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1. Introduction

Es-sebaiy and Tudor [1] derived Ito and Tanaka formulas for the d-dimensional bifractional
Brownian motion using the Malliavin calculus with respect to Gaussian processes and the multiple
stochastic integrals. But there exists a mistake in the proof of Lemma 2 in [1]. They said the function

o\ K-1 . 20\ K-1
(-1
g(x) :(1+)ch_11) —(1 YA i ) (1.1)
is decreasing on (1,c0) for 2HK = 1. In fact, we can not obtain that g(x) is decreasing on (1, c0).
Because P o
, 2H(1-K) | AN =D\
gx) = W[JZH(L’_)]% - (- 1+JXT . (1.2)

We can not get g’(x) < 0 on (1, c0). Moreover, if we take H = %, K= ‘g‘ which satisfies 2HK = 1, and
Jj=4,x =2,x, = 3, then we get by R software,
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and

125702 3125 -02
g(3) = (1 + E) (1 + m) = —0.0334415. (1.4)

It is obvious that g(2) < g(3), which shows that g(x) is not decreasing on (1, c0). Thus it is wrong
that Es-sebaiy and Tudor [1] deduced that the function fj(x) is increasing on (1, o) by the decreasing
property of g(x) on (1, c0), where

[i(0) = (o= DX 4+ PHE — (0= D+ (= P = 2+ PO+ 2+ G- DM (15)

Similarly, if we take H = %, K = ‘5—‘ which satisfies 2HK = 1, and j = 4, x; = 2, x, = 3, then we get by
R software,

f4(2) — (1 + 41.25)0.8 _ (1 + 31‘25)0.8 _ (21.25 + 41.25)0.8 + (21.25 31 25)08 0. 04044688 (16)
and
f;l(?’) — (21.25 + 41.25)0.8 _ (21.25 + 31.25)0.8 _ (31‘25 + 41.25)0.8 + (31.25 + 31.25)0.8 =0.03591274. (17)

It is obvious that f4(2) > f4(3), which shows that f;(x) is not increasing on (1, co).
2. A correct proof of Lemma 2 in Es-sebaiy and Tudor [1]

In this section we correct the proof of Lemma 2 in Es-sebaiy and Tudor [1] by using the idea of
Proposition 3.3 in Chen et al. [2].
Lemma 2 in Es-sebaiy and Tudor [1]. Suppose that 2HK = 1, then

. oo 1

Vii= (B - B 0) S o,

2K-1
J=1

in L*(Q), where {tj = g;j =0,---, n} is a partition of [0, ].

Proof. A straightforward calculation shows that,

E(V")—ZE (B* (1)) - B (1,-1)) Zh(])+ T

j=1

since lim,,_,q, % Z?:l h(j) =0by (11) of Lemma 1 in [1], where

) . : 2 . . K
h(j) = P = DR = o (P G- D)
To obtain the conclusion it suffices to show that
t 2
lim E[(v;?] = (—) . @.1)

n—oo 2K_1
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In fact, we have

E[(Vf)z] _ ( I"l (BH’K(tj) _ BH,K(tjl))z]z}
j:
S (BH”‘<n>—BH’K<ff—1>)2]- " (BH%-)—BH’Ka‘,_of]}
i=1 =1
= Zn:lE [(BH’K(ti) _ BH’K(ti—l))z (BH’K(ZJ') _ BH,K(tj_l))z] )
ij=
Denote by

i, ) = B| (B 1) = B -0) (B (1 - B*(t,-0)' |
Using the fact
E[X X, X3X4] = E[Xi X1 E [X3X4] + E[Xi XG]E [XoXys] + E[X 1 X4] E [X2X5],

where X;(i = 1,2, 3,4) are normal random variables with zero mean, we get

(i ) = 20000, D) + Tl J),

where
0u(i, ) = E[(B™ (1) = B (t-0)) (B (1)) — B (1;1))]
_ ﬁ {(,QH £ P 2 G- ] = - e )
= D+ G D] =2l il 1 i - 1|},
and

2

2
TG0, j) = E(B™ (1) - B (1.-1)) E(B™* (1)) - B*™(1,.1)
We will use the idea of the Proposition 3.3 in Chen et al. [2] to prove
lim " (6, ) = 0.
n—00 i

Let

1
R%(1,5) := K (PHK + PHK — | — sPHE),

be the covariance function of the fractional Brownian motion with Hurst constant HK, and

R(t,5) = E (B ()B" (5)) = 2iK [(r2H +21) —pe- s|2HK] ,

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

be the covariance function of the bifractional Brownian motion with indices H € (0,1) and K € (0, 1].
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Then we obtain

O’R(t, 5) ~ ORE(t,s) AH?K(K - 1)

Y(t,s) := 2s o o7 (PH 1 PHYK=2(pg)2H1,
When 2HK = 1, we have
2H(1-K H(l-K
[P(t, 5)| = —(2K )(tZH + 5K 2 (1)1 < HA-K) > )(;s)—%,

Similar to (27) in Chen et al. [2], we denote

vulis ) ::ﬁ {(l-ZH +J-2H)K _ [l-zH + (- 1)2H]K _ [(i— 12 +J-2H]K

#la= 0+ G- ),
and
pu(is, J) = —E[2|Z—J|—|I—J+ 1 =li-j-1].
Hence, by (2.4), (2.8), (2.9) and (2.7), we have
1yu(is DI =160, J) — pn(is DI

f Loy i (ri) i) (r2) ¥ (ry, r2)drdry
(0,11

Sf Loy i (ri) o,y a0 (r2) [P (ry, r)l drydira
[0,

H(l - K) o
< T I(t,-,l,z,-](rl)l(zj,l,t,](”z)(rlrz) 2dridr,
(0,117

_ M [i”2 - 1)1/2] []-1/2 . 1)1/2].

Thus,

Zn:(n(i, )k SM Z [ = - )P [ - G- 0]

ij=1 i,j=1

_H( ;2K)2t2 {Z": [il/z - 1)1/2]2}2 |

i=1

2.7)

(2.8)

(2.9)

(2.10)

It is clear that the function f(u) = (1 + u)'/? in u € [0, 00) is concave, i.e., f”/(u) < 0, which implies

that forany u > 0, (1 + u)'?> < 1+ %u Hence, for any i > 2,

1\ 1
PP —G=-D"?=@G-D"? (1 + —1) - 1} < E(i - 1)V
l_

Thus,

(2.11)
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C [1/2 (i 1)1/2] -1+ C [1/2 (i 1)1/2]
i=1 i=2
<1 iznz:(l_l)_
i 2 (2.12)
11
=g

1

1
~ 7 log(n),

since Z:’;ll } ~ log(n), where a, ~ b, means lim,_,« 3" 2 = 1. By (2.10) and (2.12), we have, as n — oo,

n H2(1—K)2t2(;{1og(n))
D i, ) < g - 0. (2.13)
ij=1
By (2.9), we obtain
D e
o s =
pulis J) { 0, ifi#]
Hence, we have, as n — oo,
),‘2
Z(pno P = Z s = 5 O (2.14)

i,j=1

The Cauchy-Schwarz inequality, (2.13) and (2.14) imply that, as n — oo,

D 7alis Dputis )

ij=1
So by (2.13)—(2.15), we get, as n — oo,

< [Zm(i, D oati | 0. (2.15)

ij=1 ij=1

D GG DY = > 0l )+ palis, )Y

ij=1 ij=1
= > alis ) +2 ) Iyalis Doulis D1+ Y (0alis )Y
i,j=1 i,j=1 i,j=1
—0,

thus (2.6) holds.
Next, we consider 7,(i, j). When 2HK = 1, we have,

t
E (B (1) - B*¥(1..))) =~ {i”’K (0= 1M -
n

1
h(z) + o 1],
and
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E (B"¥(t)) - B™(1,-)) =

1
h(J)+ e 1]

Hence, by (2.5),

n 2 n 1
Zrn(i,j) = Z h(i) + F] h(j) + K 1]
i,j=1 i,j=
2 1 n 1
o h(z)+2K1];[h(])+2K1]

- %(Z h(z) ZLDZ
= —22(; OHF)Z
)+ 5 S S50

By (11) of Lemma 1 in [1], we get
1 n
lim — h(i)=0
Jim 53 20

Therefore, we have, as n — oo,

n

> i) - (%)2 (2.16)

ij=1

So (2.1) holds from (2.2), (2.3), (2.6) and (2.16). We finished the proof of Lemma 2 in [1]. O
3. Conclusions

By using the idea of Proposition 3.3 in [2], we maily correct the proof of Lemma 2 in [1] about
multidimensional bifractional Brownian motion: Ito and Tanaka formulas. The idea of Proposition 3.3
in [2] is very important. It can be also applied to the calculation of the quadratic variation of other
Gaussian processes such as the sub-fractional Brownian motion, the sub-bifractional Brownian motion
and so on.
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