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Abstract: This paper studied complete moment convergence and polynomially weighted summability
criteria for scalar weighted triangular arrays of measurable operators in tracial von Neumann algebras.
The main result was a maximal Rosenthal transfer theorem for weighted triangular arrays whose rows
admitted martingale filtrations. Starting from a uniform g-moment estimate for each terminal row sum,
it controlled all weighted partial sums in L,(M; {.) and, for g > 2, in L,(M; £Z,). Under the associated
scalar summability condition, it yielded row-uniform bilateral almost uniform convergence and, for g >
2, row-uniform almost uniform convergence. As an application of the general Rosenthal-type criterion,
we derived a high-moment Marcinkiewicz—Zygmund normalization for freely independent rows and
martingale-difference rows satisfying a conditional variance domination. The terminal estimates were
verified directly from the inequalities of Junge and Xu. The Rosenthal summability criterion was
then developed as a technical tool: Under explicit summability conditions on scalar weights and
normalizing constants, together with uniform second and gth moments such as those supplied by
stochastic domination, it yielded complete p-moment convergence for all 0 < p < g. We also clarified
the equivalent positive-part formulation of complete moment convergence and included a sharpness
benchmark for freely independent semicircular rows, showing that the scalar variance summability
condition was necessary and sufficient at the g-moment summability level. The resulting weighted
triangular-array criterion complemented sharp Baum—Katz theorems for successively independent or
adapted sequences. Finally, we formulated a tracial C*-probability version through the Gelfand—
Naimark—Segal (GNS) representation and the generated von Neumann algebra.
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1. Introduction

Complete convergence and complete moment convergence are classical topics in probability limit
theory. Since the seminal works of Hsu and Robbins [6], Erdos [4], and Baum and Katz [1], many
extensions have been obtained for independent random variables, triangular arrays, weighted sums,
martingales, and Banach-space-valued random variables; for rowwise independent triangular arrays
we mention the strong laws of Hu, Mdricz, and Taylor [7]. In particular, weighted complete moment
convergence has become an effective tool for obtaining refined forms of the strong law of large
numbers. Representative results based on generalized Rosenthal inequalities include Wang, Hu, and
Volodin [19], Yi, Chen, and Sung [20], and Zheng, Wang, and Wang [22].

In recent years, limit theorems in noncommutative probability have attracted increasing attention. In
a tracial von Neumann algebra (M, 7), measurable operators in the sense of Nelson [14] play the role of
noncommutative random variables, and almost uniform convergence as well as bilateral almost uniform
convergence serve as natural analogues of almost sure convergence [18]. Strong laws for weighted
sums of measurable operators have been investigated by Huan and Quang [8], while convergence rates
and array laws were studied by Choi and Ji [3] and by Son, Giap, and Quang [16]. Noncommutative
Baum—Katz theorems have been studied by Stoica [17] and, more recently, by Ji and Quang [9].
The noncommutative Burkholder—Rosenthal theory [10, 13] provides useful moment tools for sums
of noncommutative random variables.

Recent work of Cao, Jiao, Luo, and Zhou [2] establishes quantitative laws of large numbers in
noncommutative probability, including a Baum—Katz theorem for successively independent variables,
and extends the method to noncommutative martingales via asymmetric maximal inequalities. Ji and
Quang [9] obtain a Baum—Katz theorem for adapted sequences. The present paper focuses on the
complementary problem of weighted triangular arrays: Once a terminal Rosenthal estimate is available,
we seek a practical transfer principle whose scalar hypotheses can be checked directly.

The terminal criterion controls only the last sum in each row. For martingale rows, however, every
earlier partial sum is a conditional expectation of the terminal sum. Combining this observation with
the strong and asymmetric noncommutative Doob inequalities transfers the terminal estimate to all
partial sums in bilateral and column form. The admissibility estimate is then verified from specific
theorems of Junge and Xu for freely independent rows and martingale-difference rows. In this way,
one scalar series controls terminal moments, complete maximal moments, and row-uniform b.a.u./a.u.
convergence.

The scope is precise. The polynomially weighted result is formulated as a sufficient complete-
convergence criterion. The normalization n!/* below follows from the imposed moment g > 25/(2 — s)
and is therefore a high-moment Rosenthal corollary. The semicircular calculation identifies an exact
necessity-and-sufficiency condition at the level of g-moment summability.

Table 1 places this contribution among selected complete-moment, noncommutative Baum—Katz,
and quantitative law-of-large-numbers results.
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Table 1. Selected related results and the scope of the present contribution.

Reference Setting Main feature Relation to  the  present
contribution

Wang—-Hu—Volodin [19]; classical weighted sums complete ~ moments and a noncommutative weighted-

Yi—Chen—Sung [20]; generalized Rosenthal bounds array and maximal formulation

Zheng—Wang—Wang [22]

Choi-Ji  [3]; Son— measurable operators rates, array laws, and weighted a unified admissible-row transfer

Giap—Quang [16]; strong laws criterion

Huan—Quang [8]

Cao-Jiao-Luo—Zhou [2] successive independence sharp quantitative laws of weights, arrays, free models, and
and martingales large numbers maximal complete moments

Ji-Quang [9] adapted sequences Baum-Katz theorem a sufficient weighted triangular-

array criterion

Present paper weighted noncommutative terminal and maximal free/martingale verification
triangular arrays Rosenthal transfer and row-uniform  b.a.u./a.u.
conclusions

The main contributions are as follows:

(i) We formulate a g-Rosenthal-admissibility hypothesis for triangular arrays of centered measurable
operators and prove a complete p-moment convergence criterion for all 0 < p < g, including its
equivalent positive-part formulation.

(i1) We prove a maximal transfer theorem that controls all partial sums in L,(M; {.,) and, when g > 2,
in L,(M; (7,), yielding complete maximal moments and convergence uniformly over each row.

(i11) We derive a polynomially weighted complete-convergence consequence by adding a factor n* to
the same summability condition.

(iv) We provide concrete calculations showing how the abstract conditions reduce to elementary
restrictions on weights and normalizing constants.

(v) We verify the admissibility hypothesis directly from Theorem 2.1(i) of Junge and Xu [13] for
freely independent rows and from Theorem 5.1 of Junge and Xu [10] for martingale-difference
rows with dominated conditional variances.

(vi) As a concrete application we derive a high-moment Marcinkiewicz—Zygmund normalization,
while explicitly distinguishing it from the sharp theorem under the minimal sth moment, and
we give a semicircular g-moment benchmark.

(vil) We give a tracial C*-probability version through the Gelfand—Naimark—Segal (GNS)
representation, emphasizing that the relevant spectral projections generally live in the generated
von Neumann algebra rather than in the original C*-algebra.
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The novelty of the paper lies in the triangular-array formulation, the explicit scalar-weight
summability criterion, and the maximal transfer from terminal Rosenthal estimates, together with
verification in concrete operator models. The resulting framework is a practical, transferable sufficient
criterion under checkable high-moment hypotheses and provides simultaneous maximal control for
weighted noncommutative arrays.

The author’s related paper with Hou and Zhu [21] concerns classical extended negatively dependent
random variables under slowly varying weights and proves equivalence or necessity statements using
that dependence structure. Here the variables are measurable operators, the relevant maximal events
are projection-valued, and the model classes are free or martingale rows. The hypotheses, conclusions,
and proofs are therefore distinct.

The paper is organized as follows. Section 2 collects notation and preliminary facts, including
maximal distributions and the positive-part equivalence. Section 3 states and proves the terminal and
maximal transfer principles. Section 4 verifies their hypotheses in the free and martingale models.
Section 5 presents applications, the semicircular benchmark, the GNS observation, and the limitations
of the method.

2. Preliminaries

Let (M,7) be a von Neumann algebra equipped with a faithful normal tracial state 7, so that
7(1) = 1. Denote by S (M, 1) the x-algebra of T-measurable operators affiliated with M in the sense of
Nelson [14]. For 0 < p < oo, the noncommutative L,-space is

L, (M, 7)={xeSM,7): 7(|x]") < oo};

we refer to [5, 14, 15] for the construction and basic properties of these spaces and of the generalized
singular numbers.
For x € S (M, 1), define its tail distribution function by

(%) = (L0 (IXD)), >0,
where 1 .(|x]) denotes the spectral projection of |x| corresponding to the interval (z, o).
Lemma 2.1 (Layer-cake formula). Let 0 < p < co and x € L,(M, 7). Then,

(Ix”) =p f ) 71 A, (x) dt.
0

Moreover; for every € > 0,

T (I L0y (16])) = €7 25(x) + p f i ' 4,(x) dr.

&

Proof. Let E denote the spectral measure of |x| and u = 7 o E the resulting Borel measure on [0, o), so
that 2,(x) = u((t, )) and 7(|x|”) = f[o ) s? du(s). By Tonelli’s theorem,

p [ o uenar= [ (p [t = [ s =,
0 [0,00) 0 [0,00)
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which is the first identity. For the second, the same computation restricted to (g, o) gives

P f " u((t, 00)) dt = (s? = &7) du(s) = T(|x|"1(s.00)(|x])) — &7 Ae(x). H

(&,00)

Definition 2.2 (Complete p-moment convergence). A sequence {Z,} C S(M,7) is said to converge
completely in p-moment to O if, for every € > 0,

(o)

> 212 1o (1Z,D) < oo.

n=1

The preceding truncation agrees, at the level of convergence for every threshold, with the positive-
part convention often used in the classical literature.

Lemma 2.3. Let x € S(M, 1), p > 0, and € > 0. Then,

7((Ixl = &)%) < 7|21 1. 00)(|XD)
and
T(1X1" 12,00 (12]) < 2°7((1x] = &)7).

Consequently, for a sequence (Z,), complete p-moment convergence in Definition 2.2 is equivalent to
Y. 7((1Z,] = &)F) < o for every € > 0.

Proof. Fort > 0one has (1—&)} < t1..)(1). If t > 2¢, then 1 < 2(1—¢), whence 171 (3. .0)(1) < 2P(t—¢)".
Functional calculus and the trace give both inequalities. Applying the second one with threshold &/2
proves the converse implication. O

Definition 2.4 (Complete convergence in tracial measure). A sequence {Z,} C S(M,7) is said to
converge completely in tracial measure to 0 if, for every € > 0,

i A(Z,) < oo.

n=1

Definition 2.5 (Almost uniform and bilateral almost uniform convergence). A sequence {Z,} C S (M, )
converges to 0 almost uniformly (a.u.) if for every 6 > O there exists a projection e € M witht(1—e) < 6
such that ||Z,e|| — 0. It converges to O bilaterally almost uniformly (b.a.u.) if for every 6 > O there exists
a projection e € M with 7(1 — e) < ¢ such that |leZ,e|]| — 0. Since ||leZ,e|| < ||Z,el|, a.u. convergence
implies b.a.u. convergence.

Lemma 2.6 (Noncommutative Borel-Cantelli lemma). Let {Z,} C S(M, 1) and assume that for every
>0,

Az < .
n=1

Then, Z, — 0 almost uniformly and, in particular, bilaterally almost uniformly.
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Proof. Fix 6 > 0. For each integer j > 1 the series ), 4;,j(Z,) converges, so we may choose N; with
Dz <627,
nzN;

Put p; = V,n; a/j0)(1Z,]), @ projection in M, and sete =1 -/, p; € M. Using subadditivity of 7
on suprema of projections,

=1 j=1 j21 n=N; =1

If n > Nj, set p,; = 1j0,1/71(1Z,). Then, e < p, ;j and hence e = p, je. The spectral calculus therefore
gives

1Z.le

= [1Zutpnsell.. < lZilpnil., <

| 1
00 j'
Consequently, by the polar decomposition Z, = u,|Z,|,

HZQe”m =

< |iz,le

|00 |00

UnlZyle

Thus, ||Z,¢|lc — O, i.e., Z, — 0 almost uniformly. The bilateral assertion follows from Definition 2.5.

This construction is standard in the theory of almost uniform convergence of measurable operators;
see [8, 18]. O

Definition 2.7 (Stochastic domination). A family {X,; : 1 < k < k,, n > 1} of T-measurable operators
is said to be stochastically dominated by Y € S (M, 1) if there exists a constant Cy > 0 such that

(X ) < CyA(Y), t>0,n>1,1<k<k,.

Lemma 2.8 (Uniform moment control). Assume that {X,x} is stochastically dominated by some Y €
L.(M, 1), where r > 0. Then, for every 0 < s <,

T(1X4l*) < Cy(Y]), and in particular sup 7(|1X,.4|") < oo.

nk

Proof. Since (1) = 1, the inclusion L,(M, 1) C Ly(M, 1) holds for every 0 < s < r, so 7(|Y|*) < co. For
0 <s<r, Lemma 2.1 gives

(| Xuil®) = s f ' A4(X, ) dt < Cys f £7I(Y) dt = Cyr(|Y]). ]
0 0

Definition 2.9 (g-Rosenthal-admissible triangular array). Let g > 2. A rowwise centered triangular
array
Xk :1<k<k,, n>1}CL,(M,7)

is called q-Rosenthal-admissible if there exists a constant R, > 0, independent of n and of the scalar
coefficients, such that for every n > 1 and every family of scalars {an,k}i”= , cC

ko a ko ko a2
2 2
T{Zan,kxn,k ]szeq Z|an,k|%(|xn,k|q>+[2 i1 X )] }
k=1 k=1 k=1

Here, rowwise centered means 1(X,, ;) = 0 for all admissible pairs (n, k).
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Remark 2.10. Admissibility is a named structural class, not an independence notion and not a theorem
by itself. Section 4 proves that two concrete classes belong to it. The constant R, must be independent
of the row length and of every scalar coefficient family.

For the maximal result let (M) denote the projection lattice. For a finite family x = (X)), <
S(M, 1), define

A?(x) := infep(in {T(l —e): ij_IX llexjell < t} , 2.1)
A; (x) := inf.epan {T(l —e): mje_lx llxjelle < t}. (2.2)

For p > 0,& >0, and § € {b, c}, put
¢ () = e’ Ab) + p f ) A () dr. (2.3)

&

In the commutative case this is exactly the truncated p-moment of max; [x;|.
We use the vector-valued spaces of noncommutative Doob theory [11, 12]. For finite x = (x;),

IxllL, ey = inf  llallg( max [wjlleo)l1Bllag,
xj=aw ;b j

Xl ey = inf (max [jwlleo)lIBllg-
xj=w;b Jj

Lemma 2.11. Let g > 1. If x € L,(M; (), then

b —
APC) < 207 e
and, for) < p < g,
2q
65,0 € L& l? -
P, q—p Ly(Mits)
If x € Ly(M; t3,), the corresponding bounds are
S q —q| 4114

Proof. For np > 0, choose a factorization x; = aw ;b such that max; |[[w/ll. < 1 and

llall2glbll2g < 11xllz,:00) + 7-

Rescaling a and b by reciprocal positive constants, we may also arrange ||all,, = [|bll,. With e, =
1, yy(la]), e = 1y ;(Ib]), and e = e, A e}, one has max; [|ex;e||., < ¢ and

(1 - e) < r4(llalls? + 1B1137) = 26 (llallaglIbllag)*.

Letting 7 | O gives the bilateral tail estimate. For the column case, choose x; = w;b with max; [|w [l <
I and ||B]|, < ||X||Lq(M;ggo) + 1, and use e = 1jp,(|b]). Then, (1 —e) < t‘qllbllg; letting | O proves the
column tail estimate. Integrating either tail bound in (2.3) gives the displayed constants. O

AIMS Mathematics Volume 11, Issue 8, 26927-26942.
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3. Terminal and maximal transfer principles

Throughout this section, (M, 7) is a finite tracial von Neumann algebra. For weights ¢, € C and
normalizations b, > 0, write
J

Sn,j = Z Cn,an,k, Sn = Sn,k,,,

k=1
and n
ZI]znzl |Cn,k|q Zinzl |Cn,k|2 !
A, = o + 52 . 3.1
Proposition 3.1. Let g > 2 and let (X,,) be a g-Rosenthal-admissible triangular array. Assume
U, := sup T(|Xn,k|2) < o0, U, := sup 7(|1 X, x|?) < oo.
nk nk
If (w,) is nonnegative and ), w,A, < oo, then
) Sn q
Z wnr( — ) < 0. 3.2)
n=1 bn
Consequently, for every 0 < p < g and € > 0,
- Sal? S
2T —1 Lo | |—1]] < o0, 3.3
e e ) < 6
[se] Sn
> ws (—) < 0. (3.4)
=1 by

n

For w, =1, §,/b, — 0 almost uniformly. The same conclusions hold under stochastic domination by
Y € L,(M,).

Proof. Admissibility and the uniform moments give, with K, = R, max{U,, Ug/ 2},

Sn
T —_—

b
This proves (3.2). Functional calculus applied to 1 «)(f) < &7 and 1 «)(t) < £79t7 gives (3.3)

and (3.4). When w, = 1, Lemma 2.6 yields almost uniform convergence. Stochastic domination
supplies U, U, < oo by Lemma 2.8. O

q
)< K.

n

The terminal criterion above sees only S ,,. For a martingale row, the identity S, ; = E, ;(S,) makes
the whole row accessible to Doob factorization. The next theorem records the resulting maximal
transfer.

Theorem 3.2 (Maximal Rosenthal transfer). Let g > 2 and let (X, x) satisfy the assumptions of

Proposition 3.1. Suppose in addition that, for each n, there is a filtration

M,ocM,, C---CMy,, CM
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Jfor which (Xn,k)],i"= | is a martingale-difference row. Let (w,) be nonnegative and let A, be given by (3.1).
Let D, = c(q,2q,2q) be the factorization constant in [11, Corollary 4.6] for the exponent triple
(9,29,2q). When q > 2, let D, = c(q, o, q) be its asymmetric constant for (g, o0, q). These constants
depend only on q, and the following assertions hold.

(i)
)
by /iy
where K, = R, max{U,, Ug/z}. Hence, for 0 < p < g,

S\ 2qD K,
wn@bg(( ””) )_ Ter=0 %" w,A,. (3.6)
2.9\ 5y 2

n
o
(Sn,‘,-
b, |.
" EN L)

\Kn DK
Sonsn(32). )< 5 e St 55
n n/j=

(iii) If ., A, < oo, the normalized partial sums converge to zero bilaterally almost uniformly,
uniformly over each row: for every 6 > 0 there is e € P(M) with (1 — e) < 6 such that

q

Yo

n

< DIK, > w.Ay, (3.5)

Ly(M:teo)

(ii) If g > 2, then

< (DK, > 3.7)

and

Shj

121,'2; e b, e ) — 0. (3.9)
If g > 2, e can be chosen so that
S
12’12)}(( b e } — 0. (3.10)

Stochastic domination by an element of L, may again replace the two uniform moment assumptions.

Proof. Fix n. Since the coefficients are scalar, (S, ]) ", 18 an L,-martingale and §,; = E, ;(S,).
Corollary 4.6 of Junge [11], applied with exponent trlples (g, 2q, 2g) and, when g > 2, (g, ,q),
respectively, gives exactly the bilateral factorization and its asymmetric column endpoint:

IS w il ey < DyllS allg, (3.11)
ICS n )il mses) < DliSally (g > 2). (3.12)

The terminal estimate in the proof of Proposition 3.1 is
1S.0/Bll2 < K A,

Combining it with (3.11), multiplying by w,, and summing proves (3.5); Lemma 2.11 gives (3.6).
Equations (3.12) and Lemma 2.11 give the column assertions.
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For (ii1), apply (3.5) with w, = 1. Together with Lemma 2.11, this implies, for every m > 1,
kll
DAY (Snifbi)f,) < oo
Given ¢ > 0, choose the integers N, recursively so that they are increasing and

Z Atlj/m ((S n,j/bn)];n:l) < 52—m—2.

n=Npy,

For every n > N,,, the defining infimum provides a projection e, ,, such that

(1= eum) < A, ((Sifba)iz,) + 627772,

m,ax ”en,mSn,jen,m/bn”oo < l/m
1<j<k,

Sete = A,51 Ausw,, €nm- Normality and trace subadditivity give

=)< Y Y tl-e) < Y 0272+ Y N 22 <,

m>1 n>N,, m>1 m>1 n>N,,

Since e < e,,,, compression preserves the last norm bound. Thus, for each m, every n > N,, satisfies
max; |leS , je/bull < 1/m, which proves (3.9). Replacing A® by A° in the same construction and using
right compressions gives (3.10). O

Corollary 3.3 (Polynomially weighted maximal criterion). Under the assumptions of Theorem 3.2, let
a>0.1If

(o9

Z n®A, < oo,

n=1

then (3.5)—(3.8) hold with w, = n®. In particular,

> AL ((Si/ba)2,) < oo,

n

and, if g > 2, the same assertion holds with A°.
4. Verification in two operator models

We now derive admissibility rather than leaving it as an additional model assumption.

Theorem 4.1 (Freely independent rows). Let g > 2. If every row (Xn,k)i”: | consists of centered elements
of L,(M,7) that are freely independent over C, then the array is q-Rosenthal-admissible. Moreover,
each row is a martingale-difference row for its natural filtration, so Theorem 3.2 applies whenever its
uniform moment and scalar summability hypotheses hold.

Proof. By [13, Example 1.5], freeness over C is independence in the sense used in that paper. More
precisely, the freely independent row is independent over C1, its conditional expectation is E(x) =

AIMS Mathematics Volume 11, Issue 8, 26927-26942.
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7(x)1, and centering gives E(d;) = 0 for dy = a;X,x. Thus, all hypotheses of [13, Theorem 2.1(i)] are
satisfied. If ¢ > O is the absolute constant in that theorem, then

1/q 1/2
q 2
>4 s;max{ ankug) , ZEldkl]
k g k k
1/2
(ZEW;F] }
k

The three terms have precisely the form required here. The diagonal term is

1/q 1/q
[Z ||dk||z) = (Z |ak|qr<|xn,k|")) ,
k

k

b

q

q

while
Bldi* = la*7(X;, X1, BldiP = la1(X, X, )1

Traciality makes the two scalar traces equal, so both square-function norms are exactly
ok lalPr(1X,.41%)) /2. Raising the inequality to the gth power and bounding the maximum by the sum
yields Definition 2.9 with R, = (g/c)?, uniformly in n and (ay).

For M, j = W*(X..1, ..., X, ), freeness and centering give E,, ;_1(X,, ;) = 7(X,, ;)1 = 0. Thus, the row
is a martingale-difference row. O

Theorem 4.2 (Martingale rows). Let g > 2 and let (X,) be self-adjoint martingale-difference rows.
Assume that a constant k > 1, independent of n, k, satisfies

Eoio1(Xr ) < k(X2 )1 4.1)

Then, the array is g-Rosenthal-admissible with R, = nl max{1, k%/?}, where n, is the constant in [0,
Theorem 5.1]. Hence, the terminal and maximal transfer principles apply under their remaining
hypotheses.

Proof. For d; = X, , Theorem 5.1 of [10] states

1/q 1/2
D di|| <n,max { > ||dk||g) : (Z En-i |dk|2)
I : I
1/2
(Z Epi1 |dz|2) }
k
Self-adjointness and scalar coefficients make the last two terms equal. By (4.1), their gth powers are at

most
q/2
K" (Z |ak|27<|xn,k|2>) :
k

The first term to the gth power is }}; |ax|?T(|X,£|?). Raising the displayed Burkholder—Rosenthal
inequality to the gth power proves the claimed admissibility constant. O

2

q q

q
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Definition 4.3 (Successive independence). For each fixed n, put M,y = C1 and
Mn,k = W*(Xn,l’ ce ,Xn,k)a 1<k< kn,

where W*(X,,x) denotes the von Neumann algebra generated by the spectral projections of X, . The
nth row is successively independent with respect to T if W*(X,,x) is independent of M, for every k,
in the sense that

7(ab) = t(a)t(b), ae M1, be W (X

Here is the connection with the hypothesis of Theorem 4.2. LetE, ;,_; : M — M, ;_; be the trace-
preserving conditional expectation. For bounded b € W*(X,,;) and a € M, ;_;, successive independence
gives

7(aE, x-1(b)) = 1(ab) = 1(a)t(b) = T(at(b)1).

The uniqueness of the trace-preserving conditional expectation implies E, ;_1(b) = 7(b)1. If X, ; €
L,(M, 7) is self-adjoint, apply this identity to the bounded spectral truncations b, = Xiklloﬂ (Xik) and
then use the L;-continuity of E, ;_; to obtain

Eoi1(Xr ) = 7(X2 1.

The same truncation argument in L; shows that a centered successively independent variable is a
martingale difference relative to its natural filtration.

Remark 4.4. Condition (4.1) is restrictive: It asks the conditional variance to be dominated by the
scalar variance. The preceding calculation shows that it holds with k = 1 for centered successively
independent variables. More generally, it holds whenever the conditional variance is essentially
deterministic with a row-uniform scalar bound.

5. Consequences, benchmarks, and scope

The first calculation shows how the abstract scalar series is read. If k, = n, ¢, = 1, and b, = n¢,
then

A, = n'" 4 pt/>aa,

21 1
a>max<s—, =+ —¢. (5.1
92 q
For g > 2, the second bound is decisive. With a polynomial factor n?, the sufficient condition is

Thus, }., A, < co when

{a+2 1 a+1}
a > max — )

, = +
qg 2 q
Corollary 5.1 (High-moment n'/* normalization). Let 1 < s < 2 and g > 2s/(2 — 5). Let (X;) C

L,(M,7) be centered and either freely independent, or a self-adjoint martingale-difference sequence,
with respect to a filtration (M), satisfying

Ee1(XP) < k(X1
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for a constant k independent of k. Assume sup, T(|1Xi|*) < oo and sup, 7(|X;|?) < co. Put S;= Zi:l Xi.
Then, for 0 < p < gand € > 0,

PICACEELS

n=1
and

—1/s

max ||eS jn” ’ell — 0
1<j<n

outside a projection of arbitrarily small trace. In fact, because the hypothesis forces q > 2, the column
complete-moment estimate and the almost-uniform version with max <, IS jn‘l/ Sello — 0 also hold. If

1 1
O<a<|--z]g-1,
<as(i-3)a

all maximal distribution and complete-moment series remain finite after multiplication by n®.

Proof. Use the first n variables as row n and take ¢, = 1 and b, = n'/s. The free or martingale theorem
in Section 4 gives admissibility and the required filtration. Since 2 — s > 0, a direct calculation gives
2s 1 1 1

— qgR-s5)>2s = 2g>s5(g+2) = —>—-+-.
2-s s 2 q

q>
Thus, (5.1) holds. The polynomial range follows by inserting a = 1/s into the preceding calculation;
for g > 2, the square-function exponent is the restrictive one. O

This is a high-moment Rosenthal-Doob corollary: The hypothesis deliberately places ¢ strictly
above s. Sharp results under the minimal sth moment require different rate arguments.

Proposition 5.2 (Semicircular g-moment benchmark). Let each row (s, ;) consist of freely independent
standard semicircular variables and let c,; € R. Put T, = Y\ CoxSnx and A,(f) = D ci i« Then, for

every q > 0,
q A(z) q/2
()= )

where my is the qth absolute moment of a standard semicircular variable. Consequently,

T,

Dbty <0 = AP/ < .

n

For q > 2, the latter also dominates the diagonal scalar term. This is a necessity-and-sufficiency
statement only for terminal g-moment summability; no converse for truncated p-moments or maximal
convergence is asserted.

Proof. The free sum T, is semicircular with variance AP, Scaling the semicircular law gives the
identity and, hence, the equivalence. Finally, >, |c, |7 < (2 ci k)q/ 2 for g > 2. O

Corollary 5.3 (GNS formulation). Let (A, ¢) be a unital C*-algebra with a faithful tracial state and
let N = my(A)’ carry tlzf faithful normal trace ¢ extending ¢. If the represented array satisfies either
transfer theorem in (N, ¢), then its conclusions hold in N.
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The content of Corollary 5.3 is the location of the result: Spectral cut projections and the a.u./b.a.u.
projections belong to N = m4(A)” and need not belong to 4(A). It is therefore a von Neumann algebra
formulation attached to a tracial C*-probability space, rather than an intrinsic C*-algebraic spectral
theorem.

Scalar weights are a key structural input to the present argument: They preserve the martingale-
difference structure and allow the terminal estimate to pass directly to partial sums. Noncentral operator
weights would require genuinely new row/column multiplier tools, while a nontracial extension would
require Haagerup L, spaces and modular methods. The scalar series in (3.1) is therefore used as a
transferable sufficient criterion. Sharp Baum—Katz results for successively independent variables and
adapted sequences remain those of [2,9] under their respective hypotheses.

6. Conclusions

This paper established a maximal Rosenthal transfer principle for scalar weighted triangular arrays
of measurable operators. It showed that a uniform terminal g-moment estimate, together with
an explicit scalar summability condition, controls all weighted partial sums and yields complete
moment convergence as well as row-uniform b.a.u./a.u. convergence. The required terminal estimates
were verified for freely independent rows and for martingale-difference rows under conditional
variance domination, and the resulting criteria were applied to high-moment Marcinkiewicz—Zygmund
normalizations and a semicircular sharpness benchmark.

The results provide checkable sufficient criteria rather than optimal rate theorems. Scalar weights
and traciality are essential to the present transfer argument. Extending the method to noncentral
operator weights or to nontracial von Neumann algebras would require new multiplier estimates or
Haagerup L, techniques and remains a direction for future work.
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