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Abstract: A nonlinear age-structured tumor cell population model where the tumor population is
divided into proliferating and quiescent cells is studied in this paper. The discretization of age and
time is considered. Based on continuous collocation methods, an age-semi-discrete scheme and the
numerical basic reproduction number R;, are obtained. Some conditions are presented such that R, is
superconvergent to the real basic reproduction number Ry, and R, is also a threshold of the age-semi-
discrete scheme. For the time-full discretization, an implicit-explicit discrete scheme is introduced,
of which the computational cost is almost the same as an explicit scheme. The most important point
is that the dynamical behavior of the model is preserved by the age-semi-discrete scheme. Finally,
several numerical experiments are given to verify our results.
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1. Introduction

Cell population models were first proposed by Bell and Anderson [1,2], who investigated the effects
of cell division into daughter cells of unequal volumes and derived conditions for the existence and
stability of a balanced exponential solution. However, cells can also be described by many other state
variables besides volume, such as age [3,4], size [5], and spatial location [6, 7]. Recent studies have
also employed delayed, fractional-order, and reaction—diffusion models to investigate tumor—immune
interactions, spatial heterogeneity, and spatiotemporal dynamics in biological systems [8—10]. Among
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these variables, age has been widely used in structured cell population models because almost all
populations with life cycles can be described using age-structured formulations.

The age-structured cell population models were introduced by Webb [11], which consider the
property of asynchronous exponential growth of age-structured cell populations. On the basis of [11],
Dyson [12] introduced a proliferating cell population model. The model distinguishes individual cells
by their proliferating or quiescent status and allows cells to transit between these two states at any
age. Furthermore, based on [12], Liu et al. [13] introduced a variable to consider the impact of
nutrients on cell transformation; the model is given as follows:

oP(t,a)  OP(ta) _ _ nsB@N P, a)
o K aa T TH@PEO TG

0Q(t.a)  30(t.a) _

dNat 5 —t2(a)Q(1, a),

% = b(o — N(1)) - Hs+—§\,)(t) [T Pa,a) +y0(1,a) da, )
2(1 = fnsN(t) oo

P(1,0) = %}W 7 B@P(t,a) da,
2fnsN(@)

0.0 = F v y Bl@P(t,a)da,

P(0,a) = Po(a), Q(0,a) = Qo(a), N(0) = Ny,

where P(t,a) and Q(t, a) represent the densities of proliferating and quiescent cells, respectively, N(¢)
represents the concentration of nutrition for t € [0,7T], T < oo and a € [0,o). The biological
interpretation of all model parameters is given in Table 1.

Table 1. Biological explanations for parameters in system (1.1).

Parameters Description

k Evolution speed of physiological age with time
ui(a) Death rate of tumor cells in the proliferating stages
Ha(a) Death rate of tumor cells in the quiescent stages
n The conversion factor between nutrient and tumor population
s The maximal consumption rate of nutrients
H The subsaturation rate of nutrients
b The washout rate of nutrients
bo The recruitment rate of nutrients
Yy The ratio of nutrient consumption between proliferating and
quiescent cells
f The fraction of newborn cells that will switch to quiescent with
age 0 once they are divided
B(a) The division rate related to the age of the proliferating cell

Following the biological interpretation of the original model in [13], the cell age a is measured
from the time when a daughter cell is generated by mitosis. Therefore, P(¢,0) and Q(z, 0) represent the
densities of newly generated proliferating and quiescent tumor cells of age zero at time ¢, respectively.
The nonlocal term fooo B(a)P(t, a) da represents the age-aggregated division activity of the proliferating

AIMS Mathematics Volume 11, Issue 8, 26986-27017.



26988

nsN(1)
H+ N(@)
nutrient-dependent modulation of cell division. Each dividing proliferating cell produces two daughter

cells, of which the fraction 1 — f enters the proliferating compartment, and the fraction f enters the
quiescent compartment. Hence, the two boundary conditions describe the recruitment of newborn
proliferating and quiescent cells generated by mitosis across all physiological ages.

In this paper, we make the same assumptions as [14] for system (1.1): none of the proliferating cells
with age a > 0 will enter the quiescent stage, and 5(a) = 0 for a > a:, where a; denotes the maximum
survival age of a cell. Consequently, all age integrals can be restricted to [0, a:]. Mathematically, it is
always assumed that

cell population, where B(a) is the age-dependent division rate. The factor describes the

PO’ QO € L_]'_[O, a'i‘]’ NO > 07

where L1[0,a;] = {u : foaf lu(a)|da < oo, u(a) > 0 for a.e. a € [0, aT]}, and

B € L7(0,00),0 < Ba) < B,

. . (1.2)
#i€L+(O7OO)’O<ﬂ—Sﬂi(a)sﬂ+, 1= 152’

ac(0,00)

where L7(0,00) = {u: sup |u(a)| < 00}. Additionally, the functions S and y; are Lipschitz

continuous.

Many scholars have proposed a series of numerical methods for cell population models without
age. In [15], authors considered multi-variable cell population balance models using several different
numerical methods; it was shown that time-explicit methods are, in general, far more efficient than
time-implicit methods. Among the time-explicit methods, compared to multi-step methods, the higher
time accuracy of one-step Runge-Kutta methods can result in higher stability limits. [16] considered
the finite element approximation to the generalized multi-variable cell population balance problem
and indicated that finite element methods were far worse than the best spectral and finite difference
methods for the multi-variable cell population balance model. In [17], authors used numerical
methods to study in vitro human tumor cell population models and found that the pseudo-spectral
method requires a much smaller number of grid points than those needed for the finite difference
method to reach comparable accuracy. Moreover, there are also many high-order numerical methods,
such as the second-order approximation of the exact solution of a SIPCV epidemic model obtained
through the trapezoidal formula in [18]. However, numerical methods of age-structured cell
population models are rarely studied.

Compared to the numerical methods mentioned above, the continuous collocation method [19]
demonstrates superior applicability for age-structured tumor cell population models. In fact, the
accuracy of finite difference methods is relatively limited. Finite element methods can be complex in
dealing with integral and coupled terms. Spectral methods [20, 21] require higher smoothness and
may produce negative solutions (see Example 7.4 in Section 7). However, the continuous collocation
methods ensure both the accuracy and nonnegativity of numerical solutions, which satisfies the
biological significance of the models.

Due to the existence and importance of the evolution speed k in system (1.1), it will result in a
strong dependence on the parameter k if we discrete the system directly. Therefore, we consider the
semi-discrete method to avoid this dependence. Unlike the characteristic line method in [22], which
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requires the age step size and time step size to be consistent, we propose an abstract age-semi-discrete
scheme through the r-stage continuous collocation method.

For age-structured models, high-order approximation of the basic reproduction number R, is more
essential than convergence analysis of numerical solutions, as R is a key threshold of the stability
and is generally hard to evaluate exactly. In this paper, the numerical basic reproduction number R, is
introduced using the r-stage collocation method. Some conditions are provided such that R, is at least
an r + 1 order approximation of Ry, and R}, is a threshold of the age-semi-discrete scheme.

Building on the semi-discrete framework, we proceed to the time-full discretization. A key
challenge is that the nonlinear coupling, together with age discretization, produces large, dense
matrices that render fully implicit methods computationally prohibitive. To address this, we introduce
a linearly implicit Euler method that treats the birth terms explicitly and the remaining terms
implicitly. This approach preserves the order of accuracy of the collocation scheme and retains the
stability threshold R, established in the semi-discrete analysis.

The organization of this paper is as follows: The continuous collocation methods are reviewed, and
the age-semi-discrete scheme is presented in Section 2. In Section 3, the age-semi-discrete scheme
is linearized, and the characteristic equation is obtained. The convergence of R;, and R, is studied
in Section 4. The stability of the age-semi-discrete system is investigated in Section 5. A time-full-
discrete scheme is introduced, and the stability of the time-full-discrete system is given in Section 6.
Some numerical experiments illustrate the convergence and stability in Section 7.

2. Age-semi-discrete scheme

2.1. Abstract form of continuous model

In this subsection, we obtain the abstract form and the basic reproduction number R, of model (1.1).

We denote the spaces by
)
L'[0,a:] = {u : fﬂ u(a)| da < oo},
0

d
Wt 0,a:] = {u e L'[0,a:]: d—” eL'[o, aT]},
a

and

where du/da denotes the first weak derivative of u with respect to the age variable a.
Set X = L'[0,a:] X L' [0, a;] X R and define the linear operator £ : D(L) — X by

¢ —k¢" — i (a)p
Ll w |=]| —ko' —mw@w |,
X —byx
where
2(1 -
¢ o0 = 22D [T papptay da
DL =1 w |eW"[0,a:] x W [0,a:] xR : s X

X w(©0) = 2 j(‘ fo Ba)p(a) da
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Introduce the nonlinear operator N : X — X by

_nsplaxy

14 H+y
N w = 0
X bo — Lf’” @(a) + yw(a) da
H+y0

T
By setting U = ( ©, W, ¥ ) , then the abstract form of (1.1) is rewritten as

dr

WO _ v+ NUW), 1> 0,U) € DL),
U(0) = Uy,

T
where Uy = ( Py(a), Qp(a), Ny ) .

2.1

From [13], linearizing the system (1.1) at steady state (0,0, 0)?, we introduce the linear operator

L2:D(L) > Xby

T & - p(@p - PO,
Ll o |= —kéY — pa(a)d> ,
)’e e SO ai A N
by = 7 Jy @ +yd(a)da
where
2(1 —
o | 4(0) = i—;ﬁffj‘ﬁwmmma
DL = & |e W [0,a:] x WM [0,a] xR : 5
0 &(0) = fhsa‘f1 Bla)p(a)da

T
By setting X = ( o, 0, x ) , then the abstract form after linearization of (1.1) is rewritten as

dt

dx@ _ LX), >0, X e D),
X(0) = Uy

Apart from the always stable eigenvalue A = —b, the remaining eigenvalues satisfy

dy=1-2 ﬂmajwﬁwwwﬂma—

where ¢(a, A) is a solution to

nsp@o
H+o 14

¥¢=—mwm— - 16,
@0) = L.
The basic reproduction number is also provided by

m“bmwfmwwm

where ¢(a, 0) is defined by (2.3).

(2.2)

(2.3)

(2.4)
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2.2. Continuous collocation methods

In this subsection, we review the definition and other conclusions of collocation methods for
ordinary differential equations in [23].
Consider the initial-value problem

y,:f(a’)’)’ ae[aO’al]

2.5
y (ao) = yo. (22)

Definition 2.1. Let cy, - - - , ¢, be distinct real numbers (usually 0 < ¢; < 1). The collocation polynomial
g(a) is a polynomial of degree r satisfying

g (ap +cih) = f(ag +cih,g(ag +cih)), i=1,...,r,

g (ap) = go
and the numerical solution of the collocation method is defined by y, = g (ay + h).

Lemma 2.1. [23] The collocation method of Definition 2.1 is equivalent to the r-stage Runge-Kutta
method with coefficients

Ci 1
ajj = f ti(ndr, b = f ti(7)dr, (2.6)
0 0
(t—c) . . .
where €;(t) =[] ,i=1,---,risthe Lagrange polynomial.
17 (¢i —¢p)
Since 7! = Z} c’j‘.‘]f (1), k =1,...,m, the relations (2.6) are equivalent to the linear systems

j=1

k

r c
Clp: X aijC];-_l =, k=1,...,p, alli,
j=1 k

r 1
B(s): Ybc'=— k=1,...,s,
i=1 k
withp=rand s =r.

Lemma 2.2. [23] If the condition B(s) holds for some s > r, then the continuous collocation methods
have order p. This means that the continuous collocation methods have the same order as the
underlying quadrature formula.

Lemma 2.3. [23] The collocation polynomial g(t) is an approximation of order m to the exact solution
of (2.5) on the whole interval, that is,

lg(a) — (@Il < Ch™',  fora € [ay, ay + h]
and for sufficiently small h.

2.3. Age-semi-discrete scheme

In this subsection, we consider an age-semi-discrete method for the model (1.1). Let N, which is
greater than 0 and independent of &, be an integer and {ay =0 <a; < --- < a, <--- < ay = a+} be the
age mesh. Different from the characteristic line methods, the age-semi-discretization can be established
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under a general age mesh. However, for convenience, we will discuss the age-semi-discretization under

a uniform mesh as a, = nh,n=0,1,--- ,N with h = %

Denote the numerical space by

[an,an+1] € Hr’ (l)h [an,ans1] < HF} ’

Y = {( f)’; ) € C[0,a:] x C[0,a:] : ¢n

withn =0,1,--- , N — 1, of which the dimension is 2(rN + 1), and I, is the space of polynomials with
degree less than or equal to r. For given collocation parameters 0 < ¢; < --- < ¢, < 1, let

M, ={d! | d} =a, +ch,n=0,1,--- ,N-1,i=1,2,---,r}

be the collocation mesh points and X, = Y, X R.
Define the numerical linear operator £, : D (L)) — X, by

®n —kg), — i (a)pn
Ly wp |=| —kw), —mw(@wy, |, forae M,
Xh —bxy,
where
2(1 = Hinsys
= h Y bBly)}
®n Qph( ) H Y HZ:(; - ﬁz Phi
D(Ly) =3 wn |€Xp: 2f N-1 r
Xh 0) = ﬂ h b.B"O"
wh( ) H+Xh ; £ lﬁl 90111

Then, introduce the nonlinear operator N, : X;, — X, by

_nB@Xnpn
©n H +Xh
N, Wy = 0 ,
Xh bo — Z h Zr] bi(¢), + yw))

HXh

where S :,B(a;’),gohl goh( ) wy; = wh( :’) forn=0,...,N—-1landi=1,...,r, and we also define
two projection operators 25, : W' [0,a:] x W' [0,a;] = Y, and P, : X — D(L,) by

w

75,,( 14 ):(Z) for a € M, U {ap),

and
@ P Y
Pl w |= "\ w , forae M, U{ap}.
X X

Then an age-semi-discrete solution is defined as follows.
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Definition 2.2. A differentiable function U,(t), a mapping from [0, 00) — D (L)), is called an age-

semi-discrete solution of (2.1) if it satisfies the semi-discrete system
dUu(1)
= LUyt U s )
& LyUn(@) + Np(Un(1)), aeM, 2.7
Uin(0) = P, Up.

Remark 2.1. (0,0,0)" € X, is also an equilibrium of (2.7)

3. Linearization and characteristic equation

In this section, we linearize systern (2.7) at (0,0, 0)"

numerical linear operator L,

®n
Wy

Xn

Ly

where

D(-ﬁh)

Definition 3.1. A differentiable function X;,(t), a mapping from [0, o) — D(L}), is called an age-semi-

discrete solution of (2.2) if it satisfies the semi-discrete system

that is,

According to X, = Y, X R, define the

D(L),) — X, by

., . nspla)o
k@, — i (@)on — Hio o
_ —k&y, — po(a)wy, , a €M,
Yoz N-1 r
— "+ Yo
20 - pse X,
R P(0) = h ) biBid,

= onp l€X): of Nol  r
Xn on(0) = BTN LN g
Ct)h( ) H+o HZ:O Z:ZI lﬁl Phi

Xy € D(Ly), aeM, 3.1)

dX,(t) 4
= L, X;,(0),
” L, X (1)
X(0) = P,U,.
Consider the characteristic equation of system (3.1)
@n NEZ Pn X
| n |= Ly @ |, p | € D(Ly),
Xn Xn Xn
. . . nspla)o
Ay = =k, — p(@)n — o o a€ M,
by, = =k, — (@),  a € My,
on = —bin— —Z S h 5 b,
Ankn = —byn — Tio nZO 121 (%(Cl, , Ap) + yloy(al ,/111)), 3.2)
. - fopso NV
on(0) = H— Z h Z bip}o(at, Ap),
+ 0 =1
R 2fnsog N-1 r R
o) = LS 0 S bputar A,
Volume 11, Issue 8, 26986-27017.
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Here, ¥, € R is independent of the age variable a. Therefore, no boundary condition at a = 0O is
required for ;.
For the first equation of (3.2), let $,(0) = 1, then @, (a’, ;) satisfies

nspla)o
Hyo o €M (3.3)

{/lh@h = k@, — mi(@@n —
on(0) = 1,

therefore, ¢5(al, A,) € Y is a collocation solution to

~y n spla)o n
{/«p = —u(a)p — YR ; -9, acl0,a],
¢0) = 1.

Similarly, for the second equation of (3.2), w(a], 4;) is a collocation solution to

k&' = —pp(a)io — @,  a € [0,a:],
&(0) = 1.

Then the matrix representation of (3.2) is as follows:

2(1 = HHinso N=1 - R
1= 20 S by, 0 0
H+o n=0 i=1 o (0)
2f]7s0- N-1 r . ‘f)h
o Z h Z biB! @u(al, Ay) 1 0 wy(0)
KYos N 1 r s'yo- N-1 r Xh
h Y bgy(al, A, —— > h ) bjwyat, ) A,+b
Tio nZO 121 Pn(ay, An) o ngo El wp(al, 4) A+
(3.4
&n(0)
Denote (3.4) as G(1,)| @wu(0) | = 0, which yields det (G(4;,)) = 0, then the eigenvalues consist of the
Xn
always stable eigenvalue 4, = —b and the roots of
_ f)nscf r "oy
di() =1~ Z Z bR n(al, i) = 0

Therefore, the stability is determined by the roots of d,(1,) = 0

Following the methodology established in [13] for defining the analytical basic reproduction
number R, through the characteristic equation approach, we can derive the numerical basic
reproduction number R), for the age-semi-discrete system (2.7).

Definition 3.2. A numerical basic reproduction number Ry, for the age-semi-discrete system (2.7) is

defined by .
2(1 = f)ns0' :
R .
T Z; Z] biBl (], 0), (3.5)

where §y(al,0) is defined by (3.3).

AIMS Mathematics Volume 11, Issue 8, 26986-27017.
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From (2.4) and (3.5), we can see that the numerical basic reproduction number is similar to the exact
basic reproduction number, but it is not directly defined by quadrature to the exact basic reproduction
number. In the next section, we will show that R, is a higher-order approximation to R, with at least
r + 1 order.

4. Convergence

In this section, we will discuss the higher-order convergence between R, and R, with the
assumption (1.2). The error of the numerical basic reproduction number is expressed as follows:

N- r .
Z beﬂ”sb’i, f Bla)¢(a)dal .
n=0 i=1 0

Next, we can convert the error into the following two parts:

Z szﬁ”% f ' Ba)i(a) da
n=0 i=

) so
IR, — Rol = f 7

2(1 — f)nscr

< 202D (NS i~ (™ parga)da +§ f " B @i(a) - @) da
- H+o o P ar i’ n=0 1+ an i ’
_ 2= fimso
= H—-i-O' (Il + 12) )
where
N-

M

biB; ¢ — f Bl@)¢n(a)da
i=1 an

n=0

is called the quadrature error, and

N-1

b,

n=0

n+1

Ba)(@n(a) — ¢(a)) da

is called the collocation error.
Then we just need to consider the errors of /; and /,. For the superconvergence analysis, we further
assume that
B,y € C™™0, a:].

Theorem 4.1. Assume that § € C"™[0,a;], 1y € C"™[0,a+]. If the r collocation parameters {c;} are
subject to the orthogonality condition

1 r
Jvzfsv (s—c)ds=0
aal
forv=0,1,--- ,k—1,andk =1,2,--- ,r, then the quadrature error
Il S Clhr+K,

AIMS Mathematics Volume 11, Issue 8, 26986-27017.
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and the collocation error
I, < Coh"™",

where Cy and C, are independent of h but depend on {c;}.
Proof. The proof is given in Appendix A.1. O

Remark 4.1. For the Gauss collocation method, the orthogonality index satisfies k = r, and hence, the
convergence order is 2r. For the Radau IIA collocation method, k = r — 1, which gives the convergence
order 2r — 1. These theoretical orders are confirmed by the numerical results reported in Table 2.

The above convergence result shows that R;, provides a high-order approximation to Ry,. However,
convergence alone does not guarantee that the discrete system preserves the threshold dynamics of the
continuous model. Therefore, in the next section, we investigate whether R, also determines the local
stability of the age-semi-discrete system.

5. Stability

In this section, we will discuss the stability condition of the solution of the age-semi-discrete
system (2.7) and obtain that the numerical basic reproduction number Rj, is the threshold for the
age-semi-discrete system. We do some preparations before stating the stability.

Lemma 5.1. [24] For A € C, the collocation solution ¢, is an approximation of order r to the exact
solution ¢ on the whole interval, that is,

|@n(a}, 1) = ¢(a, D)|| < Col’,  for a € [0,as],
where Cy = Cy(A).
According to Lemma 5.1, the following lemma is trivial.

Lemma 5.2. [24] For each fixed A € C, let d(1) and d,(1) denote the continuous and discrete
characteristic functions, respectively, defined by

) =1- M f B(a)¢(a, 1) da,
and
(D) =1- #Z Zb,ﬁ(a")(ph(al,/l)

Then, we have
|d (D) — d(D] < Ci1,
where Cy = Ci(A).
Lemma 5.3. [24] If the function d(A) has a zero A € C with multiplicity v, which is d(1) = 0, ---,
d“D(2) = 0, d"(A) # 0, then there exists a yy > 0 such that for A € B(A,y)\ {/_l}

ld(D)] > C;

where Cy = C»(A, o).

AIMS Mathematics Volume 11, Issue 8, 26986-27017.
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According to the above lemmas, we can obtain the relationship between the zeros of d(4) and d,(A).

- Cyyy
Theorem 5.1. If the function d(Q) has a zero A € C with multiplicity v and h < ( é?’o

) , then d;,(1)
1
has v zeros A, € B(A,v), h = 1,2, - - ,v (taking multiplicities into account); moreover,

-2 < Gy’
h| = C2 s

where C, is mentioned in Lemma 5.2, and C, and 'y, are mentioned in Lemma 5.3.

max
1<h<y

Proof. The proof is given in Appendix A.2. m|

The study of the stability condition for the age-semi-discrete system is based on the consideration
that § is a constant function, and it can be concluded that R;, is also a threshold for the age-semi-discrete
system.

Theorem 5.2. Assume that 5(a) = B*, where B* is a positive constant. When the coefficients of the
Runge-Kutta method satisfy

(i) b;=0,fori=1,2,---,r,

(ii) M = (m,-j) = (biaij + bjaﬁ - bibj):j:
and the step size h is sufficiently small, the numerical basic reproduction number R, is the threshold

for the age-semi-discrete system, i.e., the numerical age-semi-discrete solution U,(t) is asymptotically
stable if and only if R, < 1.

. is nonnegative definite,

Proof. The proof is given in Appendix A.3. O

Remark 5.1. The Runge-Kutta method, which satisfies (i) and (ii) in Theorem 5.2 (see [25]), is called
algebraically stable. Since both the Gauss and Radau IIA collocation methods are algebraically stable,
they are employed in the subsequent numerical experiments to verify the stability of the proposed
numerical scheme.

Remark 5.2. In Theorem 5.2, we only consider constant B(a) = p*. We now address the
age-dependent case B(a) defined on the discrete age mesh M,,. Since the implicit Euler method is a
one-stage Runge—Kutta method with A = (1), B = (1), and ¢ = (1), its unique stage point satisfies

a| = ayy1. Consequently, the stage value coincides with the endpoint value, namely,

O, (dy, An) = Pn(anr1, ).
Therefore, forn =0,...,N — 1, we have

nsﬁ(anﬂ)o-

A n A h
Gn(ans1, Ap) = Op(al, Ay) = Qplan, Ap) — — (#l(drm) + Tt o

A + /1;1) @h(a?,/lh). (51)

Then, we obtain

nsﬁ(anﬂ )0-

D n ’/1 =
Onlans1, An) H+o

-
+ /lh):| Onlay, Ap).

h
1+ % (#1(Gn+1) +

AIMS Mathematics Volume 11, Issue 8, 26986-27017.
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Since ¢,(0) = 1, as established in the proof of Theorem 5.2, iterating this recurrence relation yields

. ol Lk nsBlan)oe N\ T
&n(@ns1, An) = @n(0) l:(l) [1 2 (,Ul(am+1) M /lh)] = ,ln—_([)R(Zm)’ (5.2)
h m 1
where z,, = % (ul(am+1) + W + /lh), and R(z) = 1 is the stability function of the implicit
o —Z
Euler method. It follows from the proof of Theorem 5.2 that
2(1 - fnso R
Sp= % Z hB(ans1)@n(ns1, An)

20 s § Z hB(aner) ﬂR(zm) — 0, Ao .

H+0'

Therefore, the same stability conclusion as that established in Theorem 5.2 remains valid when 3 is
age-dependent.

Having established the threshold property of R), for the age-semi-discrete system, we next introduce
a time discretization to obtain a fully implementable numerical scheme. The main objective is to
determine whether the resulting full-discrete system retains the same stability threshold.

6. Time-full-discrete scheme

6.1. Matrix representation for the age-semi-discrete system

In order to discuss the full discretization, we first consider the matrix representation for the abstract
form (2.7). Denote an extension numerical space by

Z = {( Py ) € L°[0,a:] x LV[0, a+] : P,
O

withn=0,1,--- ,N - 1.
According to Runge-Kutta methods, for P, € Z;, we have

[anani1] € 1, Qh [an,ans1] < Hr} ’

Py(ay +vh) = Py(al) + h ¥, B;(v)Y7,
j=1
Y] = P,(a, + c;h),
where A = (a;j)rxr, aij = Bj(ci), B = (b1,by,- - ,b)T, bj=pi1),i,j=1,2,---,r. Then, we obtain
Pi(ay + cih) = P(ag) + h ) aijPi(ay + cjh),

j=1
thatis, forn=0,1,--- ,N -1,

P (ah) o an e @ Y11 Py(a}) Py(al)

P (a" ! P (a" P.(a"
R : A ol

a1 Gy Ay -1 1 " .

P(ay) b Py(a) Py(a’)
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where E = | | _ € R™r+D,
1 o 1

Remark 6.1. The invertibility of A can be verified according to Theorem 1.1.1 in [26]. In Lemma 2.1,
the collocation methods and the Runge-Kutta methods are equivalent, if and only if the relation

r v

c’
v—=1 _ i _ .
E a;jc; = —, v=1,....,r, i=1,...,r
: %
J=1
holds. Then, we can obtain
0 1 . r—1 1 2 .. r
c(l) c% ] 1 c% cé c 1 1
TR r_ o« o o r —_—
G G % C 6 ) 2
Al 7. .=
0 1 r—1 1 2 r 1
Cr Cr .. Cr Cr Cr PRy Cr ;

According to the properties of Vandermonde matrices, A is invertible.

For the matrix representation, forn = 0, 1,--- , N—1, we define the following matrices: the evolution
matrix

0
1
SZ — . c R(r+l)><(r+l)’
1
the growth matrix
L0 0y 1 O 0
n— _I_C 0 -1 € R(r+1)><(r+1)
oh At S ’
0 -1 1
the continuity matrix
1
0 T 4-1 Dx(r+1
Ggr=1 . [( 1,0,---,0 )+B A~ E] g RU+DX(r+l)
0
the mortality matrix
0
"= - Hil € RU+DXC+D)
/Jlrn
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and the division matrix

0
n nsﬁ? r r
= . e Rr+Dx( +1),
nsBy
0 2(1 - fimshb\py --- 2(1 — finshb,B;
o= 0 0 0 € RrFDXC+D)
0 0 0
For Q), € Z;,, we obtain the same matrices &), A}, and G}, as well as the mortality matrix
0
n 'uZln r r
n = — ) € RUHDXC+D),
#Zrn
and the division matrix
0 2fnshb\By --- 2fnshb,B;
- 0 0 0 € RU+DXC+1).
0 0 “e 0

Theorem 6.1. Any age-semi-discrete solution of (2.7) is equivalently represented by the following

differentiable functions: Py : [0, 00) — RNU*D 0, : [0, 00) — RN and N, : [0, 00) — [0, 00), such
that

~ dP N N ~ A ~ N,
S dht(t) = (ﬂh +Gn + My + (7:1h + MZh) #](\Z(l)) P(2),
~ dOW®) (4 | A ~ ~ Ny
En T (ﬂh + G+ Mz, + %hm) On(0), ©6.1)
dNu(1) _ sNy(t) Nolor
T bo — bN, (1) - N0 EO hg bi(Py(1) + yOu(D)),
(P(0), 01(0), N, (O)" = P, U,

where the matrices are defined as follows:

& = diag (&), &), Ay = diag (A . AY"), My, = diag (M- M),

MZh = dlag (M(Z)h’ ey, Mlzvh_l) , M3h = dlag (Mgh’ ey, Mévh_l) .

O 0 --- 0 FO ... FAN-I Fo o FN
Gi 0 - 0 A 0 - 0 ) 0 ... 0

gh: . .. .. . ) 7:1h: . . ) 2h = .
0 - G o 0 0 0 0

Proof. The proof is given in Appendix A.4.
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6.2. Time-full-discrete scheme

In this section, we discuss the time-full-discrete scheme based on (1.1). Denote the discrete time
step size as &. Then, let 1; = j¢ and P;, Q;, N; be numerical approximations to P(t;), Q(t;), and
Ny(tj), respectively. Then, an implicit-explicit scheme is written as

. Pj+1 _ pl . ) . ) R ) . Nj ) R Nj )
Sh i E— = ﬂhP;lH + QhP[’l + Mlhpilﬂ + M2h h P;lH + ﬂh h Piz’
¢ H

N/ H+N]

(O -0 . o A il e 4 A N
En| —L|= A0 +Gh0) + M3, Q) +ﬁh—th;,’
& H+N

h

(6.2)

N/t = N] . sN] . .
L = po — bN]" — —LhBT(P] + yQ)),
3 H+N;]

which is equivalent to

e N N (e MY
En —E| AL+ G + My + My, NP, = |6+ EFm | Py,
H + N/ H + N/

h h

J
(& — (A + G+ Man) O = (éh + f%hHthN ) Q. (6.3)

J

. h
ésN;
+

(1 +¢ELNI™ = ébo + N} - hBT (Pl +yQ)),

7
h

J

A A N ~ ~ N
and the matrices &,—¢ [ﬂh + G+ My, + MzhH h
+

J

] and Sh—f (&*’Alh + Qh + Mzh) become the block-
lower triangular matrices, whose invertibility is guaranteed by a sufficiently small time step & > 0.

Remark 6.2. It is worth noting that if a classical implicit scheme is introduced, then the matrices
J

N . A - n N
Sh—f(ﬂh‘th"‘Mlh"‘Mzh h
H +

j) and Sh - & (.7:(;1 + éh + Mzh) are changed into the matrices
h

J

J

J

A N N N .~ N, A N R A ~ N N,
8]1—5,: ﬂh+gh+M3h+7‘~2h h andSh—f ﬂh+§h+M1h+(M2h+ﬁh) h -

H + H+ N;l
are block-Leslie matrices. It is a little harder to determine the regularity of the matrices. Moreover,

even for a regular matrix, the computational cost increases as the age step size decreases.

], where they

Theorem 6.2. Under the condition in Theorem 5.2, the full—discrete_sch._eme_ (6.2) shares the threshold
of age-semi-discrete system (2.7), that is, the numerical solutions P’ Q;l, N'}f are asymptotically stable
if and only if R, < 1; on the contrary, the numerical solutions are unstable if and only if R, > 1.

Proof. The proof is given in Appendix A.S. O

Remark 6.3. Biologically, the condition R, < 1 means that a sufficiently small tumor cell population
cannot maintain its growth and tends to disappear. When R, > 1, the tumor-free equilibrium loses
stability, indicating that tumor cells may persist and continue to proliferate.
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The preceding sections establish the convergence of the numerical basic reproduction number R,
to Ry and show that R, serves as a stability threshold for both the age-semi-discrete and full-discrete
systems. To illustrate these theoretical results and assess the practical performance of the proposed
numerical methods, we next present several numerical examples.

7. Numerical examples

In this section, we will give several examples to demonstrate the conclusions on convergence and
stability we obtained above.

7.1. Convergence

Example 7.1. Consider the following functions given by [27], that is,

0, 0<ac<a,
Ba) = 1 (a—a))? 4
020% +20(a—ay) + (a—a)?* 1 (7.1)
M, OSaSal,
Hi(a) = )
u+ula—a), a>a,

where u = 0.268, o = 2 is a variance constant, and a; = 25 is the age at which proliferating cells
begin to divide. Here, 11(a) denotes the age-dependent mortality rate of proliferating cells. Since the
computation and convergence analysis of R, involve only u(a), the function u,(a) is not required in
this example.

We use the same method as in [28] to calculate the convergence order. According to Theorem 4.1,
if numerical methods satisfy the orthogonality condition

1 r
JV:fsv (s—c)ds=0, v=0,1,---,k=1, «k=1,2,---,r,
1

the numerical basic reproduction numbers must be a superconvergence, that is, the convergence order
is higher than r. It is shown that the numerical basic reproduction numbers converge with accuracy of
order 2,4,1,3 for 1-Gauss, 2-Gauss, 1-Radau IIA, and 2-Radau IIA methods in Table 2.

Table 2. Convergence orders for numerical methods.

;Onvergence order methods | | Cuss 2-Gauss 1-Radau A 2-Radau IIA
0.1 19991 3.9993  1.0536 2.9921
0.05 19998 39998  1.0272 2.9963
0.025 19999 39987  1.0137 2.9982
0.0125 20000 40285  1.0069 2.9991
0.00625 20000 4.1624  1.0034 2.9996

Remark 7.1. The slight increase in the observed convergence order beyond the theoretical value 4 for
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the 2-Gauss method at very small values of h is caused by the influence of round-off errors and does
not contradict our theoretical estimates.

7.2. Stability

In this subsection, we separately discuss the stability of 5 as a constant function and 8 as a function
related to a.

Example 7.2. To consider the stability of system (1.1), we discuss the influence of some parameters on
the solutions of the model, namely the evolution speed k, the proportion f, and the conversion factor
n. The parameters are taken from [29] as follows:

b=10, s=0.1346, H=0.1, y=0.1, 0 =2
and the others are assumed to be as follows:
u = =0.03, g =0.09.

To investigate the stability of numerical solutions, we first consider the relationship among R;, and
f>k,n. Figure I(a) shows that the larger cancer cell evolution speed needs the smaller conversion
factor to guarantee the condition R, < 1. Figure 1(b) suggests that the more newborn cancer cells turn
into quiescent cells, the larger the conversion factor needs to be to guarantee the condition R, < 1.
Figure 1(c) identifies the stable region as f and k vary.

\
2.00 - 030 _¢ R =1 e
*
0.25 P
1.50 .
R <1
0.20 0
= »
& 1.00 = 0.15 »”
»” R,>1
7’
0.50 - 0.10 1 J*
K
0054 47
0.00 ’
I T T T I T T T T 0.00 - : : : : : :
0.00 0.20 0.40 0.60 0.80 0.00 0.20 0.40 0.60 0.80 24 26 28 30 32 34 36
7 n k
(a) (b) (©)

Figure 1. (a) The effect of n on R, with f = 0.1 under the different evolution speeds k = 3,
k = 4, and k = 5. (b) The effect of n on R, with k = 3 under the differential proportion
f=0.1,f=0.2,and f = 0.3. (c) The effect of f on R, — 1 with = 0.8 as k increases.

From Theorem 6.2, we know that the numerical solutions are asymptotically stable if R, < 1, which
means that the number of tumor cells is decreasing and eventually disappears when the initial tumor
population is sufficiently small. When R), > 1, the numerical solutions are unstable, which means the
tumor population may persist and increase. The parameter settings and the corresponding values of
Ry, for the one-stage and two-stage collocation methods are summarized in Table 3. Figures 2 and 3
suggest that the tumor population dies out if R, < 1. Figures 4 and 5 suggest that the tumor population
increases if R, > 1.
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0 100 200 300 400 500 600 700 00

t

(a) (b) (©
Figure 2. (a) The numerical distribution of P(z,a) with r = 1 for R, < 1. (b) The numerical
distribution of Q(t,a) with r = 1 for R, < 1. (c¢) The time series of the total population
anT P(t,a)da + anT 0O(t, a)da under three different initial values. The initial values of (a) and

(b) are as follows: (Py(a), Qp(a), Ny) = (0.2,0.2,0.8).

0 100 200 300 100 500 600 700 00

t

() (b) (c)

Figure 3. (a) The numerical distribution of P(z,a) with r = 2 for R, < 1. (b) The numerical
distribution of Q(t,a) with r = 2 for R, < 1. (c¢) The time series of the total population
anT P(t,a)da + foaT 0(t, a)da under three different initial values. The initial values of (a) and

(b) are as follows: (Py(a), Qo(a), Ny) = (0.2,0.2,0.8).

10!

15
— Py(a) = Qo(a) = 0.005, Np = 1.2
< 3t |-+ Po(a) = Qo(a) = 0.01, Ny = 0.8
% -~ Py(a) = Qo(a) = 0.02, Ny = 1 i
3 ;
s H
O |
=
¥
E 1
=5
E 100 200 300 400 500 600 700 800
t
(a) (b) (©)

Figure 4. (a) The numerical distribution of P(z,a) with r = 1 for R, > 1. (b) The numerical
distribution of Q(z,a) with r = 1 for R, > 1. (c¢) The time series of the total population
anT P(t,a)da + foa* Q(t, a)da under three different initial values. The initial values of (a) and

(b) are as follows: (Py(a), Qo(a), Ny) = (0.01,0.01,0.4).
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——Py(a) = Qo(a) = 0.005, Ny = 1.2
— Py(a) = Qoa) = 0.01, Np = 0.8
’T |- Py(a) = Qo(a) = 0.02,Ny =1

e
j[;i P(t,a)da + [} Q(t,a)da

00
t

(a) (b) (©)
Figure 5. (a) The numerical distribution of P(z, a) with r = 2 for R, > 1. (b) The numerical
distribution of Q(t,a) with r = 2 for R, > 1. (c) The time series of the total population
foaT P(t,a)da + fol” 0O(t, a)da under three different initial values. The initial values of (a) and
(b) are as follows: (Py(a), Q¢(a), Ny) = (0.01,0.01,0.4).

Table 3. Parameter settings and corresponding values of Rj,.

Parameters R,

k f n r=1 r=2
1.1 0.4 0.3 0.0605 0.0603
7.0 0.4 0.9 1.8284 1.8286

Remark 7.2. Figure 1 illustrates how the physiological age evolution speed k, the fraction f of
newborn cells entering the quiescent state, and the nutrient-to-tumor conversion factor n affect the
reproductive potential of tumor cells, as characterized by R),. Variations in these biologically relevant
parameters may move the system across the threshold R, = 1. Figures 2 and 3 show that, when
R, < 1, the densities of both proliferating and quiescent tumor cells, as well as the total tumor cell
population, gradually decrease under different initial conditions. Biologically, this means that a
sufficiently small tumor cell population cannot maintain its growth and eventually tends to disappear.
In contrast, Figures 4 and 5 show that, when R, > 1, the tumor-free equilibrium loses stability, and
the proliferating and quiescent tumor cell populations may persist and increase. The consistent
qualitative behavior obtained for r = 1 and r = 2 also indicates that the threshold property is
preserved by both collocation schemes.

Example 7.3. According to Remark 5.2, consider the function B(a) given by (7.1), take f = 0.5,
k = 1.1, and n = 0.1, and other parameters are as stated above; we can obtain the numerical solution
when R, < 1 withr = 1 and r = 2 in Figures 6 and 7. Take f = 0.2, k = 5, and n = 0.2 and other
parameters are as above; we can obtain the numerical solution when R, > 1 withr = 1l and r = 2
in Figures 8 and 9. However, the current theoretical proof only provides the case under implicit Euler
methods.
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(a) (b)
Figure 6. (a) The numerical distribution of P(z,a) with r = 1 for R, < 1. (b) The numerical

distribution of Q(¢,a) with r = 1 for R, < 1. The initial values of (a) and (b) are as follows:
(Po(a), Qo(a), Ny) = (0.9,0.9,0.5).

(a) (b)
Figure 7. (a) The numerical distribution of P(z,a) with r = 2 for R, < 1. (b) The numerical

distribution of Q(t, a) with r = 2 for R, < 1. The initial values of (a) and (b) are as follows:
(Po(a), Qo(a), No) = (0.9,0.9,0.5).

Q(a,t)

(a) (b)
Figure 8. (a) The numerical distribution of P(z,a) with r = 1 for R, > 1. (b) The numerical

distribution of Q(¢,a) with r = 1 for R, > 1. The initial values of (a) and (b) are as follows:
(Po(a), Qo(a), Ny) = (0.01,0.01,0.4).
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(a) (b)

Figure 9. (a) The numerical distribution of P(z,a) with r = 2 for R, > 1. (b) The numerical
distribution of Q(t, a) with r = 2 for R, > 1. The initial values of (a) and (b) are as follows:
(Po(a), Qo(a), No) = (0.01,0.01,0.4).

Remark 7.3. Figures 6-9 provide a biological interpretation of the threshold R, when the division
rate depends on cell age. Figures 6 and 7 show that both proliferating and quiescent tumor cell
populations tend to disappear when R, < 1, indicating that age-dependent cell division is insufficient
to maintain the growth of a sufficiently small tumor population. Figures 8 and 9 show that the tumor
cell populations may persist and grow when R;, > 1. Therefore, the numerical results suggest that the
threshold role of R, remains valid even when the heterogeneity of the cell-division process with respect
to age is taken into account. The results obtained with r = 1 and r = 2 exhibit the same qualitative
biological behavior.

Example 7.4. In this numerical example, we compare the continuous collocation method with the
spectral method. As shown in Figures 10 and 11, when k is large, the spectral method produces
negative solutions, while under the same coefficients, the continuous collocation method can maintain
the nonnegativity of numerical solutions. Such nonnegativity is a crucial requirement for biologically
meaningful numerical solutions, which the continuous collocation method satisfies.

%107

o
o =
‘% :
3 g ] ——min®
£ = ——min(Q)
5 _E 101 — = Zeroline
= -15 1
min P = -1.780e-02
=20 T - - .
0 2 4 6 8 10

(a) (b)
Figure 10. (a) The negative regions with spectral method in P(¢, a) and Q(t,a) when k = 10.
(b) Minimum values of P(t,a) and Q(t, a) that vary over time when k = 10.
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P(at)
Q(ast)

(a) (b)
Figure 11. (a) The numerical distribution of P(¢,a) with the continuous collocation method

when k = 10. (b) The numerical distribution of Q(¢,a) with the continuous collocation
method when k£ = 10.

Remark 7.4. Figure 10 shows that the spectral method produces negative values of proliferating and
quiescent cell densities when k = 10. Such negative values are biologically inadmissible because cell
population densities must remain nonnegative. Under the same parameter setting, Figure 11 shows that
the continuous collocation method preserves the nonnegativity of both cell populations. Therefore,
the continuous collocation method produces numerical solutions that are more consistent with the
biological meaning of the age-structured tumor model.

8. Conclusions

This paper is concerned with the study of the numerical stability of a nonlinear age-structured
tumor cell population model. With the theory of continuous collocation methods, the numerical basic
reproduction number R, is obtained. Moreover, it is also a threshold for the local stability of age-semi-
discrete scheme, which is not a quadrature for the exact basic reproduction number but converges to the
exact one with at least r + 1 order accuracy. Finally, four numerical experiments are given to verify the
above conclusions. From a biological perspective, the threshold R, characterizes whether a small tumor
cell population can maintain its growth in the given nutrient environment. When R;, < 1, the tumor-free
equilibrium is locally asymptotically stable, indicating that a sufficiently small tumor cell population
tends to disappear. In contrast, when R;, > 1, the tumor-free equilibrium loses stability, and tumor cells
may persist and continue to proliferate. The threshold results may also provide qualitative insights into
potential tumor treatment strategies. In the framework of the present model, therapeutic interventions
that suppress the proliferative capacity of tumor cells, increase tumor-cell mortality, prolong the cell-
division time, or restrict nutrient-supported tumor growth may reduce the reproduction potential of
tumor cells and help shift the system toward the regime R, < 1. Therefore, the threshold R, may serve
as a qualitative indicator for comparing the effects of different intervention mechanisms. Nevertheless,
the present model is a simplified theoretical framework, and further parameter estimation, sensitivity
analysis, and clinical validation are required before the results can be applied to practical treatment
design. The present model focuses on age-structured tumor dynamics without considering the spatial
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movement of tumor cells. In future work, we will extend the model by incorporating reaction-diffusion
terms to investigate the effects of spatial heterogeneity and cell migration.
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Appendix

A.l. Proof of Theorem 4.1

According to the quadrature formula with {c;}, we obtain

N-1 r dp+] N-1 r 1
L= 1Y bpe- | Ba@d@dal = > h|> b - f B(ay + vh)@u(ay + vh) dv] .
n=0 i=1 an n=0 =1 0

If {c;} satisfies the orthogonality condition J,, then

N-1
11 < Z ]’lC]hr+K = aTC]hH—K.

n=0
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Next we consider the collocation error. Let

nsp(a)o
H+ o

on(a) = —kgj(a) - (m(a) + )(fﬂh(a),

where 6,(a) = 0,a € My, 6, € C"(0,0). Then, e, = $ — @, satisfies

nsp(a)o
H+o

kej(a) = - (ul(a) -
en(0) = 0,

)eh(a) +04(a), a€]0,a:],

whose solution is given by

ey(a) = %fa r(a, s)on(s)ds, a€|0,a:], (A.1)
0

1 nsp(r)o .
where r(a, s) = et Lo+ 2257 ) ar According to (A.1), we have

N-1
L=
n=0

N-1 1 i
g; ) B(a) len(a)l da=% fo 6,($)K(s)| ds

n

f " Ba)@ua) - ¢(a)) da

r

N-1
DY biduay + cih)K(ay + cih) + E,

n=0 i=1

b

1

where K(s) = fs “ B(a)r(a, s)da, and E, denotes the quadrature error obtained from the quadrature
formula. If {c;} satisfies the orthogonality condition J,, then

|E.| < Coh™, 1<«k<r

Because of 6,(a, + c;h) = 0, we have
1 1
L <—|E| < -Ch™™
257 |E| ¢
Then the proof is complete.

A.2. Proof of Theorem 5.1
For A € 0B(4, y,), we have

(D] > C> |2 - A|" = Cayly > C11" > |dy() — d().

Hence, by Rouché theorem in [30], d and d), have exactly the same number of zeros counted with their
multiplicities in B(A4, yy), satisfying

Cil" > 1dy(Ay) — d()] = ld()] = C2 |2 - 44|
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A.3. Proof of Theorem 5.2

To consider the stability condition of nonlinear system (2.7), we linearize it to (3.1) and consider
the stability of linear system (3.1) instead of (2.7). Additionally, let 4, be the zeros of d), (1), which is

2(1 — N-1 r
independent of . Define dj (1) = 1 — S, that is, S, = 20T 5 b Gu(a, Ay) = 1. Ttis

H+o 2 iz
necessary to explain that |1, is finite. Otherwise, S, based on continuous collocation methods, tend to

zero. We can see that dj, (1) 1s only related to the function ¢, (a?, /lh), so we consider the system (3.3)
with Runge-Kutta methods where the coefficient satisfies Lemma 2.1.
Assume that S(a) = 5%, then we organize (3.3) into the following form:

%

A AL A S, g A
Aw@n = —k@), — pi(@n — nsp Qn, a €M,

H+o (A.2)
on(0) =1,
because of 0 < u_ < y;(a) < p, in assumption (1.2), then we have
AL A nsﬁ*o- A AL A *O- A A A
—kQ) — - = —k@), — - + -
@ — (@ Troo On = Haln = - Pn + M H1(@)dn (A3)
= Ly@n + Ny,
where
L A _ _k'\/ _ A _ nsﬁ*a-/\
WPh = —K@, — U+ Pp H+ O_SDh

and Nu@p, = us@p — (@)@
First, for N,@y, = u @n — pui(a)@,, we have
et @n — pi(@@all < (s — ) [1@all s

so the spectral radius of N,$, must be bounded. Next, we only need to consider whether the spectral
radius of L, is bounded.
For L,¢, = A4,¢y, we obtain

1 nsp o
P === + + A | @n, e M,,
Tk (”* H+o h) L (A.4)
&n(0) =1,
. R R 1 nsB o .
for convenience, we define ¢, = —6 (4;) ¢4, where 6 (1) = z Uy + Tio + A, |; then, we obtain the
o

following numerical scheme by Runge-Kutta methods:

S,bh(an+1’ /lh) = Q’bh(an) +

bi (=6 () @p(ay, Ap),
(A.S5)
ij

Oy(at, 4n) = ¢n(a,) +h

hy

i=1
Zl aij (=6 (Ap)) Pu(d]j, Ap),
J:

where i = 1,---,r,n=0,--- ,N—-1, j=1,---,r, and Oy(a}, ;) = ¢, (alf',/lh) are the collocation
solutions of (A.2). Then, we have

Dy(a’, ) = (I + 16 () A) ' Gulan, e,

n A.6
Gnlan, ) = $u(0) (1= h6 () B" (I + ho (1) A) " e), (A0
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where i = 1,--,r, A = (@i))xr» B = (b1,b2,+++ b)), e = (1,1,--- ,1)" € R™! and I is a r-order
identity matrix. Therefore,

Oy, ) = (I +hs (4) A (1= h6 (1) BT (I + hs () A) " e) e

Let R(z) = 1+zB" (I — zA) ™! e, where z = —hd (1,). Because Runge-Kutta methods are algebraically
stable, then |R(z)| < 1. Therefore, we obtain

2(1 - fnso A .
Sh — ﬂ Z hﬁ*BT(Ph(a?,/lh) =
n=0

H+o

-f )7780

H Z hB*B ®,(a, A;)

_20-mso X, o ]

_ 2(1 = Pknsoe . 1 =R @M

H+o nspro
+ + 4
(,U+ H+o h)

-0, A, > oo,

which means d}, (1;,) = 1, which is a contradiction. Then, we obtain that A, is finite. Denote |1, < A.

If R, < 1-06 (6> 0is sufficiently small), then according to Lemma 5.1, the fact that Ry < 1 is true.
Let A be a zero of d (1), then we have R(1) < 0. And we can see that R (1,) in the neighborhood of
R(A) is remained by Theorem 5.1. But we cannot be certain that R (1,) must be less than 0. We prove
it in the following.

Because of R(A) < 0, there must exist a y > 0 such that R(1) < —y < 0. Assume that there are
R > —%y, of which there exists |d(1,)] > my > 0. According to Lemma 5.2, the fact
|dn () — d(A,)] < Ci(A)h" must be right; however it is contradictory with |d,(4,) — d(4,)| = my > 0.
Therefore, if R, < 1, then R (1;,) < 0 holds. So we obtain that U,,(¢) is asymptotically stable.

On the other side, supposing R, > 1, there must be a contradiction that makes R (1) > 0. So, U,(t)
is unstable. The proof is complete.

A.4. Proof of Theorem 6.1

Let U,(¥) = (tpzi,wzi, )(h)T be an age-semi-discrete solution of (2.7), where forn = 0,...,N — 1,
i=1,...,r,
Py() = (@u (). -+ . on(0) (a)) .-+~ . @u(®) (an—1) .-+ . ou(®) (@)
o) = (@i ®O), -+, wi(®) (al) .-+, (@) (an-1) .-+ wi(®) (a) ™)),
Nu(#) = xn(0).
Then, the row of (6.1),

2] — N-1 r
(Pt + (mH”—fVZ() (r)) — _(UsO)), + %ﬁgf’”’ Z(; hZ] BB (U (@), = O,
(O, + (%h - h](v)(t) 0t )) (UMDY, + f - Z; Zl b8! (Un(0) (), = O,
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forn>0andi=1,2,---,r,

Ny(0)

d d "y — (| A Y Y
@ (Ph()ngrs1yriv1 = O (Un(®) (@), = ((ﬂh + M+ MzhH + Nh(t)) Ph(t))n(r+1)+i+1 ’

Ny (1)

d d nyy o A Aoy 7
< (OhOprs1yint = o (Un() (@?)), = ((ﬂh + M3hH n Nh(t)) Qh(t))n(m)”+1 ,

d d d
g M@ = 0a(®) = (Un() (a)); = (LaUn(®) (a7) + Nu(Un(1) (a7)))5 »

and for n > 1, denote BTA™'E = (Ip, I, -+ ,1,) € 1 x R"™*!, then

1+ 4 - 1,
G = 0 O 0 e RU+DX0+D).
0 0 - 0
= BiOern +(GPr®), = = UD @)1 + (1 + 1) Us0) (@) + ) 1 (U (@), = 0,
i=1

—(OW(yreryer +(GrQi(®))

n(r+1)+1

= — (UL @) + (1 + 1) U (@) + D 1 (U0 (@), = 0.
i=1

Hence, P,(1), O(t), N,,(t) are the solutions of (6.1).
T
On the other hand, let P,(¢), O, (f), N, (¢) be the solution of (6.1) and define U, (¢) = (9021., Whi» )(h) by

()@ + V) = (PutDrary +h ) Bi) (PH@D)01y001
i=1

Wty + vh) = (Qu(raryer + 1 Y B0 Q@D 110101

p
Xn(t) = Nu(1).

Then, ¢, € Y, and w,, € Y}, since for all n > 0,
Un(®) (a, + 1)y = (Pr(D) i1y +h Zﬁi(l) (Pr@(®) s 1)ris1
i=1

= (P ngrs1y1 T+ BTA_]EZ (PrO)ui+1yri+1 = Pr@)eyranye1 = Un(@) (@ns1)r

i=1
Uh(t) (an + h)z = (Qh(t))n(r+1)+1 +h Zﬂl(l) (Q;l(a?)(t))n(r+1)+i+l
i=1
= (Oh()ngrs1ys1 + BTA_]EZ (OhO)nir+1y4is1 = (On@O)atyir+y+1 = Un(®) (@ns1)s 5
i=1
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and U,(t) € D (L},) since

f )USNh = : "
(UNDO0)), = (P(1); = B> BB Put)roryeinn
n=0 =1
21 = Pnsyn &, ©
= S N N pB (U (@),
H+Xh £ L ﬁl ( h(t) (al ))l
U0, = @iy, = LTS §r BB (On(1)
h - h - i h n(r+1)+i+
’ ' H+N, n=0 i=1 e
21nsx0 O |~
= h E ; (U n ,
H+Xh £ L ﬁz ( h(t) (al ))2

(Un(1(0))3 = Nu()(0).
Finally, for a = a € M,,

d d
7 (Un(0) (@), = @ (Pr@)nirs1yri+1 = (LnUn(@) (@) + N (U (1) (@)

d d
3 (UnD @)y = T (O Dugrenyint = (LaUn(D) (@) + Ni(Un(0) (@),

d d
T (Un(®) (a7)); = T (Nu(1) = (LyUn(@) (a}) + Nu(Un(1) (a}))); -
Hence, U,(?) is a solution of (2.7), and the proof is complete.

A.5. Proof of Theorem 6.2

Consider the linearization form of (6.2) at (0,0,0)”. Let &, be the eigenvalue of the first equation,
and there exists P, € RN*D with (P,,); = 1 such that

A A A A A o A o o
5, (& - ( ))P :(8 )p,
h( n—& ﬂh"‘gh"'Mlh"'MZhH =) P h+§¢1hH+0_ h
that is,
1-6" A O
Sh—(ﬂh+gh+M1h+M2h +5h fC]h )Ph:O.
& H+o H+o

According to the proof of Theorem 6.1, we have
on(D(a, + vh) = (Pp(0) 1)1 + 1 Zﬁi(") (P;;(a:l)(t))n(r+l)+i+l .
i=1
Then, ¢, € Y, with ¢,(0) = 1 satisfies

A 1-6;
Lh(ph = f ©Yp, ac Mh.
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Therefore, we have the characteristic equation

1-6" 2(1 —f)ns0' -0, ]
d,,( gh):1 Z Zblﬁgoh(a ; ) 0.

The proof is similar to the proof of Theorem 5.2.
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