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1. Introduction

Es-sebaiy and Tudor [1] derived Itô and Tanaka formulas for the d-dimensional bifractional
Brownian motion using the Malliavin calculus with respect to Gaussian processes and the multiple
stochastic integrals. But there exists a mistake in the proof of Lemma 2 in [1]. They said the function

g(x) =

(
1 +

j2H

x2H

)K−1

−

(
1 +

( j − 1)2H

x2H

)K−1

(1.1)

is decreasing on (1,∞) for 2HK = 1. In fact, we can not obtain that g(x) is decreasing on (1,∞).
Because

g′(x) =
2H(1 − K)

x2H+1

 j2H

(
1 +

j2H

x2H

)K−2

− ( j − 1)2H

(
1 +

( j − 1)2H

x2H

)K−2 . (1.2)

We can not get g′(x) < 0 on (1,∞). Moreover, if we take H = 5
8 ,K = 4

5 which satisfies 2HK = 1, and
j = 4, x1 = 2, x2 = 3, then we get by R software,

g(2) =

(
1 +

41.25

21.25

)−0.2

−

(
1 +

31.25

21.25

)−0.2

= −0.03839191, (1.3)
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and

g(3) =

(
1 +

41.25

31.25

)−0.2

−

(
1 +

31.25

31.25

)−0.2

= −0.0334415. (1.4)

It is obvious that g(2) < g(3), which shows that g(x) is not decreasing on (1,∞). Thus it is wrong
that Es-sebaiy and Tudor [1] deduced that the function f j(x) is increasing on (1,∞) by the decreasing
property of g(x) on (1,∞), where

f j(x) := ((x − 1)2H + j2H)K − ((x − 1)2H + ( j − 1)2H)K − (x2H + j2H)K + (x2H + ( j − 1)2H)K . (1.5)

Similarly, if we take H = 5
8 ,K = 4

5 which satisfies 2HK = 1, and j = 4, x1 = 2, x2 = 3, then we get by
R software,

f4(2) = (1 + 41.25)0.8 − (1 + 31.25)0.8 − (21.25 + 41.25)0.8 + (21.25 + 31.25)0.8 = 0.04044688, (1.6)

and

f4(3) = (21.25 + 41.25)0.8 − (21.25 + 31.25)0.8 − (31.25 + 41.25)0.8 + (31.25 + 31.25)0.8 = 0.03591274. (1.7)

It is obvious that f4(2) > f4(3), which shows that f j(x) is not increasing on (1,∞).

2. A correct proof of Lemma 2 in Es-sebaiy and Tudor [1]

In this section we correct the proof of Lemma 2 in Es-sebaiy and Tudor [1] by using the idea of
Proposition 3.3 in Chen et al. [2].

Lemma 2 in Es-sebaiy and Tudor [1]. Suppose that 2HK = 1, then

Vn
t :=

n∑
j=1

(
BH,K(t j) − BH,K(t j−1)

)2 n→∞
−−−→

1
2K−1 t,

in L2(Ω), where
{
t j =

jt
n ; j = 0, · · · , n

}
is a partition of [0, t].

Proof. A straightforward calculation shows that,

E(Vn
t ) =

n∑
j=1

E
(
BH,K(t j) − BH,K(t j−1)

)2
=

t
n

n∑
j=1

h( j) +
t

2K−1

n→∞
−−−→

t
2K−1 ,

since limn→∞
1
n

∑n
j=1 h( j) = 0 by (11) of Lemma 1 in [1], where

h( j) := j2HK + ( j − 1)2HK −
2

2K

(
j2H + ( j − 1)2H

)K
.

To obtain the conclusion it suffices to show that

lim
n→∞

E
[
(Vn

t )2
]

=

( t
2K−1

)2
. (2.1)
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In fact, we have

E
[
(Vn

t )2
]

=E


 n∑

j=1

(
BH,K(t j) − BH,K(t j−1)

)2


2
=E


 n∑

i=1

(
BH,K(ti) − BH,K(ti−1)

)2
 ·

 n∑
j=1

(
BH,K(t j) − BH,K(t j−1)

)2



=

n∑
i, j=1

E
[(

BH,K(ti) − BH,K(ti−1)
)2 (

BH,K(t j) − BH,K(t j−1)
)2
]
.

(2.2)

Denote by

µn(i, j) := E
[(

BH,K(ti) − BH,K(ti−1)
)2 (

BH,K(t j) − BH,K(t j−1)
)2
]
.

Using the fact

E [X1X2X3X4] = E [X1X2] E [X3X4] + E [X1X3] E [X2X4] + E [X1X4] E [X2X3] ,

where Xi(i = 1, 2, 3, 4) are normal random variables with zero mean, we get

µn(i, j) = 2(θn(i, j))2 + τn(i, j), (2.3)

where
θn(i, j) := E

[(
BH,K(ti) − BH,K(ti−1)

) (
BH,K(t j) − BH,K(t j−1)

)]
=

t
2Kn

{(
i2H + j2H

)K
−

[
i2H + ( j − 1)2H

]K
−

[
(i − 1)2H + j2H

]K

+
[
(i − 1)2H + ( j − 1)2H

]K
− 2|i − j| + |i − j + 1| + |i − j − 1|

}
,

(2.4)

and

τn(i, j) := E
(
BH,K(ti) − BH,K(ti−1)

)2
E

(
BH,K(t j) − BH,K(t j−1)

)2
. (2.5)

We will use the idea of the Proposition 3.3 in Chen et al. [2] to prove

lim
n→∞

n∑
i, j=1

(θn(i, j))2 = 0. (2.6)

Let
RB(t, s) :=

1
2K

(
t2HK + s2HK − |t − s|2HK

)
,

be the covariance function of the fractional Brownian motion with Hurst constant HK, and

R(t, s) := E
(
BH,K(t)BH,K(s)

)
=

1
2K

[(
t2H + s2H

)K
− |t − s|2HK

]
,

be the covariance function of the bifractional Brownian motion with indices H ∈ (0, 1) and K ∈ (0, 1].
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Then we obtain

Ψ(t, s) :=
∂2R(t, s)
∂t∂s

−
∂2RB(t, s)
∂t∂s

=
4H2K(K − 1)

2K (t2H + s2H)K−2(ts)2H−1.

When 2HK = 1, we have

|Ψ(t, s)| =
2H(1 − K)

2K (t2H + s2H)K−2(ts)2H−1 ≤
H(1 − K)

2
(ts)−

1
2 . (2.7)

Similar to (27) in Chen et al. [2], we denote

γn(i, j) :=
t

2Kn

{(
i2H + j2H

)K
−

[
i2H + ( j − 1)2H

]K
−

[
(i − 1)2H + j2H

]K

+
[
(i − 1)2H + ( j − 1)2H

]K
}
, (2.8)

and

ρn(i, j) := −
t

2Kn
[
2|i − j| − |i − j + 1| − |i − j − 1|

]
. (2.9)

Hence, by (2.4), (2.8), (2.9) and (2.7), we have

|γn(i, j)| = |θn(i, j) − ρn(i, j)|

=

∣∣∣∣∣∣
∫

[0,t]2
I(ti−1,ti](r1)I(t j−1,t j](r2)Ψ(r1, r2)dr1dr2

∣∣∣∣∣∣
≤

∫
[0,t]2

I(ti−1,ti](r1)I(t j−1,t j](r2) |Ψ(r1, r2)| dr1dr2

≤
H(1 − K)

2

∫
[0,t]2

I(ti−1,ti](r1)I(t j−1,t j](r2)(r1r2)−
1
2 dr1dr2

=
H(1 − K)t

n

[
i1/2 − (i − 1)1/2

] [
j1/2 − ( j − 1)1/2

]
.

Thus,

n∑
i, j=1

(γn(i, j))2 ≤
H2(1 − K)2t2

n2

n∑
i, j=1

[
i1/2 − (i − 1)1/2

]2 [
j1/2 − ( j − 1)1/2

]2

=
H2(1 − K)2t2

n2

 n∑
i=1

[
i1/2 − (i − 1)1/2

]2


2

. (2.10)

It is clear that the function f (u) = (1 + u)1/2 in u ∈ [0,∞) is concave, i.e., f ′′(u) ≤ 0, which implies
that for any u ≥ 0, (1 + u)1/2 ≤ 1 + 1

2u. Hence, for any i ≥ 2,

i1/2 − (i − 1)1/2 = (i − 1)1/2

(1 +
1

i − 1

)1/2

− 1
 ≤ 1

2
(i − 1)−1/2. (2.11)

Thus,
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n∑
i=1

[
i1/2 − (i − 1)1/2

]2
= 1 +

n∑
i=2

[
i1/2 − (i − 1)1/2

]2

≤ 1 +
1
4

n∑
i=2

(i − 1)−1

= 1 +
1
4

n−1∑
i=1

1
i

∼
1
4

log(n),

(2.12)

since
∑n−1

i=1
1
i ∼ log(n), where an ∼ bn means limn→∞

an
bn

= 1. By (2.10) and (2.12), we have, as n→ ∞,

n∑
i, j=1

(γn(i, j))2 ≤
H2(1 − K)2t2

(
1
4 log(n)

)2

n2 → 0. (2.13)

By (2.9), we obtain

ρn(i, j) =

{ t
2K−1n , if i = j;
0, if i , j.

Hence, we have, as n→ ∞,
n∑

i, j=1

(ρn(i, j))2 =

n∑
i=1

t2

22K−2n2 =
t2

22K−2n
→ 0. (2.14)

The Cauchy-Schwarz inequality, (2.13) and (2.14) imply that, as n→ ∞,∣∣∣∣∣∣∣
n∑

i, j=1

γn(i, j)ρn(i, j)

∣∣∣∣∣∣∣ ≤
 n∑

i, j=1

(γn(i, j))2
n∑

i, j=1

(ρn(i, j))2


1/2

→ 0. (2.15)

So by (2.13)–(2.15), we get, as n→ ∞,
n∑

i, j=1

(θn(i, j))2 =

n∑
i, j=1

(γn(i, j) + ρn(i, j))2

=

n∑
i, j=1

(γn(i, j))2 + 2
n∑

i, j=1

[γn(i, j)ρn(i, j)] +

n∑
i, j=1

(ρn(i, j))2

→0,

thus (2.6) holds.
Next, we consider τn(i, j). When 2HK = 1, we have,

E
(
BH,K(ti) − BH,K(ti−1)

)2
=

t
n

{
i2HK + (i − 1)2HK −

2
2K

[
i2H + (i − 1)2H

]K
+

1
2K−1

}
=

t
n

[
h(i) +

1
2K−1

]
,

and
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E
(
BH,K(t j) − BH,K(t j−1)

)2
=

t
n

[
h( j) +

1
2K−1

]
.

Hence, by (2.5),

n∑
i, j=1

τn(i, j) =
t2

n2

n∑
i, j=1

[
h(i) +

1
2K−1

] [
h( j) +

1
2K−1

]

=
t2

n2

n∑
i=1

[
h(i) +

1
2K−1

] n∑
j=1

[
h( j) +

1
2K−1

]

=
t2

n2

 n∑
i=1

[
h(i) +

1
2K−1

]2

=
t2

n2

 n∑
i=1

h(i) +
n

2K−1

2

=

( t
2K−1

)2
+

t2

2K−2n

n∑
i=1

h(i) +
t2

n2

 n∑
i=1

h(i)

2

.

By (11) of Lemma 1 in [1], we get

lim
n→∞

1
n

n∑
i=1

h(i) = 0.

Therefore, we have, as n→ ∞,

n∑
i, j=1

τn(i, j)→
( t
2K−1

)2
. (2.16)

So (2.1) holds from (2.2), (2.3), (2.6) and (2.16). We finished the proof of Lemma 2 in [1]. �

3. Conclusions

By using the idea of Proposition 3.3 in [2], we maily correct the proof of Lemma 2 in [1] about
multidimensional bifractional Brownian motion: Itô and Tanaka formulas. The idea of Proposition 3.3
in [2] is very important. It can be also applied to the calculation of the quadratic variation of other
Gaussian processes such as the sub-fractional Brownian motion, the sub-bifractional Brownian motion
and so on.
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