. For vectors
a1, @, , @, 1n a linear space V, the subspace spanned by these vectors is denoted by

span{ay, @z, -+ , Qp).

For a subspace W of a real inner product space V, the orthogonal complement of W is denoted by W+.
For a real symmetric matrix A, the largest eigenvalue of A is denoted by A,,x(A), and the smallest by
ﬂmin(A)-

Lemma 2.1. [16] Let V be a real inner product space and W be a finite-dimensional subspace of V,
then W has a unique orthogonal complement W+, such that

V=WeWw.
Definition 2.1. Let A € R™" be a symmetric matrix, 0 # x € R". We call
xTAx

Rx) = xTx

the Rayleigh quotient of A.

Lemma 2.2. [16] Let A € R™" be a symmetric matrix, and R(x) = {TAXX is the Rayleigh quotient of A.
Then, the following conclusions hold.

(i) The maximum and minimum values of R(x) are

Ol;gael;én R(X) = Amax (A)a

min R(x) = Apin(A).

0#xeR”
(ii) R(x) attains its maximum value if and only if x is an eigenvector of A corresponding to Apm.x(A),
and its minimum value if and only if x is an eigenvector of A corresponding to Apin(A).
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3. Main results

In this section, we assume that V is a real inner product space equipped with inner product (, ),
El,...,&y € V are linearly independent, and W = span{ey,...,g,}. Let G = ((&;,&;)) be the
corresponding Gram matrix, and let A = (a;;) be a real symmetric matrix. Choose any invertible
matrix B such that G = B’B.

We seek the optimal constants C; and C, such that

Ci(@.a) < Z Z ai(@. &)@ &) < Co(a,)

for all @ € V. To this end, define the functional

Ms
™=

aij(a, g)(a, €;)

i 1

J) = =

, 0.
(o, @) @*

It follows immediately that the optimal constants C; and C, are

C,=inf J(a) = 1nf J(@),Cy = supJ(@) = sup J(a).
o0 a0 llefl=1
Thus, this is a functional extremum problem.

The matrix A may fall into one of the following categories: (1) A = 0; (2) A is positive definite; (3) A
is positive semidefinite but not positive definite; (4) A is negative definite; (5) A is negative semidefinite
but not negative definite; (6) A is indefinite.

Case (1) is trivial and will not be considered further. Cases (2) and (4) are equivalent up to a sign
change, and so are cases (3) and (5). Thus, it suffices to study cases (2), (3), and (6), which share the
common feature that A is not negative semidefinite.

The following theorem provides the solution to the above functional extremum problem.

Theorem 3.1. With the notations introduced above, suppose additionally that A is not negative
semidefinite. Then, the following conclusions hold.

(i) The maximum value of J(@) is Amax(BAB'), with equality if and only if
a = (815 LR 78m)B_1y9

where y is an eigenvector of BAB' corresponding to Ay (BAB').
(ii) If Amin(BAB’) > 0 and W =V, then the minimum value of J(@) is Anin(BAB’), with equality if and
only if
a=(s,...,en)By,

where y is an eigenvector of BAB' corresponding to Amin(BAB').
(iii) If Anin(BAB') > 0 and W # V, then the minimum value of J(«) is 0, with equality if and only if
a e W,
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(iv) If Amin(BAB’) = 0, then the minimum value of J(«) is 0, with equality if and only if
a=(g,....,e.)B 'y +y,

where BAB'y =0, y € W+, and y and vy are not both zero.
(v) If Amin(BAB’) < 0, then the minimum value of J(«) is Anin(BAB’), with equality if and only if

a=(&1,...,6,)B7"y,

where y is an eigenvector of BAB’ corresponding to Apni,(BAB').

Proof. Observe that

Z a;j(a, &), g;) = K'AK,
=1

m
i=1

Where K = ((a/9 81)9 (a/’ 82)’ T, (a9 gm)),'
Consider the orthogonal decomposition of a:

m
CL’:ZCJ'E:J'-F’)/,

j=1
withcy, -+ ,c, € Randy € Wh. Letc = (¢y,- -+ , ¢, then for each i,

m

(@, &) = (8,~,ch8,~ +y) = Z(si,sj)cj =(Go),i=1,2,--- ,m.

J=1 J=1
Hence, K = Gc, and consequently
Z a;j(a, &), g;) = (Ge)'A(Ge) = /(GAG)c.
=1

J=1

1

On the other hand,

m

(a,@) = (Z cjgj + )/,chsj +vy) = (Z CiEj, Z cig)) +(y,y) = c'Ge + (y,7).
=1

J=1 J=1 J=1

Therefore,
¢ (GAG)c
c'Ge+ (y,y)

As B is a real invertible matrix with G = B’B, it follows that

J(@) =

'(B'BAB'B)c _ (Bc)(BAB')(Bc) _ Y(BAB')y
¢BBc+(y,y)  (Bo)(Bo)+(v,y)  yy+(,y)

J(@) =

where y = Bc, and thus ¢ = B'y. Since @ # 0 and (@, @) = ¥’y + (7, y), it follows that y and y are not
both zero.
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By Lemma 2.2, we have
Amin(BAB')Y'y < y'(BAB')y < Anax(BAB')y'y.
Therefore,
Amax(BAB')y'y
yy+.y)
/lmin(BAB/)y’y
yy+ @y

J(@) <

J(@) >

3.1)

(3.2)

Equality holds in (3.1) if and only if BAB'Y = An.(BAB’)y. Equality holds in (3.2) if and only if

BAB'y = Amin(BAB')y.

Since A is not negative semidefinite, BAB’ is also not negative semidefinite, hence A,.x(BAB’) > 0.

Moreover,
Amax(BAB')y'y

yy+».7)
Equality holds in (3.3) if and only if y # O and y = 0.
Combining (3.1) and (3.3) yields

< Amax(BAB').

J(@) < Anax(BAB).
Equality holds in (3.4) if and only if equality holds in both (3.1) and (3.3), i.e.,

-1
a = (81382a"' ,Sm)B Y,

where y is an eigenvector of BAB’ corresponding to Ay,.x(BAB’). This proves part (i).

If 4nin(BAB') > 0, then BAB' is positive definite. Two cases are distinguished.
Case 1: W = V. Then, y = 0 for every a € V, and hence

J(@) =

"(BAB’
VBN dinBAB).

Equality holds in (3.5) if and only if

o= (81,...,8,,,)B_ly,

where y is an eigenvector of BAB’ corresponding to A,,;,(BAB’). This proves part (ii).

Case 2: W # V. Then, y may be nonzero, and

'(BAB'
Sy = LBABY
yy+,y)

Equality holds in (3.6) if and only if y = 0, i.e., @ = y € W*. This proves part (iii).
If Ain(BAB’) = 0, then (3.2) gives
/lmin(BAB/)y,y =0
yy+(7)
J(a) = 0 if and only if BAB’y = 0. This proves part (iv).

J(@) >

AIMS Mathematics Volume 11, Issue 8,
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If Anin(BAB’) < 0, then
ﬁmin(BABl)yTy
Yy +.7)
Equality holds in (3.7) if and only if y # O and y = 0.
Combining (3.2) and (3.7) gives

> Anin(BAB'). (3.7)

J(@) > Anin(BAB). (3.8)
Equality holds in (3.8) if and only if equality holds in both (3.2) and (3.7) , i.e.,

-1
a = (81782a"' ,Sm)B Y,

where y is an eigenvector of BAB’ corresponding to A.,in(BAB’). This proves part (v).
The proof of Theorem 3.1 is now complete. O

Remark 3.1. It is important to clarify the novelty of Theorem 3.1 in relation to the classical Rayleigh
quotient. The latter gives the extremal values of = and the corresponding eigenvectors. Theorem 3.1

x'x

m
goes beyond this: The orthogonal decomposition a = }, cje; + y introduces an extra term (y,y) in

=1
the denominator, leading to refined lower-bound characterizations when W # V; it provides complete
equality conditions when Ay, = 0, including the nullspace of BAB’ and the full orthogonal complement
W+, and it covers all cases of A in a unified manner. Thus, while the Rayleigh quotient provides the
essential tool, the theorem offers a systematic framework for optimal constants and equality conditions

of a broad class of quadratic functional inequalities.

Remark 3.2. When g4, ...,¢&, form an orthonormal system and A = I, we have G = I. Taking B = I,
then BAB' = I, and hence A,,(BAB') = 1. It follows from Theorem 3.1(i) that

D a) < (@), (3.9)
i=1

and equality holds in (3.9) if and only if @ = (g1, -+ ,€,)y, y € R", thatis, « € W. The above
inequality is precisely the finite-dimensional version of Bessel’s inequality.

Remark 3.3. Let A = 1. It follows from Theorem 3.1(i) that for any nonzero @ € 'V,
Z (@, )" < dnax(BB)(@, @) = Anan (G)(, @), (3.10)
i=1

and equality holds in (3.10) if and only if « = (g1, ,&,)B"'y, where y is an eigenvector of BB
corresponding t0 A (BB') = Apnax(G).
If W =V, it follows from Theorem 3.1(ii) that for any nonzero @ € V,

D@80 2 Anin(BB)(@, @) = Amin(G)(@, @), (3.11)
i=1

and equality holds in (3.11) if and only if « = (g1, ,&,)B"'y, where y is an eigenvector of BB
corresponding to Ayin(BB") = Anin(G).
These are precisely the classical frame bounds in frame theory.

AIMS Mathematics Volume 11, Issue 8, 27116-27130.
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Remark 3.4. The main results of this paper are established in real inner product spaces. The
framework can be naturally extended to complex inner product spaces, where A = (a;;) is required
to be Hermitian and the quadratic combination takes the form

i i a,j(oz g)a, g)).

i=1 j=1

The results depend only on the fact that the number of vectors is finite. If infinitely many vectors are
considered, the problem involves the spectral theory of operators and lies beyond the scope of this

paper.
4. Applications and examples

We now solve the problems raised at the beginning of the paper.

Example 4.1. The functions cos x and sin x are linearly independent in L* [0, x]. Their Gram matrix is

fcoszxdx fcosxsinxdx T 0
G = 0 0 =12 _

T T T
f cos xsin x dx f sin® x dx 0 D)
0 0

), then

)

The eigenvalues of BAB' are both %, and every nonzero vector is an eigenvector. By Theorem 3.1,

[fﬂ cos x f(x)dx
0

Equality holds in (4.1) if and only if

o<|
NIy
<I o
(ST

— O

Take B = ( ), then G = B'B. Let A = ( !

0

O wIn
(e}

BAB’:G:(

NN

2
+

- 2
f sin x f(x)dx] <= f F2(x)dx. 4.1)
0

2

2
f(x) = (cos x, sin x)B_ly = \/j(cos x,sinx)y, y= (yl) e R?,
m

i.e., f(x) € span{cos x, sin x}. On the other hand,

[f” cos x f(x)dx
0

Equality holds in (4.2) if and only if f(x) € (span{cos x, sin x})*.

2
+

- 2
f sin x f(x)dx] > 0. 4.2)
0

AIMS Mathematics Volume 11, Issue 8, 27116-27130.
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Example 4.2. The functions 1 and x* are linearly independent in L* [0, 1]. Their Gram matrix is

1 1 |
f 12 dx f x*dx 1 =
G = 01 01 = 1 ? .
f x*dx f x®dx 59
0 0
11 0 1
Take B = ( 0 3 ), then G = B'B. Let A = ( q (2) ), then
15 2
12
BAB’ :( ;3 DB )
5 0
4 L and the corresponding eigenvectors are y; = (2,1) and

The eigenvalues of BAB' are 1:,—1s,

y2 = (1,-2), respectively.
1A\ 2y 51
—1 _ 5 _
a=o 1) (3)=30)
1 4
ey 4
0

1 1 1
f f(x)dx f X f(x)dx < 4 f F2(x)dx, (4.3)
0 0 15 0

1 1 1
f f(x)dx f xf(x)dx > _L f FA(x)dx. (4.4)
0 0 15 0

Equality holds in (4.3) if and only if f(x) = c(1 + 3x*) for some constant c. Equality holds in (4.4) if
and only if f(x) = c(1 — 3x*) for some constant c.

Example 4.3. Recall the set S, and the functionals A(f), B(f), and C(f) defined in the introduction.

Fora > 0, let
S, = {f: [—a,al —>le FA(x)dx = 1},

By Theorem 3.1,

and define

a

A() = f Fodx, B = f fdx,  Cf) = f 2 F(0) dx.

—a

The functions 1 and x are linearly independent in L*[—a, a), and their Gram matrix is

f12dx fﬂxdx 2a O
G, = pa ' = 2 .
fxdx fxzdx 0 zd

. 3

—a

V2a 0

> ), then G = K'K = KK'. The eigenvalues of matrix G, are 2a and %a3.
0 5613 3

Take K = [

AIMS Mathematics Volume 11, Issue 8, 27116-27130.
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If0<a< V3, then Anax(G1) = 2a and a corresponding unit eigenvector of Amx(Gy) isy = (1,0)".

By Theorem 3.1, we have

and when f = (1, x)K~'y =

sup {A’(f) + B(f) : f € S} = Anax(G1) = 20,

L

—= the sum A%(f) + B*(f) attains its maximum.

Ifa = V3, then dnax(G1) = 2 V3 and every nonzero vector in R? is an eigenvector corresponding to

Amax(G1). By Theorem 3.1,

we have

sup {A2(f) + B2(f) : f € Saf = Anan(G1) = 2V3,

and the supremum 2 3 is attained at every function of the form

where ¢ = (c1,¢2) is a unit

C1 + Crx

f) =1, 0K "c= :
\J2V3

vector in R

Ifa > V3, then Amax(G1) = %a3 and a corresponding unit eigenvector of An.(Gy) isy = (0,1)". By

Theorem 3.1, we have

and when f = (1, x)K~'y =

2
sup {A%() + BX(f) : f € 8.} = du(G1) = 30,

X

A 223’
xa

the sum A*(f) + B*(f) attains its maximum.

The functions 1, x, x> are linearly independent in L*[—a, al, and their Gram matrix is

Gzz

flzdx

faxdx fxzdx 2a 0 %a
o _ 3

fxdx fxzdx fgx3dx: 0 §a3 0
_ g _

2 2
fxzdx fx3dx ﬁx“dx 503 0 ga

V2a 0 §a5
Take L = 0 %a3 0 , then G, = L'L,
8
O O Ea5
2.5 4 5
2a + 661 0 rga
LL = 0 > 0
4 5 8 5
ﬁa O Ea

The eigenvalues of matrix G, are

2
A = §a3,/12 :a[l +

AIMS Mathematics

1 1 2 1 1
§a4— \/5084'%6144‘1),/13 :a(1+§a4+ ¢

25

2
—ad+ —a*+ 1

45

Volume 11, Issue 8, 27116-27130.
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Since a > 0, it is clear that A3 > A,. By the arithmetic-geometric mean inequality, we have

— 1+_4+¢ S+ — a4+ 1) > 1+_4>_3>_
A3 = a( =a 754 =a ) > a( 5a) \Ba

Therefore, A (LL") = Apnax(G2) = As.
A direct computation shows that a unit eigenvector of LL’ corresponding to A5 is:

L84 4 14
(%faO\/a a+1 5a 1)

\/2(%618 +2at+ 1) = 2kat + 1) \/%ag +2at+1

By Theorem 3.1, we have

sup {A(f) + B*(f) + CX(f) : f € Suf = Auan(G2) = a(l + a + \/—a8 + —a4 +1),

and when

+5( 5+ Zat+1 - fa* - 1)(3x2—a2)
f@) =, x )Ly =

b

@ \/80a [(% +2at+ 1) = (hat+ 1)\ hat + Zat + 1]

the sum A%(f) + BX(f) + C*(f) attains its maximum.

Remark 4.1. The preceding results rely on the quadratic nature of the functional, which allows the
use of orthogonal decomposition and Rayleigh quotient theory. When the functional is no longer
a quadratic combination, the quadratic form approach is no longer applicable. Nevertheless, the
orthogonal decomposition method remains valid.

To illustrate this point, we consider a concrete cubic-type example. The argument proceeds as
follows: We first use orthogonal decomposition to reduce the functional to an expression in two
variables; we then transform the problem into the maximization of a single-variable function, finally,
we obtain the optimal constant by elementary calculus.

The following cubic-type functional arises naturally when one attempts to estimate products of three
linear functionals:

sy = B2 Ly
(@, @)?
where V is a real inner product space and €1,&, € V are two linearly independent unit vectors. Let
W = span{ey, &} and p = (&1, &). Then, p € (-1, 1).
Using the orthogonal decomposition a = ci&| + &, +y withy € W+, and setting

u=cy+pcv=+1-p2c,
w(pu + /1 —p2v)

(12 + V2 + (7. 9]

one obtains

J(a) =

AIMS Mathematics Volume 11, Issue 8, 27116-27130.
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Whenu =0, J(o) =0. When u # 0,

J@) wpu+ N1=p*v) _ wllpul + V1 -p*Ivl)
o) = =
2 + V2 + (y,7)]2 [12 +12 + (,7)]2
ol
2 — =+
< u*(loul + /1 = p?v]) _ \/1— Vi-p

—-—p2 X -
P 30

N ]

and equality holds in (4.5) if pu > 0, v > 0, and y = 0. Therefore, the supremum of J(a) can be
determined by reducing to the one-variable maximization of

14
u

4.5)

X+a
E— P
(1+x2)2

fx) =

lol
1-p?
By elementary calculus, f attains its maximum at

S L
xX'=-=a —a’+ =
4 16 2’
Ta+ \Jred + 3

where a =

with maximum value

fmax = 3
2
(02 +3 - 3y +3)
For example, in L2[0, 1], taking €1 = 1 and &, = \/gx, one obtains p = %5 and a = \/§, which

vields the optimal inequality

! 2 2(vV70 + V) ! 3
d dx < 2 d) . 4.6
(fo S x) fo () dx < 9(13 — V103)3 (fo S dx (56

Equality holds in (4.6) if f(x) = ¢ (4 + (\/ﬁ -92x - 1)) for some nonnegative constant c, and the
constant on the righthand side is the best possible.

The above analysis suggests a natural generalization: When the combination of linear functionals
is no longer quadratic, how should the optimal constants and equality conditions of the corresponding

k
inequality be characterized? For higher-order cases, such as ] (a, ;) with k > 3, the problem becomes
i=1
much more involved. These extensions are left for future investigation.

5. Conclusions
In this paper, we have established a unified algebraic framework for determining the optimal
constants and equality conditions of quadratic functional inequalities in real inner product spaces. The

main result, Theorem 3.1, reduces the problem to a finite-dimensional eigenvalue problem associated
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with the Gram matrix of the given vectors. The framework covers all cases of the coefficient matrix and
provides complete equality characterizations, including the role of the orthogonal complement when
the given vectors do not span the whole space.

Several examples are provided, including the solution to Problem 12318 from the American

Mathematical Monthly, to illustrate the practical utility of the framework. A preliminary extension
to a non-quadratic cubic-type functional is also discussed, suggesting broader applicability of the
orthogonal decomposition approach.

Future work may explore extensions to complex inner product spaces, infinite-dimensional settings,

and higher-order combinations of linear functionals.
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