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Abstract: A nonlinear age-structured tumor cell population model where the tumor population is
divided into proliferating and quiescent cells is studied in this paper. The discretization of age and
time is considered. Based on continuous collocation methods, an age-semi-discrete scheme and the
numerical basic reproduction number Rh are obtained. Some conditions are presented such that Rh is
superconvergent to the real basic reproduction number R0, and Rh is also a threshold of the age-semi-
discrete scheme. For the time-full discretization, an implicit-explicit discrete scheme is introduced,
of which the computational cost is almost the same as an explicit scheme. The most important point
is that the dynamical behavior of the model is preserved by the age-semi-discrete scheme. Finally,
several numerical experiments are given to verify our results.
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1. Introduction

Cell population models were first proposed by Bell and Anderson [1,2], who investigated the effects
of cell division into daughter cells of unequal volumes and derived conditions for the existence and
stability of a balanced exponential solution. However, cells can also be described by many other state
variables besides volume, such as age [3, 4], size [5], and spatial location [6, 7]. Recent studies have
also employed delayed, fractional-order, and reaction–diffusion models to investigate tumor–immune
interactions, spatial heterogeneity, and spatiotemporal dynamics in biological systems [8–10]. Among

https://www.aimspress.com/journal/Math
https://dx.doi.org/ 10.3934/math.20261082


26987

these variables, age has been widely used in structured cell population models because almost all
populations with life cycles can be described using age-structured formulations.

The age-structured cell population models were introduced by Webb [11], which consider the
property of asynchronous exponential growth of age-structured cell populations. On the basis of [11],
Dyson [12] introduced a proliferating cell population model. The model distinguishes individual cells
by their proliferating or quiescent status and allows cells to transit between these two states at any
age. Furthermore, based on [12], Liu et al. [13] introduced a variable to consider the impact of
nutrients on cell transformation; the model is given as follows:

∂P(t, a)
∂t

+ k
∂P(t, a)
∂a

= −µ1(a)P(t, a) −
ηsβ(a)N(t)P(t, a)

H + N(t)
,

∂Q(t, a)
∂t

+ k
∂Q(t, a)
∂a

= −µ2(a)Q(t, a),

dN(t)
dt
= b(σ − N(t)) −

sN(t)
H + N(t)

∫ ∞
0

P(t, a) + γQ(t, a) da,

P(t, 0) =
2(1 − f )ηsN(t)

H + N(t)

∫ ∞
0
β(a)P(t, a) da,

Q(t, 0) =
2 fηsN(t)
H + N(t)

∫ ∞
0
β(a)P(t, a) da,

P(0, a) = P0(a), Q(0, a) = Q0(a), N(0) = N0,

(1.1)

where P(t, a) and Q(t, a) represent the densities of proliferating and quiescent cells, respectively, N(t)
represents the concentration of nutrition for t ∈ [0,T ], T < ∞ and a ∈ [0,∞). The biological
interpretation of all model parameters is given in Table 1.

Table 1. Biological explanations for parameters in system (1.1).

Parameters Description
k Evolution speed of physiological age with time
µ1(a) Death rate of tumor cells in the proliferating stages
µ2(a) Death rate of tumor cells in the quiescent stages
η The conversion factor between nutrient and tumor population
s The maximal consumption rate of nutrients
H The subsaturation rate of nutrients
b The washout rate of nutrients

bσ The recruitment rate of nutrients
γ The ratio of nutrient consumption between proliferating and

quiescent cells
f The fraction of newborn cells that will switch to quiescent with

age 0 once they are divided
β(a) The division rate related to the age of the proliferating cell

Following the biological interpretation of the original model in [13], the cell age a is measured
from the time when a daughter cell is generated by mitosis. Therefore, P(t, 0) and Q(t, 0) represent the
densities of newly generated proliferating and quiescent tumor cells of age zero at time t, respectively.
The nonlocal term

∫ ∞
0
β(a)P(t, a) da represents the age-aggregated division activity of the proliferating
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cell population, where β(a) is the age-dependent division rate. The factor
ηsN(t)

H + N(t)
describes the

nutrient-dependent modulation of cell division. Each dividing proliferating cell produces two daughter
cells, of which the fraction 1 − f enters the proliferating compartment, and the fraction f enters the
quiescent compartment. Hence, the two boundary conditions describe the recruitment of newborn
proliferating and quiescent cells generated by mitosis across all physiological ages.

In this paper, we make the same assumptions as [14] for system (1.1): none of the proliferating cells
with age a > 0 will enter the quiescent stage, and β(a) = 0 for a > a†, where a† denotes the maximum
survival age of a cell. Consequently, all age integrals can be restricted to [0, a†]. Mathematically, it is
always assumed that

P0,Q0 ∈ L1
+[0, a†], N0 ≥ 0,

where L1
+[0, a†] =

{
u :

∫ a†
0
|u(a)| da < ∞, u(a) ≥ 0 for a.e. a ∈ [0, a†]

}
, and

β ∈ L∞+ (0,∞), 0 ≤ β(a) ≤ β+,
µi ∈ L∞+ (0,∞), 0 < µ− ≤ µi(a) ≤ µ+, i = 1, 2,

(1.2)

where L∞+ (0,∞) =
{

u : sup
a∈(0,∞)

|u (a)| < ∞
}

. Additionally, the functions β and µi are Lipschitz

continuous.
Many scholars have proposed a series of numerical methods for cell population models without

age. In [15], authors considered multi-variable cell population balance models using several different
numerical methods; it was shown that time-explicit methods are, in general, far more efficient than
time-implicit methods. Among the time-explicit methods, compared to multi-step methods, the higher
time accuracy of one-step Runge-Kutta methods can result in higher stability limits. [16] considered
the finite element approximation to the generalized multi-variable cell population balance problem
and indicated that finite element methods were far worse than the best spectral and finite difference
methods for the multi-variable cell population balance model. In [17], authors used numerical
methods to study in vitro human tumor cell population models and found that the pseudo-spectral
method requires a much smaller number of grid points than those needed for the finite difference
method to reach comparable accuracy. Moreover, there are also many high-order numerical methods,
such as the second-order approximation of the exact solution of a SIPCV epidemic model obtained
through the trapezoidal formula in [18]. However, numerical methods of age-structured cell
population models are rarely studied.

Compared to the numerical methods mentioned above, the continuous collocation method [19]
demonstrates superior applicability for age-structured tumor cell population models. In fact, the
accuracy of finite difference methods is relatively limited. Finite element methods can be complex in
dealing with integral and coupled terms. Spectral methods [20, 21] require higher smoothness and
may produce negative solutions (see Example 7.4 in Section 7). However, the continuous collocation
methods ensure both the accuracy and nonnegativity of numerical solutions, which satisfies the
biological significance of the models.

Due to the existence and importance of the evolution speed k in system (1.1), it will result in a
strong dependence on the parameter k if we discrete the system directly. Therefore, we consider the
semi-discrete method to avoid this dependence. Unlike the characteristic line method in [22], which
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requires the age step size and time step size to be consistent, we propose an abstract age-semi-discrete
scheme through the r-stage continuous collocation method.

For age-structured models, high-order approximation of the basic reproduction number R0 is more
essential than convergence analysis of numerical solutions, as R0 is a key threshold of the stability
and is generally hard to evaluate exactly. In this paper, the numerical basic reproduction number Rh is
introduced using the r-stage collocation method. Some conditions are provided such that Rh is at least
an r + 1 order approximation of R0, and Rh is a threshold of the age-semi-discrete scheme.

Building on the semi-discrete framework, we proceed to the time-full discretization. A key
challenge is that the nonlinear coupling, together with age discretization, produces large, dense
matrices that render fully implicit methods computationally prohibitive. To address this, we introduce
a linearly implicit Euler method that treats the birth terms explicitly and the remaining terms
implicitly. This approach preserves the order of accuracy of the collocation scheme and retains the
stability threshold Rh established in the semi-discrete analysis.

The organization of this paper is as follows: The continuous collocation methods are reviewed, and
the age-semi-discrete scheme is presented in Section 2. In Section 3, the age-semi-discrete scheme
is linearized, and the characteristic equation is obtained. The convergence of Rh and R0 is studied
in Section 4. The stability of the age-semi-discrete system is investigated in Section 5. A time-full-
discrete scheme is introduced, and the stability of the time-full-discrete system is given in Section 6.
Some numerical experiments illustrate the convergence and stability in Section 7.

2. Age-semi-discrete scheme

2.1. Abstract form of continuous model

In this subsection, we obtain the abstract form and the basic reproduction number R0 of model (1.1).
We denote the spaces by

L1 [
0, a†

]
=

{
u :

∫ a†

0
|u (a)| da < ∞

}
,

and

W1,1 [
0, a†

]
=

{
u ∈ L1 [

0, a†
]

:
du
da
∈ L1 [

0, a†
]}
,

where du/da denotes the first weak derivative of u with respect to the age variable a.
Set X = L1 [

0, a†
]
× L1 [

0, a†
]
× R and define the linear operator L : D(L)→ X by

L


φ

ω

χ

 =

−kφ′ − µ1(a)φ
−kω′ − µ2(a)ω

−bχ

 ,
where

D(L) =



φ

ω

χ

 ∈ W1,1 [
0, a†

]
×W1,1 [

0, a†
]
× R :

φ(0) =
2(1 − f )ηsχ

H + χ

∫ a†

0
β(a)φ(a) da

ω(0) =
2 fηsχ
H + χ

∫ a†

0
β(a)φ(a) da

 .
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Introduce the nonlinear operator N : X → X by

N



φ

ω

χ


 =


−
ηsβ(a)χφ

H + χ
0

bσ −
sχ

H + χ

∫ a†
0
φ(a) + γω(a) da

 .
By setting U =

(
φ, ω, χ

)T
, then the abstract form of (1.1) is rewritten as

dU(t)
dt
= LU(t) +N(U(t)), t > 0,U(t) ∈ D(L),

U(0) = U0,
(2.1)

where U0 =
(

P0(a),Q0(a),N0

)T
.

From [13], linearizing the system (1.1) at steady state (0, 0, σ)T , we introduce the linear operator
L̂ : D(L̂)→ X by

L̂


φ̂

ω̂

χ̂

 =


−kφ̂′ − µ1(a)φ̂ −
ηsβ(a)σ
H + σ

φ̂

−kω̂′ − µ2(a)ω̂

−bχ̂ −
sσ

H + σ

∫ a†
0
φ̂(a) + γω̂(a) da

 ,
where

D(L̂) =



φ̂

ω̂

χ̂

 ∈ W1,1 [
0, a†

]
×W1,1 [

0, a†
]
× R :

φ̂(0) =
2(1 − f )ηsσ

H + σ

∫ a†

0
β(a)φ̂(a) da

ω̂(0) =
2 fηsσ
H + σ

∫ a†

0
β(a)φ̂(a) da

 .
By setting X =

(
φ̂, ω̂, χ̂

)T
, then the abstract form after linearization of (1.1) is rewritten as

dX(t)
dt
= L̂X(t), t > 0, X(t) ∈ D(L̂),

X(0) = U0.
(2.2)

Apart from the always stable eigenvalue λ = −b, the remaining eigenvalues satisfy

d(λ) = 1 −
2(1 − f )ηsσ

H + σ

∫ a†

0
β(a)φ̂(a, λ) da = 0,

where φ̂(a, λ) is a solution to kφ̂′ = −µ1(a)φ̂ −
ηsβ(a)σ
H + σ

φ̂ − λφ̂.

φ̂(0) = 1.
(2.3)

The basic reproduction number is also provided by

R0 =
2(1 − f )ηsσ

H + σ

∫ a†

0
β(a)φ̂(a, 0) da, (2.4)

where φ̂(a, 0) is defined by (2.3).
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2.2. Continuous collocation methods

In this subsection, we review the definition and other conclusions of collocation methods for
ordinary differential equations in [23].

Consider the initial-value problem

y′ = f (a, y) , a ∈ [a0, a1]
y (a0) = y0.

(2.5)

Definition 2.1. Let c1, · · · , cr be distinct real numbers (usually 0 ≤ ci ≤ 1). The collocation polynomial
g(a) is a polynomial of degree r satisfying

g′ (a0 + cih) = f (a0 + cih, g (a0 + cih)) , i = 1, . . . , r,
g (a0) = g0

and the numerical solution of the collocation method is defined by y1 = g (a0 + h).

Lemma 2.1. [23] The collocation method of Definition 2.1 is equivalent to the r-stage Runge-Kutta
method with coefficients

ai j =

∫ ci

0
ℓ j(τ)dτ, bi =

∫ 1

0
ℓi(τ)dτ, (2.6)

where ℓi(τ) =
∏
l,i

(τ − cl)
(ci − cl)

, i = 1, · · · , r is the Lagrange polynomial.

Since τk−1 =
r∑

j=1
ck−1

j ℓ j(τ), k = 1, . . . ,m, the relations (2.6) are equivalent to the linear systems

C(p) :
r∑

j=1
ai jck−1

j =
ck

i

k
, k = 1, . . . , p, all i,

B(s) :
r∑

i=1
bick−1

i =
1
k
, k = 1, . . . , s,

with p = r and s = r.

Lemma 2.2. [23] If the condition B(s) holds for some s ≥ r, then the continuous collocation methods
have order p. This means that the continuous collocation methods have the same order as the
underlying quadrature formula.

Lemma 2.3. [23] The collocation polynomial g(t) is an approximation of order m to the exact solution
of (2.5) on the whole interval, that is,

∥g(a) − y(a)∥ ≤ Chr+1, for a ∈ [a0, a0 + h]

and for sufficiently small h.

2.3. Age-semi-discrete scheme

In this subsection, we consider an age-semi-discrete method for the model (1.1). Let N, which is
greater than 0 and independent of k, be an integer and {a0 = 0 < a1 < · · · < an < · · · < aN = a†

}
be the

age mesh. Different from the characteristic line methods, the age-semi-discretization can be established
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under a general age mesh. However, for convenience, we will discuss the age-semi-discretization under
a uniform mesh as an = nh, n = 0, 1, · · · ,N with h =

a†
N

.

Denote the numerical space by

Yh =

{(
φh

ωh

)
∈ C

[
0, a†

]
×C

[
0, a†

]
: φh

∣∣∣[an,an+1] ∈ Πr, ωh

∣∣∣
[an,an+1]

∈ Πr

}
,

with n = 0, 1, · · · ,N − 1, of which the dimension is 2(rN + 1), and Πr is the space of polynomials with
degree less than or equal to r. For given collocation parameters 0 < c1 < · · · < cr ≤ 1, let

Mh =
{
an

i | a
n
i = an + cih, n = 0, 1, · · · ,N − 1, i = 1, 2, · · · , r

}
be the collocation mesh points and Xh = Yh × R.

Define the numerical linear operator Lh : D (Lh)→ Xh by

Lh


φh

ωh

χh

 =

−kφ′h − µ1(a)φh

−kω′h − µ2(a)ωh

−bχh

 , for a ∈ Mh,

where

D(Lh) =



φh

ωh

χh

 ∈ Xh :

φh(0) =
2(1 − f )ηsχh

H + χh

N−1∑
n=0

h
r∑

i=1

biβ
n
i φ

n
hi

ωh(0) =
2 fηsχh

H + χh

N−1∑
n=0

h
r∑

i=1

biβ
n
i φ

n
hi


.

Then, introduce the nonlinear operator Nh : Xh → Xh by

Nh



φh

ωh

χh


 =


−
ηsβ(a)χhφh

H + χh
0

bσ −
sχh

H + χh

N−1∑
n=0

h
r∑

i=1
bi(φn

hi + γω
n
hi)

 ,

where βn
i = β

(
an

i

)
, φn

hi = φh

(
an

i

)
, ωn

hi = ωh

(
an

i

)
for n = 0, . . . ,N − 1 and i = 1, . . . , r, and we also define

two projection operators P̂h : W1,1 [
0, a†

]
×W1,1 [

0, a†
]
→ Yh and Ph : X → D(Lh) by

P̂h

(
φ

ω

)
=

(
φ

ω

)
, for a ∈ Mh ∪ {a0},

and

Ph


φ

ω

χ

 =
 P̂h

(
φ

ω

)
χ

 , for a ∈ Mh ∪ {a0}.

Then an age-semi-discrete solution is defined as follows.

AIMS Mathematics Volume 11, Issue 8, 26986–27017.
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Definition 2.2. A differentiable function Uh(t), a mapping from [0,∞) → D (Lh), is called an age-
semi-discrete solution of (2.1) if it satisfies the semi-discrete system

dUh(t)
dt

= LhUh(t) +Nh(Uh(t)), a ∈ Mh,

Uh(0) = PhU0.
(2.7)

Remark 2.1. (0, 0, σ)T
∈ Xh is also an equilibrium of (2.7).

3. Linearization and characteristic equation

In this section, we linearize system (2.7) at (0, 0, σ)T . According to Xh = Yh × R, define the
numerical linear operator L̂h : D(L̂h)→ Xh by

L̂h


φ̂h

ω̂h

χ̂h

 =


−kφ̂′h − µ1(a)φ̂h −
ηsβ(a)σ
H + σ

φ̂h

−kω̂′h − µ2(a)ω̂h

−bχ̂h −
sσ

H + σ

N−1∑
n=0

h
r∑

i=1
bi(φ̂n

hi + γω̂
n
hi)

 , a ∈ Mh,

where

D(L̂h) =



φ̂h

ω̂h

χ̂h

 ∈ Xh :

φ̂h(0) =
2(1 − f )ηsσ

H + σ

N−1∑
n=0

h
r∑

i=1

biβ
n
i φ̂

n
hi

ω̂h(0) =
2 fηsσ
H + σ

N−1∑
n=0

h
r∑

i=1

biβ
n
i φ̂

n
hi


.

Definition 3.1. A differentiable function Xh(t), a mapping from [0,∞)→ D(L̂h), is called an age-semi-
discrete solution of (2.2) if it satisfies the semi-discrete system

dXh(t)
dt

= L̂hXh(t), Xh(t) ∈ D(L̂h), a ∈ Mh,

X(0) = PhU0.
(3.1)

Consider the characteristic equation of system (3.1),

λh


φ̂h

ω̂h

χ̂h

 = L̂h


φ̂h

ω̂h

χ̂h

 ,

φ̂h

ω̂h

χ̂h

 ∈ D(L̂h),

that is, 

λhφ̂h = −kφ̂′h − µ1(a)φ̂h −
ηsβ(a)σ
H + σ

φ̂h, a ∈ Mh,

λhω̂h = −kω̂′h − µ2(a)ω̂h, a ∈ Mh,

λhχ̂h = −bχ̂h −
sσ

H + σ

N−1∑
n=0

h
r∑

i=1
bi

(
φ̂h(an

i , λh) + γω̂h(an
i , λh)

)
,

φ̂h(0) =
2(1 − f )ηsσ

H + σ

N−1∑
n=0

h
r∑

i=1
biβ

n
i φ̂h(an

i , λh),

ω̂h(0) =
2 fηsσ
H + σ

N−1∑
n=0

h
r∑

i=1
biβ

n
i φ̂h(an

i , λh).

(3.2)
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Here, χ̂h ∈ R is independent of the age variable a. Therefore, no boundary condition at a = 0 is
required for χ̂h.

For the first equation of (3.2), let φ̂h(0) = 1, then φ̂h(an
i , λh) satisfiesλhφ̂h = −kφ̂′h − µ1(a)φ̂h −

ηsβ(a)σ
H + σ

φ̂h, a ∈ Mh,

φ̂h(0) = 1,
(3.3)

therefore, φ̂h(an
i , λh) ∈ Yh is a collocation solution tokφ̂′ = −µ1(a)φ̂ −

ηsβ(a)σ
H + σ

φ̂ − λhφ̂, a ∈
[
0, a†

]
,

φ̂(0) = 1.

Similarly, for the second equation of (3.2), ω̂h(an
i , λh) is a collocation solution tokω̂′ = −µ2(a)ω̂ − λhω̂, a ∈

[
0, a†

]
,

ω̂(0) = 1.

Then the matrix representation of (3.2) is as follows:
1 −

2(1 − f )ηsσ
H + σ

N−1∑
n=0

h
r∑

i=1
biβ

n
i φ̂h(an

i , λh) 0 0

−
2 fηsσ
H + σ

N−1∑
n=0

h
r∑

i=1
biβ

n
i φ̂h(an

i , λh) 1 0

sσ
H + σ

N−1∑
n=0

h
r∑

i=1
biφ̂h(an

i , λh)
sγσ

H + σ

N−1∑
n=0

h
r∑

i=1
biω̂h(an

i , λh) λh + b



φ̂h(0)
ω̂h(0)
χ̂h

 = 0.

(3.4)

Denote (3.4) as G(λh)


φ̂h(0)
ω̂h(0)
χ̂h

 = 0, which yields det (G(λh)) = 0, then the eigenvalues consist of the

always stable eigenvalue λh = −b and the roots of

dh(λh) = 1 −
2(1 − f )ηsσ

H + σ

N−1∑
n=0

h
r∑

i=1

biβ
n
i φ̂h(an

i , λh) = 0.

Therefore, the stability is determined by the roots of dh(λh) = 0.
Following the methodology established in [13] for defining the analytical basic reproduction

number R0 through the characteristic equation approach, we can derive the numerical basic
reproduction number Rh for the age-semi-discrete system (2.7).

Definition 3.2. A numerical basic reproduction number Rh for the age-semi-discrete system (2.7) is
defined by

Rh =
2(1 − f )ηsσ

H + σ

N−1∑
n=0

h
r∑

i=1

biβ
n
i φ̂h(an

i , 0), (3.5)

where φ̂h(an
i , 0) is defined by (3.3).
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From (2.4) and (3.5), we can see that the numerical basic reproduction number is similar to the exact
basic reproduction number, but it is not directly defined by quadrature to the exact basic reproduction
number. In the next section, we will show that Rh is a higher-order approximation to R0 with at least
r + 1 order.

4. Convergence

In this section, we will discuss the higher-order convergence between R0 and Rh with the
assumption (1.2). The error of the numerical basic reproduction number is expressed as follows:

|Rh − R0| =
2(1 − f )ηsσ

H + σ

∣∣∣∣∣∣∣
N−1∑
n=0

h
r∑

i=1

biβ
n
i φ̂

n
hi −

∫ a†

0
β(a)φ̂(a) da

∣∣∣∣∣∣∣ .
Next, we can convert the error into the following two parts:

2(1 − f )ηsσ
H + σ

∣∣∣∣∣∣∣
N−1∑
n=0

h
r∑

i=1

biβ
n
i φ̂

n
hi −

∫ a†

0
β(a)φ̂(a) da

∣∣∣∣∣∣∣
≤

2(1 − f )ηsσ
H + σ

N−1∑
n=0

∣∣∣∣∣∣∣h
r∑

i=1

biβ
n
i φ̂

n
hi −

∫ an+1

an

β(a)φ̂h(a) da

∣∣∣∣∣∣∣ +
N−1∑
n=0

∣∣∣∣∣∣
∫ an+1

an

β(a)(φ̂h(a) − φ̂(a)) da

∣∣∣∣∣∣


=
2(1 − f )ηsσ

H + σ
(I1 + I2) ,

where

I1 =

N−1∑
n=0

∣∣∣∣∣∣∣h
r∑

i=1

biβ
n
i φ̂

n
hi −

∫ an+1

an

β(a)φ̂h(a) da

∣∣∣∣∣∣∣
is called the quadrature error, and

I2 =

N−1∑
n=0

∣∣∣∣∣∣
∫ an+1

an

β(a)(φ̂h(a) − φ̂(a)) da

∣∣∣∣∣∣
is called the collocation error.

Then we just need to consider the errors of I1 and I2. For the superconvergence analysis, we further
assume that

β, µ1 ∈ Cr+κ[0, a†].

Theorem 4.1. Assume that β ∈ Cr+κ[0, a†], µ1 ∈ Cr+κ[0, a†]. If the r collocation parameters {ci} are
subject to the orthogonality condition

Jv =

∫ 1

0
sv

r∏
i=1

(s − ci) ds = 0,

for v = 0, 1, · · · , κ − 1, and κ = 1, 2, · · · , r, then the quadrature error

I1 ≤ C1hr+κ,
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and the collocation error
I2 ≤ C2hr+κ,

where C1 and C2 are independent of h but depend on {ci}.

Proof. The proof is given in Appendix A.1. □

Remark 4.1. For the Gauss collocation method, the orthogonality index satisfies κ = r, and hence, the
convergence order is 2r. For the Radau IIA collocation method, κ = r−1, which gives the convergence
order 2r − 1. These theoretical orders are confirmed by the numerical results reported in Table 2.

The above convergence result shows that Rh provides a high-order approximation to R0. However,
convergence alone does not guarantee that the discrete system preserves the threshold dynamics of the
continuous model. Therefore, in the next section, we investigate whether Rh also determines the local
stability of the age-semi-discrete system.

5. Stability

In this section, we will discuss the stability condition of the solution of the age-semi-discrete
system (2.7) and obtain that the numerical basic reproduction number Rh is the threshold for the
age-semi-discrete system. We do some preparations before stating the stability.

Lemma 5.1. [24] For λ ∈ C, the collocation solution φ̂h is an approximation of order r to the exact
solution φ̂ on the whole interval, that is,∥∥∥φ̂h(an

i , λ) − φ̂(a, λ)
∥∥∥ ≤ C0hr, for a ∈

[
0, a†

]
,

where C0 = C0(λ).

According to Lemma 5.1, the following lemma is trivial.

Lemma 5.2. [24] For each fixed λ ∈ C, let d(λ) and dh(λ) denote the continuous and discrete
characteristic functions, respectively, defined by

d(λ) = 1 −
2(1 − f )ηsσ

H + σ

∫ a†

0
β(a)φ̂(a, λ) da,

and

dh(λ) = 1 −
2(1 − f )ηsσ

H + σ

N−1∑
n=0

h
r∑

i=1

biβ(an
i )φ̂h(an

i , λ).

Then, we have
|dh(λ) − d(λ)| ≤ C1hr,

where C1 = C1(λ).

Lemma 5.3. [24] If the function d(λ) has a zero λ̄ ∈ C with multiplicity v, which is d(λ̄) = 0, · · · ,
d(v−1)(λ̄) = 0, d(v)(λ̄) , 0, then there exists a γ0 > 0 such that for λ ∈ B(λ̄, γ0)\

{
λ̄
}

|d(λ)| > C2

∥∥∥λ − λ̄∥∥∥v
,

where C2 = C2(λ̄, γ0).
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According to the above lemmas, we can obtain the relationship between the zeros of d(λ) and dh(λ).

Theorem 5.1. If the function d(λ) has a zero λ̄ ∈ C with multiplicity v and h ≤
(
C2γ

v
0

C1

) 1
r

, then dh(λ)

has v zeros λh ∈ B(λ̄, γ0), h = 1, 2, · · · , v (taking multiplicities into account); moreover,

max
1≤h≤v

∣∣∣λ̄ − λh

∣∣∣ ≤ (
C1hr

C2

) 1
v

,

where C1 is mentioned in Lemma 5.2, and C2 and γ0 are mentioned in Lemma 5.3.

Proof. The proof is given in Appendix A.2. □

The study of the stability condition for the age-semi-discrete system is based on the consideration
that β is a constant function, and it can be concluded that Rh is also a threshold for the age-semi-discrete
system.

Theorem 5.2. Assume that β(a) = β∗, where β∗ is a positive constant. When the coefficients of the
Runge-Kutta method satisfy

(i) bi ≥ 0, for i = 1, 2, · · · , r,
(ii) M =

(
mi j

)
=

(
biai j + b ja ji − bib j

)r

i, j=1
is nonnegative definite,

and the step size h is sufficiently small, the numerical basic reproduction number Rh is the threshold
for the age-semi-discrete system, i.e., the numerical age-semi-discrete solution Uh(t) is asymptotically
stable if and only if Rh < 1.

Proof. The proof is given in Appendix A.3. □

Remark 5.1. The Runge-Kutta method, which satisfies (i) and (ii) in Theorem 5.2 (see [25]), is called
algebraically stable. Since both the Gauss and Radau IIA collocation methods are algebraically stable,
they are employed in the subsequent numerical experiments to verify the stability of the proposed
numerical scheme.

Remark 5.2. In Theorem 5.2, we only consider constant β(a) = β∗. We now address the
age-dependent case β(a) defined on the discrete age mesh Mh. Since the implicit Euler method is a
one-stage Runge–Kutta method with A = (1), B = (1), and c = (1), its unique stage point satisfies
an

1 = an+1. Consequently, the stage value coincides with the endpoint value, namely,

Φh(an
1, λh) = φ̂h(an+1, λh).

Therefore, for n = 0, . . . ,N − 1, we have

φ̂h(an+1, λh) = Φh(an
1, λh) = φ̂h(an, λh) −

h
k

(
µ1(an+1) +

ηsβ(an+1)σ
H + σ

+ λh

)
Φh(an

1, λh). (5.1)

Then, we obtain

φ̂h(an+1, λh) =
[
1 +

h
k

(
µ1(an+1) +

ηsβ(an+1)σ
H + σ

+ λh

)]−1

φ̂h(an, λh).
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Since φ̂h(0) = 1, as established in the proof of Theorem 5.2, iterating this recurrence relation yields

φ̂h(an+1, λh) = φ̂h(0)
n∏

m=0

[
1 +

h
k

(
µ1(am+1) +

ηsβ(am+1)σ
H + σ

+ λh

)]−1

=

n∏
m=0

R(zm), (5.2)

where zm = −
h
k

(
µ1(am+1) +

ηsβ (am+1)σ
H + σ

+ λh

)
, and R(z) =

1
1 − z

is the stability function of the implicit

Euler method. It follows from the proof of Theorem 5.2 that

S h =
2(1 − f )ηsσ

H + σ

N−1∑
n=0

h β(an+1)φ̂h(an+1, λh)

=
2(1 − f )ηsσ

H + σ

N−1∑
n=0

h β(an+1)
n∏

m=0

R(zm) −→ 0, λh → +∞.

Therefore, the same stability conclusion as that established in Theorem 5.2 remains valid when β is
age-dependent.

Having established the threshold property of Rh for the age-semi-discrete system, we next introduce
a time discretization to obtain a fully implementable numerical scheme. The main objective is to
determine whether the resulting full-discrete system retains the same stability threshold.

6. Time-full-discrete scheme

6.1. Matrix representation for the age-semi-discrete system

In order to discuss the full discretization, we first consider the matrix representation for the abstract
form (2.7). Denote an extension numerical space by

Zh =

{(
Ph

Qh

)
∈ L∞

[
0, a†

]
× L∞

[
0, a†

]
: Ph

∣∣∣[an,an+1] ∈ Πr,Qh

∣∣∣
[an,an+1]

∈ Πr

}
,

with n = 0, 1, · · · ,N − 1.
According to Runge-Kutta methods, for Ph ∈ Zh, we have

Ph(an + vh) = Ph(an
0) + h

r∑
j=1
β j(v)Y j

n,

Y j
n = P′h(an + c jh),

where A = (ai j)r×r, ai j = β j(ci), B = (b1, b2, · · · , br)T , b j = β j(1), i, j = 1, 2, · · · , r. Then, we obtain

Ph(an + cih) = Ph(an
0) + h

r∑
j=1

ai jP′h(an + c jh),

that is, for n = 0, 1, · · · ,N − 1,

P′h(an
1)

P′h(an
2)
...

P′h(an
r )


=

1
h


a11 a12 · · · a1r

a21 a22 · · · a2r
...

...
...
...

ar1 ar2 · · · arr


−1 
−1 1
−1 1
...

. . .

−1 1





Ph(an
0)

Ph(an
1)
...

Ph(an
r )


=

1
h

A−1E



Ph(an
0)

Ph(an
1)
...

Ph(an
r )


,
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where E =


−1 1
−1 1
...

. . .

−1 · · · 1

 ∈ Rr×(r+1).

Remark 6.1. The invertibility of A can be verified according to Theorem 1.1.1 in [26]. In Lemma 2.1,
the collocation methods and the Runge-Kutta methods are equivalent, if and only if the relation

r∑
j=1

ai, jcν−1
j =

cνi
ν
, ν = 1, . . . , r, i = 1, . . . , r

holds. Then, we can obtain

A


c0

1 c1
1 · · · cr−1

1
c0

2 c1
2 · · · cr−1

2
...
...

...

c0
r c1

r · · · cr−1
r

 =


c1
1 c2

1 · · · cr
1

c1
2 c2

2 · · · cr
2

...
...

...

c1
r c2

r · · · cr
r




1
1
2
. . .

1
r

 .
According to the properties of Vandermonde matrices, A is invertible.

For the matrix representation, for n = 0, 1, · · · ,N−1, we define the following matrices: the evolution
matrix

En
h =


0

1
. . .

1

 ∈ R(r+1)×(r+1),

the growth matrix

An
h = −

k
h


h
k 0 · · · 0
0
... A−1

0




1 0 · · · 0
−1 1
...

. . .

−1 1

 ∈ R(r+1)×(r+1),

the continuity matrix

Gn
h =


1
0
...

0


[(

1, 0, · · · , 0
)
+ BT A−1E

]
∈ R(r+1)×(r+1),

the mortality matrix

Mn
1h = −


0
µ n

11
. . .

µ n
1r

 ∈ R(r+1)×(r+1),
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and the division matrix

Mn
2h = −


0
ηsβn

1
. . .

ηsβn
r

 ∈ R(r+1)×(r+1),

F n
1h =


0 2(1 − f )ηshb1β

n
1 · · · 2(1 − f )ηshbrβ

n
r

0 0 · · · 0
...

...
...

0 0 · · · 0

 ∈ R(r+1)×(r+1).

For Qh ∈ Zh, we obtain the same matrices En
h,An

h, and Gn
h, as well as the mortality matrix

Mn
3h = −


0
µ n

21
. . .

µ n
2r

 ∈ R(r+1)×(r+1),

and the division matrix

F n
2h =


0 2 fηshb1β

n
1 · · · 2 fηshbrβ

n
r

0 0 · · · 0
...

...
...

0 0 · · · 0

 ∈ R(r+1)×(r+1).

Theorem 6.1. Any age-semi-discrete solution of (2.7) is equivalently represented by the following
differentiable functions: Ph : [0,∞) → RN(r+1), Qh : [0,∞) → RN(r+1), and Nh : [0,∞) → [0,∞), such
that 

Êh
dPh(t)

dt
=

(
Âh + Ĝh + M̂1h +

(
F̂1h + M̂2h

) Nh(t)
H + Nh(t)

)
Ph(t),

Êh
dQh(t)

dt
=

(
Âh + Ĝh + M̂3h + F̂2h

Nh(t)
H + Nh(t)

)
Qh(t),

dNh(t)
dt

= bσ − bNh(t) −
sNh(t)

H + Nh(t)

N−1∑
n=0

h
r∑

i=1
bi(Ph(t) + γQh(t)),

(Ph(0),Qh(0),Nh(0))T = PhU0,

(6.1)

where the matrices are defined as follows:

Êh = diag
(
E0

h, · · · ,E
N−1
h

)
, Âh = diag

(
A0

h, · · · ,A
N−1
h

)
, M̂1h = diag

(
M0

1h, · · · ,M
N−1
1h

)
,

M̂2h = diag
(
M0

2h, · · · ,M
N−1
2h

)
, M̂3h = diag

(
M0

3h, · · · ,M
N−1
3h

)
,

Gh =


0 0 · · · 0
G1

h 0 · · · 0
...
. . .

. . .
...

0 · · · GN−1
h 0

 , F̂1h =


F 0

1h · · · F
N−1

1h
0 · · · 0
...

...

0 · · · 0

 , F̂2h =


F 0

2h · · · F
N−1

2h
0 · · · 0
...

...

0 · · · 0

 .
Proof. The proof is given in Appendix A.4. □
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6.2. Time-full-discrete scheme

In this section, we discuss the time-full-discrete scheme based on (1.1). Denote the discrete time
step size as ξ. Then, let t j = jξ and P j

h, Q j
h, N j

h be numerical approximations to Ph(t j), Qh(t j), and
Nh(t j), respectively. Then, an implicit-explicit scheme is written as

Êh

P j+1
h − P j

h

ξ

 = ÂhP j+1
h + ĜhP j+1

h + M̂1hP j+1
h + M̂2h

N j
h

H + N j
h

P j+1
h + F̂1h

N j
h

H + N j
h

P j
h,

Êh

Q j+1
h − Q j

h

ξ

 = ÂhQ j+1
h + ĜhQ j+1

h + M̂3hQ j+1
h + F̂2h

N j
h

H + N j
h

Q j
h,

N j+1
h − N j

h

ξ
= bσ − bN j+1

h −
sN j

h

H + N j
h

hBT (P j
h + γQ

j
h),

(6.2)

which is equivalent to

Êh − ξ

Âh + Ĝh + M̂1h + M̂2h
N j

h

H + N j
h

 P j+1
h =

Êh + ξF̂1h
N j

h

H + N j
h

 P j
h,(

Êh − ξ
(
Âh + Ĝh + M̂3h

))
Q j+1

h =

Êh + ξF̂2h
N j

h

H + N j
h

 Q j
h,

(1 + ξb)N j+1
h = ξbσ + N j

h −
ξsN j

h

H + N j
h

hBT (P j
h + γQ

j
h),

(6.3)

and the matrices Êh−ξ

Âh + Ĝh + M̂1h + M̂2h
N j

h

H + N j
h

 and Êh−ξ
(
Âh + Ĝh + M̂2h

)
become the block-

lower triangular matrices, whose invertibility is guaranteed by a sufficiently small time step ξ > 0.

Remark 6.2. It is worth noting that if a classical implicit scheme is introduced, then the matrices

Êh − ξ

Âh + Ĝh + M̂1h + M̂2h
N j

h

H + N j
h

 and Êh − ξ
(
Âh + Ĝh + M̂2h

)
are changed into the matrices

Êh−ξ

Âh + Ĝh + M̂3h + F̂2h
N j

h

H + N j
h

 and Êh−ξ

Âh + Ĝh + M̂1h +
(
M̂2h + F̂1h

) N j
h

H + N j
h

, where they

are block-Leslie matrices. It is a little harder to determine the regularity of the matrices. Moreover,
even for a regular matrix, the computational cost increases as the age step size decreases.

Theorem 6.2. Under the condition in Theorem 5.2, the full-discrete scheme (6.2) shares the threshold
of age-semi-discrete system (2.7), that is, the numerical solutions P j

h,Q
j
h,N

j
h are asymptotically stable

if and only if Rh < 1; on the contrary, the numerical solutions are unstable if and only if Rh > 1.

Proof. The proof is given in Appendix A.5. □

Remark 6.3. Biologically, the condition Rh < 1 means that a sufficiently small tumor cell population
cannot maintain its growth and tends to disappear. When Rh > 1, the tumor-free equilibrium loses
stability, indicating that tumor cells may persist and continue to proliferate.

AIMS Mathematics Volume 11, Issue 8, 26986–27017.



27002

The preceding sections establish the convergence of the numerical basic reproduction number Rh

to R0 and show that Rh serves as a stability threshold for both the age-semi-discrete and full-discrete
systems. To illustrate these theoretical results and assess the practical performance of the proposed
numerical methods, we next present several numerical examples.

7. Numerical examples

In this section, we will give several examples to demonstrate the conclusions on convergence and
stability we obtained above.

7.1. Convergence

Example 7.1. Consider the following functions given by [27], that is,

β(a) =


0, 0 ≤ a ≤ a1,

1
ϱ

(a − a1)2

2ϱ2 + 2ϱ(a − a1) + (a − a1)2 , a > a1

µ1(a) =

µ, 0 ≤ a ≤ a1,

µ + µ(a − a1)2, a > a1,

(7.1)

where µ = 0.268, ϱ = 2 is a variance constant, and a1 = 25 is the age at which proliferating cells
begin to divide. Here, µ1(a) denotes the age-dependent mortality rate of proliferating cells. Since the
computation and convergence analysis of Rh involve only µ1(a), the function µ2(a) is not required in
this example.

We use the same method as in [28] to calculate the convergence order. According to Theorem 4.1,
if numerical methods satisfy the orthogonality condition

Jv =

∫ 1

0
sv

r∏
i=1

(s − ci) ds = 0, v = 0, 1, · · · , κ − 1, κ = 1, 2, · · · , r,

the numerical basic reproduction numbers must be a superconvergence, that is, the convergence order
is higher than r. It is shown that the numerical basic reproduction numbers converge with accuracy of
order 2, 4, 1, 3 for 1-Gauss, 2-Gauss, 1-Radau IIA, and 2-Radau IIA methods in Table 2.

Table 2. Convergence orders for numerical methods.

h
convergence order methods

1-Gauss 2-Gauss 1-Radau IIA 2-Radau IIA

0.1 1.9991 3.9993 1.0536 2.9921
0.05 1.9998 3.9998 1.0272 2.9963

0.025 1.9999 3.9987 1.0137 2.9982
0.0125 2.0000 4.0285 1.0069 2.9991

0.00625 2.0000 4.1624 1.0034 2.9996

Remark 7.1. The slight increase in the observed convergence order beyond the theoretical value 4 for
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the 2-Gauss method at very small values of h is caused by the influence of round-off errors and does
not contradict our theoretical estimates.

7.2. Stability

In this subsection, we separately discuss the stability of β as a constant function and β as a function
related to a.

Example 7.2. To consider the stability of system (1.1), we discuss the influence of some parameters on
the solutions of the model, namely the evolution speed k, the proportion f , and the conversion factor
η. The parameters are taken from [29] as follows:

b = 1.0, s = 0.1346, H = 0.1, γ = 0.1, σ = 2

and the others are assumed to be as follows:

µ1 = µ2 = 0.03, β = 0.09.

To investigate the stability of numerical solutions, we first consider the relationship among Rh and
f , k, η. Figure 1(a) shows that the larger cancer cell evolution speed needs the smaller conversion
factor to guarantee the condition Rh < 1. Figure 1(b) suggests that the more newborn cancer cells turn
into quiescent cells, the larger the conversion factor needs to be to guarantee the condition Rh < 1.
Figure 1(c) identifies the stable region as f and k vary.
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Figure 1. (a) The effect of η on Rh with f = 0.1 under the different evolution speeds k = 3,
k = 4, and k = 5. (b) The effect of η on Rh with k = 3 under the differential proportion
f = 0.1, f = 0.2, and f = 0.3. (c) The effect of f on Rh − 1 with η = 0.8 as k increases.

From Theorem 6.2, we know that the numerical solutions are asymptotically stable if Rh < 1, which
means that the number of tumor cells is decreasing and eventually disappears when the initial tumor
population is sufficiently small. When Rh > 1, the numerical solutions are unstable, which means the
tumor population may persist and increase. The parameter settings and the corresponding values of
Rh for the one-stage and two-stage collocation methods are summarized in Table 3. Figures 2 and 3
suggest that the tumor population dies out if Rh < 1. Figures 4 and 5 suggest that the tumor population
increases if Rh > 1.
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(a) (b) (c)

Figure 2. (a) The numerical distribution of P(t, a) with r = 1 for Rh < 1. (b) The numerical
distribution of Q(t, a) with r = 1 for Rh < 1. (c) The time series of the total population∫ a†

0
P(t, a)da +

∫ a†
0

Q(t, a)da under three different initial values. The initial values of (a) and
(b) are as follows: (P0(a),Q0(a),N0) = (0.2, 0.2, 0.8).

(a) (b) (c)

Figure 3. (a) The numerical distribution of P(t, a) with r = 2 for Rh < 1. (b) The numerical
distribution of Q(t, a) with r = 2 for Rh < 1. (c) The time series of the total population∫ a†

0
P(t, a)da +

∫ a†
0

Q(t, a)da under three different initial values. The initial values of (a) and
(b) are as follows: (P0(a),Q0(a),N0) = (0.2, 0.2, 0.8).

(a) (b) (c)

Figure 4. (a) The numerical distribution of P(t, a) with r = 1 for Rh > 1. (b) The numerical
distribution of Q(t, a) with r = 1 for Rh > 1. (c) The time series of the total population∫ a†

0
P(t, a)da +

∫ a†
0

Q(t, a)da under three different initial values. The initial values of (a) and
(b) are as follows: (P0(a),Q0(a),N0) = (0.01, 0.01, 0.4).
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(a) (b) (c)

Figure 5. (a) The numerical distribution of P(t, a) with r = 2 for Rh > 1. (b) The numerical
distribution of Q(t, a) with r = 2 for Rh > 1. (c) The time series of the total population∫ a†

0
P(t, a)da +

∫ a†
0

Q(t, a)da under three different initial values. The initial values of (a) and
(b) are as follows: (P0(a),Q0(a),N0) = (0.01, 0.01, 0.4).

Table 3. Parameter settings and corresponding values of Rh.

Parameters Rh

k f η r = 1 r = 2
1.1 0.4 0.3 0.0605 0.0603
7.0 0.4 0.9 1.8284 1.8286

Remark 7.2. Figure 1 illustrates how the physiological age evolution speed k, the fraction f of
newborn cells entering the quiescent state, and the nutrient-to-tumor conversion factor η affect the
reproductive potential of tumor cells, as characterized by Rh. Variations in these biologically relevant
parameters may move the system across the threshold Rh = 1. Figures 2 and 3 show that, when
Rh < 1, the densities of both proliferating and quiescent tumor cells, as well as the total tumor cell
population, gradually decrease under different initial conditions. Biologically, this means that a
sufficiently small tumor cell population cannot maintain its growth and eventually tends to disappear.
In contrast, Figures 4 and 5 show that, when Rh > 1, the tumor-free equilibrium loses stability, and
the proliferating and quiescent tumor cell populations may persist and increase. The consistent
qualitative behavior obtained for r = 1 and r = 2 also indicates that the threshold property is
preserved by both collocation schemes.

Example 7.3. According to Remark 5.2, consider the function β(a) given by (7.1), take f = 0.5,
k = 1.1, and η = 0.1, and other parameters are as stated above; we can obtain the numerical solution
when Rh < 1 with r = 1 and r = 2 in Figures 6 and 7. Take f = 0.2, k = 5, and η = 0.2 and other
parameters are as above; we can obtain the numerical solution when Rh > 1 with r = 1 and r = 2
in Figures 8 and 9. However, the current theoretical proof only provides the case under implicit Euler
methods.
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(a) (b)

Figure 6. (a) The numerical distribution of P(t, a) with r = 1 for Rh < 1. (b) The numerical
distribution of Q(t, a) with r = 1 for Rh < 1. The initial values of (a) and (b) are as follows:
(P0(a),Q0(a),N0) = (0.9, 0.9, 0.5).

(a) (b)

Figure 7. (a) The numerical distribution of P(t, a) with r = 2 for Rh < 1. (b) The numerical
distribution of Q(t, a) with r = 2 for Rh < 1. The initial values of (a) and (b) are as follows:
(P0(a),Q0(a),N0) = (0.9, 0.9, 0.5).

(a) (b)

Figure 8. (a) The numerical distribution of P(t, a) with r = 1 for Rh > 1. (b) The numerical
distribution of Q(t, a) with r = 1 for Rh > 1. The initial values of (a) and (b) are as follows:
(P0(a),Q0(a),N0) = (0.01, 0.01, 0.4).
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(a) (b)

Figure 9. (a) The numerical distribution of P(t, a) with r = 2 for Rh > 1. (b) The numerical
distribution of Q(t, a) with r = 2 for Rh > 1. The initial values of (a) and (b) are as follows:
(P0(a),Q0(a),N0) = (0.01, 0.01, 0.4).

Remark 7.3. Figures 6–9 provide a biological interpretation of the threshold Rh when the division
rate depends on cell age. Figures 6 and 7 show that both proliferating and quiescent tumor cell
populations tend to disappear when Rh < 1, indicating that age-dependent cell division is insufficient
to maintain the growth of a sufficiently small tumor population. Figures 8 and 9 show that the tumor
cell populations may persist and grow when Rh > 1. Therefore, the numerical results suggest that the
threshold role of Rh remains valid even when the heterogeneity of the cell-division process with respect
to age is taken into account. The results obtained with r = 1 and r = 2 exhibit the same qualitative
biological behavior.

Example 7.4. In this numerical example, we compare the continuous collocation method with the
spectral method. As shown in Figures 10 and 11, when k is large, the spectral method produces
negative solutions, while under the same coefficients, the continuous collocation method can maintain
the nonnegativity of numerical solutions. Such nonnegativity is a crucial requirement for biologically
meaningful numerical solutions, which the continuous collocation method satisfies.
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Figure 10. (a) The negative regions with spectral method in P(t, a) and Q(t, a) when k = 10.
(b) Minimum values of P(t, a) and Q(t, a) that vary over time when k = 10.
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(a) (b)

Figure 11. (a) The numerical distribution of P(t, a) with the continuous collocation method
when k = 10. (b) The numerical distribution of Q(t, a) with the continuous collocation
method when k = 10.

Remark 7.4. Figure 10 shows that the spectral method produces negative values of proliferating and
quiescent cell densities when k = 10. Such negative values are biologically inadmissible because cell
population densities must remain nonnegative. Under the same parameter setting, Figure 11 shows that
the continuous collocation method preserves the nonnegativity of both cell populations. Therefore,
the continuous collocation method produces numerical solutions that are more consistent with the
biological meaning of the age-structured tumor model.

8. Conclusions

This paper is concerned with the study of the numerical stability of a nonlinear age-structured
tumor cell population model. With the theory of continuous collocation methods, the numerical basic
reproduction number Rh is obtained. Moreover, it is also a threshold for the local stability of age-semi-
discrete scheme, which is not a quadrature for the exact basic reproduction number but converges to the
exact one with at least r + 1 order accuracy. Finally, four numerical experiments are given to verify the
above conclusions. From a biological perspective, the threshold Rh characterizes whether a small tumor
cell population can maintain its growth in the given nutrient environment. When Rh < 1, the tumor-free
equilibrium is locally asymptotically stable, indicating that a sufficiently small tumor cell population
tends to disappear. In contrast, when Rh > 1, the tumor-free equilibrium loses stability, and tumor cells
may persist and continue to proliferate. The threshold results may also provide qualitative insights into
potential tumor treatment strategies. In the framework of the present model, therapeutic interventions
that suppress the proliferative capacity of tumor cells, increase tumor-cell mortality, prolong the cell-
division time, or restrict nutrient-supported tumor growth may reduce the reproduction potential of
tumor cells and help shift the system toward the regime Rh < 1. Therefore, the threshold Rh may serve
as a qualitative indicator for comparing the effects of different intervention mechanisms. Nevertheless,
the present model is a simplified theoretical framework, and further parameter estimation, sensitivity
analysis, and clinical validation are required before the results can be applied to practical treatment
design. The present model focuses on age-structured tumor dynamics without considering the spatial
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movement of tumor cells. In future work, we will extend the model by incorporating reaction-diffusion
terms to investigate the effects of spatial heterogeneity and cell migration.
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A. Appendix

A.1. Proof of Theorem 4.1

According to the quadrature formula with {ci}, we obtain

I1 =

N−1∑
n=0

∣∣∣∣∣∣∣h
r∑

i=1

biβ
n
i φ̂

n
hi −

∫ an+1

an

β(a)φ̂h(a) da

∣∣∣∣∣∣∣ =
N−1∑
n=0

h

∣∣∣∣∣∣∣
r∑

i=1

biβ
n
i φ̂

n
hi −

∫ 1

0
β(an + vh)φ̂h(an + vh) dv

∣∣∣∣∣∣∣ .
If {ci} satisfies the orthogonality condition Jv, then

I1 ≤

N−1∑
n=0

hC1hr+κ = a†C1hr+κ.
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Next we consider the collocation error. Let

δh(a) = −kφ̂′h(a) −
(
µ1(a) +

ηsβ(a)σ
H + σ

)
φ̂h(a),

where δh(a) = 0, a ∈ Mh, δh ∈ Cr+κ (0,∞) . Then, eh = φ̂ − φ̂h satisfieske′h(a) = −
(
µ1(a) +

ηsβ(a)σ
H + σ

)
eh(a) + δh(a), a ∈

[
0, a†

]
,

eh(0) = 0,

whose solution is given by

eh(a) =
1
k

∫ a

0
r(a, s)δh(s) ds, a ∈

[
0, a†

]
, (A.1)

where r(a, s) = e
1
k

∫ s
a

(
µ1(τ)+ ηsβ(τ)σH+σ

)
dτ. According to (A.1), we have

I2 =

N−1∑
n=0

∣∣∣∣∣∣
∫ an+1

an

β(a)(φ̂h(a) − φ̂(a)) da

∣∣∣∣∣∣ ≤ N−1∑
n=0

∫ an+1

an

β(a) |eh(a)| da =
1
k

∫ a†

0
|δh(s)K(s)| ds

=
1
k

∣∣∣∣∣∣∣
N−1∑
n=0

h
r∑

i=1

biδh(an + cih)K(an + cih) + Er

∣∣∣∣∣∣∣ ,
where K(s) =

∫ a†
s
β(a)r(a, s) da, and Er denotes the quadrature error obtained from the quadrature

formula. If {ci} satisfies the orthogonality condition Jv, then

|Er| ≤ C2hr+κ, 1 ≤ κ ≤ r.

Because of δh(an + cih) = 0, we have

I2 ≤
1
k
|Er| ≤

1
k

C2hr+κ.

Then the proof is complete.

A.2. Proof of Theorem 5.1

For λ ∈ ∂B(λ̄, γ0), we have

|d(λ)| > C2

∣∣∣λ − λ̄∣∣∣v = C2γ
v
0 ≥ C1hr ≥ |dh(λ) − d(λ)| .

Hence, by Rouché theorem in [30], d and dh have exactly the same number of zeros counted with their
multiplicities in B(λ̄, γ0), satisfying

C1hr ≥ |dh(λh) − d(λh)| = |d(λh)| ≥ C2

∣∣∣λ̄ − λh

∣∣∣v .
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A.3. Proof of Theorem 5.2

To consider the stability condition of nonlinear system (2.7), we linearize it to (3.1) and consider
the stability of linear system (3.1) instead of (2.7). Additionally, let λh be the zeros of dh (λ), which is

independent of h. Define dh (λh) = 1 − S h, that is, S h =
2(1 − f )ηsσ

H + σ

N−1∑
n=0

h
r∑

i=1
biβ

n
i φ̂h(an

i , λh) = 1. It is

necessary to explain that |λh| is finite. Otherwise, S h, based on continuous collocation methods, tend to
zero. We can see that dh (λh) is only related to the function φ̂h

(
an

i , λh

)
, so we consider the system (3.3)

with Runge-Kutta methods where the coefficient satisfies Lemma 2.1.
Assume that β(a) = β∗, then we organize (3.3) into the following form:λhφ̂h = −kφ̂′h − µ1(a)φ̂h −

ηsβ∗σ
H + σ

φ̂h, a ∈ Mh,

φ̂h(0) = 1,
(A.2)

because of 0 < µ− ≤ µi(a) ≤ µ+ in assumption (1.2), then we have

−kφ̂′h − µ1(a)φ̂h −
ηsβ∗σ
H + σ

φ̂h = −kφ̂′h − µ+φ̂h −
ηsβ∗σ
H + σ

φ̂h + µ+φ̂h − µ1(a)φ̂h

= Lhφ̂h + Nhφ̂h,
(A.3)

where
Lhφ̂h = −kφ̂′h − µ+φ̂h −

ηsβ∗σ
H + σ

φ̂h

and Nhφ̂h = µ+φ̂h − µ1(a)φ̂h.
First, for Nhφ̂h = µ+φ̂h − µ1(a)φ̂h, we have

∥µ+φ̂h − µ1(a)φ̂h∥ ≤ (µ+ − µ−) ∥φ̂h∥ ,

so the spectral radius of Nhφ̂h must be bounded. Next, we only need to consider whether the spectral
radius of Lhφ̂h is bounded.

For Lhφ̂h = λhφ̂h, we obtainφ̂
′
h = −

1
k

(
µ+ +

ηsβ∗σ
H + σ

+ λh

)
φ̂h, a ∈ Mh,

φ̂h(0) = 1,
(A.4)

for convenience, we define φ̂′h = −δ (λh) φ̂h, where δ (λh) =
1
k

(
µ+ +

ηsβ∗σ
H + σ

+ λh

)
; then, we obtain the

following numerical scheme by Runge-Kutta methods:
φ̂h(an+1, λh) = φ̂h(an) + h

r∑
i=1

bi (−δ (λh))Φh(an
i , λh),

Φh(an
i , λh) = φ̂h(an) + h

m∑
j=1

ai j (−δ (λh))Φh(an
j , λh),

(A.5)

where i = 1, · · · , r, n = 0, · · · ,N − 1, j = 1, · · · , r, and Φh(an
i , λh) = φ̂h

(
an

i , λh

)
are the collocation

solutions of (A.2). Then, we have

Φh(an
i , λh) = (I + hδ (λh) A)−1 φ̂h(an, λh)e,

φ̂h(an, λh) = φ̂h(0)
(
1 − hδ (λh) BT (I + hδ (λh) A)−1 e

)n
,

(A.6)
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where i = 1, · · · , r, A = (ai j)r×r, B = (b1, b2, · · · , br)T , e = (1, 1, · · · , 1)T ∈ Rr×1 and I is a r-order
identity matrix. Therefore,

Φh(an
i , λh) = (I + hδ (λh) A)−1

(
1 − hδ (λh) BT (I + hδ (λh) A)−1 e

)n
e.

Let R(z) = 1+zBT (I − zA)−1 e, where z = −hδ (λh). Because Runge-Kutta methods are algebraically
stable, then |R(z)| ≤ 1. Therefore, we obtain

S h =
2(1 − f )ηsσ

H + σ

N−1∑
n=0

hβ∗BT φ̂h(an
i , λh) =

2(1 − f )ηsσ
H + σ

N−1∑
n=0

hβ∗BTΦh(an
i , λh)

=
2(1 − f )ηsσ

H + σ

N−1∑
n=0

hβ∗BT (I − zA)−1 e (R (z))n

=
2(1 − f )kηsσ

H + σ
β∗

1 − (R (z))N(
µ+ +

ηsβ∗σ
H + σ

+ λh

) → 0, λh → ∞,

which means dh (λh) = 1, which is a contradiction. Then, we obtain that λh is finite. Denote |λh| ≤ Λ.
If Rh < 1 − δ (δ > 0 is sufficiently small), then according to Lemma 5.1, the fact that R0 < 1 is true.

Let λ̄ be a zero of d (λ), then we have ℜ(λ̄) < 0. And we can see that ℜ (λh) in the neighborhood of
ℜ(λ̄) is remained by Theorem 5.1. But we cannot be certain thatℜ (λh) must be less than 0. We prove
it in the following.

Because of ℜ(λ̄) < 0, there must exist a γ > 0 such that ℜ(λ̄) ≤ −γ < 0. Assume that there are
ℜ (λh) ≥ −1

2γ, of which there exists |d (λh)| ≥ m0 > 0. According to Lemma 5.2, the fact
|dh(λh) − d(λh)| ≤ C1(Λ)hr must be right; however it is contradictory with |dh(λh) − d(λh)| ≥ m0 > 0.
Therefore, if Rh < 1, thenℜ (λh) < 0 holds. So we obtain that Uh(t) is asymptotically stable.

On the other side, supposing Rh > 1, there must be a contradiction that makesℜ (λh) > 0. So, Uh(t)
is unstable. The proof is complete.

A.4. Proof of Theorem 6.1

Let Uh(t) =
(
φn

hi, ω
n
hi, χh

)T
be an age-semi-discrete solution of (2.7), where for n = 0, . . . ,N − 1,

i = 1, . . . , r,
Ph(t) =

(
φh(t)(0), · · · , φh(t)

(
a0

r

)
, · · · , φh(t) (aN−1) , · · · , φh(t)

(
aN−1

r

))
,

Qh(t) =
(
ωh(t)(0), · · · , ωh(t)

(
a0

r

)
, · · · , ωh(t) (aN−1) , · · · , ωh(t)

(
aN−1

r

))
,

Nh(t) = χh(t).

Then, the row of (6.1),

− (Ph(t))1 +

(
F̂1h

Nh(t)
H + Nh(t)

Ph(t)
)

1
= − (Uh(t)(0))1 +

2(1 − f )ηsχh

H + χh

N−1∑
n=0

h
r∑

i=1

biβ
n
i
(
Uh(t)

(
an

i
))

1 = 0,

− (Qh(t))1 +

(
F̂2h

Nh(t)
H + Nh(t)

Qh(t)
)

1
= − (Uh(t)(0))2 +

2 fηsχh

H + χh

N−1∑
n=0

h
r∑

i=1

biβ
n
i
(
Uh(t)

(
an

i
))

2 = 0,
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for n ≥ 0 and i = 1, 2, · · · , r,

d
dt

(Ph(t))n(r+1)+i+1 =
d
dt

(
Uh(t)

(
an

i
))

1 =

((
Âh + M̂1h + M̂2h

Nh(t)
H + Nh(t)

)
Ph(t)

)
n(r+1)+i+1

,

d
dt

(Qh(t))n(r+1)+i+1 =
d
dt

(
Uh(t)

(
an

i
))

2 =

((
Âh + M̂3h

Nh(t)
H + Nh(t)

)
Qh(t)

)
n(r+1)+i+1

,

d
dt

(Nh(t)) =
d
dt

(χh(t)) =
d
dt

(
Uh(t)

(
an

i
))

3 =
(
LhUh(t)

(
an

i
)
+Nh(Uh(t)

(
an

i
)
)
)

3 ,

and for n ≥ 1, denote BT A−1E = (l0, l1, · · · , lm) ∈ 1 × Rr+1, then

Gn
h =


1 + l0 l1 · · · lm

0 0 · · · 0
...

...
...

0 0 · · · 0

 ∈ R(r+1)×(r+1),

− (Ph(t))n(r+1)+1 +
(
ĜhPh(t)

)
n(r+1)+1

= − (Uh(t) (an))1 + (1 + l0) (Uh(t) (an−1))1 +

r∑
i=1

li

(
Uh(t)

(
an−1

i

))
1
= 0,

− (Qh(t))n(r+1)+1 +
(
ĜhQh(t)

)
n(r+1)+1

= − (Uh(t) (an))2 + (1 + l0) (Uh(t) (an−1))2 +

r∑
i=1

li

(
Uh(t)

(
an−1

i

))
2
= 0.

Hence, Ph(t),Qh(t),Nh(t) are the solutions of (6.1).
On the other hand, let Ph(t),Qh(t),Nh(t) be the solution of (6.1) and define Uh(t) =

(
φn

hi, ω
n
hi, χh

)T
by

φh(t)(an + vh) = (Ph(t))n(r+1)+1 + h
r∑

i=1

βi(v)
(
P′h(an

i )(t)
)

n(r+1)+i+1 .

ωh(t)(an + vh) = (Qh(t))n(r+1)+1 + h
r∑

i=1

βi(v)
(
Q′h(an

i )(t)
)

n(r+1)+i+1 ,

χh(t) = Nh(t).

Then, φh ∈ Yh and ωh ∈ Yh, since for all n ≥ 0,

Uh(t) (an + h)1 = (Ph(t))n(r+1)+1 + h
r∑

i=1

βi(1)
(
P′h(an

i )(t)
)

n(r+1)+i+1

= (Ph(t))n(r+1)+1 + BT A−1E
r∑

i=1

(Ph(t))n(r+1)+i+1 = (Ph(t))(n+1)(r+1)+1 = Uh(t) (an+1)1 ,

Uh(t) (an + h)2 = (Qh(t))n(r+1)+1 + h
r∑

i=1

βi(1)
(
Q′h(an

i )(t)
)

n(r+1)+i+1

= (Qh(t))n(r+1)+1 + BT A−1E
r∑

i=1

(Qh(t))n(r+1)+i+1 = (Qh(t))(n+1)(r+1)+1 = Uh(t) (an+1)2 ,

AIMS Mathematics Volume 11, Issue 8, 26986–27017.



27016

and Uh(t) ∈ D (Lh) since

(Uh(t)(0))1 = (Ph(t))1 =
2(1 − f )ηsNh

H + Nh

N−1∑
n=0

h
r∑

i=1

biβ
n
i (Ph(t))n(r+1)+i+1

=
2(1 − f )ηsχh

H + χh

N−1∑
n=0

h
r∑

i=1

biβ
n
i
(
Uh(t)

(
an

i
))

1 ,

(Uh(t)(0))2 = (Qh(t))1 =
2 fηsNh

H + Nh

N−1∑
n=0

h
r∑

i=1

biβ
n
i (Qh(t))n(r+1)+i+1

=
2 fηsχh

H + χh

N−1∑
n=0

h
r∑

i=1

biβ
n
i
(
Uh(t)

(
an

i
))

2 ,

(Uh(t)(0))3 = Nh(t)(0).

Finally, for a = an
i ∈ Mh,

d
dt

(Uh(t) (a))1 =
d
dt

(Ph(t))n(r+1)+i+1 = (LhUh(t) (a) +Nh(Uh(t) (a)))1 ,

d
dt

(Uh(t) (a))2 =
d
dt

(Qh(t))n(r+1)+i+1 = (LhUh(t) (a) +Nh(Uh(t) (a)))2 ,

d
dt

(
Uh(t)

(
an

i
))

3 =
d
dt

(Nh(t)) =
(
LhUh(t)

(
an

i
)
+Nh(Uh(t)

(
an

i
)
)
)

3 .

Hence, Uh(t) is a solution of (2.7), and the proof is complete.

A.5. Proof of Theorem 6.2

Consider the linearization form of (6.2) at (0, 0, σ)T . Let δh be the eigenvalue of the first equation,
and there exists Ph ∈ R

N(r+1) with (Ph)1 = 1 such that

δh

(
Êh − ξ

(
Âh + Ĝh + M̂1h + M̂2h

σ

H + σ

))
Ph =

(
Êh + ξF̂1h

σ

H + σ

)
Ph,

that is, (
1 − δ−1

h

ξ
Êh −

(
Âh + Ĝh + M̂1h + M̂2h

σ

H + σ
+ δ−1

h F̂1h
σ

H + σ

))
Ph = 0.

According to the proof of Theorem 6.1, we have

φh(t)(an + vh) = (Ph(t))n(r+1)+1 + h
m∑

i=1

βi(v)
(
P′h(an

i )(t)
)

n(r+1)+i+1 .

Then, φh ∈ Yh with φh(0) = 1 satisfies

L̂hφh =
1 − δ−1

h

ξ
φh, a ∈ Mh.
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Therefore, we have the characteristic equation

dh

(
1 − δ−1

h

ξ

)
= 1 −

2(1 − f )ηsσ
H + σ

N−1∑
n=0

h
r∑

i=1

biβ
n
i φh

(
an

i ,
1 − δ−1

h

ξ

)
= 0.

The proof is similar to the proof of Theorem 5.2.
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