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Abstract: We studied a full-spectral distributed-order diffusion equation on a rectangular domain
with homogeneous Dirichlet boundary conditions, driven by a nonnegative integrable order-density
function that represents a continuum of spatial scaling contributions. The order superposition was
represented by the equation φ(s) =

∫ µ+

µ−
ρ(µ)sµ/2 dµ and our objective was to construct and analyze

a fourth-order discretization that preserves this spectral structure while admitting an efficient sine-
modal implementation. We discretized the positive Dirichlet Laplacian by the fourth-order compact
Kronecker-sum operator A(4)

∆,h = Iy ⊗ A(4)
x,h + A(4)

y,h ⊗ Ix, defined Φh = φ(A(4)
∆,h), and used the dissipative

generator Lh = −Φh. The main consistency result showed that the compact eigenvalue perturbation
is preserved under the distributed-order functional calculus, yielding a fourth-order discrete L2

approximation to φ(−∆D) after grid restriction. An unsplit modal Crank–Nicolson scheme was then
obtained by diagonalizing Φh with the discrete sine transform, where the positivity of the exact symbol
or the positive quadrature symbol gives unconditional discrete L2 stability. Under the stated regularity
assumptions, the fully discrete error is O(τ2 + h4) for the exact-symbol scheme and O(τ2 + h4 + Eµ) for
its positive-quadrature version. The numerical experiments were consistent with the proved fourth-
order spatial accuracy, second-order temporal accuracy, and unconditional stability, and they also
illustrated quadrature sensitivity, implementation scaling, and the accuracy gain over the second-order
full-spectral counterpart.
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1. Introduction

Distributed-order diffusion models describe transport processes in which a continuum of fractional
orders contributes to the effective dynamics [1–3]. Such models arise in anomalous diffusion,
viscoelasticity, and heterogeneous media, and have been studied both analytically and numerically [4,
5]. Numerical methods for distributed-order equations typically combine a spatial discretization with
a quadrature rule for the order integral [6–9]. Matrix functional calculus provides a natural framework
for discretized fractional elliptic operators and spectral fractional Laplacians [10–12].

This paper considers a spatial spectral distributed-order diffusion equation of the form

ut = −φ(B)u + f , B = −∆D,

on a rectangular domain with homogeneous Dirichlet boundary conditions. The scalar symbol φ
represents a nonnegative superposition of powers of the positive Dirichlet Laplacian. The numerical
question addressed here is whether the continuous operator B can be replaced, inside φ(·), by a fourth-
order compact finite-difference generator while retaining high-order consistency, positivity, and a sine-
modal implementation.

Compact finite differences are a classical way to obtain high-order spatial resolution [13, 14]. For
spectral fractional diffusion, however, the discretization is not only an approximation of the Laplacian;
it is also the argument of a nonlocal matrix function. This makes the transfer from a compact
generator to a compact approximation of φ(B) a separate issue. On rectangular Dirichlet domains,
the compact Kronecker-sum generator A(4)

∆,h is diagonalizable by the discrete sine transform, so the full
two-dimensional symbol can be evaluated mode by mode as φ(A(4)

mn,h). This differs from directional
factorizations used in classical alternating direction implicit (ADI) methods [15–17] and in several
fractional or distributed-order schemes [18, 19].

Several related directions should be distinguished. Recent high-order spectral studies include time-
fractional diffusion on semi-infinite domains, multidimensional diffusion with third-kind boundary
conditions, and polynomial tau formulations for time-fractional diffusion [20–23]; related shifted-
Lucas collocation work addresses fractional dynamical systems [24]. Compact matrix transfer
and discrete sine transform (DST) implementations have been developed for fixed-order spectral
fractional Laplacians [25], and fourth-order compact matrix-transfer ideas have also appeared in time-
space fractional reaction-diffusion computations [26]. Distributed-order space-fractional problems
have been treated through quadrature and matrix-transfer techniques [27]. High-order or Crank–
Nicolson alternating direction implicit (CN-ADI) methods are available for distributed-order Riesz
models [19, 28, 29], but Riesz-type and spectral fractional Laplacians have different operators on
bounded domains [12]. Compared with these recent compact methods, the present method places
the compact two-dimensional Dirichlet generator inside a spatial distributed-order symbol and proves
that the fourth-order perturbation is retained uniformly over the order interval. Compared with
the distributed-order Riesz schemes, it treats the spectral fractional Laplacian and uses an unsplit
DST–Crank–Nicolson update, with the quadrature error Eµ, defined in Section 4.1, kept separate.
Together, these features retain fourth-order spatial accuracy across the order integral while providing an
O(Ndof log Ndof) unsplit modal update, unconditional discrete L2 stability, and an explicit error bound
O(τ2 + h4 + Eµ). Here Ndof denotes the number of spatial degrees of freedom.

In addition to the second-order full-spectral finite-difference counterpart, a fourth-order noncompact
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comparator with matched settings is considered. General matrix-function solvers apply to
broader matrices, whereas the rectangular Dirichlet setting considered here permits a direct DST
diagonalization.

For the spatial formulation considered here, the order interval [µ−, µ+] and density ρ(µ) control the
wavenumber-dependent damping of the Dirichlet modes. This provides a modeling mechanism for
anomalous transport in heterogeneous media with multiple spatial scaling regimes rather than a single
fixed spatial order [4,5]. On rectangular domains with homogeneous Dirichlet data, the DST realization
avoids dense matrix functions and supports repeated forward simulations for prescribed-order intervals
and densities. Complementary studies in applied mathematics have examined nonlinear vibration
suppression and active control in coupled beams, motorcycle models, electromagnetic suspension
systems, and parametrically excited cantilevers [30–33].

The contributions are as follows.

(i) We construct a compact functional-calculus approximation to the full-spectral distributed-order
operator φ(B) by applying φ to A(4)

∆,h = Iy ⊗ A(4)
x,h + A(4)

y,h ⊗ Ix.

(ii) We prove a transfer estimate showing that the compact eigenvalue perturbation remains fourth
order after applying the fractional/distributed-order functional calculus.

(iii) We derive an unsplit modal Crank–Nicolson scheme and prove unconditional discrete L2 stability
for the exact symbol and for positive quadrature rules applied to the order integral.

(iv) We establish a fully discrete error estimate with second-order temporal accuracy, fourth-order
spatial accuracy, and an explicit order-quadrature budget Eµ.

(v) We assess the theory through operator-level, fully discrete, temporal, order-interval, quadrature,
and stability experiments, together with implementation scaling diagnostics and a comparison
with a second-order full-spectral counterpart.

The rest of the paper is organized as follows. Section 2 introduces the full-spectral distributed-order
model. Section 3 constructs the compact generator and proves the functional-calculus transfer estimate.
Section 4 gives the unsplit modal CN method and its implementation. Section 5 proves stability and
convergence. Section 6 reports numerical experiments, and Section 7 concludes.

2. Spectral distributed-order model

LetΩ = (0, Lx)×(0, Ly) and let B = −∆D be the positive Dirichlet Laplacian on L2(Ω). Its normalized
eigenfunctions are

emn(x, y) = ex
m(x)ey

n(y),

ex
m(x) =

√
2
Lx

sin
mπx
Lx

, ey
n(y) =

√
2
Ly

sin
nπy
Ly

,

with eigenvalues
Λmn = κ

2
m,x + κ

2
n,y, κm,x =

mπ
Lx
, κn,y =

nπ
Ly
.

The scalar-order superposition used here follows the classical distributed-order formulation [1,
2, 34]. We apply this superposition to the spectral spatial operator. Spectral realizations of
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fractional diffusion operators based on Dirichlet eigenpairs are standard in space-fractional diffusion
models [11,12,35]. Nonnegative weights are standard in distributed-order models and their quadrature
discretizations [3, 6] and the Bernstein-function viewpoint provides the positivity background used in
the functional calculus [36].

Assumption 1. The order interval and density satisfy

0 < µ− < µ+ ≤ 2, ρ ∈ L1([µ−, µ+]), ρ(µ) ≥ 0 for a.e. µ,
∫ µ+

µ−
ρ(µ) dµ > 0.

The distributed-order symbol is

φ(s) =
∫ µ+

µ−
ρ(µ)sµ/2 dµ, s > 0. (2.1)

For 0 < s ≤ 1, 0 ≤ sµ/2 ≤ sµ
−/2 → 0 uniformly for µ ∈ [µ−, µ+] as s → 0+. Consequently, 0 ≤ φ(s) ≤

∥ρ∥L1 sµ
−/2 → 0, so φ extends continuously to s = 0 by setting φ(0) = 0. Under Assumption 1, φ(s) > 0

for s > 0. Since sα is a Bernstein function for 0 < α ≤ 1, the nonnegative superposition in (2.1)
preserves positivity under the spectral functional calculus for positive self-adjoint operators and, later,
for symmetric positive definite matrices. For the continuous spectrum, s ≥ Λ11 > 0, and Assumption 1
implies

φ(s) ≤ Csµ
+/2, s ≥ Λ11,

with C independent of the modal indices.
Define Φ = φ(B) by spectral calculus and set L = −Φ. Thus, for

v =
∑

m,n≥1

vmnemn,
∑

m,n≥1

φ(Λmn)2|vmn|
2 < ∞,

we have
Φv =

∑
m,n≥1

φ(Λmn)vmnemn, Lv = −
∑

m,n≥1

φ(Λmn)vmnemn.

For s ≥ 0, define

D(Bs) =

v =
∑

m,n≥1

vmnemn :
∑

m,n≥1

Λ2s
mn|vmn|

2 < ∞

 .
Since Λ11 > 0, we use the equivalent graph norm

∥v∥2D(Bs) =
∑

m,n≥1

Λ2s
mn|vmn|

2.

Given a source f , an initial datum u0, and a final time T > 0, the model problem is
ut(x, y, t) = −φ(B)u(x, y, t) + f (x, y, t), (x, y) ∈ Ω, 0 < t ≤ T,

u(x, y, t) = 0, (x, y) ∈ ∂Ω,
u(x, y, 0) = u0(x, y).

(2.2)

The homogeneous Dirichlet condition in (2.2) is imposed for every (x, y) ∈ ∂Ω and every t ∈ (0,T ].
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3. Compact generator and functional-calculus transfer

Let hz = Lz/Mz, z = x, y, and use the interior grid points z j = jhz, j = 1, . . . ,Mz − 1. We assume a
quasi-uniform family of rectangular grids: there exists a constant γ ≥ 1, independent of the mesh size,
such that

γ−1 ≤
hx

hy
≤ γ.

Throughout this section, h = max{hx, hy}. Hence, hx, hy, and h are comparable. Generic constants may
depend on Lx, Ly, γ, µ

±, ρ, and on fixed exponents appearing in the estimates, but not on the mesh sizes
or modal indices.

Set

Tz,h = h−2
z tridiag(−1, 2,−1), Pz,h = I −

h2
z

12
Tz,h,

and define the compact one-dimensional positive Laplacian

A(4)
z,h = P−1

z,hTz,h.

The discrete sine basis diagonalizes both Tz,h and A(4)
z,h. If

θm,z = 4h−2
z sin2 mπ

2Mz
,

then

a(4)
m,z =

θm,z

1 − h2
zθm,z/12

=
4h−2

z sin2(mπ/(2Mz))

1 − 1
3 sin2(mπ/(2Mz))

. (3.1)

Here the factor 1/3 follows directly from h2
zθm,z/12 = (4/12) sin2(mπ/(2Mz)) = 1

3 sin2(mπ/(2Mz)).

Lemma 1 (One-dimensional compact eigenvalue estimates; see [13, 14]). There exist mesh-
independent constants c,C > 0 such that

cκ2
m,z ≤ a(4)

m,z ≤ Cκ2
m,z

and ∣∣∣a(4)
m,z − κ

2
m,z

∣∣∣ ≤ Ch4
zκ

6
m,z, 1 ≤ m ≤ Mz − 1.

Proof. The spectral equivalence follows from sin r ≍ r on 0 ≤ r ≤ π/2, and from

1 − h2
zθm,z/12 = 1 −

1
3

sin2(mπ/(2Mz)) ∈ [2/3, 1].

For the perturbation estimate, set x = mπ/Mz = κm,zhz and

b(x) =
4 sin2(x/2)

1 − 1
3 sin2(x/2)

.
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Then a(4)
m,z = h−2

z b(x). As x→ 0,

4 sin2(x/2) = x2 −
x4

12
+

x6

360
+ O(x8),(

1 −
1
3

sin2(x/2)
)−1

= 1 +
x2

12
−

x6

2880
+ O(x8).

Multiplying these expansions gives

b(x) = x2 +

(
1

360
−

1
144

)
x6 + O(x8) = x2 −

x6

240
+ O(x8).

Consequently, (b(x) − x2)/x6 → −1/240 as x → 0. By the denominator bound above, this quotient
extends continuously to [0, π] and is bounded there. Hence,∣∣∣a(4)

m,z − κ
2
m,z

∣∣∣ = h−2
z |b(x) − x2| ≤ Ch−2

z x6 = Ch4
zκ

6
m,z.

□

The two-dimensional compact generator is the Kronecker sum

A(4)
∆,h = Iy ⊗ A(4)

x,h + A(4)
y,h ⊗ Ix,

where Ix and Iy are identity matrices of the appropriate one-dimensional sizes. For grid vectors V,W ∈
R(Mx−1)(My−1), ordered consistently with the tensor-product grid, we use

(V,W)h = hxhy

Mx−1∑
i=1

My−1∑
j=1

Vi jWi j, ∥V∥h = (V,V)1/2
h .

Let Sh = S y ⊗ S x denote the tensor-product DST-I matrix, normalized to be orthonormal in the
Euclidean inner product. If V̂ = ST

h V , then the discrete Parseval identity used below is

∥V∥2h = hxhy

Mx−1∑
m=1

My−1∑
n=1

|V̂mn|
2.

With this convention,

A(4)
∆,h = Sh diag{A(4)

mn,h} S
T
h , A

(4)
mn,h = a(4)

m,x + a(4)
n,y.

Matrix functional calculus provides a standard framework for applying functions to discrete elliptic
generators in the approximation of fractional elliptic operators [10, 11, 37–39].

Lemma 2 (Two-dimensional compact generator estimates [13, 14]). For all resolved modes,

cΛmn ≤ A
(4)
mn,h ≤ CΛmn

and
|A

(4)
mn,h − Λmn| ≤ C(h4

x + h4
y)Λ3

mn.

AIMS Mathematics Volume 11, Issue 8, 27056–27084.



27062

Proof. The first assertion follows by adding the one-dimensional spectral equivalences. For the
perturbation,

|A
(4)
mn,h − Λmn| ≤ C

(
h4

xκ
6
m,x + h4

yκ
6
n,y

)
.

The exponent 3 comes from expressing the sixth-power wavenumber factors in Lemma 1 on the
Laplacian eigenvalue scale. Indeed, using Λmn = κ

2
m,x + κ

2
n,y,

h4
xκ

6
m,x + h4

yκ
6
n,y ≤ (h4

x + h4
y)

(
κ6

m,x + κ
6
n,y

)
≤ (h4

x + h4
y)

(
κ2

m,x + κ
2
n,y

)3

= (h4
x + h4

y)Λ3
mn.

□

Lemma 3 (Full-spectral transfer through φ). Under Assumption 1,∣∣∣φ(A(4)
mn,h) − φ(Λmn)

∣∣∣ ≤ C(h4
x + h4

y)Λµ
+/2+2

mn .

Proof. For a fixed µ ∈ [µ−, µ+], set α = µ/2 ∈ [µ−/2, µ+/2] ⊂ (0, 1] and define

Imn,h := [min{A(4)
mn,h,Λmn},max{A(4)

mn,h,Λmn}].

By Lemma 2, Imn,h ⊂ [c0Λmn,C0Λmn] ⊂ (0,∞) for mesh- and mode-independent constants c0,C0 > 0.
If the two endpoints coincide, the following estimate is immediate. Otherwise, the mean value theorem
applied to sα on Imn,h gives, for some ξmn,h ∈ int(Imn,h),∣∣∣(A(4)

mn,h)α − Λαmn

∣∣∣ = αξα−1
mn,h|A

(4)
mn,h − Λmn|

≤ CΛα−1
mn |A

(4)
mn,h − Λmn|

≤ C(h4
x + h4

y)Λα+2
mn .

SinceΛmn ≥ Λ11 > 0, integrating the last bound against ρ(µ) dµ and using α ≤ µ+/2 gives the result. □

Let Rh be a pointwise grid restriction and let Πh be the continuous sine projection onto the modes
1 ≤ m ≤ Mx − 1, 1 ≤ n ≤ My − 1 resolved by the grid. For a sampled function w, write (̂Rhw) =
ST

h Rhw. The following sampling statement is standard for sine-series traces; the square-shell count in
Appendix A shows that the unresolved two-dimensional lattice sum is comparable to

∑
j≥1 j1−2r, which

converges exactly for r > 1 and diverges logarithmically at r = 1.

Lemma 4 (Sine sampling and high-frequency aliasing; see [40, 41]). If r > 1 and w ∈ D(Br/2), then

∥Rh(I − Πh)w∥h ≤ Chr
∥∥∥Br/2w

∥∥∥
L2 .

If σ > 1 and w ∈ D(Bσ/2), then
∥Rhw∥h ≤ C

∥∥∥Bσ/2w
∥∥∥

L2 .

More generally, for any β ≥ 0, σ > 1, and w ∈ D(B(β+σ)/2),hxhy

Mx−1∑
p=1

My−1∑
q=1

Λβpq|(̂Rhw)pq|
2


1/2

≤ C
∥∥∥B(β+σ)/2w

∥∥∥
L2 .
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Theorem 1 (Fourth-order compact functional-calculus consistency). Under Assumption 1 and the
quasi-uniform grid condition above, if v ∈ D(Bµ+/2+2), then∥∥∥Rhφ(B)v − φ(A(4)

∆,h)Rhv
∥∥∥

h
≤ Ch4

∥∥∥Bµ+/2+2v
∥∥∥

L2 .

Proof. ForΠhv, Parseval’s identity and Lemma 3 yield, with the sum over resolved modes and h4
x+h4

y ≤

Ch4, ∥∥∥Rhφ(B)Πhv − φ(A(4)
∆,h)RhΠhv

∥∥∥2

h
≤ Ch8

∑
m,n

Λ2(µ+/2+2)
mn |vmn|

2

≤ Ch8
∥∥∥Bµ+/2+2v

∥∥∥2

L2 .

For the continuous high-frequency tail, Lemma 4 with r = 4 gives

∥Rhφ(B)(I − Πh)v∥h ≤ Ch4
∥∥∥B2φ(B)(I − Πh)v

∥∥∥
L2

≤ Ch4
∥∥∥Bµ+/2+2v

∥∥∥
L2

because φ(s) ≤ Csµ
+/2 for s ≥ Λ11. For the discrete high-frequency tail, Lemma 2 and the quasi-

uniformity of the grid imply

a(4)
m,z

(3.1)
≤

4h−2
z

2/3
= 6h−2

z , z = x, y,

max
m,n
A

(4)
mn,h = max

m,n

(
a(4)

m,x + a(4)
n,y

)
≤ 6(h−2

x + h−2
y ) ≤ 6(1 + γ2)h−2 = Ch−2,

and hence, ∥∥∥φ(A(4)
∆,h)Rh(I − Πh)v

∥∥∥
h
≤ Ch−µ

+

∥Rh(I − Πh)v∥h .

Applying Lemma 4 with r = µ+ + 4 yields∥∥∥φ(A(4)
∆,h)Rh(I − Πh)v

∥∥∥
h
≤ Ch−µ

+

hµ
++4

∥∥∥B(µ++4)/2v
∥∥∥

L2

= Ch4
∥∥∥Bµ+/2+2v

∥∥∥
L2 .

Combining the resolved part and the two tail estimates gives the stated estimate. □

Set α+ := µ+/2. The assumption v ∈ D(Bµ+/2+2) is sufficient for attaining the O(h4) spatial rate;
under lower regularity, Corollary 1 gives the corresponding rate q(s) = min{4, 2(s − α+)}.

Corollary 1 (Regularity-rate tradeoff). Under Assumption 1 and the quasi-uniform grid condition,
assume that v ∈ D(Bs) with s > α+ + 1/2. Then∥∥∥Rhφ(B)v − φ(A(4)

∆,h)Rhv
∥∥∥

h
≤ Chq(s) ∥Bsv∥L2 , q(s) = min{4, 2(s − α+)}.

In particular, the fourth-order estimate in Theorem 1 is recovered when s ≥ α+ + 2.

Proof. If s ≥ α+ + 2, the assertion follows directly from Theorem 1. It remains to consider α+ + 1/2 <
s < α+ + 2, for which q(s) = 2(s − α+) > 1.

AIMS Mathematics Volume 11, Issue 8, 27056–27084.
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For the resolved modes, Lemma 3 gives

|φ(A(4)
mn,h) − φ(Λmn)| ≤ Ch4Λα++2

mn .

Set δ = α+ + 2 − s > 0. Since the resolved eigenvalues satisfy Λmn ≤ Ch−2,

h4Λα++2
mn = h2(s−α+)Λs

mn(h2Λmn)δ

≤ Ch2(s−α+)Λs
mn.

Thus, the factor 2 in the lower-regularity rate comes from the O(h−2) spectral scaling of the resolved
eigenvalues. Parseval’s identity therefore bounds the resolved-mode contribution by Chq(s) ∥Bsv∥L2 .

For the continuous high-frequency tail, apply Lemma 4 with r = q(s) > 1 to w = φ(B)(I − Πh)v,
which has no resolved modes. Since φ(λ) ≤ Cλα+ ,

∥Rhφ(B)(I − Πh)v∥h ≤ Chq(s)
∥∥∥Bq(s)/2φ(B)v

∥∥∥
L2 ≤ Chq(s) ∥Bsv∥L2 .

For the discrete high-frequency tail, Lemma 2, the DST diagonalization, and maxm,nA
(4)
mn,h ≤ Ch−2

show that the induced discrete L2-operator norm satisfies

sup
W,0

∥∥∥φ(A(4)
∆,h)W

∥∥∥
h

∥W∥h
= max

m,n
φ(A(4)

mn,h) ≤ Ch−2α+ .

Taking W = Rh(I − Πh)v and using Lemma 4 with r = 2s > 1,∥∥∥φ(A(4)
∆,h)Rh(I − Πh)v

∥∥∥
h
≤ Ch−2α+ ∥Rh(I − Πh)v∥h ≤ Ch2s−2α+ ∥Bsv∥L2 .

Since 2s − 2α+ = q(s), the three bounds give the result. □

4. Unsplit modal Crank–Nicolson scheme

Define Φh = φ(A(4)
∆,h) and Lh = −Φh. In modal form,

Φh = Sh diag{ψmn,h} S
T
h , ψmn,h = φ(A(4)

mn,h) > 0.

The semi-discrete generator is therefore self-adjoint and nonpositive with respect to the discrete inner
product (·, ·)h. Let Ntτ = T and use the time grid

tn = nτ, n = 0, . . . ,Nt, tn+1/2 = tn +
τ

2
.

With U0 = Rhu0 and Fn+1/2 = Rh f (tn+1/2), the fully discrete method is

Un+1 − Un

τ
= Lh

Un+1 + Un

2
+ Fn+1/2. (4.1)

Equivalently, (4.1) can be written as(
I −

τ

2
Lh

)
Un+1 =

(
I +

τ

2
Lh

)
Un + τFn+1/2. (4.2)
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Since Lh = −Φh, this is also (
I +

τ

2
Φh

)
Un+1 =

(
I −

τ

2
Φh

)
Un + τFn+1/2.

Let Ûn = ST
h Un and F̂n+1/2 = ST

h Fn+1/2. Each mode is updated by the scalar formula

Ûn+1
mn =

1 − τ
2ψmn,h

1 + τ
2ψmn,h

Ûn
mn +

τ

1 + τ
2ψmn,h

F̂n+1/2
mn . (4.3)

The homogeneous amplification factor Gmn = (1 − τ
2ψmn,h)/(1 + τ

2ψmn,h) satisfies |Gmn| ≤ 1, because
τ > 0 and ψmn,h > 0 imply

∣∣∣1 − τ
2ψmn,h

∣∣∣ ≤ 1+ τ
2ψmn,h. The update is unsplit: it applies the scalar function

to the full two-dimensional eigenvalueA(4)
mn,h, rather than factorizing the step into coordinate directions.

This distinguishes (4.3) from classical ADI factorizations and related distributed-order Riesz schemes
based on directional or spectral discretizations [28, 29, 42, 43].

4.1. Positive quadrature of the order integral

When the order integral is evaluated by quadrature, we use a positive rule:

φJ(s) =
J∑

q=1

ωqρ(µq)sµq/2, µq ∈ [µ−, µ+], ωq > 0.

The number of order-quadrature nodes is denoted by J in the analysis and the numerical tables report
the same quantity as Jµ. Quadrature reduction of the distributed-order integral is common in finite-
difference, spectral, and Laplace-transform-based methods [9, 44, 45].

The continuous assumption ρ ∈ L1 is sufficient to define φ, but nodal quadrature requires a
representative that can be evaluated at the quadrature nodes. We therefore impose the following
separate assumption only for quadrature-based computations and estimates.

Assumption 2 (Quadrature-compatible order rule). The quadrature nodes satisfy µq ∈ [µ−, µ+], the
weights satisfy ωq > 0, the selected representative of ρ is nonnegative at the nodes, and the nodal mass
obeys

J∑
q=1

ωqρ(µq) > 0.

Assumption 2 makes no convergence claim for nodal quadrature under only L1 regularity of ρ. For
smooth densities, positive Gauss–Legendre rules are a standard choice, and in the analysis below, the
resulting order-quadrature contribution is kept as the separate budget Eµ.

Under the nodal density conditions above, positive weights give a simple grid-independent sufficient
condition for modal positivity. For a signed rule, unconditional CN stability on a fixed grid holds if
and only if φJ(A(4)

mn,h) ≥ 0 for every resolved mode. If this quantity is negative for any mode, the
corresponding amplification factor in (4.3) has a modulus greater than one and its denominator vanishes
at τ = −2/φJ(A(4)

mn,h) > 0.
The quadrature operators are Φh,J = φJ(A(4)

∆,h) and Lh,J = −Φh,J. Under Assumption 2, φJ(s) > 0 for
s > 0, so quadrature preserves dissipativity. The quadrature CN solution obtained by replacing Lh with
Lh,J in (4.1) is denoted by Un

J .
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For a grid vector V , write V̂ = ST
h V and define

Eµ,h(V) = (hxhy)1/2

Mx−1∑
m=1

My−1∑
n=1

∣∣∣φJ(A(4)
mn,h) − φ(A(4)

mn,h)
∣∣∣2 |V̂mn|

2


1/2

.

By the discrete Parseval identity, the modal expression above is exactly the standard discrete L2 norm
Eµ,h(V) =

∥∥∥(Φh,J − Φh)V
∥∥∥

h
. For an exact solution sampled at the time levels of the CN scheme, set

Eµ = max
0≤n≤Nt−1

Eµ,h

(
Rhu(tn+1) + Rhu(tn)

2

)
.

Thus Eµ is a separate order-quadrature budget for the particular solution and quadrature rule, not a
spatial consistency term. For endpoint-concentrated densities, this order-quadrature contribution may
dominate the O(h4) spatial term at moderate Jµ; the operator-action discrepancies in Table 7 illustrate
this possibility. The quadrature estimates below are conditional on this finite budget Eµ.

4.2. Algorithm and complexity

The implementation uses only two-dimensional DSTs and modal multiplication. The transforms
DST2 and IDST2 use the same orthonormal DST-I normalization as Sh. Let ψ∗mn,h denote the working
modal symbol:

ψ∗mn,h = ψmn,h for exact-symbol runs, ψ∗mn,h = φJ(A(4)
mn,h) for quadrature runs.

1) Precompute a(4)
m,x, a(4)

n,y,A
(4)
mn,h = a(4)

m,x + a(4)
n,y, and ψ∗mn,h.

2) Precompute

G∗mn =
1 − τ

2ψ
∗
mn,h

1 + τ
2ψ
∗
mn,h

, D∗mn =
τ

1 + τ
2ψ
∗
mn,h

.

3) At each step, compute Ûn = DST2(Un) and F̂n+1/2 = DST2(Fn+1/2), update

Ûn+1
mn = G∗mnÛn

mn + D∗mnF̂n+1/2
mn ,

and transform back with IDST2.

For Ndof = (Mx−1)(My−1), exact-symbol precomputation requires O(Ndof) scalar evaluations when
φ is available analytically, while quadrature-based precomputation with J nodes costs O(JNdof). Each
time step costs O(Ndof log Ndof) and storage is O(Ndof). No dense two-dimensional matrix function is
formed.

Contour-integral, shifted-resolvent, and rational Krylov methods [11, 37, 39] support more general
matrices and geometries, with matrix-function actions evaluated through multiple shifted linear solves
or Krylov iterations. Distributed-order Riesz ADI/proper orthogonal decomposition (POD) schemes
[28, 29] use directional or reduced-order solvers for their Riesz spatial operators. On separable
Dirichlet grids, the fixed-order compact matrix-transfer/DST method [25] has a transform-dominated
O(Ndof log Ndof) spatial cost. The present distributed-order formulation retains this online complexity:
the J-node order quadrature is confined to a one-time O(JNdof) symbol construction, after which each
CN step costs O(Ndof log Ndof), uses O(Ndof) storage, and is independent of J. Thus, in the separable
setting considered here, its computational advantage is a direct DST-based update with neither repeated
shifted solves nor J-dependent work at each time step.

AIMS Mathematics Volume 11, Issue 8, 27056–27084.



27067

5. Stability and convergence

Lemma 5 (Positivity and dissipativity; see [10, 36]). Under Assumption 1, Φh is symmetric positive
definite and Lh = −Φh is dissipative in the discrete inner product:

(ΦhV,V)h > 0 (V , 0), (LhV,V)h ≤ 0.

The same statements hold for Φh,J and Lh,J under Assumption 2.

Proof. The eigenvalues of A(4)
∆,h are A(4)

mn,h > 0, and φ(s) > 0 for s > 0. Hence, the modal eigenvalues
ψmn,h of Φh are positive. For the quadrature operator, the modal eigenvalues are φJ(A(4)

mn,h), which are
positive under Assumption 2. Writing V̂ = ST

h V , the orthonormal DST normalization and the definition
of (·, ·)h give

(ΦhV,V)h = hxhyV̂T diag{ψmn,h}V̂ = hxhy

Mx−1∑
m=1

My−1∑
n=1

ψmn,h|V̂mn|
2,

(LhV,V)h = −(ΦhV,V)h = −hxhy

Mx−1∑
m=1

My−1∑
n=1

ψmn,h|V̂mn|
2.

For V , 0, orthogonality gives V̂ , 0. Since every ψmn,h > 0, the first quantity is strictly positive and
the second is nonpositive. Replacing ψmn,h by φJ(A(4)

mn,h) > 0 gives the same identities for Φh,J and Lh,J

under Assumption 2. □

Theorem 2 (Unconditional discrete L2 stability). Under Assumption 1, for every τ > 0, the linear
system in (4.2) is uniquely solvable. For the homogeneous problem Fn+1/2 = 0, scheme (4.1) satisfies∥∥∥Un+1

∥∥∥
h
≤ ∥Un∥h , τ > 0.

For the nonhomogeneous problem,

∥Un∥h ≤
∥∥∥U0

∥∥∥
h
+ τ

n−1∑
k=0

∥∥∥Fk+1/2
∥∥∥

h
.

Under Assumption 2, the same solvability and estimates hold for the quadrature scheme obtained by
replacing Lh with Lh,J.

Proof. Since Φh is symmetric positive definite, I − τLh/2 = I + τΦh/2 is symmetric positive definite
and hence invertible. The exact-symbol homogeneous modal amplification factor is

Gmn =
1 − τ

2ψmn,h

1 + τ
2ψmn,h

,

and |Gmn| ≤ 1 for every τ > 0. For the nonhomogeneous recurrence, the forcing coefficient satisfies

0 <
τ

1 + τ
2ψmn,h

≤ τ.

On a fixed grid, the largest modal forcing coefficient is τ/(1 + τ
2ψmin,h) < τ, where ψmin,h :=

minm,n ψmn,h > 0. Its ratio to τ tends to one as τ → 0+, so the factor τ is asymptotically sharp.
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Thus (4.3), Parseval’s identity, and summation in time give the stated bound. For the quadrature
scheme, replace ψmn,h by φJ(A(4)

mn,h) > 0 and repeat the same modal argument. This is the standard
CN contraction argument [14, 42]. □

Lemma 6 (Discrete operator bound; cf. [10, 40]). Under Assumption 1, let σ > 1. If v ∈ D(B(µ++σ)/2),
then

∥ΦhRhv∥h = ∥LhRhv∥h ≤ C
∥∥∥B(µ++σ)/2v

∥∥∥
L2 .

Proof. On resolved modes, ψmn,h ≤ CΛµ
+/2

mn by Lemma 2 and φ(s) ≤ Csµ
+/2. Therefore, with (̂Rhv) =

ST
h Rhv,

∥ΦhRhv∥2h = hxhy

∑
p,q

ψ2
pq,h|(̂Rhv)pq|

2

≤ Chxhy

∑
p,q

Λµ
+

pq|(̂Rhv)pq|
2.

The weighted trace bound in Lemma 4, with β = µ+, gives

hxhy

∑
p,q

Λµ
+

pq|(̂Rhv)pq|
2 ≤ C

∥∥∥B(µ++σ)/2v
∥∥∥2

L2 .

Since Lh = −Φh, the same bound holds for LhRhv. This proves the result. The condition σ > 1 supplies
the additional spatial spectral decay required to make the two-dimensional pointwise-sampling alias
factor supp,q

∑
(m,n)∈Cpq

Λ−σmn finite; the shell/integral proof is given in Appendix A. □

Let un
h = Rhu(tn) and define

δtu
n+1/2
h =

un+1
h − un

h

τ
, un+1/2

h =
un+1

h + un
h

2
.

The exact-symbol local residual is

T n+1/2 = δtu
n+1/2
h − Lhun+1/2

h − Rh f (tn+1/2).

For the quadrature operator, we use

T
n+1/2
J = δtu

n+1/2
h − Lh,Jun+1/2

h − Rh f (tn+1/2).

Because no directional product factorization is used, no mixed splitting residual appears.

Theorem 3 (Local truncation error). Under Assumption 1 and the quasi-uniform grid condition, let
σ > 1. Suppose

u ∈ C([0,T ]; D(Bµ+/2+2)),

utt ∈ L∞(0,T ; D(B(µ++σ)/2)),
uttt ∈ L∞(0,T ; D(Bσ/2)).

Then, for 0 ≤ n ≤ Nt − 1, ∥∥∥T n+1/2
∥∥∥

h
≤ C(τ2 + h4).
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With quadrature under Assumption 2, the bound becomes∥∥∥T n+1/2
J

∥∥∥
h
≤ C(τ2 + h4 + Eµ),

where Eµ is the order-quadrature budget defined in Section 4. The constant C is independent of h, τ,
and n.

Proof. Using the continuous equation ut(tn+1/2) = Lu(tn+1/2) + f (tn+1/2), decompose the residual as

T n+1/2 =
(
δtu

n+1/2
h − Rhut(tn+1/2)

)
+

(
RhLu(tn+1/2) − LhRhu(tn+1/2)

)
+ Lh

(
Rhu(tn+1/2) − un+1/2

h

)
.

The centered time derivative satisfies∥∥∥δtu
n+1/2
h − Rhut(tn+1/2)

∥∥∥
h
≤ Cτ2 ∥uttt∥L∞(tn,tn+1;D(Bσ/2))

by Taylor expansion and Lemma 4. By the first regularity assumption,

Ku := max
0≤t≤T

∥∥∥Bµ+/2+2u(t)
∥∥∥

L2 < ∞.

Applying Theorem 1 with v = u(tn+1/2) gives∥∥∥RhLu(tn+1/2) − LhRhu(tn+1/2)
∥∥∥

h

=
∥∥∥Rhφ(B)u(tn+1/2) − φ(A(4)

∆,h)Rhu(tn+1/2)
∥∥∥

h

≤ Ch4
∥∥∥Bµ+/2+2u(tn+1/2)

∥∥∥
L2 ≤ Ch4Ku,

uniformly for 0 ≤ n ≤ Nt − 1. Writing tc = tn+1/2, the two centered Taylor formulas with integral
remainders are

u
(
tc ±

τ

2

)
= u(tc) ±

τ

2
ut(tc)

+
τ2

4

∫ 1

0
(1 − ξ)utt

(
tc ±

ξτ

2

)
dξ.

The first-derivative terms have opposite signs and cancel when the two identities are averaged. By the
linearity of Rh, the change of variables θ = ±ξ/2 then gives the exact midpoint remainder

un+1/2
h − Rhu(tn+1/2) =

τ2

2

∫ 1/2

−1/2

(
1
2
− |θ|

)
Rhutt(tn+1/2 + θτ) dθ.

Consequently, Lemma 6 and the stated utt regularity give∥∥∥∥Lh

(
Rhu(tn+1/2) − un+1/2

h

)∥∥∥∥
h
≤ Cτ2 ∥utt∥L∞(tn,tn+1;D(B(µ++σ)/2)) .

For the quadrature residual,

T
n+1/2
J = T n+1/2 + (Φh,J − Φh)un+1/2

h ,

and the last term is bounded by Eµ,h(un+1/2
h ) ≤ Eµ by the definition in Section 4. The

temporal-discretization estimates follow from the standard centered-difference and midpoint Taylor
expansions [14, 42]. □
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Theorem 4 (Fully discrete convergence). Assume the hypotheses of Theorem 3 and set U0 = Rhu0.
Then

∥Rhu(tn) − Un∥h ≤ C(τ2 + h4), 0 ≤ tn ≤ T.

With quadrature under Assumption 2, if U0
J = Rhu0, then∥∥∥Rhu(tn) − Un

J

∥∥∥
h
≤ C(τ2 + h4 + Eµ), 0 ≤ tn ≤ T.

In both estimates, C = CT is independent of h, τ, and n for each fixed final time T .

Proof. Let en = Rhu(tn) − Un. Subtracting the numerical scheme from the residual equation gives(
I −

τ

2
Lh

)
en+1 =

(
I +

τ

2
Lh

)
en + τT n+1/2.

The nonhomogeneous stability estimate in Theorem 2 gives

∥en∥h ≤
∥∥∥e0

∥∥∥
h
+ τ

n−1∑
k=0

∥∥∥T k+1/2
∥∥∥

h
.

Since e0 = 0, Theorem 3 yields

∥en∥h ≤ C(τ2 + h4), 0 ≤ tn ≤ T,

with T absorbed into the constant. For the quadrature statement, use en
J = Rhu(tn) − Un

J , the residual
T

n+1/2
J , and the quadrature version of Theorem 2. □

Remark 1. The regularity assumptions in Theorem 3 are sufficient for the convergence proof because
they provide the bounds required for the three components of the local residual. The condition
u ∈ C([0,T ]; D(Bµ+/2+2)) makes the required graph-domain bound available at every time and is used
for the fourth-order spatial transfer in Theorem 1. Replacing Theorem 1 by Corollary 1 gives the
corresponding local and fully discrete estimates with h4 replaced by hq(s), provided this first regularity
condition is replaced by u ∈ C([0,T ]; D(Bs)), while the stated assumptions on utt and uttt are retained.
These assumptions on utt and uttt enter only through the midpoint average and the centered time
difference, respectively. The restriction σ > 1 is the two-dimensional pointwise-sampling threshold in
Lemma 4, arising from convergence of the alias lattice sum in Appendix A. Under these assumptions,
the spatial-consistency component is O(h4) and the two temporal components are O(τ2). With the
sampled initial condition U0 = Rhu0, combining this local-residual bound with Theorem 2 gives the
fully discrete estimate O(τ2+h4) for the exact-symbol scheme; the quadrature scheme has the additional
budget Eµ. Since σ > 1 is arbitrary, one may take σ = 1 + ζ for any ζ > 0, which requires only

utt ∈ L∞(0,T ; D(Bµ+/2+1/2+ζ/2)), uttt ∈ L∞(0,T ; D(B1/2+ζ/2)).

For example, choosing σ = 2, all three assumptions are implied by the stronger but simpler condition
u ∈ W3,∞(0,T ; D(Bµ+/2+2)). The third-order temporal regularity in W3,∞ is dictated by the centered-
difference remainder, whose O(τ2) bound uses uttt. The second derivative utt controls the O(τ2)
midpoint-average remainder, and the L∞-in-time norm makes both bounds uniform over all time steps.
These graph-domain hypotheses express the spectral smoothness typically associated with smooth,
boundary-compatible data, with fixed-order spectral Dirichlet regularity providing the corresponding
background [46]. For φ(B)w = g, the modal identity wmn = gmn/φ(Λmn) shows that the available
regularity is governed by the decay of gmn relative to the distributed-order symbol.
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6. Numerical experiments

All experiments use Ω = (0, 1)2, µ− = 0.4, µ+ = 1.8, and the uniform density ρ(µ) = 1 unless
otherwise stated. All tabulated spatial tests use square grids Mx = My = M, so h = 1/M and Ndof =

(M − 1)2 on Ω = (0, 1)2. The column “steps” denotes Nt = T/τ. Tables 1–6 use the analytic uniform-
density symbol, so Eµ = 0. Table 7 studies the error introduced by positive Gauss–Legendre quadrature
of the order integral, while Table 8 uses Jµ = 64 only to time quadrature-based symbol precomputation.
For the uniform density,

φ(s) =
2(sµ

+/2 − sµ
−/2)

log s
,

with the continuous value µ+ − µ− at s = 1. The order interval and density are model inputs prescribed
by the application, whereas h, τ, and Jµ control spatial, temporal, and order-quadrature resolution,
respectively. Because the scheme is unconditionally stable, the choices τ = h2/10 in the spatial-
convergence tables and τ = h2/20 in the matched comparison keep the O(τ2) temporal error at the
O(h4) spatial scale rather than imposing a stability restriction. For the smooth densities used here, Jµ
is increased until successive positive-rule refinement changes the relevant operator action by less than
the prescribed quadrature tolerance; this tolerance is set separately from the spatial-error target. The
exact reference solution for convergence tests is the manufactured sine expansion

u(x, y, t) = e−t
K∑
ℓ=1

cℓ sin(kx,ℓπx) sin(ky,ℓπy),

with the source

f (x, y, t) = e−t
K∑
ℓ=1

cℓ
[
−1 + φ((kx,ℓπ)2 + (ky,ℓπ)2)

]
sin(kx,ℓπx) sin(ky,ℓπy).

The default multi-mode set is

(cℓ, kx,ℓ, ky,ℓ) = (1, 1, 2), (0.3, 4, 3), (0.1, 8, 5).

The fixed high-frequency multiscale test used in Table 5 and Figure 1 is

(cℓ, kx,ℓ, ky,ℓ) = (1, 3, 2), (0.35, 7, 6), (0.15, 11, 10).

All modes satisfy kx,ℓ, ky,ℓ < 16, so they belong to the DST-I mode set without aliasing at every reported
resolution. At M = 16, the shortest full wavelength spans only 32/11 ≈ 2.91 grid intervals, creating
the intended coarse-resolution challenge. The finite-difference comparison method uses the standard
tensor-product second-order Dirichlet Laplacian:

A(2)
∆,h = Iy ⊗ Tx,h + Ty,h ⊗ Ix, L(2)

h = −φ(A(2)
∆,h).

Its modal symbol is φ(θm,x + θn,y).
High-order Galerkin methods for fixed-order problems involving the spectral fractional Laplacian

have also been developed and analyzed [47, 48]. For a controlled comparison under matched settings,
we use the fourth-order noncompact polynomial generator

Aw
z,h = Tz,h +

h2
z

12
T 2

z,h, Aw
∆,h = Iy ⊗ Aw

x,h + Aw
y,h ⊗ Ix.
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The DST-I eigenvectors are unchanged and, for each fixed sine mode,

aw
m,z = θm,z

(
1 +

h2
z

12
θm,z

)
= κ2

m,z −
h4

zκ
6
m,z

90
+ O(h6

zκ
8
m,z), ψw

mn = φ
(
aw

m,x + aw
n,y

)
.

Thus, the comparator is fourth order for the sine-compatible data used here, and the compact,
noncompact, and second-order schemes use the same grid, distributed-order symbol, Crank–Nicolson
update, time-step rule τ = h2/20, continuous L2(Ω) error measure, and (M − 1)2 spatial degrees of
freedom. Errors are evaluated against the exact sine-series solution.

6.1. Operator consistency

Table 1 tests, at t = 0.3, the operator-level defect∥∥∥Rhφ(B)u − φ(A(4)
∆,h)Rhu

∥∥∥
h
.

For consecutive mesh sizes hi−1 > hi, the rate in each error column is computed as ratei =

log(Ei−1/Ei)/ log(hi−1/hi), where Ei denotes the corresponding discrete L2 error at hi. The compact
functional-calculus operator exhibits fourth-order spatial accuracy, while the second-order full-spectral
counterpart exhibits second-order spatial accuracy.

Table 1. Spatial consistency of the compact full-spectral functional-calculus operator at
t = 0.3 for the multi-mode test, using the analytic uniform-density symbol µ ∈ [0.4, 1.8].

M h Compact error Rate Second-order error Rate
16 0.06250 7.647 × 10−2 – 6.175 × 10−1 –
24 0.04167 1.457 × 10−2 4.088 2.827 × 10−1 1.927
32 0.03125 4.539 × 10−3 4.055 1.607 × 10−1 1.964
48 0.02083 8.859 × 10−4 4.030 7.193 × 10−2 1.982
64 0.01562 2.791 × 10−4 4.015 4.057 × 10−2 1.991
96 0.01042 5.494 × 10−5 4.008 1.806 × 10−2 1.995
128 0.00781 1.737 × 10−5 4.004 1.017 × 10−2 1.998
192 0.00521 3.427 × 10−6 4.002 4.521 × 10−3 1.999

6.2. Fully discrete and temporal convergence

For the manufactured solution, Table 2 directly compares the computed solution UNt with the
sampled analytical solution Rhu(T ) by reporting

∥∥∥eNt
∥∥∥

h
and the grid maximum error

∥∥∥eNt
∥∥∥
∞,h

:=
max1≤i, j≤M−1 |e

Nt
i j |, where eNt = Rhu(T ) − UNt . Since τ = h2/10 gives τ2 = h4/100, the temporal

and spatial terms have the same fourth-order scaling in h; the factor 1/100 affects only the constant.
The observed rates are fourth order.
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Table 2. Direct analytical–numerical comparison and fully discrete convergence of the
unsplit modal CN compact scheme with T = 0.2, analytic uniform-density symbol µ ∈
[0.4, 1.8] so Eµ = 0, and τ = h2/10. The listed rates are based on ∥eNt∥h.

M h τ Steps ∥eNt∥h Rate ∥eNt∥∞,h

16 0.06250 3.906 × 10−4 512 6.719 × 10−4 – 1.483 × 10−3

24 0.04167 1.736 × 10−4 1152 1.265 × 10−4 4.118 2.536 × 10−4

32 0.03125 9.766 × 10−5 2048 3.934 × 10−5 4.061 8.717 × 10−5

48 0.02083 4.340 × 10−5 4608 7.673 × 10−6 4.031 1.702 × 10−5

64 0.01562 2.441 × 10−5 8192 2.417 × 10−6 4.015 5.361 × 10−6

96 0.01042 1.085 × 10−5 18432 4.759 × 10−7 4.008 1.056 × 10−6

Table 3 fixes a fine mesh and varies τ. The observed rates are consistent with the second-order
convergence of the unsplit modal CN time discretization.

Table 3. Temporal convergence of the unsplit modal CN scheme on a fixed fine mesh (M =
384, T = 0.32) using the analytic uniform-density symbol, so Eµ = 0.

τ Steps ∥eNt∥h Rate
8.000 × 10−2 4 3.150 × 10−4 –
4.000 × 10−2 8 7.882 × 10−5 1.999
2.000 × 10−2 16 1.969 × 10−5 2.001
1.000 × 10−2 32 4.921 × 10−6 2.000
5.000 × 10−3 64 1.230 × 10−6 2.000
2.500 × 10−3 128 3.073 × 10−7 2.001

Table 4 repeats the compact fully discrete convergence test for several uniform distributed-order
intervals. These cases examine the persistence of the fourth-order spatial trend across different order
ranges.

Table 4. Compact fully discrete convergence for different uniform distributed-order intervals
(T = 0.2, τ = h2/10, analytic symbols, Eµ = 0).

[µ−, µ+] M h τ ∥eNt∥h Rate
[0.2, 0.8] 24 0.04167 1.736 × 10−4 2.871 × 10−5 –
[0.2, 0.8] 32 0.03125 9.766 × 10−5 8.936 × 10−6 4.057
[0.2, 0.8] 48 0.02083 4.340 × 10−5 1.744 × 10−6 4.030
[0.2, 0.8] 64 0.01562 2.441 × 10−5 5.492 × 10−7 4.015
[0.4, 1.8] 24 0.04167 1.736 × 10−4 1.265 × 10−4 –
[0.4, 1.8] 32 0.03125 9.766 × 10−5 3.934 × 10−5 4.061
[0.4, 1.8] 48 0.02083 4.340 × 10−5 7.673 × 10−6 4.031
[0.4, 1.8] 64 0.01562 2.441 × 10−5 2.417 × 10−6 4.015
[1.0, 2.0] 24 0.04167 1.736 × 10−4 1.446 × 10−4 –
[1.0, 2.0] 32 0.03125 9.766 × 10−5 4.496 × 10−5 4.061
[1.0, 2.0] 48 0.02083 4.340 × 10−5 8.770 × 10−6 4.031
[1.0, 2.0] 64 0.01562 2.441 × 10−5 2.763 × 10−6 4.015
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6.3. High-order comparison on a multiscale challenge

Table 5 compares the three schemes on the fixed high-frequency multiscale test. Both high-
order schemes exhibit fourth-order convergence, while the compact error is smaller at every reported
resolution, with a noncompact-to-compact error ratio of approximately 1.79–2.65. Because the two
high-order schemes share the same DST-I basis and O(Ndof log Ndof) modal-update complexity, the
comparison shows the compact scheme’s accuracy gain at matched asymptotic cost on this test.
Figure 1 displays the corresponding continuous L2(Ω) error curves.

Table 5. Matched accuracy comparison on the fixed high-frequency multiscale test defined
in Section 6. All three grid schemes use the same (M − 1)2 spatial degrees of freedom,
distributed-order symbol, Crank–Nicolson update, and continuous L2(Ω) error measure (T =
0.2, τ = h2/20).

M h Compact fourth order Noncompact fourth order Second order

Error Rate Error Rate Error Rate
16 0.06250 4.616 × 10−3 – 8.262 × 10−3 – 2.719 × 10−2 –
24 0.04167 8.338 × 10−4 4.220 1.812 × 10−3 3.741 1.126 × 10−2 2.174
32 0.03125 2.557 × 10−4 4.109 6.037 × 10−4 3.821 6.187 × 10−3 2.081
48 0.02083 4.938 × 10−5 4.055 1.245 × 10−4 3.895 2.706 × 10−3 2.040
64 0.01562 1.550 × 10−5 4.027 4.002 × 10−5 3.943 1.513 × 10−3 2.019
96 0.01042 3.045 × 10−6 4.014 8.002 × 10−6 3.970 6.700 × 10−4 2.010
128 0.00781 9.615 × 10−7 4.007 2.543 × 10−6 3.985 3.763 × 10−4 2.005
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Figure 1. Continuous L2(Ω) errors of the compact, fourth-order noncompact polynomial-
generator, and second-order full-spectral schemes on the fixed high-frequency multiscale test.
All schemes use the same (M − 1)2 spatial degrees of freedom, distributed-order symbol, and
Crank–Nicolson discretization (T = 0.2, τ = h2/20).
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6.4. Large time-step stability

For the homogeneous problem f = 0 with random modal initial data, Table 6 reports the discrete
L2 norms

∥∥∥U0
∥∥∥

h
,
∥∥∥UNt

∥∥∥
h
, and max0≤n≤Nt ∥U

n∥h, whereas Figure 2 shows the normalized histories
∥Un∥h /

∥∥∥U0
∥∥∥

h
. The norm is nonincreasing for all tested time steps. The numerical solution decays

slowly for large time steps because the CN scheme is A-stable but not L-stable; this is consistent with
|Gmn| ≤ 1.

Table 6. Discrete L2-stability test for large time steps (M = 128, T = 1, analytic uniform-
density symbol, random modal data with seed 20260524).

τ Steps Initial norm Final norm Max norm Monotone
1.000 × 10−3 1000 9.872 × 10−1 8.703 × 10−7 9.872 × 10−1 yes
1.000 × 10−2 100 9.872 × 10−1 3.597 × 10−3 9.872 × 10−1 yes
5.000 × 10−2 20 9.872 × 10−1 6.752 × 10−1 9.872 × 10−1 yes
1.000 × 10−1 10 9.872 × 10−1 8.797 × 10−1 9.872 × 10−1 yes
5.000 × 10−1 2 9.872 × 10−1 9.813 × 10−1 9.872 × 10−1 yes
1.000 × 100 1 9.872 × 10−1 9.856 × 10−1 9.872 × 10−1 yes
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Figure 2. Normalized discrete L2-norm histories for the homogeneous equation (M = 128,
T = 1, random modal initial data, seed 20260524).

6.5. Order quadrature and implementation scaling

Table 7 reports the absolute and relative operator error introduced by positive Gauss–Legendre
quadrature of the distributed-order integral. For a quadrature rule with symbol φJ, the reported absolute
error is ∥∥∥∥(φJ(A(4)

∆,h) − φref(A
(4)
∆,h)

)
Rhv

∥∥∥∥
h

and the relative error is obtained by dividing by
∥∥∥φref(A

(4)
∆,h)Rhv

∥∥∥
h
. For the uniform density, φref is the

analytic symbol. For the endpoint-peaked density, the reference uses Jref = 1024. The high-mode
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operator test uses

v(x, y) =
5∑
ℓ=1

cℓ sin(kx,ℓπx) sin(ky,ℓπy),

with
(cℓ, kx,ℓ, ky,ℓ) = (1, 1, 2), (0.25, 8, 7), (0.12, 16, 13), (0.06, 24, 21), (0.03, 31, 28).

For the endpoint-peaked case, the unnormalized density is

ρep(µ) =
1√

(µ − µ− + ε)(µ+ − µ + ε)
, ε = 10−3.

Here ε = 10−3 defines the bounded endpoint-peaked test density; refining the high-mode reference
from Jref = 512 to Jref = 1024 produces a relative change of 3.35 × 10−13 in the reference operator
action, supporting Jref = 1024 at the precision reported in Table 7. The endpoint concentration slows
order-quadrature convergence relative to the uniform case, so the contribution Eµ is reported separately
from the h4 spatial term. Under Assumptions 1 and 2, modal positivity gives unconditional discrete
L2 stability for admissible densities and positive rules. Accuracy at fixed Jµ is density-dependent: the
uniform case reaches the roundoff level by Jµ = 12, whereas endpoint concentration may require a
larger or adaptive Jµ to meet the same tolerance (Table 7).

Table 7. Sensitivity to positive Gauss–Legendre quadrature of the distributed-order integral
(M = 128, high-mode operator test and endpoint-peaked density defined in Section 6, Jref =

1024 for endpoint-peaked density; the uniform-density reference uses the analytic symbol).

Density Jµ Error vs. ref. Relative error Ref. norm
uniform 4 2.286 × 10−2 4.873 × 10−4 4.691 × 101

uniform 8 2.327 × 10−9 4.961 × 10−11 4.691 × 101

uniform 12 3.985 × 10−14 8.496 × 10−16 4.691 × 101

uniform 16 3.782 × 10−14 8.063 × 10−16 4.691 × 101

uniform 24 3.567 × 10−14 7.605 × 10−16 4.691 × 101

uniform 32 3.655 × 10−14 7.793 × 10−16 4.691 × 101

uniform 48 3.068 × 10−13 6.541 × 10−15 4.691 × 101

uniform 64 2.561 × 10−14 5.460 × 10−16 4.691 × 101

endpoint-peaked 4 3.101 × 101 2.164 × 10−1 1.433 × 102

endpoint-peaked 8 1.202 × 101 8.387 × 10−2 1.433 × 102

endpoint-peaked 12 6.047 × 100 4.221 × 10−2 1.433 × 102

endpoint-peaked 16 3.351 × 100 2.339 × 10−2 1.433 × 102

endpoint-peaked 24 1.163 × 100 8.114 × 10−3 1.433 × 102

endpoint-peaked 32 4.330 × 10−1 3.022 × 10−3 1.433 × 102

endpoint-peaked 48 6.517 × 10−2 4.549 × 10−4 1.433 × 102

endpoint-peaked 64 1.031 × 10−2 7.197 × 10−5 1.433 × 102

Table 8 reports median wall-clock timings and the observed scaling of the modal implementation;
absolute values are platform-dependent. On the square grids used here, the full-spectral symbol is
stored as the two-dimensional array φ(a(4)

m,x + a(4)
n,y). The column “Pre. ms” reports quadrature-based
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symbol precomputation with Jµ = 64, “DST+IDST ms” reports one forward two-dimensional DST
followed by one inverse transform, and “Upd. ms” reports the modal multiplication update. The
idealized working storage estimate is

5Ndof · 8
106 MB,

corresponding to five double-precision arrays of length Ndof. The dense baseline is

N2
dof · 8
109 GB,

the storage required by one dense Ndof × Ndof double-precision matrix. Thus, precomputation scales as
O(JµNdof), while each time step remains transform-dominated.

Table 8. Scaling diagnostic of the DST-based full-spectral modal implementation (median
wall-clock timings; 20 repetitions for symbol precomputation and DST+IDST timings, and
100 repetitions for modal updates).

M Ndof Jµ Pre. ms DST+IDST ms Upd. ms Work MB Dense GB
64 3969 64 2.78 0.05 0.003 0.2 0.1
128 16,129 64 9.36 0.16 0.008 0.6 2.1
256 65,025 64 35.03 0.74 0.034 2.6 33.8
384 146,689 64 79.84 2.67 0.167 5.9 172.1

Accuracy-matched solver comparison. To distinguish spatial-discretization accuracy from matrix-
function solver cost, we additionally compare the direct DST realization with a per-step single-vector
rational Krylov realization using Zolotarev poles and precomputed shifted SuperLU factorizations [49].
Both solvers use the same fourth-order compact operator, Jµ = 64, and the same 100-step CN
recurrence with T = 0.2 and τ = 0.002. The initial state is the high-frequency packet defined above
and the time-dependent source is

fG(x, y, t) = sin(πx) sin(πy)
{

e−70[(x−cx(t))2+(y−cy(t))2] + 0.25 cos
(
4πt
T

)
e−45[(x−0.72)2+(y−0.28)2]

}
,

where cx(t) = 0.35 + 0.12 sin(2πt/T ) and cy(t) = 0.58 + 0.10 cos(2πt/T ). For each grid, the selected
number of poles k satisfies

εtraj := max
1≤n≤100

∥Un
RK − Un

DST∥h

∥Un
DST∥h

≤ 10−8.

Table 9 reports a controlled single-threaded benchmark on an Intel Core Ultra 7 265K: timings are
medians of five 100-step runs, the online denominator is a conservative physical-space direct-DST
update at each step, and peak working-set ratios are medians from five fresh processes per method.
At matched discrete accuracy, the tested rational Krylov realization uses 33–123 times the setup time,
36–138 times the online time, and 1.16–3.80 times the gross peak working set of direct DST. This
solver-level comparison is limited to the specified realization and the separable setting, whereas Table 5
compares spatial accuracy.
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Table 9. Accuracy-matched solver-level comparison for the same fourth-order compact
operator and CN recurrence. The setup and online columns are rational-Krylov/direct-DST
time ratios. The last column is the ratio of median gross process peak working sets.

M Ndof Poles k εtraj Setup ratio 100-step ratio Peak RSS ratio
32 961 11 9.88 × 10−9 33 36 1.16
64 3969 14 3.79 × 10−9 72 94 1.62
96 9025 15 5.00 × 10−9 97 119 2.49
128 16,129 16 4.41 × 10−9 123 138 3.80

7. Conclusions

We have developed a fourth-order compact functional-calculus method for full-spectral distributed-
order diffusion on rectangular Dirichlet domains. The compact Kronecker-sum generator A(4)

∆,h serves
as the discrete counterpart of B = −∆D, and the distributed-order symbol is applied directly to this
generator,

Φh = φ(A(4)
∆,h), Lh = −Φh.

The resulting method is unsplit: each modal Crank–Nicolson step uses the full two-dimensional
compact eigenvalue rather than a product of directional factors. The analysis shows that the compact
eigenvalue perturbation is preserved by φ, giving a fourth-order discrete L2 consistency estimate for
φ(B) after grid restriction. Positivity of the exact symbol, and of the positive quadrature rules used for
the order integral, gives dissipativity and unconditional discrete L2 stability. Under the stated regularity
assumptions, the fully discrete error is O(τ2 + h4) for the exact-symbol scheme and O(τ2 + h4 + Eµ) for
the positive-quadrature version.

The numerical experiments support these conclusions through operator-level tests, fully discrete and
temporal convergence studies, order-interval checks, stability histories, quadrature sensitivity tests,
and a comparison with the second-order full-spectral counterpart. The results show the expected
fourth-order spatial accuracy, second-order temporal accuracy, nonincreasing discrete L2 norms for
the homogeneous problem, and the separate effect of the quadrature budget.

The present analysis relies on rectangular separability, homogeneous Dirichlet data, quasi-
uniform tensor-product grids, and sine-diagonalizable full-spectral operators. The rectangular
geometry, homogeneous Dirichlet data, and a tensor-product grid that is uniform in each coordinate
direction provide the DST-I basis that simultaneously diagonalizes A(4)

∆,h and φ(A(4)
∆,h); without this

separable structure, neither the present modal fourth-order transfer proof nor the O(Ndof log Ndof) DST
implementation carries over directly. The numerical study is limited to smooth finite sine-series data
on uniform square grids. Future work should address nonrectangular geometries, nonhomogeneous
boundary data, nonuniform meshes, numerical validation of the regularity–rate tradeoff in Corollary 1,
nonlinear extensions, and adaptive positive order-quadrature rules for endpoint-concentrated densities.
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A. Sine sampling and aliasing

We record the aliasing estimate used in Lemmas 4 and 6. The sine-series aliasing identities used
below are standard in pseudospectral collocation and spectral methods [40, 41]. It is enough to prove
the estimates for finite sine expansions and then pass to the stated graph-norm spaces by completion.
Write

w =
∑

m,n≥1

wmnemn.

For each resolved pair 1 ≤ p ≤ Mx − 1, 1 ≤ q ≤ My − 1, define the two-dimensional sine alias class

Cpq = {(m, n) ∈ N2 : m ≡ ±p (mod 2Mx), n ≡ ±q (mod 2My)}.
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Modes with an index that is a multiple of Mx or My vanish on the corresponding grid and do not enter
the sampled coefficients. The signs in the aliasing formula are those induced by sine symmetry.

With the orthonormal DST-I normalization used in the paper,

w̃pq := (hxhy)1/2(̂Rhw)pq =
∑

(m,n)∈Cpq

ηmn,pqwmn, ηmn,pq ∈ {−1, 1}.

For β ≥ 0 and σ > 1, the Cauchy–Schwarz inequality gives

Λβpq|w̃pq|
2 ≤

 ∑
(m,n)∈Cpq

Λ−σmn


 ∑

(m,n)∈Cpq

ΛβpqΛ
σ
mn|wmn|

2


≤ C

∑
(m,n)∈Cpq

Λβ+σmn |wmn|
2.

Here Λpq ≤ CΛmn on each alias class. For j ≥ 1, let

S j = {(m, n) ∈ N2 : max{m, n} = j}.

Then |S j| = 2 j − 1 and j2 ≤ m2 + n2 ≤ 2 j2 on S j. Since Λmn ≥ cΩ(m2 + n2) on the fixed rectangle, the
integral test gives

sup
p,q

∑
(m,n)∈Cpq

Λ−σmn ≤ CΩ,σ
∑

m,n≥1

(m2 + n2)−σ

≤ 2CΩ,σ
∞∑
j=1

j1−2σ ≤ 2CΩ,σ

(
1 +

∫ ∞

1
r1−2σ dr

)
< ∞, σ > 1.

At σ = 1, the unresolved sublattice (2ℓMx+1, 2kMy+1) ∈ C11, ℓ, k ≥ 1, hasΛ2ℓMx+1, 2kMy+1 ≤ Ch−2(ℓ2+

k2); hence
∑

(m,n)∈C11
Λ−1

mn ≥ ch2 ∑
ℓ,k≥1(ℓ2 + k2)−1 = ∞. Thus both alias sums diverge logarithmically at

the endpoint. The preceding upper bound is uniform in p, q, and h. Summing over p, q and using the
finite overlap of the alias classes yields

hxhy

∑
p,q

Λβpq|(̂Rhw)pq|
2 ≤ C

∑
m,n≥1

Λβ+σmn |wmn|
2.

This proves the weighted trace bound in Lemma 4; the unweighted trace bound is the case where β = 0.
For the unresolved tail, replace Cpq by CH

pq = Cpq \ {(p, q)}. Every mode in CH
pq has at least one index

bounded below by a positive multiple of Mx or My. More explicitly, the positive representatives in an
alias class have the form |2ℓMx ± p| and |2kMy ± q|. After removing (p, q), at least one of |ℓ| or |k| is
nonzero. Hence

Λmn ≥ ch−2(ℓ2 + k2),

apart from harmless changes in the constant caused by the finitely many sign choices. Since∑
(ℓ,k),(0,0)(ℓ2 + k2)−r < ∞ for r > 1, we obtain

sup
p,q

∑
(m,n)∈CH

pq

Λ−r
mn ≤ Ch2r, r > 1,
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where h = max{hx, hy}. Applying the same Cauchy–Schwarz argument to the unresolved alias classes
gives

∥Rh(I − Πh)w∥2h ≤ Ch2r
∑

m,n≥1

Λr
mn|wmn|

2,

and therefore,
∥Rh(I − Πh)w∥h ≤ Chr

∥∥∥Br/2w
∥∥∥

L2 , r > 1.
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